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Abstract

In this paper, we present a fully discrete second-order finite-difference scheme with fast evaluation
of the convolution involved in the absorbing boundary conditions to solve the one-dimensional
linearized Green-Naghdi system. The Padé expansion of the square-root function in the complex
plane is used to implement the fast convolution. By introducing a constant damping parameter into
the governing equations, the convergence analysis is developed when the damping term fulfills some
conditions. In addition, the scheme is stable and leads to a highly reduced computational cost and
low memory storage. A numerical example is provided to support the theoretical analysis and to
illustrate the performance of the fast numerical scheme.

Keywords: linearized Green-Naghdi system; absorbing boundary conditions; convolution
quadrature; Padé approximation; fast algorithm; convergence analysis.
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1. Introduction

Under the effect of the gravity, the motion of an irrotational and incompressible fluid is described
by the free-surface Euler equations. Because of the complexity of this system, asymptotic models
for the water wave problem [1] were developed over the years. In particular, the Green-Naghdi
model [2] includes the dispersive effects and writes in the two-dimensional space as

( H, + div(HU) =0,
(HU); + div(HU @ U 4 pI) = 0,
gH? 1 5 2
:T+§HH’ x € Rt > 0, (1)
H(x,0) = H(x),U(x,0) = U(x), xeR2
lim H(x,t)=0, lim U(x,t)=0, t>0.

|x|—+o0 |x|—+00

In the above notations, we designate by H the fluid depth and by U the depth-averaged horizontal
velocity, (v); stands for the derivation of v with respect to the time variable ¢ and © is the material
derivative. System (1) describes the bidirectional propagation of dispersive water waves in the
shallow water regime [1]. A one-dimensional simplification of (1), linearized around the steady
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state (H,u) := (Ho,0) + (u1,u2), with |(u1,u2)| < 1, can be derived as the Green-Nagdhi (GN)
system

(u1); + (u2)e = 0,

(u2)t + (u1)y = K(u2)pat, = €RE>0,

ui(x,0) = ui(z), u2(x,0) = u2(z), x€R, (2)
lim wi(x,t) =0, lm we(x,t)=0, t>0.
|z| =400 |z| =400

Since (2) is set in an unbounded domain, then suitable boundary conditions need to be intro-
duced to get a finite spatial computational domain in view of a discretization. This problem is
well-known in the literature and fits into the framework of designing Absorbing Boundary Condi-
tions (ABCs) and Perfectly Matched Layers (when a fictitious layer is added) for systems of PDEs.
We refer to [3, 4, 5, 6] for overviews of the various approaches that can be used, their pros/cons and
the related discretization aspects and computational difficulties that are met. For the GN system
(2), a major contribution has been recently achieved by Kazakova and Noble in [7]. In this work,
exact ABCs for the fully discrete system of linearized Green-Naghdi equations (2) was proposed
on staggered grids and the stability of the exact ABCs was proved. Nevertheless, and similarly to
the one-dimensional linear Schrodinger equation, these absorbing boundary conditions require the
expensive evaluation of nonlocal time convolution-type operators at the fictitious boundary points
that lead to prohibitive computational costs and memory storage, in particular for long time compu-
tations. In addition, instabilities may arise if the evaluation of the ABCs through the Z-transform
is not carefully implemented (see e.g. [9, 10, 11, 12, 13] for some examples).

Probably the most emblematic linear dispersive PDE analyzed in the literature for constructing
ABCs is the Schrodinger equation. The first scheme with ABCs was introduced by Baskakov and
Popov in [8] for computational acoustics based on the parabolic equation. It is now well-known that
the resulting scheme with ABCs suffered from stability issues [3]. Since then, many developments
allowed to solve numerous problems related to the one-dimensional case [3, 4, 9, 10, 14, 15, 16, 24],
and extensions of some of the methods were proposed for higher-dimensional and nonlinear problems
(13,17, 18, 19, 20, 21, 22]. In addition, some of these contributions also include the numerical analysis
of the schemes and the derivation of fast and stable evaluation schemes of the nonlocal half-order
time derivative operator arising in the definition of the ABCs. The case of the GN system remains
much less studied [7] and therefore requires still more understanding. The aim of the present paper
is to contribute to the development of ABCs for (2) by deriving alternative efficient formulations,
and to carefully analyze the convergence of the fully discrete scheme.

To this end, we consider the recent approach introduced by Li, Zhang and Zheng [25] for the
one-dimensional Schrédinger equation and extend it to the GN system (2). More precisely, to
overcome the numerical instability, a convergent numerical method, integrating a fast evaluation of
the exact ABC, is proposed for solving the Cauchy problem (2). To this end, the GN system is first
reformulated in Section 2 under an equivalent form by introducing a constant damping term, and
then a modified Crank-Nicolson scheme is built in Section 3 to discretize the equivalent problem
according to the time variable. More specifically, a semi-discrete ABC for the temporally discretized
problem is derived for the Crank-Nicolson scheme based on the Z-transform. Then, a second-order
finite difference-scheme for the full spatial discretization is considered. A fast algorithm is introduced
in Section 4 to approximate the discrete convolution kernel involved in the exact semi-discrete ABC
by using the Padé rational expansion of the square-root function [26]. The damping parameter and
the number of Padé terms are chosen to maintain the convergence order of the resulting discrete
scheme [25]. In Section 5, a convergence analysis for the proposed numerical method is developed,
showing that the scheme is second-order both in space and time. A numerical example illustrates
the properties of the scheme in Section 6. Section 7 finally concludes the paper.



2. Exact ABCs for the one-dimensional linearized Green-Naghdi system
We consider the initial-value problem for the linearized GN system set on the whole space

8tu1(x, t) + 8wU2($, t) = 0,
Orua(z,t) + Ogui(x,t) = KOpgruz(z,t), VzeR, Vi >0,

u1(z,0) = w1 (), ua(z, 0) = uz(x), Vo eR, (3)
lim wi(z,t) =0, lm we(x,t)=0, Vt>0.
|z| =400 |z| =400

Let us introduce the new unknown functions: v;(x,t) = e tu;(z,t), i = 1,2, where o > 0 is a
parameter used to later control the stability of the fast algorithm. It is straightforward to check
that the function v;(x,t) solves the following initial-value problem:

o1 (z,t) + ovi(x,t) + Opva(z,t)
t) =

)
Ova(x,t) + ove(x,t) + Opvn (z, m((?tUQ(m,t) + ovy(x,t)), Ve eR, Vi>0,
(

01(,0) = ua (), va(x, 0) = ua (), Vi €R, )
lim wvi(x,t) =0, lm wvy(z,t) =0, Vit > 0.
|x| =400 |z| =400

To obtain exact ABCs for (4), we first consider the following exterior problem on the semi-infinite
interval [z, 400):

o1 (z,t) + ovi(x,t) + Oyva(z,t) = 0, (5a)
Opva(x,t) + ova(x,t) + 0pv1(x,t) = KOpz (Orva(x, t) + ova(x,t)), Vz € [zy,+00), V>0, (5b)
v1(z,0) = 0,v2(x,0) =0, Ve |rgy,+00), (5¢)
zgrfm vi(z,t) = O’xgr—ir—loo va(x,t) =0, vt > 0. (5d)

The Laplace transform in time (denoted by v(s) for a function v(t)) of system (5) yields

(s + o)vi(z,s) + Ozva(x, s) =0, (6)
(s + o)va(z, s) + Ozv1(x, 8) = K(S + 0)0gzV2(z, 5), Vo e lry,0), Vse Cyq, (7)
ll)l_il_l vi(z,s) =0, Em va(z,s) =0, VseCy, (8)

where C4 stands for the right half-space of complex numbers with positive real part. After some
manipulations, one has: (s + 0)%0a(x,5) = (k(s + 0)? + 1)0ppt2(2, 8), @ = 1,2, which means that
the general solution writes

v2(x,5) = c1(s) exp(—z/S(s)) + c2(s) exp(z/S(s)), (9)
where /- denotes the square-root with nonnegative real part and

(s+0)?

S6) = T s o2

(10)

The behavior of the wave at infinity (8) implies that c2(s) = 0. By differentiating (9), we obtain
0, V2(x, 5) S(s)v2(x,s), V€ [ry,+00),VseCy, (11)
whose inverse Laplace transform yields an exact absorbing boundary condition for ve at x4

(Txwvo)(24,t) := —L7/S(5) Da(z 4, 8)|(t) = Opva(z4,t), Vt>0. (12)



In (12), £~ denotes the inverse Laplace transform with respect to the variable s and we have

t
(Txva(zs, ))(t) = / T(t — $)os(ws, 5)ds.
0
A similar boundary condition can be derived at a left point z_ < zy:
(Txvo)(z—,t) + Opvo(x—_,t) =0, Vit>0. (13)

In view of (12) and (13), the solution of (4) is the same as the solution of the following problem in
the bounded domain (z_,z4)

o1 (z,t) + ovy(z,t) + Opva(x,t) =0,
Opva(z,t) + ova(x,t) + Opvi(x,t) = KOze (Orva(z,t) + ova(x,t)), Vo€ (z_,z4), Vi >0,

(T xvg)(zs,t) = Opva(x,t), Vit >0, (14)
o1 (xy,t) + ovy(zs,t) £ Oyva(zy,t) =0,
v1(z,0) = ui(x), va(z,0) = ua(x), Vo e [rzo, x4,

where 0, denotes the outward normal derivative at the boundary points z.

3. Discretization of the one-dimensional GN system with exact semi-discrete ABC

In this section, we discretize the one-dimensional linearized Green-Naghdi system in time by
using the Crank-Nicolson scheme and derive an associated exact semi-discrete ABC. Then, we
propose a second-order finite-difference scheme for the spatial discretization. To this end, we first
introduce the notations related to the Z-transform in the following subsection.

3.1. The Z-transform of a sequence of functions

Let us consider a Hilbert space ‘H equipped with an inner product (-, )% and induced norm
|| - [[%. We introduce the semi-infinite sequence spaces:

S 1

C(H) = {U = {u"}p2y u" € H, Jlullzgy = (Y Il"l)? < oo},
n=0

B0H) = {u={u" )z € 200 =0,

with the inner product: (u,v)e () = Y onzg(u™, v")y, Yu,v € (%(H). For any element u = {u"}>°, €
(%(H), we define its Z-transform as u(z) = Y oo qu™z". The following Parseval’s identity holds:

(w,0)ar0) = /@ @) T vldz), Vuo e B, (15)

In the above, v stands for the normalized Haar measure on the unit circle 9D of the complex plane,
and v(dz) = id& through the change of variable z = €, with 6 € [—m, 7).

For a sequence u = {u"}2, € (*(H), we define the operator S by: Su = {u"*1}2° . The
average operator E and the forward difference quotient operator D, with step 7 are given by
E = (S+1)/2 and D, = (S — I)/7, respectively. We also introduce the following notations:
Su™ = (Su)", Eu" = (Eu)™ and D,u" = (D;u)".



3.2. Exact ABCs for the semi-discretized one-dimensional linearized GN system

Let 7 > 0 be the uniform time step such that N7 = T = ty, with T the maximal time of
computation. Let us set the discrete times as: ¢, = n7, 0 < n < N. System (4) is semi-discretized
in time following

(D; + oE)vi(x) 4+ 0z Evy (x) = 0,

(D; + 0E)vy(x) + 0 Evl(x) = KOz (Dr + 0 E)vy(z), VY € R, Vn >0,

of(@) = (@), vY(@) = ua(x), VaeR, 16)
lim of(z) =0, lim wvy(z)=0, Vn>1,

|z| =400 |z| =400

where v]'(z) =~ vi(z,t,), for i = 1,2. We now assume that the initial data u; and uy are compactly
supported in the interval [z_,z4]. On [z4, +00), the semi-discrete problem (16) reduces to

(D; + cE)vi(x) + 0z Evy (x) = 0,
(Dr + 0E)vy (x) + 0 Evy (x) = KOz (D7 + 0 E)vy (z), VY € [x4,+00), Vn >0,

() = 0.08(z) =0, Vo € [o4,+0), "
| m = i o = > 1.
Ill)rfoo vi'(z) =0, :EEI—&I-IOO vy (x) =0, Vn >1

Let us denote by u(x, z) the Z-transform of the sequence {u"(x)}>2,. Applying the Z-transform
to (17), we obtain

(2—2z+07(1+2))°
e R (e S R

xll)r_{loo vz, z) =0,

V2(x, 2) — OpaV2(x,2) =0, Vz € [zy,+00),

with general solution vs(z, 2) = ¢1 exp(—xz+/5(2)) +Cz exp(z+/s(2)), setting, for all 7 > 0 and o > 0,

(2 -2z 4 07(1 + 2))?
21+ 2)2 + K(2 22+ 07(1 + 2))?

2(1—2)

() = r(1+2)

)- (18)

= S(
The condition at infinity, i.e. lirf va(z, z) = 0, implies that ¢; = 0, leading to
T—r+00

02 (x4, 2) = —/8(2)02(x4,2), VzeD, (19)

which corresponds to the semi-discretization of (11) at © = x;. Note that the function

is analytic in the unit disk ID. Thus, it admits a power series expansion
" oo
T(z)=> Tz, VzeD. (21)
j=0

Substituting (21) and vs(z, z) = > o” vh(x)z" into (19) yields an exact absorbing boundary con-
dition for (16) at the right fictitious boundary point © = z:

(T *v2)"(xy) — 00y (x4) =0, Vn >0, (22)



where 7T * is the convolution quadrature operator corresponding to the symbol %(z), namely,
(T *vo)" Z Tivg 7. (23)

To simplify the notations, for a function v(z,t), we set: (T xv)(z,t,) = 37 Tj v(z,tn—j). The
boundary condition (22) is the semi-discretization of (12).

Analogously, by analyzing (16) on (—oo,z_], we derive an exact semi-discrete absorbing bound-
ary condition at the left point x = x_

(Txv2)"(x_) + Ogvy(x_) =0, Vn>1.

Consequently, the semi-discrete problem (16), originally defined on the whole space, can be reduced
to the following semi-discrete problem on a bounded domain:

(D + cE)v} (x) + 0z Evy (x) = 0,

(Dr 4+ cE)vy(x) + 0, Evl(x) = KOype(Dr + o E)vy(z), Vo€ (x_,z4), Vn >0,

(T xv2)" (zx) = Oy (1), Vn >0, (24)
(D; 4+ cE)vl(xz+) = FO vy (x4), Vn >0,

W(x) = uy (), 0v9(z) = us (), Vo ez, xq].

3.3. Spatial discretization

Let M be a positive integer and h = (z4 — x_)/M the uniform mesh size. We define the mesh
points: zp = x— + (k—1/2)h, for k = 0,1,--- M + 1, and xj41/9 = w0 + (k+1/2) h, for k =
0,1,---, M, where xg and 741 are two ghost points. In the time-stepping scheme (24), we use (vo)}
to denote the numerical approximation of vg (xy), with 0 <k < M + 1, and (v1)} to define that of
v (@—1/2), with 1 <k < M+1. Let (v2)" = ((v2)g, -+ » (v2)3y41) and (v1)™ = ((0)7, -, (01)3741)-
Being given a vector x = (x1, -, xam+1) € RM+ or w = (wp, -+ ,wirq1) € RM*2) we introduce
the discrete gradients Vj,x and Vjw such that

X2 — X1 X3 X2 XM+1 — XM
Y,y = ( , e )7
hX I I I
sz(wl_wo w2 —w1 wM+1—wM>
h h b h b ) h b
respectively. The linear operator which maps the (M + 2)-dimensional vector w = (wp, -+ ,war+1)
to the M-dimensional vector (wi,--- ,wps) will be denoted by P. In addition, we introduce the

Neumann and Dirichlet data associated with the (M + 2)-dimensional vector w as

_ wo — w1 WM+1 — WM _ wo + w1 wM+1 twm
0, w= o —+7’y ’y+w—+7.

v A e S

Let us define the inner product for two M-dimensional vectors ¢1 = ((¢1)1,---, (¢1)m) and ¢o =

((P2)1,---, (P2)m) by (¢1,P2)n = hZﬁl (¢1)k(¢2)k, the inner product for two (M +2)-dimensional
vectors wy = ((w1)o, -+, (w1)ar+1) and wa = ((w2)o, -+, (W2)ar41) by

(w1)m41(we)mrt,

h—— Mo h
(w1, wa)p = §(w1)o(w2)o + hkz1 (w1)g(w2)k + 5



and finally the inner product for two (M + 1)-dimensional vectors x1 = ((x1)1, -, (x1)m+1) and

x2 = ((x2)1, - » (x2)mrs1) according to: {x1,x2}n = h S aet® (x1)k(x2)x- In the above expressions,
Z denotes the complex conjugate of a complex number z. The induced norms are such that: ||¢||, =
V(@ 0)ns |wln = v/ {w,w)n, and [[[x[lln = v/{x; xTh-

Let us now introduce a second-order spatial discretization Ay, which maps the (M + 2)-
dimensional vector w to the M-dimensional vector space as

Apw = (wo—2w1+w2 S WM _2wM+wM+1>'

h? o h?

Thus, we have the discrete integration by parts formula
(PWQ, Ahwl)h = —<Vhw2, Vhw1>h + ’}/+WQ 8jw1 + Y w2 8,jw1. (25)

Now, we define the vector Vj,Hvl' by

Vi HoT =

(H(Ul)g —H)?  H) —H(Ul)%)
h 7 h ’

where H is any operator that only applies in the time direction. Similarly, the vector V,Huvy is
such that

(’H(UZ)? —Hwa)g  H(2)i — H(W)’zb)
h ) Y h .
We can also introduce a vector ApHvy by

V}{H’UEL =

0 R O . S VR S
h2 ? Y h2 .

Then, it is easy to see that the following identities hold: V,Hvl = HV o7, Vi, Hvy = HV,vy, and
ApHvE = HARvE.

Now, in (24), replacing the function v{(x) by the vector v{ = ((v1)7,- -+, (v1)}41), v3(x) by
vy = ((v2)§,- -+, (v2)};41) and changing the continuous operator d,, with its discrete analogue Ay,
we obtain the following fully discrete finite-difference scheme

ApHOD = (

(D7 + oE)vt + Vi Evy =0,

(D; + 0E)Pvy + VR Evl = Ap(Dr + 0 E)vy, Vn >0, o6
(T v Fug)™ — 90} =0, Vn >0, (26)
o) = (ur(z1y0), - s (@argay2)),  vs = (ua(zo), - ua(zar41))-

4. Fast evaluation of the boundary discrete convolution (7 % ytvy)™

In this section, we introduce a fast algorithm for approximating the discrete convolution product
(T * yTw9)™ arising in (26). The stability of the proposed fast algorithm will be analyzed in the
next section.

4.1. Rational approximation of the convolution quadrature

In [26], for a nonnegative integer m > 0, the Padé approximation of the function y/1 + s can be
expressed as

m
;S
Vits~1+ I
j;l—i—ﬁjs

7



where the coefficients are given by
L9 JT 2, JT ,
_ _ 1. .m.
4G g1 G gk AimesGrT) d= L

Based on this Padé approximation, a rational approximation of the square-root function /s on the
closed right half complex plane can be written as

Vs = \/1+s—1~1+Z—DERm(s), Re(s) > 0.

1+ (s—1)

Thus, we deduce

=A- Zgjs—i—h /\_1+j;ajﬁj_l’

h]:aj_lﬁj( _Bj)v gj_ajlfa jzlv"'vm
For all 7 > 0, ¢ > 0, and for s(z) defined by (18), we can introduce the rational approximation
T (™) (2) of the symbol T (z) as

T (2) i= —Rp(s(2)), Ym > 0. (28)

(27)

We denote by 7™« the convolution operator analogously defined as (23) by replacing the convo-
lution coefficients with the series expansion coefficients of the function 7™ (z). By considering the
rational approximation 7™ of Tx in (26), we obtain the following fully discrete scheme:

(Dr +0E)v + Vi Evy =0, (29)
(D; + 0E)Pvy + Vi Evl = Ap(Dr + 0 E)vy, Vn >0, (30)
(T s yE0,) — 00l =0, Vn>0, (31)
o) = (ur(z1)0), - s w(@prgay2)), vy = (ua(zo), -+, ua(zars1)). (32)
In fact, (31) can be solved by the fast algorithm described in the next subsection.
4.2. Fast evaluation of (T(™) x yFvy)"
By applying (27) to (28), we obtain the sequence of equalities
K(2+ 0T+ (07 —2)2)% + 72(1 + 2)?
T (2) = =X\ +
[ Z +Z (gj + Khj) (24 o7 + (07 — 2)2)? + hjT2(1 + 2)?
ejz + f
S A 2115
+Z< +(a iz +bj)? — (cjz—l—dj)2> (33)
=2+ 37A :
+Z ]+Z(a]+cjz+b + d; ( ¢j)z +bj — d)’

setting
A = k(o —2)% + 12
(gj + khj)(To — 2)%2 + hyT?’
fi = (k= gjAj — £hjAj) (24 07)* + 72(1 = Ajhy),
= R a0 -2), by = g4, =i =i
p— L 2+ ij;j ~ € Jg Jidi. B = i Jg bjfé L —ijdj.
aj+bj—cj—dj aj+bj—cj—dj

e = 2(/43—9]')\ /'ih Aj )(U T —4) —|—27‘ (1 —)\jhj),




Therefore, we have

%WN@—%—A+§§&J+§§§3(@fi@<—Zfi2>%"+b%?d(2:29n”)
j=1

j=1n=0 J J

Thus, %(m)(z) can be uniformly rewritten as

_ 2m+1 oo
T =) > Culw)"=",
k=1 n=0
which implies that
2m+1
T =3 Glwy,
k=1
with
Ak Bk ap + ¢k —ag + Ck

Cop—1 = and o = —

_k o= Tk =
betd T be—dy VT bty b — di

for 1 <k <m. We can take Copy1 = (—A+ > ;- Ak) and Y241 = 0. Therefore, (T(m) s yEu)t =

> i=0 7;(m) (y*v2)" 7 can be implemented by a fast convolution in (31).

4.3. Properties of the rational approzimation %(m)(z)

Let us now prove some properties of 7}(m) used to prove the error estimates.

Proposition 1. Let us assume that the condition o > \/% 1s satisfied, the time step T is small

enough and m is sufficiently large, i.e. it fulfills

3
for some € € <O, MT} ,

Ine
2m+1> 3

~ In(1-9)’
with

V20 V201 + ko2
wk,0) = ———, 0(k,0) = .
2v'1 + ko? 02 +20V1 + ko? + 1+ ko?

Then, the following inequalities hold

3

max |7 (2) = T(2)] < p—

z€dD 2’

Rez (D, + o E)u*(D, + o E)(T™ s u)F <0,

k=0
n

Rez (D, + 0 E)uk (D, + o E)(T"™ s u)* <0, Vn >0,
k=0

for any complex-valued sequence u = {u™}2 such that u° = 0.

Before proving Proposition 1, we need to state a few Lemmas. Let us introduce

V-l
r(s) = il

Then, by using (20), one can prove that the symbol ’7~’(z) satisfies the following inequalities.



Lemma 1. We have the following inequalities

g

T < in |T > —
max 7)< 1, min T > —2— (40
1
Furthermore, under the condition o > Nor and for s(z) defined by (18), we can prove that
K
-~ \/§U
max Re T (z) < —u(k,0) = ——F—mx, 41
i Re 7 (2) < (o) =2 ()
<1- 4
i [r(s()] < 1~ 8(r, ), (12)
1 (zl=1/r+o(zt+1)/2~ 1
_ )< — < ).
arctan(ﬁ) < Zeéragm [ T oG 111)2 T(z)} < arctan(ﬁ) (43)
_ 2(1—2)
Proof of Lemma 1. From (10), (18), (20), and setting p = 12 then p € R for z € 9D, and
iT z
1
= — (p? + 0?)? 1 .
7() = V80 =~ (aprsomisr e s ) 0072 (44)

where

B 20p +i(p? — o?)
H_arg<20p+i(p2—a2—1/ﬁ)>' )

It is straightforward to verify that

~ 1 1
= 46
7)) (/12 + (1 +2k0? — 2p2K)/(p? + 02)2> ’ (46)
which means that |7 (z)| increases with respect to |p|. Thus, we conclude that
O' ~
—<|T(®)| <1, it peR, 47
s < [T p (47)
hence proving (40).
From (45) we have
2 2
0 = arctan( op/K )= arctan(M). (48)

P+ (207 — 1/R)p? + 01 + 0%/ 6(p)

First, we discuss the case p € [0, +00). It is straightforward to show that ©(p) > 0, for o > \/%

K
Therefore, from (48), we derive that 0 < # < 7/2 for p € [0, +00), which means 0 < §/2 < 7/4.
Similarly, we have —7/2 < 0 < 0 for p € (—o0,0], and then —7/4 < /2 < 0. Thus, this yields

V20

ReT(z) < —— Y22
eT(z) = 21 + ko?

which proves (41).

Recalling that s(z) = — a Jr(f);iz(;fgii;?gf oz e deduce

3G = ~T(:) = [T(2) [ explig), (49)
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ol%

0
with cos (5) > for p € (—o0,+00). Using the above expression of /s(z), we have

r(s(2)) = | 2R L
Vs(z)+1

_ 4|%(22| cos (g)
|7 (2)|? 4+ 2|T(2)] cos (g) +1

el VAT
B ITEP+ VAT +1 7 TP+ V2T() +1
where the last inequality is a consequence of : (1 —:c)% =1- %x — %xz 4+ < 1= %m By considering
Vor V2
r24V2r+1  (r4+v241/r)
21T ~
we see that the minimum value of — f’T(Zj| is attained at |7 (2)| = L, and
T2+ V2AT(2)| +1 V14 ko?
V2|T (2)] . V201 + ko? B
T2+ V2T +1 02+ v20V1 + ko2 + 1+ ko2
leading to (42).
Next, we have the sequence of equalities
1 4127
arg,com |:_ (Z((z_lf)lé:—;((jz(il+—il_)/)é T(Z):|
2(z71 -1
1 (TEZ_l + 1; +U)2 (271—1)/T+0'(z*1+1)/2
=2 [afgzeaﬂ) 2(2—1 —1) + 2arctan,csp G T-1)to(z-T41)/2 }
1+ k(=L 4 0)?
) /7(2*1 +1) . (50)
=1 [arctanPeR % + 2arg,cp TP;Z,‘:_UU} =1 [Q(p) + 2arctan,cg ‘;(21%;)2’)}
20p/K o(l—7)p
= arctan +arctan ————-
peR \/(©)2 + (20p/K)2+©  peR  0°+Tp
Fi(p) + Fa(p)
aan o)+ asdin B20) =t T R ()
with 200/ (1 )
op/kK o(l—=71)p
Fl(p) = 3 3 ) F2( ) ) 2
V(0)2+ (20p/k)2+ O o+ Tp
For p € [0, +00), we obtain
20°p° [k _ p*/r p? /K 1/k 1
Fi(p)Fap) < 565 = "6~ < ot/ rotiot < (202—-1/r)+2y/0 +02/r =V (51)
In addition, we have
d d 1— 1—71)(0? —7p?
— F5(p) = — | arctan ol =71 _ ol —7)(o” —7p) (52)

dp dp o24+7p2 ] (024 7p2)2 +02(1 —7)2p2"

7
maximum at % Then, (50) and (51) indicate that we have
T

Therefore F5(p) increases with respect to |p| in [0, -%=], decreases in [%, 00), and Fy(p) reaches its

Fi(p) + F 1+ P(%) 1+5E 1
arctan 1(p) + Folp) < fﬁ < 2\1ﬁ < —=. (53)
pert 1 — F1(p)Fa(p) - = 1-35 T

11



Similarly, we can write that

Fi(p) + F2(p) 1

arctan ———~———C > ——, 54
TR Bp) - Vr 5

Combining (50), (53) and (54), we prove (43). B

Let us recall that Ry, (s) is defined by (27). Then, the following result was proved in [26].

Lemma 2. Let us define: en(s) := /s — Rn(s), for m = 0,1,2,... Then, the following identity
holds:

742771—1-1(5)
1+ r2mtl(s)’

em(s) = 2¢/s

where 7(s) is defined by (39).

if Re(s) >0 and s #0, (55)

Let us now consider the following Lemma.

Lemma 3. Under the conditions o > \/% and (34), we have the two inequalities

max Re 7™ (z) <0, (56)
z€0D

(z'=1)/r+0o(z71+1)/2 = (m)
2eoD Re (z71=1)+o(z71+1)/2 7)< 0. (57)

Proof of Lemma 3. From (42) in Lemma 1 we have: max.eap |r(s(2))| <1 —6(k,0). If 0 <

V2k
and m satisfies (34), then one gets |r(s(2))]2™ ! < [1 —§]*™™ < 1/2. From (55), we obtain

T(2) = T"™(2)
T(2)

9 2m+1
< max Ir(s())l T 4max |r(s(z))>m L.
zedD 1 — |7~(3(z))’ m z€0D

max
z€0D

s 2T2m+1(8(2)) '
zedD | 1 4+ r2mt1(s(2))
Then, (36), (40) and (41) imply

Fm) () — F(2) — Re(T(2) — T M 7 _
max Re 7™ (z) gelgg[ReT(Z) Re(T(2) =T (Z))}S pot g max|T(2)] < —p+u/2<0,

which proves (56).
In addition, for 7 small enough, using (43), we have

=D/t 4 1)/2 20
zir@g]]]) [ (z71—=1)4+o(z714+1)/2 (2)}
_ -1/t +o(z""+1)/24 Fm) _ 7
a zi%gﬂ]) [_ (z7l=1)4o(z7141)/2 T(z) (1 + T)}
_ (z"'=1)/r+o(z" +1)/2~ Fm) _F
= e e e T g ()

).

1 1
< arctan(—=) + arg (1 4 iur>/2) < arctan(—=) + arctan(\g) < arctan(

\/7— z€dD F

Thus, for small enough 7 , we deduce (57) since

-

(_ l=1)/r+0o(z"1+1)/2

— arctan( (z 1 =1 +o(z"141)/2

) < arg

\; e [%(m)(z)D < arctan(

<
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Now, we can prove Proposition 1, as a consequence of (56) and (57).

Proof of Proposition 1. Firstly, for small 7, if o < \/% and m satisfies (34), then we have:

[1—6]*"*! < ¢ <1/2. Lemma 2 then implies

T(z) — T ()
T(2)

9 2m+1
C o 20r(s()

< 4e.
T ze0D 1 — |r(s(2))[*" ! T

max
z€0D

Consequently, by using (40) and (34), we have

3

max [T (z) — T(2)| < 4e max |T(2)| < Hgys

z€0D z€dD

which proves (36).
We assume now that (D, + o E)u* = 0, for k > n. Thus, one has:

uk+1 _ 1— 0'7-/2uk’
1+o071/2

for k > n, which shows that the sequence {u*} is such that (D, +oE)u* = 0, for k > n. From (56),
we have

Re Z 4+ 0E)uF((Dy + o E)T™ 5 )

= Re((D + oE)u, (Dy + o E)T ™« u)e(c)
= He / AP =1 or(aT DT ()2 =1+ o7z +1)/2v(d2) /7> (58)

=Re . 12| 72[a(2))?[2 = 22 + o7 (1 + 2)]T™(2)[2 — 22 + o7 (1 + 2)] v(dz)/(472)

=Re [ R HPTO @2 - 22 +o7(1 + ) w(dz)/(4%) <0,

which provides (37).
In the same way, let us assume that we have : (7D, + cE)u* = 0, for k > n. Thus, one has

k1 1—0/2 k.
1+a/2

for k > n. As a consequence, we deduce that {u*} satisfies Eu* = 0, for k > n, and

Re Z (D, + o E)uF((Dr + o E)T ™ s u)F
k=0
= Re((rDy + 0 E)u, (Dy + 0 E)T ™« u) 2 ()

=Re / PTG T =D+ oz L+ 1D)/2[(z = 1)/7+0o(z"" +1)/2] v(dz)
oD

—Re f,p |z = 1) + 0z +1) /2\2( i ;jll/f)fr(m (2)|a(2)[2 v(dz) < 0,

(59)

by using (57), ending hence the proof of (38). B
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5. Error estimates of the scheme
Let us define the two error vectors
5711 = ((Ul)? —Un (x1/27 tn)v SRR (Ul)%-i-l - Ul(xM—&—l/Z’ tn))v (60)
53 = ((2}2)8 - UQ(‘TO’ tn)v SRR (UQ)%-H - UQ(xM+1’ tn))7

where (v, v2) is solution to (14) and (v}, v%) is the solution to the discrete system (29)-(32). We
first give the main result concerning the error estimate.

Theorem 1. Let us assume that the solutions ui(z,t) and uz(x,t) to system (3), or equivalently,
the solutions vy (xz,t) and va(z,t) of (4), are sufficiently smooth. Let us suppose that o > \/#2—&, T 18

small enough and that m satisfies (34), with pu and § given by (35). Then, we have the error bound

L (IPSIE + Vachli + Nancg I + I + IVactIR) < 02 + 4%,

It is straightforward to check that the error vector (¢}, ¢eh) satisfies

(Dr + oE)el + Vi Eey = [T, (61)
(D, + 0E)Pel + VyEetl = kA (Dy + 0cE)el + f1, Vn >0, (62)
(T xvFe)" — Oyel = gt Vn >0, (63)

(64)

5(1):(0”0) 5(2):(07"'70)7

where f' = ((f1)7,---, (1)), f3 = ((f2)7,---, (f2)}) and g7 are the interior/boundary trun-
cation error vectors/numbers according to the time and space discretizations, i.e.

(f1)] =[(Dr + o E)v1(x_1/9,tn) — (6tvl($j—1/27tn+%) + le(xj—1/27tn+%))]
+ [B(va(wj, tn) — va(zj—1,tp))/h — 8mv2(xj,1/2,tn+%)],
1<j<M+1, (65)
(f2)] =[(Dr + o E)va(wj, ta) — (Bpva(2j, b, 1) + ova(@jit, 4 1))]
+ [E(0i(2j51/2: tn) — v1(2j-1)2, tn)) /b — Opv1 (25, tn—i—%)]
— K[E(va(zj_1,t) — 2v2(xj, tp) + v2(Tj41,t0)) /B — 8§v2(xj,tn+%)],

1<j<M, (66)
gL =(T" = T)xyFua(ta) + [(T* v 02)(t) = (T %7 502) (tn)]
+ (T 02) (tn) — (T xv2) (@4, tn)] + [ — OFva(tn) + Opva(ma, tn)], (67)

with ’Ug(tn> = (1)2(.%'1, tn), . ’UQ(xM, tn))
The proof of Theorem 1 is presented in the next two subsections as a consequence of Propositions
2 and 3.

5.1. Estimate for truncation errors
Let us first prove the estimate for the truncation errors of the boundary and interior schemes.

Proposition 2. We have the following error estimate

IV RS0+ N+ L2 Nk + gt + 1 Drglt| + [ D3gl| < C(7° + h?), (68)
n+1 _ 2 n 4 n—1
with D2g} = e g; S , C being a strictly positive constant.

T
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Proof of Proposition 2. The proof is separated into three estimates which are summed up at the
end to prove the result.
Estimate of |g'}|. Here, we prove

gt =O(r* + h?). (69)

We divide the proof into two steps.
Step 1. Let us recall that (7 * va) is defined by (23). We first derive the following bound

‘(7' xvg)(xx,t) — (T xve) (2, t)‘ < O(T%). (70)
By using Taylor’s expansion, it is straightforward to verify that
T(e) - (- V()| < Coref. (71)

Since vo(x,0) = v1(z,0) = 0 for x € [z4,00), thus dyvi(x4,0), Opva(z4+,0) and dypve(zy,0) are
also equal to zero. Then (5b) leads to the following equality

Ov2(x,0) = KOzz (Ova(x,0)), VYV € [z4,+00),

implying that dyva(z,0) = Ce V& for o € [z4,400) and
C
8t81»'l)2($+,0) = —ﬁe Vi (73)
From (13), we obtain
0,0103(4,0) = T(O)va(+,0) + (AT * valary,))(0) = 0,

and then C = 0 in (73). Thus, we deduce: Ow2(z4,0) = 0. From (5a) and (5c), we also have
01 (z4,0) = 0. Repeating the same procedure, it is easy to conclude that ve(zy,t) and its time
derivatives are zero at t = 0. Consequently, by extending ve(x4,t) to zero on t € (—o0, 0], we obtain
a sufficiently smooth function va(x4,t) defined for t € R. We set

(T xv2)(xs,t) ::Zﬁvg(xi,t—jT), vVt eR, (74)
§=0

which is consistent with definition (23) at ¢ = ¢,,. The Fourier transform in time of (74) is
(o0}
FUT <02)w 00O = [ (Trom)(asstie e =S [ Tonlas,t - jrye
R — /R
7=0

= T(e ™) Fua(ws, &) = —/S(i€) Frva(ws, &) + (T(e7™) + /S(i€)) Frva(, €)
= F[(T *v2) (@, 0)](€) + (T(e7™) + \/S(i€)) Frva(2, £),
which implies that
|T % vg (@, t) — (T % 0) (24, 1) | = | F ! [(T (™) + /S(i€)) Frva(z, €)] (1)]
< /R | T (™) + \/S(i€) || Frva(ws, €)]d€ < O /R €13 Frva (s, €)|dE

2 1 4
<07 [ o+ I Fn(es 1t

072( /R (ljwds)é( /R (1+ rs|4>2|ftv2<xi75>|2df)%

2

CT2</OOO(|UQ(:ci,t)y2 + lafvg(a:i,tﬂz)dt) .

(75)

IN
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We finally obtain (70). N N
Step 2. The inequality (36) of Proposition 1 implies that: |7 (z) — T (z)| < C73 for |z| = 1. Since

Tj<m>: T (2)z7u(dz) and T;= | T(2)z77v(dz),
oD oD

this shows that

T T < / T (2) — T (=) w(dz) < O,
oD

Thus, the following inequalities hold

zn:Tj(m)v’;*j N T < - T ) < znjcf?’ <ot
j=0 j=0 j=0 j=0
which leads to
(T = T)x v vs(tn) = O(7?). (76)
Besides, (70) yields
(T 7 02)(tn) — (T * v 02) () = O(r?). (77)

Since ytvg = ((v2) a1 + (v2)ar)/2 and x4 = (zpr41 +201)/2 = T 41, it follows that
2

(T % 'yivg)(tn) — (Txwe)(xg,tn)| = O(hQ),

and

tn) — t
a;_v2(tn) - 8VU2(:B+7tTL) = UQ(H:M—H’ n) UQ(xMa n)

_ 8:5'02(x]\/[+%>tn) = 0O(h?),

vo(z t)iLv(:L't) (78)
0y v2tn) = Dyva(a, t) = — == RS 4 Doy ) = O(h).
Substituting (76)-(78) into (67) leads to (69).
Estimate of |Vaf{'ll; + [[Ifllln + 15 |n- We now prove that
VR A+ 172 e < O + h?). (79)

Recalling (65), we estimate the three terms in the expression of ( fl)? separately. Firstly, we have

(Dr + o E)vi(zj_1/2,tn) — (3tvl($j—1/2>tn+%) + ovi(zj_12, tn+%))

v (z i—1/25 thy1) —vi(w j—1/25 tn)
— ( J - J - atvl(xj—1/2atn+%) (80)
VI(T5_1/9,tn) FV1(T;_1/9,tn
+0< 1(#j-1/2,tn) ; 112 1) —v1(xj—1/2775n+§)> = O(r?).
Secondly, the following estimate holds
[E(va(j,tn) — va(xj—1,tn))/h — Opva(zj_12, tn-i-%)] = O(r* + h?). (81)
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Thus, from (65), (80) and (81), we deduce
(f)] =0 +h%),  1<j<M+1. (82)
Similarly, recalling (66),

E'Ug(xj_l, tn) - QEUQ(J}]‘, tn) + E’UQ(Q?j.H, tn)

02 = Opva(wj, 1) = O(r° + %), (83)
we thus obtain
(f)f =0(*+1%), 1<j<M. (84)
Finally, from (82) and (84) one gets
I =02 +02), || f3 = O + h?). (85)

In a similar way (using a Taylor’s expansion), one can prove that
| Vaf = O(7* + 1), (86)
which leads to (79).

Estimate of |D-g’.|. Since we have

Drgtt = (T(m) —T)* 'ViDTW(tn) + [T* 'ViDTW(tn) — (T * 'YiDTW)(tn)]
+ [(T * ’yiDT’Ug)(tn) — (T * DT'UQ)(.'L'i, tn)] + [ — 8}DTU2(tn) + auDTUQ(xia tn)]v

(87)
it follows that (87) can be estimated as (67) (replacing va(z,t,) by Dyva(z,ty)), which provides
D,g%t = O(7? + 1?). (88)
In a similar way, we can prove that
D2g% = O(7? + h?). (89)
Combing (69), (79), (88) and (89), we finally get (68). B

5.2. Error estimates

Let us state the error estimate for system (29)-(32). Theorem 1 is then a consequence of
Propositions 2 and 3.
Proposition 3. If o > \/%, and the order m of the Padé approzimation fulfills (34), the solution
of (29)-(32) satisfies the following stability estimate:

maxs <u<irye] (IPSIE + [Vack? + 1 2nehI; + NeF I + [ 9net7)
< Or | masosicas (Va7 I3 + 151 + AFIE + 1Drgk )

+ maxo<k<n |gi]2 + maxi<p<n-—1 ‘Dﬂ%gi‘ﬂ )

where C is a constant depending on T .
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Proof of Proposition 3. Due to

D (e1)y, - E(e1)y, = <€1>”“T () <€1>%“2+ (e0)m _ r<el>”+1|22 - (G

taking the real part of the inner product between the left hand side of (61) and Ee7 yields

2 D-(IIF1113) + ol Bl = ~Re {Eef, EVyeh} + Re (Bt )y
< 2|||E=||1Z + 2| EVaeql2 + Sl E2NE + L1172

Summing up over n, we obtain

bz < O (Z|vheg|h+2|||f1|||h) (91)

From (61), it is easy to see that: (D, + ocE)Vpel + ApEeh = V. Next computing the inner
product of the previous expression with EVeT and taking the real part, we deduce

SD-([[Vret|3) + C’||E1Vh€7f||% = —Re (EVpet, EAhgg)lh + Re (EVrel, Vi fT)n
< SNEVReD: + ZIIEARS]E + +5IEVReLE + ZIIVRfTIZ,

which leads to

IVetll? < O(r (Z lnehIz + Z IV fE03). (92)
By taking the inner product of (62) with (7D, + 0 E)Peh and then the real part, one gets
Re((TDT+aE)P6§, (DT+UE)Peg+the’f)h - Re<(TDT+aE)7>sg, KA Dy toE)eat fgl)h. (93)

The left hand side of (93) can be written as

o(l+71)

rID-PE + T

Dr(I[P5I1}) + 02 EPES |} + Re((rDr + 0 B)Py, VaBet) . (94)

By applying the discrete Green’s formula (25), the boundary conditions (31), and (37), the right
hand side of (93) can be rewritten following

~K(V(rDs + 0E)e, V(D + oE)ehy + wRe(7E(rD; + o E)e§0 (D; + 0 E)e})
+Re((rDr + 0 EYPEY, 5 )
= —k(Vp(rDs + 0E)e}, Vi (Dy + 0E)el)p + HRe((TDT +oE)NEL(Dy + aE)agtgg)
—i—Re((TDT + 0E)Pe, f;)h
—k(Vp(rDs + 0E)l, Vi(Dy + 0 E)el)p + /fRe((TD Y oE) ey (Dy + o B)(T™ « ’yi&?g)n>
—HRe((TD Y oE) ey (Dy + o E)gh ) n Re( (rD» + 0 E)PeL, fg)h
< —k(Vp(TD; + 0E)el, Vi (Dr + o E)el)y,
~rRe((7D; + oE)y¥e}(D; + oE)gt ) + Re((rD; + 0 E)Pep, f2">h.

(95)
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Combining (94) and (95), we have

1D, 12 + T D b (PRI + o2 EPLIR + w(Va(rDy + 0 E)e, Vi(Dy + 0 B))

= 7| D, Pe3|2 + DD (|Pep|1?) + 02| EP< ||} + k7| Dy Vel 3
+52N D (Vhep 2) + ro?| EV ey |2

< —Re((rD; + 0E)Pe}, VaBel ) +Re((rD; +0E)P}, f3)
—mRe((TDT + o E)y*el(D; + aE)gi),

from which we derive

Dr(P<5113) + Dr(1Vass}) < O) (B(IVaeh|2) + B(lv*e1)
+0() (155112 + Drg2? + E(gi ).

This leads to

n n—1
1PesIE + IVacslE < O(r) D" (IVnek I + 19512 + 7 Feb?) + 0() S (1517 +1Drgh ).
k=0 k=0

Again taking the inner product of (62) with (D; + 0 E)A,Pey and then the real part, we obtain
Re((Dr+0E)Apey, (Dr+0E)Pey+VpEer)n, = Re((Dr+0E)Apey, kAR(Dr+oE)es + 3 )n. (97)
The right hand side of (97) can be written as
okDr (| Anes i) + k| Dr Anel |l + ok EAReR [} + Re((Dr + 0 E) Mnely, £5)h. (98)

Now by using the integration by part (25), the boundary conditions (31), and (38), the left term of
(97) reads

(Vp(Ds + 0B, Vi(Dy + 0E)el + Re((Dy + 0 E) Apel, Vi B
+Re ((‘9jE (D; + oE)eby*(Dy + UE)ES)
= (Vp(Dy + 0E)el, Vi(Dy + 0E)el)n + Re((Dy + 0 E)Apel, VaBem),
+Re((DT Y 0E)0Eel (D, + 0 E)yFel
—(Vi(Dr +0E)es, Vi (Dr + cE)ey)p, + Re((Dr + 0 E) Apey, Vi Ecl)y,
+Re((D; + 0 B) (T 7% e)" (D, + 0E)y*et ) — Re((D; + 0E)gL(D; + oE)y*e} )
—(Vi(Dy + 0E)e, Vi(Dy + 0 E)el)p + Re((Dy + 0 E)Apel, VIET),
—Re (m( r+ JE)’)/iEg).

N——

Combining (98) and (99), we deduce

okDr([|Aned|I7) + Kl D Aneb |l + o k| EAReS (I} + (Vi(Dr + 0 E)el, Vi(Dr + 0 E)ei)n
< Re((D; + 0 E)Anel, ViEer), — Re((DT FoE)gL(D: + UE)vieg)
—Re((DT + O'E)Aha?g, f;)h,
from which we derive that
Dy AnBlE + Dy achlz < 0(1) (E(IVaell2) + E(r i)
+O(1) (113 + [Drg 2 + B(lg2[?) ~ Re((D; + oB)ED e} ).
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Summing up the index n and using a summation by parts in time for zz;é Re (DT’yigé‘(DT + UE)gi) )

we obtain

HI1AReRI; + 1VaesR] < O (Iy=eh? + g2 * + Igilf +[Dr gt ?)
O(1) Xk—y (IVreblli + vFeb? + 19k ) + O(1) 3250 (15117 + 1 D-gk]?) (99)
O(1) X521 ID7gk .

By the discrete Sobolev imbedding theorem
v Fes]? < Oley DIIPEs i + e[ Vel |7,
and choosing €; small enough from (99), we have

18RSI + [Vaes]; < OQ) (IPeRllh + 1927117 + [gL]® + Il_?fgi’lﬁ)
O(7) Zk -1 (IVreblli + v Fes® + 195 ) + O(r) 3320 (1517 + [D-gk ) (100)
+O(1) 321 D7k

Combining (91), (92), (97) and (100) together yields

IARERNZ + IVheR |2 + 1P II2 + IVrelll2 + [lleTIII2
o) (|g5 2 + |g2 > + |D-gt %)
0(7) 22:1 (IVreb NI + 1AReSIG + IvEes? + 195 1%)
+O(T) 02 (||f2||h+||vhf1||h+\||f1|\|h+|DTgi| ) O(7) Sp=1 | D2k |? (101)
(7') Zk -1 (||Vh51Hh+ HAhEth"‘ Wh52|h+ | Pek||Z )
+0(7) (||f2 12+ IVRFEIZ + A2 + [D-gk[?)
+O(1) Yh O\gi\ +O(T) 02t ID2g 2+ 0(1) (1927112 + 9% 12 + | D-g2 ' ?) -

Applying the discrete Gronwall’s inequality [27], we derive (90). The proof of Proposition 3 is
complete. W

6. A numerical example

We now provide an illustrative numerical example to validate the theoretical results derived in
the preceding sections. In the calculations, we always take o = 1/v/2k and adapt the number of
Padé expansion terms (see Theorem 1) following the rule

Ine Ut
= — € = ——
2In(1—14)’ 8’
with u and ¢ given by (35). Therefore for N fixed (with N7 = T'), the total computational cost to
efficiently evaluate the convolution is O(mN) = O(N log(N)). To observe the dispersive behavior
of the GN system, we consider the following initial distribution for the free-surface elevation

ui(x,0) = exp(—400(x — 0.5)) sin(207zx), (102)

and set to zero the initial velocity, i.e. ua(z,0) = 0. The initial data wu; is small outside the spatial
computation domain [0, 1] so that it can be considered as numerically compactly supported. We fix
x = 1073 and the maximal evolution time 7" = 1.

We first plot on Fig. 1 (a) the modulus of the numerical surface elevation u; computed with
ABCs on the computational domain, for N = M = 1280. Similarly, we draw on Fig. 1 (b) the
amplitude of the velocity uy. In addition, on Fig. 1 (c¢)-(d), we report the error Injg |u]relc — uyl,
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j = 1,2, in the computational domain. Here, the reference solution (u!*,u}!) is obtained on a

larger spatial domain (for the same discretization parameters) so that we do not see the effect of
the boundary condition. As it can be observed, the numerical and reference solutions superpose, up
to the second-order error of the scheme. No spurious reflection can be detected near the absorbing
boundaries. For completeness, we plot on Fig. 1 (e)-(f) the L>-error max,¢/o 1] |u;j(w, 1) —u;ef(m, )|,
j = 1,2, at final time T' = 1, when recursively doubling the parameters of the discretization grid,

i,e. M = N from 160 to 1280. A second-order convergence rate in L°°-norm is observed.
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Figure 1: Illustration of the accuracy of the scheme for both the boundary reflection and the convergence rate.

To end, the CPU time (log scale, sec.) vs 1/N (log scale) is reported on Figure 2 for the fast
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evaluation of the convolution operator, fixing the number of spatial grid points to M = 160. The
total number of time steps NN increases from N = 1.2x10° to N = 7.2 x 10°, with step 1.2 x 105. We
observe a slope equal to 1, showing that the cost is linear according to log(1/N), i.e. as O(N log N)
for the computational time.

[

=@~ Fast convolution
= Slope=1

N “w E
12 “w 1 N @0

CPUtime (sec., logscale)

[}

15

s 12 125 13 135
1/N (log scale)

Figure 2: Computational time for the evaluation of the convolution by the fast algorithm vs N (for M = 160).

7. Conclusion

The one-dimensional linearized Green-Naghdi system in an unbounded domain was reformulated
into an initial boundary-value problem in a bounded domain with transparent boundary conditions.
A fully discrete Crank-Nicolson finite-difference method was proposed to solve the reformulated
initial boundary-value problem but with an exact semi-discrete ABC. A fast convolution algorithm
is introduced to deal with the convolutions for the exact semi-discrete ABC by using the Padé
rational expansion. A criterion determining the damping term was proposed to guarantee the
convergence. In this case, it was proved theoretically that the corresponding numerical scheme
can achieve a second-order accuracy both in space and time. A numerical example validates the
accuracy and efficiency of the proposed numerical method.

The problem that still needs to be solved is that the damping term e~?! should satisfies the
stability condition ¢ > \/% For a small dispersion parameter x, the damping term e~ which
decays too fast will bring some numerical errors. We will deal with this problem in the forthcoming
paper. Extensions to higher-dimensional problems still need further investigations. Finally, the
variable coefficients and nonlinear cases of the Green-Naghdi system remain open problems as well
as the case of the two-layer Green-Naghdi system. These questions will be addressed in further
works based on microlocal analysis techniques [15, 20, 21].
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