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Abstract

String complexity is defined as the cardinality of a set of all distinct words (factors) of a given
string. For two strings, we introduce the joint string complexity as the cardinality of a set of words
that are common to both strings. String complexity finds a number of applications from capturing
the richness of a language to finding similarities between two genome sequences. In this paper we
analyze the joint string complexity when both strings are generated by Markov sources. We prove
that the joint string complexity grows linearly (in terms of the string lengths) when both sources are
statistically indistinguishable and sublinearly when sources are statistically distinguishable. Precise
analysis of the joint string complexity requires subtle singularity analysis and saddle point method
over infinity many saddle points leading to novel oscillatory phenomena with single and double
periodicities. To overcome these challenges, we apply analytic techniques such as multivariate
generating functions, multivariate depoissonization and Mellin transform, spectral matrix analysis,
and complex asymptotic methods.

Index terms: String complexity, joint string complexity, suffix trees, Markov sources, source dis-
crimination, generating functions, Mellin transform, saddle point methods, analytic information theory.

1 Introduction

In the last decades, several attempts have been made to capture mathematically the concept of “com-
plexity” of a sequence. The notion is connected with quite deep mathematical properties, includ-
ing rather elusive concept of randomness in a string (see e.g., [5, 16, 19]), and the “richness of the
language”. The string complexity is defined as the number of distinct substrings of the underly-
ing string. More precisely, if X is a sequence and I(X) is its set of factors (distinct subwords),
then the cardinality |I(X)| is the complexity of the sequence. For example, if X = aabaa then
I(X) ={v,a,b,aa,ab, ba, aab, aba, baa, aaba, abaa, aabaa} and |I(X )| = 12 (v denotes the empty string).
Sometimes the complexity of a string is called the I-complexity [3]. This measure is simple but quite
intuitive. Sequences with low complexity contain a large number of repeated substrings and they even-
tually become periodic.

In general, however, information contained in a string cannot be measured in absolute and a reference
string is required. To this end we introduced in [6] the concept of the joint string complexity, or J-
complexity, of two strings. The J-complexity is the number of common distinct factors in two sequences.
In other words, the J-complexity of sequences X and Y is equal to J(X,Y) = |[I(X)NI(Y)|. We denote
by J,.m the average value of J(X,Y) when X is of length n and Y is of length m. In this paper, we
study the joint string complexity for Markov sources when n = m.

The J-complexity is an efficient way of estimating similarity degree of two strings. For example,
genome sequences of two dogs will contain more common words than genome sequences of a dog and a
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cat. Similarly, two texts written in the same language have more words in common than texts written
in very different languages. Thus, the J-complexity is larger when languages are close (e.g. French and
Italian), and smaller when languages are different (e.g. English and Polish); see Figures 1-2. In fact,
texts in the same language but on different topics (e.g. law and cooking) have smaller J-complexity than
texts on the same topic (e.g. medicine). Furthermore, string complexity has a variety of applications
in detection of similarity degree of two sequences, for example “copy-paste” in texts or documents that
will allow to detect plagiarism. It could also be used in analysis of social networks (e.g. tweets that
are limited to 140 characters) and classification. Therefore it could be a pertinent tool for automated
monitoring of social networks (see [1, 18] for some experimental results). However, real time search in
blogs, tweets and other social media must balance quality and relevance of the content, which — due
to short but frequent posts — is still an unsolved problem. For these short texts precise analysis is
highly desirable. We call it the ”small data” problem and we hope our rigorous asymptotic analysis
of the joint string complexity will shed some light on this problem. In this paper we offer a precise
analysis of the joint complexity together with some experimental results (cf. Figures 1 and 2) confirming
usefulness of the joint string complexity for text discrimination. To better model real texts, we assume
that both sequences are generated by Markov sources making the analysis quite involved. To overcome
these difficulties we shall use powerful analytic techniques such as multivariate generating functions,
multivariate depoissonization and Mellin transform, spectral matrix analysis, and saddle point methods.

String complexity was studied extensively in the past. The literature is reviewed in [13] where
precise analysis of string complexity is discussed for strings generated by unbiased memoryless sources.
Another analysis of the same situation was also proposed in [6] where for the first time the joint string
complexity for memoryless sources was presented. It was evident from [6] that precise analysis of the
joint complexity is quite subtle requiring singularity analysis and infinite number of saddle points. In
this paper we deal with the joint string complexity for Markov sources. To the best of our knowledge
this problem was never tackled before except in our recent conference paper [9]. As expected, its analysis
is rather sophisticated but at the same time quite rewarding. It requires generalized (two-dimensional)
dePoissonization and generalized (two-dimensional) Mellin transforms.

In [6] it is proved that the J-complexity of two texts generated by two different binary memoryless

sources grows as
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for some k < 1 and v, a > 0 depending on the parameters of the sources. When sources are statistically
identical, then the J-complexity growth is O(n), hence k = 1. When the texts are identical (i.e, X =Y),
then the J-complexity is identical to the I-complexity and it grows as "72 [13]. Indeed, the presence of
a common factor of length O(n) inflates the J-complexity to O(n?), where n is the string length.

We should point out that our experiments indicate a very slow convergence of the complexity
estimates for memoryless sources. Furthermore, memoryless sources are not appropriate for modeling
many sources, e.g., natural languages. In this paper and [9] we extend the J-complexity estimates to
Markov sources of any order for a finite alphabet. Although Markov models are no more realistic in some
applications than memoryless sources, they seem to be fairly good approximation for text generation.

Here, we derive a second order asymptotics for J-complexity for Markov sources of the following

form
nK/
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for some B,v > 0 with x < 1. This new estimate converges faster, although for small text lengths of
order n ~ 10? one needs to compute additional terms of the asymptotic expansion. In fact, for some
Markov sources our analysis indicates that J-complexity oscillates with n. This is manifested by the
appearance of a periodic function in the leading term of our asymptotics. Surprisingly, this additional
term even further improves the convergence for small values of n.

Let us now summarize in full our main results Theorems 1-9. In our first main result Theorem 1 we
observe that the joint string complexity .J,, ,, can be asymptotically analyzed by considering a simpler
quantity called the joint prefiz complexity denoted as C,, ,,,. To define it, let X be a set of infinite strings,
and we define the prefiz set Z(X') of X as the set of prefixes of X'. Let X and ) be now two sets of strings
and we define the joint prefiz complexity as the number of common prefixes, i.e. |[Z(X)NZ(Y)|. When
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Figure 1: Joint complexity of simulated texts (3rd Markov order) of English, vs French (top), Polish
(bottom) languages, versus average theoretical (plain). The x-axis is the length of the text, while the
y-axis shows the joint complexity.

X, is a set of n independently generated strings by Markov source 1 and Y, is a set of m independently
generated strings by source 2, then C,, ., is Cy, , = E|Z(X,,) NZ(V0,)|) — 1 which represents the number
of common prefixes between X,, and ),,. In the remaining part of the paper we only deal with the
joint prefix complexity C, ,,. We show in Theorem 1 that |J,, m — Cpom| = O(n€ + mc) for some € > 0,
suggesting that may focus our attention on simpler to analyze quantity, namely C,, .

First, in Theorem 2 we considered two statistically identical sources and prove that the joint string
complexity grows linearly with n: For certain sources called noncommensurable there is a constant in
front of n (that we determine) while for commensurable sources the factor in front of n is a fluctuating
periodic function of small amplitude. We shall see these two cases permeate all our results. Then we
deal in Theorem 3 with a special sources in which the underlying Markov matrices are nilpotent. After
that we study general sources, however, we split our presentation and proofs into two parts. First,
in Theorems 4-5 we assume that one of the source is uniform. Under this assumption we develop
techniques to prove our results. Finally, in Theorem 7 — 9 we study the general case.

Let us now compare our theoretical results with experimental results on real/simulated texts gen-
erated in different languages. In Figure 1 we compare the joint complexity of a simulated English text
with the same length texts simulated in French and in Polish. In the simulation we use a Markov model
of order 3. It is easy to see that even for texts of lengths smaller than a thousand one can discriminate
between these languages. In fact, computations show that for English versus French we have x = 0.18;
and versus Polish: x = 0.1, Furthermore, for a Markov model of order 3 we find that English text has
entropy (per symbol): 0.944; French: 0.934; Polish: 0.665. The theoretical curves shown in Figure 1
are obtained through Theorem 8, however, for small values of the text length it is computed via the
iterative resolution of functional equations (49) and (51). Figure 2 shows the continuation of our the-
oretical estimates up to n = 10! and compared with the theoretical estimate O(n") as presented in
Theorems 7 — 8.

The joint string complexity can be used to discriminate Markov sources [24] since, as already ob-
served, the growth of the joint string complexity is O(n") with £ = 1 when sources are statistically
indistinguishable and x < 1 otherwise. For example, we can use the joint string complexity to verify au-
thorship of an unknown manuscript by comparing it to a manuscript of known authorship and checking
whether k = 1 or not. More precisely, we propose to introduce the following discriminant function

1
log J(X,Y)
gn

dX,Y) =1~

for two sequences X and Y of length n. This discriminant allows us to determine whether X and Y
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Figure 2: Average theoretical joint complexity of 3rd Markov order text of English, vs French (top),
and vs Polish (bottom) languages, versus order estimate O(n"). The x-axis is the length of the text,
while the y-axis shows the joint complexity.

are generated by the same Markov source or not by verifying whether d(X,Y) = O(1/logn) — 0 or
d(X,Y)=1—-k+O(loglogn/logn) > 0, respectively. In fact, we used it with some success to classify
tweets (see SNOW 2014 challenge of tweets classification and topic detection [1]).

The paper is organized as follows. In the next section we present our main results Theorems 1-9.
We prove Theorem 1 in Section 3. Then we present some preliminary results in Section 4. In particular,
we derive the functional equation for the joint prefix complexity C,, ,,, establish some depoissonization
results, and derive double Mellin transform. We first prove the nilpotent case in Section 5. The proofs
of Theorems 4 — 5 are presented in Section 6, and the proofs of Theorem 7 — 9 are discussed in Section 7.

2 Main Results

In this section we define precisely our problem, introduce some important notation, and present our
main results Theorem 1 — Theorem 9. The proofs are presented in the remaining parts of the paper
and Appendix.

2.1 Models and notations

We begin by introducing some general notation. Let X and w be two strings over the alphabet 4. We
denote by |X |, the number of times w occurs in X (e.g., |abbba|p, = 2 when X = abbba and w = bb).
By convention | X|, = |X|+ 1, where v is the empty string.

Throughout we denote by X a string (text) whose complexity we plan to study. We also assume
that its length |X| is equal to n. Then we define I(X) = {w : |X|, > 1}, that is, I(X) contains all
distinct subwords of X. Observe that the string complexity |I(X)| can be represented as

I(X)| = D lixj,z1,

weA*

where 14 is the indicator function of the event A. Notice that |I(X)]| is equal to the number of nodes
in the associated suffix tree of X [13, 23] (see also [7]).



Now, let X and Y be two strings (not necessarily of the same length). We define the joint string
complezity as the cardinality of the set J(X,Y) = I(X)NI(Y), that is,

|J(X,Y)] = Z Lixj,>1 X Liyp,>1 -
weA*

In other words, J(X,Y) represents the number of common and distinct subwords of both X and Y.
For example, if X = aabaa and Y = abbba, then J(X,Y) = {v,a,b, ab,ba}.

In this paper we assume that both strings X and Y are generated by two independent Markov
sources of order r (we will only deal here with Markov of order 1, but extension to arbitrary order is
straightforward). We assume that source ¢, for i € {1,2} has the transition probabilities P;(a|b) from
state b to state a, where a,b € A”. We denote by P; (resp. P3) the transition matrix of Markov
source 1 (resp. source 2). The stationary distributions are respectively denoted by 71 (a) and m2(a) for
a € A”. Throughout, we consider general Markov sources with transition matrices P; that may contain
zero coefficients. This assumption leads to interesting embellishment of our results.

Let X,, and Y,, be two strings of respective lengths n and m, generated by Markov source 1 and
Markov source 2, respectively. We write

Tnm =B(J(Xn, Y)) = 1= Y P(X|w > 1)P(|Y]y > 1) (1)
weEA*\v

for the joint complexity, i.e. omitting the empty string. In this paper we study J, », for n = ©(m).

It turns out that analyzing .J, ,, is very challenging. It is related to the number of common nodes in
two suffix trees, one built for X and the other built for Y. We know that analysis of a single suffix tree
is quite challenging [7, 20]. Its analysis is reduced to study a simpler structure known as tries, a digital
tree built from prefixes of a set of independent strings. We shall follow this approach here. Therefore,
we introduce another concept. Let X' be a set of infinite strings, and we define the prefix set Z(X) of
X as the set of prefixes of X. Let X and ) be now two sets of strings and we define the joint prefix
complezity as the number of common prefixes, i.e. |Z(X)NZ(Y)|. When X, is a set of n independent
strings generated by source 1 and ), is a set of m independent strings generated by source 2, then we
define C,, », as

Cnm =E|Z(X,) NZ(Vm)|) — 1

which represents the number of common prefixes between X, and ), .

Observe that we can re-write C,, ., in a different way. Define Q(w) for i = 1,2 as the number of
strings in X' and ), respectively, whose prefixes are equal to w provided that strings in X’ are generated
by source 1 and strings in ) by source 2. Then, it is easy to notice that

Com =Y P(Q(w) = 1P}, (w) > 1) (2)
weA*\v

which should be compared to (1).

The idea is that Cp ,, is a good approximation of J, ,, as we present in our first main result
Theorem 1. We shall see in Sections 4 — 7 that C), ,,, are easier to analyze, however, far from simple. In
fact, Cp m has a nice interpretation. It corresponds to the number of common nodes in two tries built
from X and ). We know [11, 10, 23] that tries are easier to analyze than suffix trees.

2.2 Summary of Main Results

We now present our main theoretical results. In the first foundational result below we show that
asymptotically we can analyze .J,, ,,, through the quantity C, ,, defined above in (2). The proof can be
found in Section 3.

Theorem 1. Let n and m be of the same order. Then there exists 1/2 < e < 1 such that
Jnm = Crom + O(n€ + m®) (3)

as n — 0.



In the rest of the paper we shall analyze C;, ,. We should point out that the error term could be as
large as the leading term, but for sources that are relatively close the error term will be negligible.

Now we present a series of results each treating different cases of Markov sources. Moreover, our
results depend on whether the underlying Markov sources are commensurable or not so we next define
them.

Definition 1 (Rationally Related Matrix). We say that a matriz M = [map)(a,p)e.a2 is rationally related
if V(a,b,c) € A> we have may + Mea — Mep € Z, where Z is the set of integers.

Definition 2 (Logarithmically rationally related matrix). We say that a matric M = [mgp] is loga-
rithmically rationally related if there exists a non zero real number x such that the matriz xlog* (M) is
rationally related, where the matriz log™ (M) is composed of log(meap) when mqpy > 0 and zero otherwise.
The smallest non negative value w of the real x defined above is called the root of M.

The following matrix is an example of logarithmically rationally related matrix:

]

Il
s | s [ [
DN =4 | =00 | 00 | =
QO =k | =00 |0 | =
00|00 |0 [ 4 | =

Its root is 1/ log 2.

Definition 3 (Logarithmically commensurable pair). We say that a pair of two matrices M = [map](a,p)e 42
and M = [m!,] is logarithmically commensurable if there exists a pair of real numbers (x,y) such that
xlog" (M) + ylog* (M) is not null and is logarithmically rationally related.

Notice that when M and M’ are both rationally related, then the pair is logarithmically commen-
surable. Nevertheless it is possible to have logarithmically commensurable pairs with the individual
matrices not logarithmically rationally related. For example when log* M’ = 27Q + log* M with Q an
integer matrix.

We are now in the position to discuss our first main result for Markov sources that are statistically
indistinguishable. Throughout we present results for m = n.

Theorem 2. Consider the average joint complexity of two texts of length n generated by the same
general stationary Markov source, that is, P :=P1 = Ps.
(i) [Noncommensurable Case.] Assume that P is not logarithmically rationally related. Then

2nlog 2

where h is the entropy rate of the source defined as h =3,y m(a)P(alb).
(ii) /[Commensurable Case.] Assume that P is logarithmically rationally related. Then there is € < 1

such that:
~ 2nlog?2

Jnn = (1+Qo(logn)) +O(nf) (5)

where Qo(.) is a periodic function of small amplitude. (In Section 4.3 we compute explicitly @Q.)

Now we consider sources that are not the same and have respective transition matrices P; and Ps.
The transition matrices are on A" x A", however, hereafter we deal mostly with r = 1. If (a,b) € AX A,
we denote by P;(a|b) the (a,b)-th coefficient of matrix P;. For a tuple of complex numbers (s1, s2) we
write P(s1, s2) for the following matrix

P(s1,52) = [(P1(a[b)) ™" (P2(alb))”**Japea-

In fact, we can write it as the Schur product, denoted as *, of two matrices P1(s1) = (P1(a|b)) 5! and
PQ(SQ) = (Pg(a|b))_52, that is, P(Sl, 82) = Pl(Sl) *PQ(SQ).

To present succinctly our general results we need some more notation. Let (x|y) be the scalar
product of vector x and vector y. By A(s1, s2) we denote the main eigenvalue of matrix P(s1, s2), and



u(sy, s2) its corresponding right eigenvector (i.e, A(s1, s2)u(s1, s2) = P(s1, s2)u(s1, s2)), and {(s1, s2) its
left eigenvector (i.e., A(s1,$2)¢(s1,82) = €(s1,52)P(s1,82)). We assume that ({(s1, s2)u(s1,s2)) = 1.
Furthermore, the vector 7(s1,s2) is defined as the vector (m1(a) *'ma(a)”*2)aea where (m;(a))aca is
the left eigenvector of matrix P; for ¢ € {1,2}. In other words (m;(a))aeca is the stationary distribution
of the Markov source i.

We start our presentation with the simplest case, namely the case when the matrix P(0,0) is
nilpotent [14], that is, for some K the matrix P (0,0) is the null matrix. Notice that for nilpotent
matrices V(s1, s2): P (s1,52) = 0.

Theorem 3. If P(s1, s2) is nilpotent, then there exists vy such that

lim Jyn =70 := <1C(I - P(07 0))_1|1> (6)

n—oo

where 1 is the unit vector, 1o the vector on A with 1¢(a) =1 when a is common to both sources, and
1c(a) =0 otherwise.

This result is not surprising and rather trivial since the common factors can only occur in a finite
window at the beginning of the strings. It turns out that 7y = 1168 for 3rd order Markov model of
English versus Polish languages used in our experiments.

From now on, we assume that P(sy, s2) is not nilpotent. We need to pay much closer attention to
the structure of the set of roots of the characteristic equation

)\(51, 82) =1

that will play a major role in the analysis. We discuss in depth properties of these roots in Section 4.5.
Here we introduce only a few important definitions.

Definition 4. The kernel K is the set of complex tuples (s1,s2) such that P(s1,s2) has its largest
eigenvalue equal to 1. The real kernel K = K NR?, i.e. the set of real tuples (s1,s2) such that the main
eigenvalue \(s1,s2) = 1.

The following lemma is easy to prove.
Lemma 1. The real kernel forms a concave curve in R2.

Furthermore, we introduce two important notations:

K = min {—s;—s 7

(Sl)sz)eK{ 1— 82} (7)

(c1,c2) = arg min {—s1 — s2}. (8)
(s1,82)EK

Easy algebra shows that k < 1. Furthermore, in the Appendix we prove the following property.

Lemma 2. Let ¢; and co minimize —s; — so where real tuple (s1,s2) € K. Assume ¥(a,b) € A%:
Pi(alb) > 0 then ¢; <0 and cg > —1.

Finally, we introduce a new concept 9iC, the border of the kernel IC, defined as follows.
Definition 5. We denote 9K the subset of KK made of the pairs (s1,s2) such R(s1,s2) = (c1,¢2).

The case when both matrices P; and Ps have some zero coefficients is the most intricate part.
Therefore, to present our strongest results, we start with a special case when one of the source is
uniform. Later we generalize it.

We first consider a special case when source 1 is uniform memoryless, i.e. P = ﬁl ® 1 and the
other matrix P is not nilpotent and general (that is, it may have some zero coefficients). In this case
we always have ¢; < 0 and ¢o < 0. This case we have the following theorem.



Theorem 4. Let P, = l—jul ® 1 and P # Py is a general transition matrixz. Thus both ¢1 and co are

between —1 and 0.
(i) [Mono periodic case.] If Py is not logarithmically rationally related, then there exists a periodic
function Q1(x) of small amplitude such that

Yan™

\V Q2 logn + /82

(ii) /[Double periodic case.] If Py is logarithmically rationally related, then there exists a double periodic
function* Qa(.) of small amplitude such that

Cpm = (1+ Q1(logn) + o(1)). 9)

Yon”

Vaslogn + B

The constants 2, as and (2 in the Theorem 4 are explicitly computable as presented next. To
simplify our notation for all (a,b) € A% we shall write P»(alb) = P(alb) and Py = P. Therefore

P(s1,52) = [A["*P(s) (11)
with P(s) = P(0, s). We also write 7(a) = m2(a) and 7 (s) = [n(a) *|aeca, thus
w(s1,82) = [A]' 7 (s2) - (12)
Let A(s1, s2) be again the main (largest) eigenvalue of P(s1,s2). We have
A(s1, 82) = [A[" A(s2) (13)

where A(s) is the main eigenvalue of matrix P(s). We also define u(s) as the right eigenvector of P(s)
and ¢(s) as the left eigenvector provided ({(s)u(s)) = 1. It is easy to see that

A(s) = (C(s)[P(s)u(s)).

Now we can express ¢; and ¢y defined in (8) in another way. Notice that if A(s1,s2) = 1, then in
this case
s1 = —log 4 A(s2).

Define L(s) = log| 4; A(s). Then ¢ is the value that minimizes L(s) — s, that is,
)\/(02)
)\(02)

Also ¢; = —L(eg) and K = —¢1 — ¢o = ming{L(s) — s}. We have £ < 1 since L(0) = 1.
We now can present explicit expression for the constants in Theorem 4.

= log | A|. (14)

Theorem 5. We consider the case P1 = I—jul ® 1 and Py # Py has all non negative coefficients. Let
s) = (m(s)|u(s)) and g(s) = ({(s)|1). Furthermore, with W(s) being the Euler psi function, define
g g
ag = L"(ca) where L(s) = log| 4 A(s), and

1 ) 1 ) 1
52(51752) = —Q2 (\I/(Sl) + ?Sl + 10g|A|) + \\ (51> — m + \\J (52) — m
[(s2)  (Fs2)\® g"(s2)  (g'(s2))
" Fls2) (f(82) ) " gls2) (9(52) )
as well as
(51, 52) = F(51)g(s2)(s1 + DI'(s51)(s2 + DI'(s2)

A(s2) log | A|v/2m

1'We recall that a double periodic function is a function on real numbers that is a sum of two periodic functions of non
commensurable periods.




We have ¢1 = —log) 4 A(c2), and then

. - y(c1, c2)
nn Vazlogn+ Ba(cr, c2)
17 Q(logn) + o) "

Vdiogn

The function Q(x) can be expressed as

Q)= > Slits) yss2)
(51,52)E0K* Vaox + Ba(s1, 52)

If the matriz Po is logarithmically rationally related, then OKC is a lattice. Let w the root of Po then

B 2tk . 9
oK = {(cl+log|A|,02+2m&u) (k0 eZ },

and /zQ(z) is asymptotically double periodic. Otherwise (i.e., irrational case),

oK = {(Cl + —2lkﬂ—,02) , ke Z}
log 2

and /zQ(x) is asymptotically single periodic. The amplitude of Q is of order 10~°.

Now we consider the case when the matrices P; and Py are general and Py # Ps. If they contain
some zero coefficients, then we may have P(—1,0) # Py and/or P(0, —1) # P5. In this (very unlikely)
case we may have P(—1,0) = P(0, —1) or more generally they are conjugate.? For example for matrices:

o o & 1 1 5 09 1
o 1 1 % O BT
Pi=11 1 1 1 |P=) 05 & 1 {
Tt 3 45 1 5 8 %
3 8 0 5 00 3 5
we have
00 0 2
o 1+ 1 1
P(—l,O):P(O,—l): i i i
0 7 1 8
00 0 g3
If P(—1,0) = P(0,—1), then there is no unique solution (c1,c2) of the characteristic equation. As a

consequence, we have the following theorem:

Theorem 6. When P(—1,0) and P(0,—1) are conjugate matrices we have
Crn =7 (—r)n"(1 + 0o(1)) (16)

where k < 1 is such that (—k,0) € K and vo(—r) are explicitly computable. When both matrices are
logarithmically rationally related, then

Crn =v(—r)n" (1 + Qo(logn) + O(n™°) (17)
where Qo(.) is small periodic function and € > 0.

In general, however, P(—1,0) and P(0,—1) are not conjugate, and therefore, there is a unique
(c1, c2) of the characteristic equation A(c1,c2) = 1. As in the special case discussed above, ¢; > —1 and
co > —1, however, our results are quantitatively different when ¢; > 0 or ¢o > 0. We consider it first in
Theorem 7 below. Since both cases cannot occur simultaneously, we dwell only on the case ¢o > 0; the
case ¢1 > 0 can be handled in a similar manner.

2A conjugate matrix is a matrix obtained from a given matrix by taking the complex conjugate of each element of it.



Theorem 7. Assume P(0,0) is not nilpotent and cy > 0.
(i) [Noncommensurable Case.] We assume that P(—1,0) is not logarithmically related. Let —1 < ¢o < 0
such that (co,0) € KC. There exist y1 such that

Chn =71n" (14 0(1)) (18)

(ii) /Commensurable Case.] Let now P(—1,0) be logarithmically rationally related. There exists a
periodic function Q1(.) of small amplitude such that

Chmn =mn~ (14 Q1(logn) +O(n™°) (19)

Finally, we handle the most intricate case when both ¢; and ¢, are between —1 and 0. Recall that
when both matrix Py and Ps have all positive coefficients, then P(—1,0) = Py and P(0,—1) = Pa.

Theorem 8. Assume that both ¢ and cy are between —1 and 0 and P(0,0) is not nilpotent.
(i) [Non periodic Case.] If P(—1,0) and P(0,—1) are not logarithmically commensurable matrices, then
there exist aa, P2 and 2 such that

Yon”

—— (1 +0o(1)). 20

L (1+0(1) (20)
(ii) [Mono periodic case.] If only one of the matrices P(—1,0) and P (0, —1) is logarithmically rationally
related, then there exists a periodic function Qa(x) of small amplitude such that

(1+ Q1(logn) + o(1)). (21)

Cn,n =

Yo'
Vaslogn + B

(iii) /Double periodic case.] If both matrices P1 and Pq are logarithmically rationally related, then
function Q2(.) is double periodic with small amplitude such that

(14 Q2(logn) + o(1)). (22)

Cn,n =

yon”
Vaslogn + B

In the three cases the constants 2, o and Bo are explicitly computable.

On,n =

Remark In the double periodic case when the 0K forms a lattice with commensurable vectors, the
double periodic function reduces to a simple periodic function.

At last, we provide explicit expressions for some of constants in previously stated results, in particular
in the most interesting Theorem 8. We denote H(s1,s2) =1 — A(s1,82). Let Hy(s1,$2) = a%1/\(31, S2),
f(s1,82) = (m(s1, 52)[u(s1, s2)) and g(s1, s2) = ({(s1,52)[1).

Theorem 9. Let ¢ and co be between —1 and 0. In the general case we have

Chm =n" Z y(s1, s9)n " S(s1+s2) <1 Lo 1 )> ' o)
52)EOK Vaglogn + B(s1, s2) logn

(s1,

With Hy, «s, B2(s1,82) and y(s1,82) such

0
o = L H.
1 D51 (c1,c2)
AH — 265?252H
0 = g leis)=(ee)
0 P P 9
a o5:) T o5/ 3519t 5559
62(31732) = 22 \I/(Sl)+\11(s2)+ 9s1 052 + 9s1 Osz
2 f g
A A
P (1) + W (o) + 2 f851852f 9~ 255,55,
g
o] ) 2 B 9 2
(s T st [ s T 959
f g
9° ok 92 92 2
L9 _ ol ~ e — &, as2H+_§H+ R
2 2H1 2H1
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Figure 3: Joint complexity: three simulated trajectories (black) versus asymptotic average (dashed red)
for the case ¢ > 0.

and
f(51)g(s2)(s1 + DT(s1)(s2 + DI (s2)

A(s3) log |A[v/2r

7(51’ 82) =

The expression for as seems to be asymmetric in (s1,s2). In fact, it is not since the maximum
of $1 4+ s9 for (s1,s2) € K attained on (c1, ) necessarily implies that %H(cl,cg) = %H(Cl,cg).
Formally the constant ag is equal to A (1, c2)(1|VA1(c1,c2)) where V is the gradient operator, A the

. 2 2
Laplacian operator 53—8? + %.
Finally, we illustrate our results on two examples.

Example. In Figures 3 and 4 we plot the joint complexity for several pairs of strings X and Y. String
X is generated by a Markov source with the transition matrix P, and string Y is generated by a uniform
memoryless source. We consider two Markov sources for X with the following transition matrix:

0 05 0.2 0.8
P—[1 0.5} P_{o.g 0.2} (24)

For the first P in Figure 3 we have ¢ > 0 (see Theorem 7) while for the second P in Figure 4 we have
co2 < 0 (cf. Theorem 4(i)).
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Figure 4: Joint semi-complexity: three simulated trajectories (black) versus asymptotic average (dashed
red)for the case ¢y < 0.
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3 Proof of Theorem 1

We recall that X and Y are two independent strings of length n and m, generated by two Markov
sources characterized by transition matrices P; and Ps, respectively. In the previous section we write
| X | and |V, for the number of w € A occurrences in X and Y. But it will be convenient to use
another notation for these quantities, namely

O, (w) = [X|w,  Op,(w) = Y.

We shall use this notation interchangeably. Finally, we write AT = A* — {v}, that is, for the set of all
nonempty words. As observed in (1) we have

Jnm =Y, P(O}(w) > 1)P(O}(w) > 1). (25)

weAt

In [22, 10] the generating function of P(O,(w) > 1) for a Markov source is derived. It involves
the autocorrelation polynomial of w, as discussed below. However, to make our analysis tractable we
notice that O (w) > 1,4 = 1,2, is equivalent to w being a prefix of at least one of the n suffixes of X.
But this is not sufficient to push forward our analysis. We need a second much deeper observation that
replaces dependent suffizes with independent strings to shift analysis from suffix trees to tries, as already
observed in [7] and briefly discussed in Section 2. In order to accomplish it, we consider two sets of
infinite length strings of cardinality n and m, respectively, generated independently by Markov sources
P; and Py. As in Section 2 we denote by ¢ (w) the number of strings for which w is a prefix when
there are n strings generated by source 4, for i € {1,2}. The average joint prefix complezity satisfies (2)
that we repeat below

Crm = 3 P(QL(w) = 1)P(O2,(w) > 1). (26)
weAt

Before we prove our first main result Theorem 1 we need some preliminary work. First, observe
that it is relatively easy to compute the probability P(2¢ (w) > 1). Indeed,

P(2,(w) > 1) =1~ (1= Py(w))".

Notice that the quantity 1 — (1 — P(w))™ is the probability that ||, > 0 where X, is a set of n
independently generated strings. To prove Theorem 1 we must show that for Markov sources when

n — oo
P(O,(w) 2 1) ~ P(;,(w) 2 1)

which we do in the next key lemma.
We denote by By the set of words of length k such that a word w € By, does not overlap with itself
over more than k/2 characters (see [10, 7, 20] for more precise definition). It is proved in [20] that

Y. Pw)=0(%)
we Ak —By,

where AF is the set of all words of length k and §; < 1 is the largest element of the Markovian transition
matrix P. In order to allow some transition probabilities to be equal to 0 we define

. log P(w)
p = exp|lim sup ———=
kawe Ak k

q = exp (lim inf M)
kawe AR P(w)#£0 k

These quantities exist and are smaller than 1 since A is a finite alphabet [21, 23]. In fact, they are
related to Renyi’s entropy of order fo0, respectively [23]. We write § = /p < 1.
Let X,, be a string of length n generated by a Markov source. For w € A*, define

dyp(w) = P(Op(w) >0) — (1 = (1 = P(w))"). (27)

We prove the following lemma

13



Lemma 3. Let w € A* be of length k. There exists p > 1 and a sequence R, (w) = O(P(w)p~™) such
that for all 1 > € > 0 we have:

(i) for w € By: dn(w) = O((nP(w))kd*) + Ry (w);
(ii) for w € AF — B*: d,(w) = O((nP(w))*6¥) + R, (w).

Proof. Let No(2) = 32,50 P(On(w) = 0)2". We know from [10] that

where S,,(z) is the autocorrelation polynomial of word w and D,,(z) is defined as follows
Dy(2) = Suw(z)(1 = 2) + ka(w) (L4 Fuyw (2)(1 = 2)) (28)

where k = |w] is the length of word w with first symbol w; and the last symbol wy. Here F, ;(z) for
(a,b) € A? is a generating function that depends on the Markov sources, as describe below. We also
write F,(2) when wy = a and wy, = b.

Let P be the transition matrix of the Markov source. Let 7 be its stationary vector and for a € A
let 7, be its coefficient at symbol a. The vector 1 is the vector with all coefficients equal to 1 and I is
the identity matrix. Assuming that the symbol a (resp. b) is the first (resp. last) character of w, we

have [22]
1 _

Fu(2) = Fopy = — [(P=m@1) (I—2(P+7® 1)) ! . (29)
where ® is the tensor product, and [A],, denotes the (a, b)th coefficient of matrix A. An alternative
way to express F,,(2) is

1 _

Fy(2) = —(ea(P—7®1)(I-2(P+ 7 ®1)) Yey) (30)
where e, for ¢ € A is the vector with a 1 at the position corresponding to symbol ¢ and all other
coefficients are 0.

By the spectral representation of matrix P we have [14]

P=r®1l+) \ue(
i>1

where \; for ¢ > 1 is the ith eigenvalue (in decreasing order) of matrix P (with A\; = 1), and u; (resp.
¢;) are their corresponding right (resp. left) eigenvectors. Thus

(P—7r®1)(I—z(P+7r®1))_1:Zl_)\)\ w ®¢; (31)

i>1

and therefore the function Fy,(z) is defined for all z such that |z| < ‘/\—12| and is uniformly O(ﬁ)

We now follow the approach from [20] that extends to Markovian sources the analysis presented
in [7] for memoryless sources (see also [10]). Let

z) = Z dp(w)z

n>0

be the generating function of d,,(w) defined in (27). After some algebra we arrive at

Pw)z (14 (1 —z)Fy(2) 1
Au(z) = 1—2 ( Dy (z) a l—z—l—P(w)z)'

(32)

‘We have ) p
z
dp(w) = fj{Aw(Z)ﬁ,

2um
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integrated on any loop encircling the origin in the definition domain of d,(z). Extending the result
from [7], the authors of [20] show that there exists p > 1 such that the function D,,(z) defined in (28)
has a single root in the disk of radius p. Let A,, be this root. We have via the residue formula

(W) = Res(Ay (2), Ap) 45" — (1= P(w))" + dy(w, ) (33)
where Res(f(z), A) denotes the residue of function f(z) on complex number A. Thus

diwp) =5 f Bl (34)

AN

We have
P(w) (1 + (1 - Aw)Fw(Aw))

Ay aAw =
Res(Ay(2), Ayw) = A,)C, (35)
where C, = D! (Ay). But since Dy, (Ay) = 0 we can write
AP S (Aw
Res(Ay(z), Ay) = —%(). (36)

We can take the asymptotic expansion of A,, and C,, as it is described in [10], in Lemma 8.1.8 and
Theorem 8.2.2. Anyhow the expansions were done in the memoryless case. But an extension to Markov
sources simply consists in replacing S, (1) into S, (1) + P(w)Fy, (1), so we find

_ P(w)
Aw — 1 + Suf(l)
k—F, (1 S1(1)
+P2(w) (A - S + O(P(w)?), -
S/ (1
Co = —Su(l)+ P(w) (k — F,(1) - 2538)
+O(P(w)?)

These expansions also appear in [20].
From now the proof takes the same path as the proof of Theorem 8.2.2 in [10]. We define the
function

ALES, (Ay)
Cuw
More precisely, we define the function d,(z) = dy () — dy(0)e™*. Tts Mellin transform [23] is

() = A," = (1= P(w))*. (38)

dy,(s)I'(s) = / dw(x)z*  da
0
defined for all R(s) € (—1,0) with

—k
G = 2 (log 4, — 1) +1 - (~Tog(1 — Pu)) 39)

where I'(s) is the Euler gamma function. When w € By, with the expansion of A,, and since S, (1) =
1+ 0(6%) and S’ (1) = O(kdé*), we find that similarly as in [10]

d;,(s) = O(|s|kd")P(w)'~ (40)

and therefore by the reverse Mellin transform, for all 1 > € > 0:

B 1 —e+1i00
dyp(n) = oyl dy (s)T(s)s™"ds
= O(ncP(w)ksr). (41)

When w € A" — By, it is not true that S, (1) = 14 O(6"), thus it is shown in [20] that there exists a > 0
such that for all w € A*: Sy, (2) > « for all z such that |z| < p. Therefore we get dy,(n) = O(nP(w)°).
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We set
R, (w) = dy(0)e™ 4+ dp(w, p). (42)

We first investigate the quantity d,,(0). We prove that d,,(0) = O(P(w)). Noticing that

we have the expansion

—k w /
A ‘Z::U(Aw) 1 ;((1)) <Fw(1) + gzg) +O(Pw)?). (43)
Thus P & (1
dy(0) = —#E‘f) <Fw(1) + 518) + O(P(w))?). (44)

Thus d,(0) = O(P(w)).
Now we need to consider d,,(w, p). Since A,(z) is clearly O(P(w)) and the integral § A(z)-%~ is
over the circle of radius, the result is O(P(w)p~™). O

Now we are ready to prove Theorem 1.

Proof. Again staring with

Jnm =Y P(O}(w) > 0)P(O2,(w) > 0) (45)
weA*
we note that
P(On(w) >0)) = 1—(1=Pi(w)" +dy(w),
PO%(w) > 0) = 1—(1—Pay(w))™ + d2,(w).
Thus
Jum = Com+ 3 dh(w)P(OZ(w) > 0)
weA
+ ) (1= (1= Pi(w)")dz, (w). (46)
weA

We will give the proof for the first sum, since the proof for the second proof being somewhat similar.
When w € By, we have for all ¢ > 0

d,,(w) = O(n“Pi(w) koY) + Ry, (w) (47)

and the R.(w) terms are all O(P;(w)p~™). We look at the sum

Z Z nP(w) kor.

k weBy

S nPi(w)k(gs ! 61)

k weAk

It is smaller than

which is equal to n® ", k(¢°='61)*. By choosing a value ¢; of € enough close to 1 so that ¢t ~1§; < 1
we have the n* order. Notice that with J; = ,/p we must conclude that 1/2< ¢ < 1.
When w € A¥ — By, the 6§ factor disappears in the right-hand side expression for d’. (w). But in this

case
> nPw)(¢ ) = 0m (k)
we Ak —By,
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and we conclude similarly.
It remains the sum > . 4. RL(w)P2(Om(w) > 0). For this we remark that Py(Opm(w) > 0) =
O(mPy(w)). Therefore the sum is of order p™"m ) . 4. Pi(w)P2(w). It turns out that

Y Pi(w)Py(w) = O(Ay)

we Ak

where Ajs is the main eigenvalue of the Shur product matrix Py x Py (also known denoted P(—1,—1).
Since A2 < 1 the sum converges and is O(p~"m). O

4 Some Preliminary Results

In this section we first derive the recurrence on C), ,,, which will lead to the functional equation on the
double Poisson transform C(z1, z2) of Cy, , that in turn allows us to find the double Mellin transform
C*(s1,s2) of C(z1,22). Finally applying a double depoissonization we first recover the original C,, ,,
and ultimately the joint string complexity Jj ,, through Theorem 1.

4.1 Functional Equations

Let a € A and define
Comm =Y, P (w) > PO}, (w) > 1)

weaAx

where w € aA* means that w starts with an a € A. We recall that Q! (w) represents the number of
strings of length n that start with prefix w.

Notice that Cy 1, = 0 when n = 0 or m = 0. Using Markov nature of the string generation, the
quantity Cq , m for n,m > 1 satisfies the following recurrence for all a,b € A

e = E S ()

a€Ana,mq
x(Pi(alb))" (1 = Pi(alb))" "
x(Pa(alb))™ (1 = Pa(al))™ ™" Canym.
where n, (resp. m,) denotes the number of strings among n (resp. m) independent strings from source
1 (resp. 2) that have symbol a followed by symbol b. Indeed, partitioning bA* as {b} + > . 4 a.A* we
obtain the recurrence noting that strings are independent and ()" )(P1 (alb))™ (1 — Py(alb))™ ™= is the

probability of n, out of n starting with ba. starts
In a similar fashion, the unconditional average C,, ,, satisfies for n,m > 2

=1+ X () ()@ - ma)

a€EANg,Mq

xmy (@) (1 —ma(a))™ " Co,n,m-

To solve it we introduce the double Poisson transform of Cy ;, , as

Gz = Y Comm A emaa (48)

nlm!
n,m>0

that translates the above recurrence into the following functional equation:

Cy(z1,22) = (1—e " )(1—e7%?)
+ Z Co, (Py(alb)z1, Pa(alb)z2) . (49)
acA
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To simplify it, we define the double Poisson transform

2129 L.,
Clat,22) = D Cum—itre (50)
n,m>0
finding that
C(z1,22) = (1—e*)(1—e"72)
+ ) Ca(mi(a)z, ma(a)2). (51)
acA

Our goal now is to find asymptotic expansion of C(z1,22) as 21,22 — 00 in a cone around the real
axis. This will be accomplished in the next subsection using double Mellin transform. Granted it, we
shall appeal to a double depoissonization result to recover asymptotically Cy, ,, and ultimately J;, ,,.

4.2 Double DePoissonization

Once we know C(z1, z2) for 21 = n, 22 = m — 0o we then need to recover C,, ,,,. Double depoissonization
lemma discussed and proved in [10] (see Lemma 10.3.4) allows us to do exactly that but in order to
apply it we need to postulate some conditions on the underlying Poisson transforms. We briefly review
double depoissonization next.

For a double sequence a, ,, define

f(Zl,ZQ) = Z an,mﬁeim_eiwa

m,n=0
& m
22 —ZzZ2
Qn,m —|€ .
m:
m=0

We notice that f(z1, 22) is the Poisson transform of the sequence f,,(22) with respect to the variable z;.
Now we postulate certain conditions on f(z1,22) and f,(22) that will allow us to extract asymptotics
of an,m from f(z1,z2).

fn(22)

First depoissonization. For z3 € Sp := {22 : arg(z2) < 0} we postulate that there exist constants 3, o, B
and D such that

21 €8y |f(z1,22)] < B(|lz1]? +|%/P)
21 ¢80 |f(z1,22)e™| < Dlzffel,

Therefore, from the one-dimensional analytic depoissonization of [8, 23] for zo € Sy, we have for all

integers k > 0

falz2) = f(n, ) + 0 (nﬂ—l ; %) )

Similarly, when zo ¢ Sy we postulate

21 €8p 1 |f(21,22)e| < Dlz|lel=
21 ¢ Sp i |f(21,20)e T2 < Deolzil+alz|

Thus for all integer k and Vzy ¢ Sih
fn(z2)e™ = f(n,29)e* + O(nﬁ_leo“zz‘) + O(nﬂ_keo‘l'z?‘).

Second depoissonization. The above two conditions on f,,(22), respectively for zo € Sy and 2o ¢ Sy,
allow us to depoissonize f,(z2). For all k& > j:

o for zo € Sp: fn(z2) = O(nﬂ + |Z2|B)?
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o for 20 & Sp: frn(z2)e™ = O(nﬁea\zz\)'

These estimates are uniform. Therefore,

anm = fn(m) + O (ﬁ + —B) + 0 (nPm”7F).

Since 5
fu(m) = f(n,m)+ O (n'@_l + %)

and setting k > 8 + 1, we find the desired estimate.
Now we are ready for formulate our depoissonization lemma. In [10] it is shown that C(z1, z2) satisfies
depoissonization conditions for memoryless sources. In Appendix we prove the following lemma.

Lemma 4 (DePoissonization). We have

Com = Cln,m) +0 (£ +2)

m n
for large n and m.

To find C(n,m) from C(z1, 22) we follow the Mellin transform approach, however for general sources
we need to consider a double Mellin transform. We start in the next subsection with a simple case when
P, =Ps.

4.3 Mellin Transform for P; = P5y: Proof of Theorem 2

We first present a general result for identical Markov sources, that is, P; = P = P proving Theorem 2.
In this case (49) can be rewritten with ¢, (z) = Cy(z, 2):

ap(z)=(1—e ")+ ca(Plalb)z) (52)
acA

This equation is directly solvable by the Mellin transform defined as

ci(s) = /0 " ealw)rda

that exists in the fundamental strip —2 < R(s) < —1. Properties of Mellin transform can be found in
[4, 23]. Tt follows that for all b € A [23]

ci(s) = (27° )+ > (Plalb))~*ci(s). (53)

acA

It is better to write it in the matrix form. Let c(s) = [¢}(s)]aca be the vector of Mellin transforms
¢ (s) and and P(s) = [P~*(a|b)]4,bea. Then (53) becomes

c(s) = (27° = 2)1(I - P(s)) "

where, again, 1 is the vector of dimension |A| made of all 1’s, and I is the identity matrix.
We now can derive the Mellin transform ¢*(s) of ¢(z) := C(z, z) representing the unconditional joint
string complexity. From above and (51) we arrive at

¢(s)= (27" =2)T(s) + Y (w(a))”

acA

c*(s) = (277 = 2)T(s) (1 + (LT = P(s))""[m(s))) (54)



where 7(s) is the the vector made of coefficients 7(a)™® and we recall (x|y) is the inner product of
vectors x and y.

To find the behavior of ¢(z) for large z near the real axis we apply the inverse Mellin approach as
discussed in [4, 23]. We observe that

1 73/24»00
c(z) = — c*(s)z"%ds.
2mi —3/2—00

The asymptotics of ¢(z) for |arg(z)| < 6 is given by the residues of the function ¢*(s)z~*® occurring at
the poles s = —1 and s = 0. They are respectively equal to

2log2
h

z

and
—1—(1(I—-P(0,0))" ' (0)).

The first residues comes from the singularity of (I — P(s))~! at s = —1. This leads to Theorem 2(i).
When P is rationally related then there are additional poles on a countable set of complex numbers s
regularly spaced on the line R(sj) = —1, and such that P(s;) has eigenvalue 1. These poles contributes
to the periodic terms of Theorem 2(ii). The proof of Theorem 2 is now complete.

4.4 Double Mellin transform: Case P; # P,

From now on we only consider the case P1 # P, and therefore we need to study properties of C,(z, 2)
through double Mellin transform defined as

02(51,52):/ / Co(z1,29) 25 1252 Tz d2y (55)
o Jo

or similarly the Mellin transform C*(s1,s2) applied to C(z1, 22), provided we can find a strip a <
R(s1),N(s2) < b where the above transforms exist. Since for any y € RT and a function f we have the
identity

/OO flyz)z*lde = a~* /OO f(x)z*tda
0 0

we conclude that
C*(Sl, 82) = F(Sl)F(SQ)l + P(Sl, sz)C*(sl, 82) (56)

or formally
C*(Sl, 82) = F(Sl)F(SQ) (I — P(Sl, 82))_1 1. (57)

However, the above formal derivation needs to be amended with a careful analysis of the convergence
issues, which we do next. Notice that for any a € A: Cy(z1,22) = O(]z1| + |22]) when z1, 20 — 0.
But as easy to check Cy(z1, 22) is also O(|z1| + |22]) when 21, z2 — 0, therefore the Mellin transform is
not appropriately defined in (55). To correct it, we now introduce correction terms in the expression of
Co(z1, 22) so that the corresponding Mellin transform exists for —2 < R(s1), R(s2) < —1.

To continue, we now define a slightly modified Mellin transform, namely

C(Zl,ZQ) = C(Zl,ZQ) — D(Zl,ZQ)

where
D(z1,22) = z1€7 7' C1(22) + 2267 *2Ca(21) — Cy12120¢ 7177
with
0
Cl(z) = a—ZIC(zlv 22)|(21;Z2):(O’Z)
0
CQ(Z) = 8—220(217 22)|(21;22):(Z70).

20



Notice that C(z1, z2) is now O(|z1|2+|22|2) when z1, 22 — 0. We can show that C(z1, 22) = O(|z1|+|22])
for (21, 2z2) in four dimension cone containing R™ x R™, therefore by Ascoli theorem %C(zl, z9) = O(1)
in the same cone, D;(z) is O(|z|) for z € RT, and similarly Dy(2) is O(1). All of this is to state that
C(z1,2) is O(|z1| + |22]) when 21, 25 — oo, thus the Mellin transform of C(z1, 23) is well defined for
R(s1), R(s2) € (=2, —1). Let C*(s1,55) be the corresponding Mellin transform.

For a € Alet C1,(z) be the coefficient of the vector Cy(z) corresponding to the symbol a. For b € A
we have the functional equation

Cip(z) =1—e7+ Z P1(alb)C14(P2(alb)z) (58)
acA
and the Mellin transform of Cy(z), say Cj(s) formally satisfies
Ci(s) = —TI'(s)1 + P(—1,s)Cy(s) (59)
or
Ci(s) = —T(s)(I—-P(—1,s)) 1. (60)

Similarly the Mellin transform Cs(s) of Ca(z) satisfies Ca(s) = I'(s)(I — P(s,—1))"11. To finish, we
notice that C1 1 = (I—-P(-1,-1))" L.
Denoting C(s1,s2) = (I — P(s1,52))7!1, we find

6*(81, 82) = F(Sl)F(SQ) (6(81, 82) + 826(81, —1)
+816(—1, 82) + 51826(—1, —1))

finally leading to R
C*(s1,2) = D(s1)0(s2) (1+ (m(s1,2)|C (51, 52))) (61)

where 7(s1, s2) denotes the vector composed of 71 (a) ~*'m2(a) 2 for a € A and (]) is the vector internal
product.

Our goal is to find C,, 5, (i.e., n = m). But by depoissonization it is asymptotically equal to C(n,n),
therefore we must find C(z, z) which by the inverse Mellin transform becomes

1 ~
C(Z,Z) = D(Z,Z) + W /p1 /p2 C*(Sl, SQ)Z_Sl_SstldSQ.

After some algebra we finally arrive at
C(z,2) = (1—e?)*+ (62)

1

W/ / F(sl)F(52)<ﬂ'(51,52)|6(51,52)—|—526(51,—1)+516(—1,52)+51526(—1,—1)>z_51_52d51d52

P1 Y P2

where the integration is over the lines R(s1) = p; and R(s1) = p2 with (p1, p2) belonging to the
fundamental strip of C*(s1, s2): (=2, —1). We shall analyze asymptotically (62) in the next sections.

4.5 Properties of the Kernel

We recall from Section 2 that we define the kernel K as the set of complex tuples (s1,s2) such that
P(s1,52) has largest eigenvalue A(s1,s2) = 1. Furthermore, we also define 9K as the subset of K
consisting of the pairs (s1, $2) such R(s1,s2) = (1, c2) where

(c1,c2) = arg (51{3516,{{—81 — 53}

We also denote OK* = 0K — {(c1,¢2)}.
Let us start with the structure of the set OK.
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Definition 6. Let P be a matriz on A x A of complex coefficients pay for all (a,b) € A%. Let Q be
a matriz qqup. In the following we say P and Q are conjugate if there exists a non-zero complex vector
(Za)aca such that qap = T2pap. We say that such matrices are imaginary conjugate if |zq| =1 for all

a€ A

Observe that: (i) two conjugate matrices have the same eigenvalue set; (ii) if u = (uq)ae.a is right
eigenvector of P, then (2,u)qca is right eigenvector of Q. Similarly, if ((,)aca is left eigenvector of
P, then (%Ca)aE.A is the left eigenvector of Q.

The following lemma is essential and proved in [9] but we give an independent proof in the Appendix
(see also [17]).

Lemma 5. Let M = [mab](a,b)eAz be a matriz such that mq, > 0. We assume that 1 is the largest
eigenvalue of M. Let Q be a matriz with coefficients qqp = €%**myy where Oy is real. The matriz Q
has eigenvalue 1 if and only if Q is imaginary conjugate to matriz M.

Corollary 1. Let ¢ € A. The matrix Q defined in Lemma 5 has eigenvalue 1 if and only if for all
(a,b) € A%:

1
o (Oab +0ca —O0) €Z . (63)

Proof. If Q is conjugate to M, we should have a real vector §,¢ .4 such that ¥(a,b) € A% 0, = 0, — 0,.
Then ¢i(0a=0) = €< thyg il0cr—0ca) = gifas O

e0ca

Lemma 6. Let c € A. A tuple (s1,s2) belongs to OK iff for all (a,b) € A% we have

S(s1) , Pi(alb)Pi(cla)  S(s2),  Pa(alb)Pa(cla)
om 108 Pl(cﬁ)) — 5y los— P2(0|2)

€z. (64)

Proof. Set M = P(cy,c2) and Q = P(sq, s2) for (s1,82) € OK. Then, it follows directly from Corollary 1
with e/%0 = (Py(a[b))S ) (Py(a]b)) ~*2). 0

Furthermore, in the Appendix we prove the following important characterization of the set K. We
say that a curve is strictly concave (or strictly convex) if the is never linear, even locally.

Lemma 7. If P1 and Py are not conjugate, then the set K is strictly concave.
We summarize our knowledge about OK.
Theorem 10. There are three possible structures of OK:
e the punctual case: OK = {(c1,c2)}, this is the most typical case;
e the linear case: there exist a vector (x,y) € R? such that OK = {(c1,c2) + ik(x,y), k € Z};

e the lattice case: there exists two vectors (w1,y1) and (z2,y2) € R? which are not colinear such

that OK = {(c1,c2) + ik1(z1,y1) + ika(wa, y2), (k1, ko) € Z2.}.

Proof. This follows from the fact that according to Lemma 6 if (¢1,¢2) + (s1,s2) € OK then Vk € Z
(c1,c2) + k(s1,s2) € OK. Furthermore if (¢1,c2) + (89, s5) € K then (s1,s2) + a(s), s5) € OK. Thus K
forms a lattice. In Lemma 6 this occurs when P, and P5 are rationally related.

When both matrices P; and P» are logarithmically rationally related then we are in the lattice
case, and the lattice is made of edges parallel to the axes. Anyhow the reverse is not necessarily true,
although we don’t know an explicit example of non logarithmically rationally related matrix which
makes a pair of logarithmically commensurable matrices which would lead to edges non parallel to the
axes.

When only one matrix is logarithmically rationally related, then we are in the linear case, and 9K
is a set of periodic points laying on one axis. It is nevertheless possible to have a linear case when
none of the matrices is logarithmically rationally related, for example when P; and P5 are of the form
log" P1 = 27Q; + M and log” Py = —27Q2 + M where Q; and Q> have integer coefficients but M is
not rationally related (in this case xlog* Py + ylog™ Py integers would implies z = y. O
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Now we establish some properties of the eigenvalue A(s1, s2) of P(s1, s2).

Lemma 8. For all sy such that R(s2) = c2, assume Asy : (s1,82) € K then A(s1,s2) =1 = R(s1) <
Cy.

Proof. Notice that R(s1) = c¢; is not possible by construction since it would imply that (si,s2) €
OK. Let’s consider the hypothesis R(s1) > ¢1. But we have |A(s1,s2)] < A(R(s1),R(s2). Since
R(s1) > c1, each non zero coefficient of P(R(s1), R(sz2)) are strictly smaller than the corresponding
coefficients P(c1, R(s2)) and therefore A\(R(s1), R(s2)) < A(e1, R(s2)) = 1 which contradicts the hypoth-
esis \(sy,s2) = 1. O

Lemma 9. We have A(c1,c2) > |Aa(cr, ca)l.
Proof. 1t follows from Perron-Frobenius that the main eigenvalue is unique. O

Let U be a complex neighborhood of 0 such that Vs € U: |A(cz + s)| > |A2(c2 + s)|. Therefore the
function A(co + s) is analytic. In the Appendix we prove the following lemma.

Lemma 10. Let (g, yr) be a sequence of complex numbers such that limg_,oo R(xk, yr) = (c1,¢2) and
[ANzk,yr)| = Mci,c2) = 1. Then for all (s1,s2) € U we have

¥j: lim Nj (@ + 51, Yk + 52) _ /\j(cl+51,02+52), (65)
koo ANk + $1, Yk + S2) A1 + 81,62 + 82)

and the function Az + $1,yx + s2) are all analytic and uniformly bounded functions on a complex

neighborhood of (0,0) such that

klirn Mk 4+ s1,yx +52) = Aer + 51,62 + 52) (66)

—00

khm V/\(il?k + S1, Yk + 52) = V)\(Cl + S81,C2 + 82) . (67)
—00

where V f is the gradient of f.

5 Proof of Theorem 3: Nilpotent Case

In this section we consider the case when the matrix P(sy, s2) is nilpotent, that is, there exists K such
that PX (s, s9) = 0 for all (s, s2). We first provide a simple derivation, and then ”recover” it through
the Mellin approach.

Notice that for z € C

1+ 2(10|(T = 2P(0,0)'1) = 1+ > zM(1c[P*(0,0)1)
k<K

is the generating function that enumerates all the common words between the language of source 1
and the language of source 2, including the empty word. Let us call this set W. Observe that (1o|1)
enumerate the word of length 1, and [W| = 1+ (1¢|(I — P(0,0))7!1) is the total number of such
common words. Notice that such words are all of length smaller than K. Since the Markov source are
stationary we also notice that 7(0,0) = 1¢.

The quantity J,, ,, converges to

1+ (1c|(T—P(0,0)) 1)

when n, m — oo because all words in W will appear in both string almost surely. Indeed each word in
w € YW may not appear in one string with exponentially small probability.
For similar reasons C, ,,, will converge to

1+ (1c|(I-P(0,0)) 1)

exponentially fast, because any word w € W may be prefix to none of n independent strings with a
probability decaying exponentially fast to 0.
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Interestingly enough we can find partially this result via the reverse Mellin transform (62). Partially
because the error term is O(n=*) for all M > 0. Let

D(s1,52) = (m(s1,52)|C(s1,52)+ s1C(s1,—1)
+816(—1, 82) + 81826(—1, —1)>

We notice that D(s1, s2) is never singular and furthermore for all s D(s,—1) = D(—1,s) = 0. Let
1
D, = —/ / ['(s1)T(s2)D(s1,82)n~ "1 %2,
(2im)2 Jpr e
Thus by (62) we find C(n,n) = (1 —e~™)? + D,,. Let M be an arbitrary non negative (large) number.

By moving the integration path for sy from R(s2) = p1 to R(s2) = M we only met the poles of T'(s3)
on so = —1 with residues

1
— F(sl)D(sl,—l)nlfsldsl
29 o1
and .
—% / F(Sl)D(Sl, O)n_sldsl.

P1
The first residues is null since D(s1, —1) = 0, thus
1
D, = —=—— [ I'(s1)D(s1,0)n"*'d
5 /p1 (s1)D(s1,0)n""dsq
+;/ / F(Sl)l—‘l(Sg)nisli52
(2Z7T)2 p1J M

where the second term in the right-hand side is O(n=™~#1). The integration path — 5 fpl T'(s1)D(s1,0)n "*dsy

2im
can also be moved on R(sy) = M, the residues on sy = —1 is D(—1,0)n, which is null, and on s; =0
is equal to D(0,0). Thus
1
Dn = l)(O7 O) - —/ F(Sl)D(Sl, O)?’Lisl + O(niM?pl). (68)
m M

Since 51— [, T'(s1)D(s1,0)n™*" = O(n~) and that D(0,0) = (1¢|(I—P(0,0))~'1), this concludes the
proof.

6 Special Case: Proofs of Theorems 4 — 5

To simplify our presentation we will first assume that

1
Al
i.e. the first source is uniform and memoryless. We will see in the next section how to translate these

results into the general case.
In this case, we have

P1: 1®17

P(Sl, 82) = |A|51P(82) (69)
with P(s) = P(0, s). We also write 7(a) = m2(a) and w(s) = w(0, s), thus
(s1,82) = |A|" 7w (s2) . (70)

Let A(s1, s2) be the main (largest) eigenvalue of P(s1, s2). We have
)\(81, 82) = |A|Sl/\(82) (71)

where A(s) is the main eigenvalue of matrix P(s). We also define u(s) as the right eigenvector of P(s)
and ¢(s) as the left eigenvector provided (¢(s)u(s)) = 1.
We first present some simple results regarding A(s) and L(s) = log| 4 A(s).
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Lemma 11. The function L(s) is convex when s is real.

Proof. The function (—L(s), s) describes the set K which is known to be a concave curve by Lemma 1.
Notice that the proof will also be valid for the general case. O

The proof of the following lemma is left for the reader.
Lemma 12. We have the following identities:
Als) (C(s)[P(s)uls)) = >, 5 Cals)un(s)P(alb)~*
s

N(s) (C(s)P"(s)uls)) = >, p Cals)us( )P(alb)~*(~ log P(a]b)). (72)
N'(s) = (L(s)[P"(s)uls)) = 32, Cals)us(s)P(alb) = (log P(alb))*.

Finally, to compute some of the constants in Theorems 4 — 5, we need to computer L”(s). To do
s0, let @y = ﬁ(a(s)ub(s)P(aw)_s. Clearly, by Lemma 12 we have ), ;2,5 =1 and

2

L (s Zxab log P(alb))? ZxablogP(aH)) : (73)
a,b a,b

Now we are ready to derive our results presented in Theorems 4 — 5. The starting point is the Mellin
transform C*(sy, s2) shown in (61) with C*(s1, s3) presented in (57). To recover C,, ,, we first need to
find the inverse Mellin transform of (61). For —2 < p < —1 we have

C(z,z) —D(z,2) =

1 / e
- C*(s1,82)2z 17 2ds1dsg
(2i7)2 JR(s1)=R(s2)=p

1 / ~ ~
= — I'(s1)I'(s2) (C(s1,52) + 52C(s1, —1
T S ey, FEUT) (Clots2) + 528(sr, —)

+516(—1, S2) + 81826(—1, —1)) 27517 %25 dso,

where 6(51, s9) = (I—P(s1,52)) " 1 and

C(s1, 82) = (m(s1,52) (T — P(s1,52)) " 1).
Since C(z,2) = D(z,2) + O(z~M) for any M > 0 when R(z) — oo we find

C(z,2) — 1+O(Z_M)=ﬁ/( e [(s1)0(s2) (74)

X (6(51, s2) + 526(51, -1) 516(—1, s2) + 51526(—1, —1)) 2797 %2ds1dso.

To analyze it asymptotically, we investigate the set of singularities of (I—P(sy, s2))~ in C(s1, s2). Recall
that K is the set of complex numbers (s1, s2) such that I—P(sy, s2) is degenerate, i.e. (I—P(sq,s2))"
is singular.

Let A1(s), A2(s) ..., A 4/(s)) be the eigenvalues of P(s) in the non-increasing order (e.g., A(s) :=
A1(s)) while u;(s) and ¢,(s)) are respectively the right and the left eigenvectors of P(s) associated with
Ai(s) subject to (¢;(s)|u;(s)) = 1. By the spectral representation of matrices [23], we have

Al 1
I-P N -y, . 75
(= Plor,sa)™ = X gy gag M(2) © Gul52) (75)

where ® denotes the tensor product. Observe that (I — P(sq,s2)) ! cease to exist at (s1, s2) satisfying
|A]5* \i(s2) = 1, that is, for s1 := L; (s2) where
1

Fale2) = o

(10g Ai(SQ) + 21]{371')
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The eigenvalues \;(s) are individually analytic functions of s in any complex neighborhood where
the order of the eigenvalues modulus does not change (i.e. |[A;—1(s)| > |[Ni(8)] > [Nit1(s)| for all 7).
But any function of the form ), f(\i(s)) is analytic even when the eigenvalue sequence is not strictly
decreasing, as long as f() is analytic. To simplify our analysis, we also postulate that none of the
eigenvalue is identically equal to zero, that is, we assume log \;(s) exists except on a countable set
R ={s: Fi: \(s) = 0}. It should be pointed out that there are cases when some eigenvalues are
identically equal to zero. For example, for memoryless sources we have for all i > 2: \;(s) = 0 which
we already discussed in [6, 10] so we will omit them here.

In order to evaluate the integral in (74) we first use (75) and then apply the residue theorem. To
simplify, for 1 < j < |A], let f;(s) = (mw(s)|u;(s)) and g;(s) = ({;(s)|1). Define (here we set s := s9)

I,p) = (76)
\AI
1 15 (L (DTS 1 ooy
2im R(s)=p keZ j=1 )‘J (S) log |A|
1 ~ —s
J(z,p) = % /§R(S)_p C(0,s)T'(s)z%ds. (77)
Furthermore, let
(s,2) Z fils gJ 82 (S))ZLM(S) (78)
log |A|

keZ

1
I(z,p) = — / H;(s,z)T'(s)z"%ds.
2im ZJ: RG)=p

The next lemma is crucial for the asymptotic evaluation of C(z,z) which by depoissonization lead
to asymptotics of C,, ,, and ultimately .J,, ,,.

thus

Lemma 13. For any M > 0 and for some p > —1, we have
C(z,2) = 1+ 1(2,p) = J(2,p) + Oz~ M) (79)
for z = oo.

Proof. In the inverse Mellin expression we see that for R(s1) = R(s2) = —1 we have |P(s1,s2)| <
P(-1,-1)and P(—1,—1) < Py(—1) and Po(—1). Since the matrix P(s1, $2) is not nilpotent there exists
(a,b) € A? such that |P(s1,52)a.s| < P(alb). Consequently, there exists k such that [P*(s1,s2)|1 < 1
or more precisely |A1(s1,$2)] < 1 — € for some ¢ > 0. Thus there exists € > 0 such that for all s1, s2
R(s1) > =1+ € and R(s2) > —1 + € implies that I — P(s1, s2) is not degenerate.

To evaluate the inverse Mellin transform we apply standard approach by moving the line of integra-
tion to ”catch up” relevant singularities, however, in our case there some complications. We move the
integration path by increasing p. This does not change the value of I(z,p) and J(z,p) as long as the
functions in the integral paths are analytic and not singular. When the path encounter a singularity
we will use the residue theorem. But we may have a problem when any of the functions \; ceases
to be analytic. However, we shall see that when we sum all the terms of the integrand of I(z,p) we
obtain an analytic function derived from (m(sq,s2)(I — P(s1,s2))711). Indeed we have the (somewhat
complicated) identity

(2, p) Z/ . p (P(s)) " exp (_1i2g|jt| (log P(s) +2ik7r1)> r( 1|A| (log P(s )+2ik7r1)> 1)ds ,

keZ
(80)
knowing that any analytical function f(.) can be applied to matrix P(s) as long its eigenvalues do not
correspond to a singularity of the function f(.). Therefore the only singularities that we meet when we
move the integration line of I(z, p) are the elements of R = {s: \;(s) = 0, for some i}.
If 6 € R, is one of these singularity, thus we have A;(6) = 0, then the function L; 1 (s) = m (log Ai(s)+
2ikm) is meromorphic around 6. However if 6 is a simple pole of \;(s), then moving around 6 would
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be equivalent to add 1 to the integer k: log A;(s) — log \;(s) + 2im. If the root is of multiplicity ¢ it is
equivalent to add ¢ to the integer k. In any case the function H;(s, z) being invariant when ¢ is added
to k, turns out to be fully analytic around 6, and the integration path in I(z, p) can be moved over 6.

However, the function \;(s) is a non polar singular on s = 4, hence there will be a contribution coming
from the integration of H;(s, z)I'(s)z~° on an arbitrary small loop around 6. Since R(L; x(s)) — —o0
when s — 0, having R(L; x(s)) < —M will guarantee that the contribution is in O(21=™) and can be
included in the error term.

Moving the integration path from R(s;) = R(s2) = p to R(s1) = R(s2) = —1 + € will only hit the
poles of T'(s1)['(s2) at s; = —1 and sy = —1. By construction of the function C(s1, s3) + s1C(—1, s2) +
326(51, —1)+s1 326(—1, —1), the residues at these points are zero. Therefore the expression

Clz,2) — 1+0("M)= ﬁ/mm_m)_pr(sl)r(@)

X (6(81, 82) + 826(81, —1)
316(—1, s2) + 31326(—1, —1)) 27%17%2ds1dsy

still holds for p = —1 + €.

Now we take the integration contour for s; and we move it from R(s1) = p to R(s1) = M — p. By
doing so we encounter many poles:
(i) The poles of (I —P(s1,s2))"! at s1 = L; x(s2). The residues is exactly the expression I(z, p).
(i) The poles of C(s1,s2)I'(s1) at s; = 0 which has residues —J(z, p).
(iii) The double pole of C(s1, —1)[(s1)z~"" at s; = 0 since (I — P(sy,s5))"" is singular at (sq,s5) =
(0, —1) because A1(0,—1) = 1. It leads to the residue

1
- sT'(s)(alogz + b)z~*ds (81)
20 Jr(o)=p

for some real number a and b coming from the derivative of fi(s) and g;(s) at s = 0. But when one
moves the integration path of (81) to R(s) = M the function sT'(s)(alog z + b) has no singularity since
s'(s) is not singular on the interval | — 1, +00|, and thus the integration on R(s) = M is O(z =), which
can be included in the error term. O

In the following we denote L(s) = Lj ¢(s) . The rule of the game is that we move the integration
abscissa of I(z,p) and J(z,p) to the left (i.e. to larger values) on the value ¢z which minimizes the
argument L(s) —s. Moving the integration path one meets some poles of I'(—L,(s)) when L;(s) = 0. In
fact when the matrices are strictly non negative, this case only applies to j > 2. It turns out that when
s is a pole for I'(—L;(s)) then it is at the same time a pole of C'(0, s). The residues of I(z, p) and J(z, p)
when passes over such value are the same and cancel. Therefore C(z,2) = 1+1(z, p)—J(z,p)+O0(z~M)
for all values of p < 0.

6.1 Proof of Theorems 4 and 5

Now we are going to prove Theorems 4 and 5 corresponding to the case where quantities ¢; and ¢y are
both in the interval [—1, 0] in the case where one source is uniform memoryless. In this case, the main
contribution to C(z,z) doesn’t come from the poles, as in the previous section, but rather from the
saddle point of z%1.0=% (in fact, infinitely many saddle points).

We start with reviewing some properties of the kernel K and the main eigenvalue. Recall that 9KC
is the set of complex tuples (s1, s2) satisfying |A|** A(s2) = 1 such that R(s1) = ¢1 and R(s2) = co. Its
structure is crucial for our asymptotic analysis.

From the general Theorem 10 we deduce that only two cases are possible when one source, say
source 1, is uniform (since P is logarithmically rationally related):

e the lattice case when P; is also logarithmically rationally related, we call this case the rational
case;
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e the linear case when Ps is not logarithmically rationally related, we call this case the irrational
case;

Now we focus on proving in the next four lemmas that the main eigenvalue is well separated.

Lemma 14. Let ty be a real number. We have the equivalence
ﬂ(Sl, 82) € oK C\\Y(Sg) =1y <= |A(C2 + Zt2)| < )\(02).

Proof. Let so = co + ita. By the Perron-Frobenius, we have |A(s2)| < A(cg) since R(s2) = ¢o and
[P(s2)] = P(c2) (by taking the modulus element-wise). If [A(s2)| = A(cz), then there will be ¢; such
that | A" A(s2) = A(c2), and therefore (¢1 + it1, 52) € OK. O

Lemma 15. We have a non zero spectral gap, that is, A(c2) > Aa(cz2).
Proof. Tt follows from Perron-Frobenius that the main eigenvalue is unique. O

Let U be a complex neighborhood of 0 such that Vs € U: |A(ca + s)| > |A2(c2 + s)|. Therefore the
function A(ca + s) is analytic.

Lemma 16. Let s, be a sequence such that R(si) = c2 and |A(sg)] = M(c2). Then for all s € U we

have
kli_)m L(sk+8)— L(sk) = L(c2+ ) — L(ca) (82)
klim L'(sk+s) = L'(ca+s). (83)
—00

The convergence also holds for any derivative of function L'(s), and the function A(sx + s) is analytic
and uniformly bounded on a complex neighborhood of 0.

Proof. Tt turns out that limy |A(c1, sx)| = |A|°* A(c2) = 1. There exists xy such that R(zy) = ¢; and
Mzk, si) = [M(e1, sx)|- Hence Lemma 10 applies. Thus for any complex number s

o Aj(sk + ) —  m \j(zg, sk + 9)
koo A(sk + ) k—oo N2k, Sg + 8)
Aj(Cl,CQ —|—S) )\j(CQ —|—S)

- Mer, 0+ 8) - Aez + ) (84)

vy

[A2(c2)]

Since 575 < 1, there exists U such that Vs € U: Ajleats)

A(ca+s)
never cross the value of another eigenvalue and so is A(sy + ).

Hence, the logarithm of the eigenvalue, L(sy + s) — L(sj) converges to L(ca + s) — L(cz). The
property |[A(c1 + s, ca + s2)| > Aa(ce +s) for all s € U implies the analyticity of L(cs + s), and therefore
L'(ca + 9). O

< 1 thus A(cg + ) is analytic because it

In passing, we have L'(s;) — 1 and L”(s) — as.
Finally, we prove that the main eigenvalue dominates all other eigenvalues in a complex neighborhood
of C2.

Lemma 17. There exists € > 0 such that for all i # 1 and for all s such that R(s) = ¢z :
Ni(s)] < A(c2) — €. (85)

Proof. This is a consequence of previous lemmas. Suppose that there exists s, such that [Aa(sk)| —
A(c2). This implies that [A(s;)| = A(cz), but by previous lemma |A2(s)| = Aa(c2) = A(ce) — €. O

Now we are in the position to evaluate the integral of C(z, z) by the saddle point methods. Recall
that for all M > 0 we have C(z,2) = I(z,ca) — J (2, c2) + 1+ O0(2' M) where I(z, p) and J(z, p) are given
by (76). We already prove that J(z,c2) = O(2°) = O(2" ) for some € > 0 (in fact € = L(cz) > 0).
We reinforce it in the next lemma.
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Lemma 18. There exists € > 0 such that
1
C(z,2) =14+ — Hi(s,2)T(s)z"%ds + O(2"7°) (86)
2im R(s)=ca

where k = —c1 — ¢ and we recall that

(s = 3 LB C L)

= A(s)log | A|

Proof. By Lemma 17 for all j > 1 we have log 4 [A;(s)| < log| 4 A(c2) — € for some € > 0, thus the
contribution of fm( H;(s,2)'(s)z~%ds is of order

s)=ca

/ |F(S)|Z%(Lj(8)—s)ds -0 (ZL(cQ)—02_€> —0 (2”_6) 7
R(s)=c2
as desired. .

Rational Case. We assume now that the matrix log*(%P) is rationally balanced. The matrix
P(s + 2inv) is then imaginary conjugate with the matrix P(c|e)*™P(s) and L(s + 2imv) = L(s) +
2imvlog P(c|c). Thus R(L(cq + it)) is periodic in ¢ with period 27v. Furthermore, L’(s) is also periodic
with period 27v. Thus, sy = ¢y + 2inlv for £ € Z are saddle points of z=(5)=%,

We concentrate now on the term & = 0 in Hy(s,2)'(s)z~* in (86). Define

ba(s) = o (LA s ) 57)
Notice that by(s) = B2(—L(s), s) mentioned in Theorem 8. Since the function
g (52 1)1

has bounded variations, we have the classic saddle point result [4, 23]

i f(S)g(S)F(—L(S))F(S)ZL(S)_SCZS _

2i7T %(s):cz )\(S)

B F(s09(0) b 1o V(s
S L(se)=se

. \/271’(042 log z + ba(s¢)) (1+o(1). (88)

Notice that R(L(s¢) — s¢) = x. When adding the contribution from the L(s) + ]3;73‘ we obtain the

expression for Q(logz) with 0K = {(—L(s¢) — 102gi]T:T4| ,80), (k,0) € Z*}. The double periodicity comes
from the fact that /zQ(x) =3, , qree’FoTB)T 1 5(1) when 2 — oo for some incommensurable® pair

of real numbers (a, ) and complex numbers {qx ¢} (r,0)cz2-

Irrational Case. We now turn to the irrational case. Let A > 0 be a number such that for all |s] < A
we have |A(cz + s)| > [A2(c2 + $)|; thus L(ce + s) is analytic. We assume that c2 < 0 is the only saddle
point on R(s) = ¢y for |F(s)| < A. There also exists ag > 0 such that

[t < A= R(L(cz +it) — L(cz)) < —ast? . (89)

3recall that a pair of numbers (a, 8) is commensurable if there exists a real number v such that the vector (va, v8) € Z2;

otherwise the pair is incommensurable.
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From the previous analysis we know that

1 f(s)g(s)
5im 2 /W

= s)=ca,|3(s)|<a A(8) log | A

21k
- (‘L(S) " Tog |Zt|>

XF(S)ZL(S)—5+2ik7r/ log \A|d8

= Qogz)(1+ o(1)). (90)
Assume now (89) and define
2k
&(s) = F(s——)' . (91)
]% log | A|
The function £(s) is continuous and bounded as long as R(s) is bounded. Our aim is to prove that
1 f(s)g(s
| ) ¢ 1(s)
in R(s)=ca,|3(s)|> A (s)

z

Vlog z

x|D(s)]z M EED e ds = o ), (92)
which will complete the proof of Theorem 4.

We know that |f(s)g(s)] < f(e2)g(c2). In addition, we know that for R(s) = ¢z we have R(L(s)) <
L(cz) as long as S(s) # 0. We also have |A(s)| > € for some € > 0 since the matrix P(s) stays away
from the null matrix. Therefore, we need to estimate

/ ID(s)| R ez (93)
R(s)=cz,|S(s)|>A

For any e > 0, the portion of the line R(s) = c¢a, where R(L(s)) < L(cz) — €, contributes 2"~ € to C(z, z).
Our attention must turn to the values of s on this line such that R(L(s)) is arbitrary close to L(cz). In
particular, we are interested in the local maxima of *(L(s)) that are arbitrary close to L(cz). Indeed,
these local maxima play a role in the saddle point method.

Let us consider the sequence of those maxima denoted by sy for £ € N such that R(L(s¢)) — L(ca).
By Lemma 10 we know that for all real ¢ L(sg+it) — L(s¢) — L(ca +1it) — L(c2) and that L' (sg +it) —
L'(cg + it). Therefore for all real ¢ such [t < A

lim sup (R(L(s¢ +it)) — R(L(s¢))) < —at?. (94)

£— o0
We define I(A) to be the set of complex numbers s such that R(s) = ¢2 and ming{|s — s¢|} > A.
Lemma 19. There exists € such that for all s € I(A): R(L(s)) < L(cz) — €.

Proof. Assume s € I(A). Since s is not a local maxima, we study the variation of R(L(s)) around
the local maxima sy. Without loss of generality we assume that s; — A is between s and sy, thus
R(L(sp — A)) > R(s). Since limsup R(L(s; — A)) < L(c2) — a3A? < L(cg) — € the lemma is proved. O

In view of the above, we conclude that

/ |F($)|Z§)"‘¢(L(s))—c2dS <
R(s)=c2,|S(s)|>A

/| o Tloet it)|RECeriez g 4 O(257) (95)
¢ JIt=s

By virtue of the properties of function I'(s) on the imaginary lines, there exists a real B > 0 such that
Vs:
R(s) = o = Irr‘lai(l{ﬂ"(s +it)|} < B|T'(s)] . (96)
t|<
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Therefore, our analysis can be limited to
S [ G eqr. (o7)
¢ JItI<A

Finally, we establish a separation result.
Lemma 20. For ¢ tending to infinity, the sy are separated by a distance at least equal to A.
Proof. First, let us assume that £, ¢’ — oo and |s; — s¢/| — 0, then we have
L'(spr) = L'(s0) + (800 — 8¢)L" (50) + O(|s¢ — 50/]?). (98)

Since L"(s¢) — ag # 0, then we cannot have L'(sp) = 1, thus s cannot be a local maximum of
R(L(s)). Second, if liminf |s; — s¢| > € for some ¢ > 0 with |s; — s¢| < A, then using the inequality

limsup R(L(se)) — R(s¢) < —azlse — ser|* < —aze? (99)
we cannot have R(L(sg)) — L(c2). O

From the above we conclude

/ Z?R(L(sg-l—it))—cht _
[t]l<A

ZHZ%(Sg)—L(Cg)/ Z?R(L(Sz-‘rit))—?R(L(Sg)dt . (100)
[t]<A

In summary, the consequence of the previous lemma is that since limsup,_, . R(L(s¢ + it)) —
R(L(s¢) < —ast?, we have [23]

. 1
lim sup / Rt R gy < L 101
t—00 Jjtj<A Vmagzlogz (10D

and the properties of function I'(s) is that >, |I'(s¢)| < co. Therefore,

)OI I AL R
¢ [t|<A

TR
14

" / SR (setit) ~R(L(se) gy (102)
tl<a

R(se)=L(e2) —

since lim,_, 2 0, by the dominating convergence theorem. We finally arrive at

3 |F(Se)|z§re(5g)—L(cQ)/ SR(L(setit) ~R(L(se) gy
7 [t|[<A

1
log 2z

= of ). (103)

:

In fact, the saddle point expansion is extendible to any order of \/b;—gn' This proves Theorems 4 and

5. In passing we observe that when Py and Py are logarithmically commensurable, the line R(s1) = ¢;
contains an infinite number of saddle points that contribute to the double periodic function Q2 (logn)
(cf. [9] for more details).
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7 General Case: Proofs of Theorem 6 — 9

We now look at the general case when Py # P5. The main difficulty of the general case is when Py and
P2 have some zero coefficients, not at the same locations. For example P(—1,0) may differ from P,
and P(0, —1) may differ from P since P(s1, s2) retains only the coefficients that are both non zero in
P; and P,. For example, P(—1,0) and P(0, —1) may be conjugate while P; and Py are not. Indeed
we can have P(—1,0) = P(0,—1) even when Py # Ps.

In this section we first prove Theorem 6 which consider the case when P(—1,0) and P(0,—1) are
conjugate. Then we present a detailed proof of Theorem 7, and finally we briefly discussed proofs of
Theorems 8- 9.

Proof of Theorem 6. When P(—1,0) and P(0,—1) are conjugate, the situation is more similar to the
case when P — 1 = P, discussed in Section 4. In particular there is no saddle point, and the analysis
reduces to computing some residues of poles.

To start, we notice that in this case there exists a vector of real numbers (x4)qc.4 such that

Py (alb)Pe(alb) > 0 = Pg(a|b) P1 (a|b).

As a consequence we have the same spectrum of P(c—s, s) for all ¢ and s, and thus we have the identity
AMc—s,8) = A, 0). We will prove the result when Va € A : z, = 1. This does not implies that
P = P> since the above identity only applies to nonzero coefficients in both matrices. In fact we only
have P(—1,0) = P(0,—1). We also notice that P(s,1 — s) is identical for all s. We leave as an exercise
the case where the x, are not identical. We notice that K consists of the tuple (s, 1 — s) where s is real.
We know that

C(z1,22) =(1—e ") (1 —e"?2) + Z Co(m1(a)z1, m2(a)z2). (104)
acA

The issue here is that the 71 (a) are not necessarily equal to the m2(a) because they also depend on the
other coefficients of matrices P; and Py which are not tied up by the conjugation property (because
their alter ego coefficients in the other matrix are null). This implies that we have to consider a new
matrix G(z) whose coefficients g, 4(2) for (a,b) € A? are

9a,b(2) = Co(m1(b)z, m2(b)2).

Let P = P(—1,0) = P(0, —1), i.e. the matrix whose coefficients are those P (a|b) when P (a|b)P2(alb) >
0, and zero otherwise.
From the functional equation

Calz1,22) = (1 —e™7)( )+ Z Ce(P(alc)z1, P(alc)z2).
ceA
We have the identity
gas(2) = (1= )1 —e ™02 137 g p(Plale)z). (105)
ceA

We have
trace(G ZC mi(a)z, ma(a)z),

and then we can rewrite equation (104) for z; = 20 = z as
C(z,2) = (1 — e ?)? + trace(G(2)).

We then compute the Mellin transform G*(s) of G(z), which is a matrix of elements g; ,(s) (i.e., Mellin
transforms of g, ,(2)) that are equal to

Ga(8) =71a(s)l(s) + Z gip(s)P(ale

ceA
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Here
ra(s) = —mi(a)”* = m2(a)”* + (m1(a) + m2(a))”*

is the Mellin transform of the term (1 —e~™(®)#)(1 — e=72()2) in (105). Equivalently
G*(s) =T(s)r(s) @ 1+ P(s,0)G*(s) (106)

or G(s) = (I-P(s,0))"'I'(s)r(s)®1 where r(s) is the vector made of the r,(s)’s. The Mellin transform
of C(z, z) which we denote as ¢*(s) satisfies

c*(s) = (27° = 2)I'(s) + trace(G™(s)).

The first singularity of G(s) is the pole of (I — P(s,0))~! which is at s = —x such that A(s,0) = 1.
The only singular term of G*(s) at s = —x is on its main eigenvectors:

T'(s)

T a(s.0) €50 @uls,0) (x(s) © 1)

whose trace is
I'(s)

1—2A(s,0)
Thus the residue of trace(G*(s)) is

(r(s)[u(s,0)){(¢(s,0)[1).

(=) = 37y (R (=R, 0) (¢ 0

The inverse Mellin gives
Clz,2) = (1—e %) + 2"v0(—k) (L + 0(1)) . (107)

When P(—1,0) is logarithmically rationally related, there are several poles of (I — P(s,0)) regularly
spaced on the vertical axis R(s) = —k giving a periodic contribution z*Q(log z). O

Proof of theorem 7. Let Hi(s1,82) = ai)\(sl,SQ) and

f(s1,82) = (m(s1,82)|u(s1,82)),  g(s1,82) = (C(s1,52)[1).

We first notice that Lemma 11 about the convexity of Li(s) is still valid since it depends only on
general properties of the set /. Define now L; x(s) implicitly as

/\j(—Lj)k(S), S) =1.

where \;j(s1,s2) is the jth eigenvalues of matrix P(s1, s2), listed in decreasing modulus. The index k
indicates that these functions can be polymorphic since the root of the equation A;(s1,s2) = 1 for s,
fixed can be multiple as we have seen in the case when one source is uniform memoryless. For j fixed,
each of the functions L; x(s) are homeomorphic as long as A;(L; (s), s) is non ambiguous i.e. the jth
eigenvalue has not the same modulus as the previous or next eigenvalues. This would happen only on
a discrete set of values s.

Let now for 1 <j < |A| and k € Z

fials) = (m(=Lyx(s), 9)luy(~Liu(s),9)), (108)
Gin(s) = (C;(=Lyx(s),)]1). (109)
Then
I(z,p) = (110)
1 L ()9 ST (L)) 1 o)
= J> 7> Js 2Lik(s)=s g
2im m(s):pkezj; _aisl/\j(_quk(S)as)
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and

1
= — JT(s)z~%ds. (111)
2 R(s)=ca

With these new definitions the expression (79) in Lemma 13 is still valid, that is for all M > 0:
C(2,2) = 1+ 1(2,p) + J (2, p) + O(z~M).

The proof is indeed the same, the pole cancellations occur the same way and the identity between
residues is formally the same.

We know that for all & we have A\ (—L1 x(s),s) = 1. We assume that k& = 0 defines the branch where
L1 0(s) is real when s is real. To simplify we denote L(s) = L1,0(s). We then move the integration path
to the value s = co which attains the minimum of L(s) — s at s = k. We know that the

J(z,c9) = O(2"7°)
for € > 0 such that x — e > L(0). Therefore
C(z,2) =14+ 1I(z,c2) + O(z"7°)

as in the case with uniform one source. Since zX(®)=5 is at a minimum for real values of s, we have
again a saddle point for fﬂ?(s):@ 1i(s)zE)=s4s.

Thus we arrive to two cases: (i) either ¢; > 0 or ¢o > 0 or (ii) ¢; and ¢y are both negative. In the
first case the condition of Theorem 7 applies. In the second case the condition of Theorem 8 applies.
We consider the case ¢z > 0 (case ¢; > 0 is symmetric). Moving the integration toward R(s) = ¢z one
meets the pole of function I'(s) at zero.

When we meet the pole at s = 0 by moving p toward the positive value we obtain a residue from
I(z,p) equal to 3, H;(0, 2) and a residue from J(z, p) equal to C(0,0). Notice that H:(0,2) = Q(2*)
since ¢g = L(0) > 0 while the residue from J(z, p) is negligible. The function H;(0, z) turns out to be
the leading term since the other terms are of order z%i(9) for j > 1 and R(L;(0)) < L1(0). By moving
again the integration path with $(s) > 0 we arrive at R(s) = ¢ thus

Clz,2) = Z H;j(0,2) + I(2,¢2) + O(z~M).

We know from the previous discussion that I(z,c2) = O(2") which is of order smaller than 2%(%) per
definition of k. Therefore we have C(z,z) = 1+ H1(0,z) + O(z%° ) for some € > 0. Notice that

f1(0)91(0)
A1(0)
where @4 (.) is a periodic function of periodic log|.A4| and of mean 0 with small amplitude.

Recapitulating all cases of Theorem 7:
(i) when P(—1,0) is not logarithmically related, then

Hy(0,2) = 2% 4+ Q1 (log 2)z°°

Cn,n =M (007 O)n_co(l =+ 0(1))

with
f(s1,52)g(s1,52)(1 + 51)T'(s51)
H(s1,$2) '

(ii) When P(—1,0) is logarithmically commensurable

71(81, 82) =

Cppm=mn"° Z n2* ™~ (e + 2ikmr, 0) + O(n~°)
keZ

where v is the root of Py. O
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Remark Remember that when all coefficients of Py are non-negative P(—1,0) = Py which is not
necessarily the case when Py has some null coefficients.

Proof of Theorems 8 and 9. We need the following lemma which is basically equivalent of Lemmas 17
and 18 developed in the special case.

Lemma 21. There exists € > 0 such that for all integers j > 1 and for all integers k the quantities

/ Lir )0 (OOCLik EDIE) 140104, (112)
R(s)=ca __/\J (_LJak(S)5 S)

S1

are uniformly O(z"°).

Proof. The proof consists of showing that there exist € > 0 such that if A;(s1,s2) =1 with R(s2) = ¢
then R(s1) > ¢1 +e¢. First we prove that (s1) > ¢1. We know that |\ (s1,s2)] > [A;(s1,52)] = 1. Since
[A1(s1,82)] < A1(R(s1), R(s2)). We have R(s2) = ¢z, thus the inequality A1 (R(s1),c2) > 1 implies that
R(s1) > ¢1 since A1 (R(s1), R(s2)) is strictly increasing in R(s1) and R(s2).

Second we prove the existence of €. By absurdum we assume that there is a sequence of complex
numbers (zg, yx) such that A;(zx, yx) = 1 and R(yx) = c2 and R(xk) — ¢1 with R(zx) > ¢1. We know
that |A\i(zx, yx)| > |Aj(zk, yx)| = 1. From the inequality

A (R(z), R(yw)) = (M (wn, yr)| = 1
we get that |A(zg,yr)| — 1, since (R(zk), R(yx)) — (1, c2). This would imply that

ATk, Yn)

which contradicts Lemma 10. O

The above lemma fills the gap necessary to establish of Theorems 8 and 9 by following the footsteps
of the proofs of Theorems 4 and 5. O
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Appendix

Proof of Lemma 2. Let ¥(a,b) € A? Pi(alb) > 0. Thus (0,—1) € K, but since some P5(a|b) may be
zero, the point (—1,0) may not be K. But if (—1,s2) € K with so € R then sy > 0, otherwise since
P(—1,s2) < Py coefficientwise, then A(—1, s2) < 1. Similarly if (s1,0) € K then s; > —1.

We know that the curve (—s1, —s2) is convex for (s1,s2) € K, so is the curve (s1,—s; — s2), then
—$1 — S92 is a function of s1, say a(s1). We have a(0) = 1 and a(—1) < 1. Thus the minimum value of
a(s1) which is k is attained on ¢; which must satisfies ¢; < 0 We then have ¢; < 0 when the curve is
strictly convex.

Similarly, the curve (s2, —$1 — $2) is convex, so is the function b(s2) = —s1 — s2. Since b(—1) = 1 and
b(0) < 1 the minimum is necessarily attained on co > —1, and ¢z > —1 when it is strictly convex. O
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Proof of Lemma 4. In order to prove Lemma 4 we adopt here the following general double depois-
sonization lemma that is proved in [10] (see Lemmma 10.3.4 in Chapter 10).

Lemma 22. Let aym be a two-dimensional (double) sequence of complex numbers. We define the
double Poisson transform f(z1,z2) of anm as

f(Zl,ZQ) = Z Qn,m

n,m>0

n ,m
Zl Zl 6—21—22

n! m!

Let now Sy be a cone of angle 0 around the real axis. Assume that there exist B >0, D >0, a <1 and
B such that for |z1], |z2| = oo:

(i) if 21,20 € S then |f(z1,22)| = B(|21]? + |22|%);

(ii) if 21,20 & Sp then |f(21, 20)e* T22| = Declziltelzl,

(iii) if 2; € Sp and z; ¢ Sp for {i,j} = {1,2} and |f(z1,22)e*| < D|z|e?lzil.
Then

B B
m n

for large m and n.

Just to prove the Lemma 4, we need to establish three conditions (i)-(iii) of Lemma 22. We accom-
plish it through a generalization of the so called increasing domain approach discussed in [8, 23].

We first prove the lemma for the generating functions C, (21, 22) for every a € A. Assume now that
p = Max(qpeazic{1,2}1Fi(alb)}. We denote by Si part of the cone Sy that contains points such that

|z| < p~F. Notice that S, C Sy41 for all integer k. We also notice C(z1,22) = O((|z1] + |22])?) when
21, z2 — 0, therefore we can define

|Ca(21, 22)|

B = ma;
aG.A,(zl,Z2)€$k XSk |Zl| + |Z2|

We use the functional equation

Cp(z1,22) = (1= (T +z1)e )1 — (1 + z2)e *2) + Z Cy (Pi(alb)z1, Py(alb)zs) . (113)
acA

In the above equation, we notice that if (21,22) € Skr1 X Skr1 — Sk X Sk, then for all (a,b) € A2
(P1(alb)z1, P2(alb)zz) are in S, x Sk and therefore we have for some fixed 8 > 0 and for all b € A:

|Cy(21,22)] < Bi(D_ Pa(alb)|z1] + Pa(alb)|2a]) + 8 = Br(|z1| + |22]) + 8 (114)
acA

since |1 — (1 + 2;)e~#| is uniformly bounded for all integers k by some /3 for both i € {1,2} when
(21, 22) € Sg. Thus, we can derive the following recurrent inequality:
1

B < Br + max VB 18k, s
k+1 k ﬁ(z1,z2)68k+1><8k+1_3k><3k |21|+|22|} k ﬁp ( )

‘We should notice that
{lza] + |22l} = p7" (116)

min
(21,22) €Sk 41 XSky1—Sk XSk

because one of the number z; has modulus greater than p_k . It turns out that limg_,oo Br < 00,

establishing condition (i) of the double depoissonization Lemma 22.
Now we are going to establish condition (iii). To this end we define G as the complementary cone
of Sp and G, as the portion made of the point of modulus smaller than p~*. We will use cos < a < 1,
therefore Vz € G: |e*| < e®2l. We define Dy, as
|Ca(z1, 22)e™ 22|

Dy = max . 117
k a€A,(21,22)€Gk X G exp(a|zl| + O‘|ZQ|) ( )
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We define G, (21, 22) = Cy(21, 22)e**T#2, we have the following equation
Gp(z1,22) = (' —1—2z1)(e®* —1—29)+ Z Co (P1(a]b)z1, Pa(a|b)zy) et ~Frlalb)zit(1=Paalb))z2 —(11g)
acA

We notice that if (21, 22) € Gr1 X Gry1 — Gk X Gk, then all (Py(a|b)z1, Pa(a|b)z2) are in G x Gy and
therefore we have for all b € A:

|Gy(21,22)] < Dy <Z exp ((Pi(alb)a + (1 — Pi(alb)) cosO)|z1| + (Pa(alb)a + (1 — Py(alb)) cos 9)|z2|)>
acA

+(ecose\z1| +14+ |Zl|)(ecose|zz\ +14+ |22|)
We notice that V(a,b) € A% and Vi € {1,2}:

Pi(alb)a+ (1 — P;(alb)) cosd —a < —(1 — p)(a — cosb) , (119)
We also have e01zil 41 4 [z, < ecosblzil(2 4+ L) therefore
Gy (21, 22)| < Dy Aje—(=Pa=cosd)(lzsl D) 4 (g 4 L )2e—(amcost)(zaltlzah | (19)
exp(a(|z1] + |22])) e cosf
Since (21,22) € Grr1 X Grr1 — Gr X Gy implies |z1| + |z2| > p~F it follows
Dpy1 < max{Dk,|A|Dke (1=p)(o—cos®)p™® | (9 4 ecoso)ze—m—cose)p’“} ' (121)

We clearly have limy_,o Dy < oo and condition (iii) is established.
The proof of condition (ii) for z; and zo being in Sy and G is a mixture of the above proofs.
Furthermore, the proof about the unconditional generating function C(z1, 22) is a trivial extension. O

Proof of Lemma 5. Let u = (ug)qca be the right eigenvector of M and (v, )qc.a be the right eigenvector
of Q. Let also v, = z4u,. If 1 is the eigenvalue, we have for all ¢ € A:

(1— e me)uc =Y mepupe® 22 . (122)
Te
b#c
If e £ 1, then ‘
[(1 = e®ecme)ue] > (1 — mee)ue. (123)

By the Perron-Frobenius theorem all u, are real non negative. Suppose that |z.| = maxge4{|zq|}. If
3d € A: % < lorif (bt/) € (A—{c})?: eferZt £ i 2o Then

e L
E c — < E ¢ . 124
MepUpe . MepUp ( )

bc ¢ bc

But we also know that

(I —mee)ue = Z MepUp - (125)
b#c
Therefore, we have e = 1 and for all b € A: |2y = |z.|, and for all (b,V') € (A — {c})?%: efert =
eiferr i—;’ But since for all b € A |zp| = |z.| every symbol in A can play the role of ¢. Since for all ¢ € A
(1 —mee) Z m bubew“’ Z MepUp (126)
b#c b#c

we simply have V(a,b) € A: e¢"ev 2t — 1. Denoting , = €’ we prove the expected result. The converse
proposition is immediate. O
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Proof of Lemmas 1 and 7. We call K the set of real tuples such that A(s1,82) < 1. The set K is the
topological border of K and since (81, s2) decreases when s; or sy decrease, it is the upper border. We
will show that K is a convex set and thus its upper border is concave. Let (1, z2) and (y1,%2) be two
elements of K and a and B_two non negative real numbers such that a+ 8 = 1. We want to prove that
(ax1 + Byr, axs + Py2) € K.
By construction
P(az1 + By1, axs + By2) = Pawy, aze) x P(By1, By2)

where * denotes the Schur product. For (s1,s2) € K let u(sy, s2) the right main eigenvector of P(sy, s2),
1.e.
P(s1,s2)u(s1,s2) = A(s1, s2)u(s1, s2).

We know that A(s1,s2) <1 therefore
P(Sl, sz)u(sl, 82) < u(sl, 52)

coefficientwise. Let u(s1, s2)*® denotes the vector u(sy, s2) with all its coefficients raised to power a.
We want to give an estimate of
P(az1, aze) x P(By1, By2)

applied to the vector

U-(UCL 562)*0‘ * u(yl,yz)*ﬁ.

Let a € A the coefficient of the vector

P(axy, azs) * P(By1, By2)u(z1, £2)* % uyy, ya)*”

corresponding to symbol a is equal to

> up(wr, 2)* P (alb) =" Pa(alb)~***up(y1, y2)” Py (alb) %"
beA

Py(alb)~Pv2 Z up(1, £2)* Py (alb) =% Py(alb) 2wy (y1, y2)° Pi(a|b) =AY Py(alb) ~P¥2.
be A

Using Holder inequality, the above quantity is smaller than

o 8
<Zub(I1,$2)P1(a|b)”“Pz(alb)“) (Z Ub(yhyz)Pl(alb’)yle(alb’)y2> : (127)

be A b'eA

The above terms are respectively A(x1, x2)uq (21, 22) and A(y1, y2)ua(y1,y2). Therefore the vector

P(azy, azs) * P(By1, By2)u(z1, £2)* % ulyy, ya)*”

is coefficientwise smaller than

A (@1, 22) A (y1, y2)u(zy, 22)* * u(yr, y2)*".

Since A\*(z1, 22)A(?(y1,y2) < 1 by Perron-Frobenius the main eigenvalue of P(ax; + Byi, axs + By2) is
smaller than or equal to 1, consequently (a1 + By1, axs + By2) € K.
The Hélder inequality is an equality if and only if the vectors (uq (21, 22)P (21, 22))aca and (uq(y1, y2)P (Y1, y2))aca
are colinear, which happens when P(z1, 22) and P(y1,y2) are conjugate, which is equivalent to the fact
that P; and Py are conjugate (on the coefficients which are non zero). O
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Proof of Lemma 10. Consider the matrix mP(a@k, yr). Since the coefficients of this matrix are
bounded, there is no loss in generality to consider the sequence of matrices converging to a matrix M.
The matrix M and matrix Q = P(c1,¢2), as defined in Lemma 5, are imaginary conjugate i.e. the
coefficients of M are of the form

0= Py (a]b) =1 Py(a|b) 2 (128)

for some vector of real numbers ,. Therefore, M and P(cy, ¢2) have the same spectrum. The spectrum

of WP(xk,yk) converges to the spectrum of M. Furthermore, the right eigenvector u(zk, yx)
‘ 0

converges to the vector e®au,(cy,c) and the left eigenvector ¢(zx, yr) converges to e % (,(c1, ca).
For any pair of complex numbers (s1, s2) we have the identity

L Pz + + s2) !
——P(xp + s1, $9) = ——
Nk, yk) BSL YR T XNk, y)

P(xg, yr) * P(s1, s2) . (129)
Thus WP(.’E;C +51, yr+82) converges to M*P(s1, s2) and is conjugate to P(c;+$1, ca+52). Since the
eigen spectrum of WP(xk + 81, Yk + s2) converges to the eigen spectrum of P(c; + s1, ca + s2), thus

we have \(xg + 51, yr +52) — A1+ 81, ca+52). We also have [N(xg + 51,y +52)| > | A2 (@ + 51,y + 52)]
when k is large enough with (s1,s2) in the complex neighborhood U2 which implies the analyticity of
M2k 4 81,yk + s2). Thus by Ascoli theorem the derivatives converge, too. O

40



