N

N

The Sample Complexities of Global Lipschitz
Optimization

Francgois Bachoc, Tommaso R Cesari, Sébastien Gerchinovitz

» To cite this version:

Frangois Bachoc, Tommaso R Cesari, Sébastien Gerchinovitz. The Sample Complexities of Global
Lipschitz Optimization. 2021. hal-03129721v1

HAL Id: hal-03129721
https://hal.science/hal-03129721v1

Preprint submitted on 3 Feb 2021 (v1), last revised 21 Mar 2023 (v4)

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-03129721v1
https://hal.archives-ouvertes.fr

The Sample Complexities of Global Lipschitz Optimization

Frangois Bachoc!, Tommaso R. Cesari?, and Sébastien Gerchinovitz?

'Institut de Mathématiques de Toulouse & University Paul Sabatier
2Toulouse School of Economics
3IRT Saint Exupéry & Institut de Mathématiques de Toulouse

February 3, 2021

Abstract

We study the problem of black-box optimization of a Lipschitz function f defined on a compact subset X of R¢,
both via algorithms that certify the accuracy of their recommendations and those that do not. We investigate their
sample complexities, i.e., the number of samples needed to either reach or certify a given accuracy €. We start by
proving a tighter bound for the well-known DOO algorithm [Perevozchikov, 1990, Munos, 2011] that matches the
best existing upper bounds for (more computationally challenging) non-certified algorithms. We then introduce and
analyze a new certified version of DOO and prove a matching f-dependent lower bound (up to logarithmic terms).
Afterwards, we show that this optimal quantity is proportional to [, da/(f(x*) — f(x) + €)%, solving as a corollary
a three-decade-old conjecture by Hansen et al. [1991]. Finally, we show how to control the sample complexity of
state-of-the-art non-certified algorithms with an integral reminiscent of the Dudley-entropy integral.

Keywords: global optimization, bandit optimization.

1 Introduction

In this paper, f: X — R denotes a function defined on a compact non-empty subset X of R%. We consider the
following global optimization problem: with only black-box access to f, find an e-optimal point }, € & of f with as
little evaluations of f as possible.

We make the following weak Lipschitz assumption, where the norm ||-|| and the constant L are known to the
learner. For some of our results, we will instead assume f to be globally L-Lipschitz.

Assumption 1 (Lipschitzness around a maximizer). The function f attains its maximum at some x* € X, and there
exist a constant L > 0 and a norm ||-|| such that, for all x € X,

f(x) > f(@") - Lz" - .

1.1 Setting: Black-Box Optimization, With or Without Certificates

We study the case in which f is black-box, i.e., except for some a priori knowledge on its smoothness, we can
only access f by sequentially querying its values at a sequence x1,s,... € [0,1]¢ of points of our choice (see
Online Protocol 1 below). At every round ¢ > 1, the query point x; can be chosen as a deterministic function
of the values f(x1),..., f(x;—1) observed so far. At the end of round i, the learner outputs a recommendation
x; € X with some other optional information. The goal is to minimize the optimization error (or simple regret):
maxgex f(@) - f(@}) = f(2*) - f(@}).

In all the sequel, we consider two different types of algorithms:

* certified algorithms output an accuracy certificate ; € {0, 1} along with the recommendation = at the end of
each step . By definition, certified algorithms take as input an accuracy € > 0 and are such that f(x*)— f(z}) <
€ whenever ; = 1, for any function f satisfying Assumption 1. In other words, the accuracy certificate ; can

only equal 1 if the algorithm can guarantee that the recommendation &} is e-optimal;



Online Protocol 1: Certified/non-certified algorithm

input: accuracy € > 0 (certified algorithms only)
fori=1,2,...do

pick the next query point x; € X

observe the value f(x;) € R

output a recommendation &} € X

output a certificate v; € {0, 1} (certified algorithms only)

* non-certified algorithms only output the recommendation &} € X at the end of step 3.

The goal of finding an c-optimal point ), € X of f with as little evaluations of f as possible corresponds to
minimizing the sample complexity. More precisely, we associate a natural notion of sample complexity to each of the
two types of algorithms above. We will discuss existing bounds and algorithms in Section 1.2, and summarize our
main contributions in Section 1.3.

Non-certified sample complexity. For non-certified algorithms, a natural and classical performance criterion is the
minimum number of queries made before outputting -optimal recommendations only. More precisely, we define the
non-certified sample complexity (A, f, e) of a non-certified algorithm A for a function f with accuracy € > 0 as

C(A, fe)=inf{n>1:Vi>n, xf € X} € {1,2,...} U{+o0} . (1)

Certified sample complexity. For certified algorithms, it is more natural to look at a notion of sample complexity
that does not depend on a oracle knowing f but instead that can be computed on the basis of the outputs of the
algorithm only. We define the certified sample complexity o(A, f, ) of a certified algorithm A for a target function f
with accuracy € > 0 as

o(A, fe)=inf{i >1:v =1} € {1,2,...} U{+o0}. 2)

This corresponds to the first time when we can stop the algorithm while being sure to have an e-optimal recommenda-
tion 7.

1.2 Existing Bounds and Algorithms

The most naive approach to output an e-optimal point knowing that f satisfies Assumption 1 is to perform a uniform
grid search in X with step-size ~ ¢/ L, requiring roughly (L /)% evaluations of f. Though this approach is optimal in
the worst case (see, e.g., Theorem 1.1.2 by Nesterov 2003 where a small Lipschitz bump function f is adversarially
constructed for any given algorithm), it is clearly suboptimal for functions that take “very suboptimal” values for a
“large fraction” of the domain X’. For such more benign functions, sequential algorithms can reasonably quickly rule
out very suboptimal regions and then mostly explore closer-to-optimality regions. Indeed many papers have considered
sequential algorithms with improved bounds for benign functions, as discussed below.

Many of these bounds rely on the notions of sets of near-optimal points and of packing numbers, which we recall
first. For all ¢ > 0, the set of e-optimal points of f is defined by X. := {x € X : f(x) > f(z*) —c}. We
also denote its complement (i.e., the set of e-suboptimal points) by X¢ and, for all 0 < a < b, the (a, b]-layer by
Xy =XNX={weX: a<f(x*)— f(x) < b} (ie., the set of points that are b-optimal but a-suboptimal).
Since f is L-Lipschitz around =*, every point in X' is £o-optimal, with ¢ defined by € := Lsup, ,c | — y||. In
other words, X, = X. For this reason, without loss of generality we will only consider values of accuracy ¢ smaller
than or equal to €.

Recall also that for any bounded set A C R¢ and any real number r > 0, the r-packing number of A is the largest
cardinality of an r-packing of A, that is, N'(A,7) := sup{k € N* : Jzq, ..., @x € A, miniy; |z, — ;]| > r}if
A is nonempty, zero otherwise. Well-known and useful properties of packing (and covering) numbers are recalled in
Appendix D.



Bounds on the non-certified sample complexity. Several (non worst-case) f-dependent upper bounds involving
sets of e-optimal points X. or layers X{, j of f have been derived over the past decades for the non-certified sample
complexity. For instance, for the DOO algorithm, Munos [2011, Theorem 1] proved a bound roughly of the form

Zf:i(a) N (X4, ¢d(2)) for some constant ¢ > 0 independent of f, and where the sequence i — (i) is decreasing.
In the special case where §(i) ~ ~% with v € (0,1), and for (weakly) Lipschitz functions f such that N'(X;, ce) <
(1/e)*" with d* € [0,d] (we say that f has near-optimality dimension smaller than d*), this non-certified sample
complexity bound implies a bound roughly of log(1/¢) if d* = 0 or (1/¢)*" if d* > 0. A similar bound was
proved by Perevozchikov [1990] for a branch-and-bound algorithm close to the DOO algorithm, with an assumption
on the volume of &, (instead of a packing number), or by Malherbe and Vayatis [2017] for a stochastic version of the
Piyavskii-Shubert algorithm under a stronger assumption on the shape of f around its maximizer.

The matching worst-case lower bounds of Nesterov [2003, Theorem 1.1.2] when d* = d, of Horn [2006] when
d* = d/2, and the lower bounds of Bubeck et al. [2011] for any d* but in the stochastic case suggest that this bound
is worst-case optimal over the class of functions with given near-optimality dimension d*. However, the bounds
mentioned above have several limitations. First, as noted earlier by Kleinberg et al. [2019, remark after Theorem 4.4],
bounds involving a single notion of dimension such as the near-optimality or zooming dimension might be too crude.
Indeed, functions that feature different shapes at different scales (such as, e.g., different values of d* for different
ranges of €) are better analyzed in a non-asymptotic framework through sums of packing numbers at different scales
(see discussion at the end of Section 5). Second, considering packing numbers of the near-optimal sets Xj;y as in the
first bound mentioned above can also be quite suboptimal. For instance, for constant functions f, the sets X(;(Z-) are
equal to the whole domain X' (maximal packing number) while f is optimized by any algorithm after only a single
evaluation of f.

The second limitation was overcome in general metric spaces by Kleinberg et al. [2019] (see also Kleinberg et al.
2008) by considering packing numbers of layers X, p) instead of near-optimal sets X;. In the special deterministic
setting with compact domain X C R? considered here, Bouttier et al. [2020, Theorem 1] proved that the non-certified
sample complexity of the Piyavskii-Shubert algorithm [Piyavskii, 1972, Shubert, 1972] is at most of 1 + Sxc(f,€),
where!

me c
Snlf,e) = 3N (Xepers 7) 3
k=1
where m. := [logy(c0/€)], €m. := € and, foreach k € {0,1,...,m. — 1}, e := 027 F.

The bound (3) on the non-certified sample complexity is proved by noting that highly suboptimal regions X(., .,
(with €, > ¢) need not be explored too much thanks to Assumption 1. Any reasonable algorithm can therefore
“quickly” output recommendations x} closer to e-optimality.

Notably, the two algorithms achieving (3) or similar bounds are computationally challenging. Indeed, the zooming
algorithm of Kleinberg et al. [2008, 2019] designed for general metric spaces is based on a “covering oracle” that
takes as input a collection of balls and either declares it to be a covering of the input space, or outputs a point which
is not covered. As for the Piyavskii-Shubert algorithm [Piyavskii, 1972, Shubert, 1972], it requires at every step n
to solve an inner global Lipschitz optimization problem whose computational complexity might resemble that of the
computation of a Voronoi diagram (see discussion in Bouttier et al. 2020, Section 1.1).

In Section 2.1 we show that the more computationally tractable DOO algorithm matches the same bound (3).
For better interpretability, we also show in Section 5 that this bound is proportional to an integral reminiscent of the
Dudley-entropy integral.

Bounds on the certified sample complexity. This notion of sample complexity seems to have been less studied in
the past. In dimension d = 1, several authors derived upper bounds for a certified version of the Piyavskii-Shubert
algorithm. In particular, Hansen et al. [1991] proved that its certified sample complexity for globally L-Lipschitz
functions f: [0, 1] — R is at most proportional to the integral fol (f(:z:*) — f(z) + 8)71 dz, and left the question of
extending the results to arbitrary dimensions open. Recently, Bouttier et al. [2020, Theorem 2] proved a bound valid
for any dimension d > 1 roughly of this form:

So(f.e) =N (2. 7) + SN (¥ =) )
k=1

I'The bound in Bouttier et al. [2020, Theorem 1] with o = 0 differs a little in the smallest level considered, which can be as small as & /2, instead
of the more natural level €. Their bound can however be straightforwardly improved to get € instead.



where, again, m. := [logy(e0/€)], em. := € and, foreach k € {0,1,...,m. — 1}, ), := 027
We show in Section 2.2 how to obtain (4) with the more computationally tractable DOO algorithm, and prove a
matching f-dependent lower bound (up to log factors) in Section 3. In Section 4 we also show that the bound (4) is

actually proportional to [, (f(z*) — f(z) + €) ~* dz for globally L-Lipschitz functions f : X — R under a mild
assumption on &, solving the question left open by Hansen et al. [1991] three decades ago.

Though the two bounds (3) and (4) look very similar, they differ in the first term being either 1 or A/ (Xs, %)
This difference is not negligible in general and can be explained with a simple example. Indeed, consider a constant
function c: [0, 1]¢ — R. Any non-certified algorithm has sample complexity 1 for c at any scale ¢, because all points
in the domain are maxima. However, the only way to certify that the output is e-optimal is essentially to perform a
grid-search of [0, 1]¢ with step-size roughly £/, so as to be sure there is no hidden bump of height more than e. This is
reflected in the term N (Xs, %) , which is of order (L /) for constant functions. At a high level, the more “constant”
a function is, the easier it is to recommend an e-optimal point, but the harder it is to certify that such recommendation
is actually a good recommendation.

1.3 Outline and Main Contributions

In Section 2, we refine the analysis of the DOO algorithm, showing that its certified (resp., non-certified) sample
complexity can be upper bounded (up to constants) by Sc(f,e) (resp., Snc(f,€)). In Section 3, we prove an f-
dependent lower bound on the sample complexity of all certified algorithms, which matches Sc(f, £) up to logarithmic
terms. In Section 4, we show for globally Lipschitz functions f: X — R (with a mild condition on X) that Sc(f, ¢)
is proportional to the integral [, de/(f(z*) — f(x) + )¢, which thus characterizes the optimal certified sample
complexity of global Lipschitz optimization. In Section 5, we also show that Sxc (£, €) is proportional to the Dudley-
type integral over accuracies fsoo N (X(max(& w/a),uls Y L) /u du. Some proofs and useful lemmas are deferred to the
appendix, together with a comparison of packing-based and volume-based bounds (Appendix C).

What we do not cover There are some interesting directions that would be worth investigating in the future but we
did not cover in this paper, such as noisy observations (see, e.g, Bubeck et al. 2011, Kleinberg et al. 2019) or adaptivity
to smoothness (e.g., Munos 2011, Bartlett et al. 2019; we consider L-Lipschitz functions f with L known, although
our lower bound suggests that no adaptivity could be possible for certified algorithms). Finally, even if the results of
Section 2 could be easily extended to general pseudo-metric spaces as in Munos [2014] and related works, our other
results are finite-dimensional and exploit the normed space structure.

1.4 Additional Notation

We denote the set of positive integers {1,2, ...} by N* and let N := N* U {0}. For all n € N*, we denote by [n] the
set of the first n integers {1, ..., n}. We denote by A + B the Minkowski sum of two sets A, B and for any set A and
all A € R,welet \A :={\a:a <€ A}.

We denote the Lebesgue measure of a Lebesgue-measurable set A by vol(A) and we simply refer to it as volume.
Forall p > 0 and = € R?, we denote by B, () the closed ball with radius p centered at . We also write B, for the
ball with radius p centered at the origin and denote by v, its volume.

2 A Tighter Analysis of the DOO Algorithm: Two Sample Complexity Bounds

In this section, we show that the DOO algorithm of Perevozchikov [1990], Munos [2011] and a new certified version of
it match the two f-dependent bounds (3) and (4) previously derived for computationally more challenging algorithms.
In particular, our analysis of the non-certified sample complexity of DOO improves over that of Munos [2011]. A
nearly matching lower bound on the certified sample complexity of all certified algorithms will be proved in Section 3.

The definition of the DOO algorithm and the associated assumptions are recalled (and slightly adjusted) in Ap-
pendix E.1, together with its new certified version.



2.1 Upper Bound on the Non-Certified Sample Complexity

The next theorem shows that the quantity Sxc(f, €) defined in (3) is a tight upper bound on the non-certified sample
complexity of the DOO algorithm. This improves over the bound of Munos [2011, Theorem 1] since our bound
involves a sum of disjoint layers X, ., _,] whose values are all above £, while the bound of Munos [2011] involves
a sum over overlapping layers of the form X[g ., for all values 0 < u < g9. See Section 1.2 and Remark 17 in
Appendix E.2 for further discussion. We also note that the result could be extended to more general layers than those
based on (5;€)k€{07___7m5}, as detailed in Remark 18.

Recall that ((A, f,e) denotes the non-certified sample complexity of an algorithm A (see (1)), and that m. :=
[logy(g0/€)], €m. := € and, foreach k € {0,1,...,m. — 1}, e := 027"

Theorem 1. Assume that f satisfies Assumption 1, and that Assumptions 4 and 5 in Appendix E.1 hold. Then, the non-
certified DOO algorithm (Algorithm 3 in Appendix E.1) has a non-certified sample complexity bounded as follows:
foranye € (0,e9],

((non-certified DOO, f,e) <14 C ZN (X(Ek75k71]7 %) ,
k=1
where C = K (1,/r>1 + 1, r<1 (4F/)?).

Note that the above bound equals 1 + C'- Sxc(f, €), where Snc(f, €) was defined in (3) in Section 1.2. It therefore
matches the bound of Bouttier et al. [2020, Theorem 1] on the Piyavskii-Shubert algorithm up to constant factors, but
for the more computionally tractable DOO algorithm.

As discussed in Appendix E.1, when X = [0,1]% and ||| is the sup norm, we have K = 24, R = 1,5 = 1/2 and
v = 1/2. Hence, in this case, the multiplicative constant C' above equals 16,

The proof is postponed to Appendix E.2 and shares common arguments with the proofs of Perevozchikov [1990],
Munos [2011]. As noted in Remark 17, some steps are however tighter, leading to a tighter bound. The key change
is to partition the values of f instead of partitioning the domain X" at any depth & in the tree (see Munos 2011) when
counting the representatives selected at all levels. The idea of using layers X{., ., ,) was already present in Kleinberg
et al. [2008, 2019] and Bouttier et al. [2020] but for more computionally challenging algorithms (see discussion in
Section 1.2).

2.2 Upper Bound on the Certified Sample Complexity

We now analyze the certified version of the DOO algorithm that we design in Appendix E.1, and show that its certified
sample complexity is at most proportional to Sc(f, ) defined in (4).

Recall that o(A, f,e) denotes the certified sample complexity of an algorithm A (see (2)), and that m. :=
[logy(g0/€)], €m. := € and, foreach k € {0,1,...,m. — 1}, & := 027"

Theorem 2. Assume that Assumptions 4 and 5 in Appendix E.I hold. Then the certified DOO algorithm (Algorithm
3 in Appendix E.1) is indeed a certified algorithm. Furthermore, for any f satisfying Assumption 1 and for any
e € (0,¢eq), its certified sample complexity is bounded as

U(CertiﬁedDOO, f7 E) S C (N (Xsa %) + ZN (X(Ek,ék—l]7 Efk)> 9
k=1
where C' =1+ K (1,/p31 + L/per (4/0)?).

Note that the above bound is proportional to the quantity Sc(f, <) defined in (4) in Section 1.2. It therefore
matches the bound of Bouttier et al. [2020, Theorem 2] on the certified version of the Piyavskii-Shubert algorithm up
to constant factors, but for the more computionally tractable DOO algorithm.

Similarly to Theorem 1, the above result could be easily extended to more general layers than those based on
(ek)o<k<m. (see Remark 18 for further details).

The proof is postponed to Appendix E.3. It follows approximately the same lines as that of Theorem 1, except
that considering the stopping time o (certified DOO, f, ¢) introduces the additional term A (XE, %), which cannot be
avoided as discussed in Section 1.2 and proved formally in Section 3. Similar arguments were used by Bouttier et al.
[2020], which we adapt here to handle the discretization inherent to the DOO algorithm (this discretization makes the

analysis slightly less natural but the algorithm more computationally tractable).



3 Lower Bounds for the Certified Sample Complexity

In this section, we will focus on f-dependent lower bounds on the certified sample complexity of certified algorithms
applied to globally Lipschitz functions. Formally, we assume the following.

Assumption 2 (Global Lipschitzness). We say that Ly := supu7vex7u¢v}f(u) - f)|/ lu—v
norm, is the Lipschitz constant of f and that f is globally L-Lipschitz if L > L.

, where ||-|| is a

It is immediate to see that Assumption 1 is a relaxation of Assumption 2. Similarly to Section 1.1, we say that A
is a certified algorithm for L-Lipschitz functions if for any globally L-Lipschitz function f, accuracy ¢ € (0, &¢], and
time step ¢ € N*, the accuracy certificate ; of A at time ¢ when applied to f with accuracy ¢ is equal to 1 only if its
recommendation x} satisfies 7 € X..

The main result of this section (Theorem 3) shows that when a certified algorithm for L-Lipschitz functions is
applied to a function f that is globally L’-Lipschitz, with L’ bounded away below L, then its certified sample com-
plexity is (up to a log factor) at least Sc(f,e). This is the quantity that we presented in Sections 1 and 2, which
upper bounds the certified sample complexity of algorithms such as DOO and Piyavskii-Shubert. Putting these upper
and lower bounds together proves that the optimal f-dependent certified sample complexity (of certified algorithms
for L-Lipschitz functions) is of order Sc(f, €), up to a log factor, at least for globally L’-Lipschitz functions with L’
bounded away below L. The boundary case where L’ = L is discussed later.

Theorem 3. Let0 < L' < L, K := 16L/(L—L’), and c := (1/8K)%/A. Then, the certified sample complexity of any
certified algorithm A for L-Lipschitz functions satisfies, for any globally L'-Lipschitz function f and all ¢ € (0, o),

c

A
o(4,1,8) > 7

Sc(f,e) - (&)

Before proving Theorem 3, we introduce the insightful notions of worst-case error and worst-case sample com-
plexity. For an algorithm A and a function f, we denote the point queried by A when applied to f at time n by
(A4, f), the recommendation by x}, (A, f), and the accuracy certificate by -, (4, f). For any n € N* we define the
worst-case error of A when applied to f at time n as

EL(A, f,n) = sup{max(g) —g(z} (A, f)) : g is globally L-Lipschitz and
9(@) = f(z) forall @ € {@1(A, f).....2u(A, )} |, (©

Note that if f is globally L-Lipschitz, the optimization error of A at time 7 is no larger than (but possibly equal to)
EL(A, f,n). We then define the worst-case minimax error for f at step n as inf 4 E1,(A, f,n), where the infimum
is over all algorithms (not only certified ones). A classic performance measure in global optimization is the minimax
error inf 4 sup, (max(g) — g(x}(A,g))), where the supremum is over all gobally L-Lipschitz functions and the
infimum is over all algorithms (e.g., see Nesterov 2003). Compared to ours, this is a more pessimistic notion, that
does not depend on f. Let 0 < L’ < L. Based on our worst-case minimax error, we define the the worst-case sample
complexity of a globally L'-Lipschitz function f with accuracy ¢ € (0, g¢], as

7(f,e) :==min{n € N* : inf4 E (4, f,n) <€},

where the infimum is over all algorithms. It is immediate to prove that 7( f, ) is finite, by considering an algorithm that
queries a dense sequence of points (independently of the observed function values) and outputs as a recommendation
the maximizer of the observed values.

Crucially, the worst-case sample complexity lower bounds the certified sample complexity.

Lemma 4. Let 0 < L' < L. For any certified algorithm A for L-Lipschitz functions, any globally L'-Lipschitz
Sfunction f, and all € € (0, eg], we have o (A, f,e) > 7(f,€).

Proof. Let N = o(A, f,e). Then vn(A, f) = 1. Assume that N < 7(f,e). Then we have Er (A4, f,N) >
inf4 Er(A, f,N) > ¢ by definition of 7(f, ). This means that there exists a globally L-Lipschitz function g, coin-
ciding with f onx1(4, f),...,xn (A4, f) and such that max(g) — %, (4, g) > £. Then by definition of the certificate,
v~ (4, g) = 0. But vy (A, f) = v~ (4, g), which yields a contradiction and concludes the proof. O



We can now present a full proof of Theorem 3, the main result of this section. The high-level idea is the following.
For a given certified algorithm A (for L-Lipschitz functions) and a (globally L’-Lipschitz) f, we create an adversarial
function by adding a perturbation (£gs in the proof) to f. To show that the resulting function is globally L-Lipschitz,
we sum the Lipschitz constants of f and +gz. This is why we require the Lipschitz constant L’ of f to be bounded
away below L.

Proof of Theorem 3. Because of Lemma 4, it is sufficient to show that 7(f, €) > ¢Sc(f,€)/(1+m.). If Sc(f,e)/(1+
me) < 3(8K)%, then7(f,e) > 1> 3/4 > cSc(f,e)/(1+m.). Consider then from now on that Sc(f,)/(1+mc) >
3(8K).

We will now upper bound Sc(f,¢)/(1 + m.) with (an upper bound of) the largest summand in (4). Let & be the
scale achieving the maximum in (4), that is

£= {6, if N (Xe, £) = maxicmy N (Xey, e F)

Eir—1, otherw1se where i* € argmax;c ;o\ N (X, o, )5 F)

Since N (X., e/L) < N (X, ¢/2L) and N (X, ¢, ], €i/L) < N (X.,_,, €i—1/2L), we then have Sc(f,e) <
(me + 1)N (Xz, z/21). Letnow n < ¢Sc(f,€)/(1 4+ m.). We then have n < cj\/( =, £/21 ). From Lemma 14,
= d = d Sc(f,
N (X, 55) > (5) "N (X, 57) > (5r)" S 23,
as considered earlier. Then we have n < ¢(8K)N (X: gz/1). Since ¢(8K)? = 1/4, we thus obtain n <
N (Xz, reyr) — 2.
Consider a certified algorithm A for L-Lipschitz functions. Fix a K¢/ L packing x1, . ..,z y of Xz with cardinality

N = N (X:, K&/L). Then the open balls of centers &1, ..., zy and radius K&/2L are disjoint and two of them,
with centers, say, &1 and &2, do not contain any of the &1 (A4, f),...,x, (A, f). Let, forx € X,

ge(x) = (£ — B lz — 1[)I(z € X N Brejar(#1)).

Then gz(z) is globally 16L/K = L — L’ Lipschitz. Hence f + gz and f — gz are L-Lipschitz. Observe that f,
f+gzand f — gz coincide on @1 (A, f), ...,z (A, f). As a consequence, A has the same recommendation for them:
24(A ) = @5 (A, f +g2) = @4 AL f — g2).

Consider first the case x}, (A, f) € B(Z1, K& / 4L). Then, we have, by definition of gz and the fact that > € A%,
f(@2) = g2(@2) — f(2},(A, [)) + ge(2, (A, :

Now consider the case m,*l(A f) & B(&y, Ka/4L) Then, we have, by definition of gz and the fact that &, € Az,
f(@1) + 92(®1) — f(2},(A, f)) — 9z (fBZ(A,f)) —E+85 -8+ 1PEIE =32

Finally, in both cases EL(A f,n) > 3¢ > e. Hence inf 4 EL(A, f,n) > . Since this has been shown for any

n < eSc(f,e)/(1 4+ m.) we thus have 7(f, &) > cSC(f,a)/(l—i—mg). O

We conclude the section by discussing the limit case L’ — L, in which the constant in Theorem 3 diverges. The
next result shows that in dimension d = 1, the limit case L = L’ does not hinder the validity of the result. The proof
is deferred to Appendix A.1.

Proposition 5. If d = 1, let K = 8 and ¢ = 1/96K. Then, the certified sample complexity of any certified algo-
rithm A for L-Lipschitz functions satisfies, for any globally L-Lipschitz function f and all € € (0,¢¢], o(A4, f,e) >
(¢/14m2)Sc(f; €).

The final result of this section shows that, in higher dimension d > 2, the improvement of Proposition 5 when L’
is close to L is not possible in general. The proof is deferred to Appendix A.2.

Proposition 6. Ler d > 2, X := By, and ||| be a norm. The certified Piyavskii-Shubert algorithm (for L-Lipschitz
functions)? with initial guess x, := 0 is a certified algorithm (for L-Lipschitz functions) satisfying, for the globally
L-Lipschitz function f := L ||-|| and any € € (0, ), o(Piyavskii-Shubert, f,&) = 2 < c¢/e?™! < Sc(f,e), where
¢ > 0 is a constant independent of €.

2See Appendix A for more details on the certified Piyavskii-Shubert algorithm.



4 An Integral Characterization of the Optimal Certified Sample Complex-
ity SC

In dimension d = 1, an elegant bound on the certified sample complexity was derived by Hansen et al. [1991] for
a certified version of the Piyavskii-Shubert algorithm.? They proved that if f is globally Lipschitz, for any accuracy
e € (0,&¢], the smallest number of time steps o := o(certified Piyavskii-Shubert, f, ¢) before outputting 7, = 1 is

at most proportional to fol ( fl@*) — f(z) + 5)71 dx. As pointed out in Bouttier et al. [2020], given that ¢ for this
algorithm can be upper bounded with Sc, this suggests a relationship between the two quantities. However, Hansen
et al. [1991] rely heavily on the one-dimensional setting and the specific form of the Piyavskii-Shubert algorithm,
claiming it that even the simpler task of “Extending the results of this paper to the multivariate case appears to be
difficult’. In this section, we show an equivalence between Sc and this type of integral bound in any dimension d. As
a corollary, this solves the long-standing problem raised by Hansen et al. [1991] three decades ago.

To tame the wild spectrum of shapes that compact subsets may have, we will assume that X satisfies the following
additional assumption. At a high level, it says that a constant fraction of each (sufficiently small) ball centered at
a point in & is included in X'. This removes sets containing isolated points or “peaked” corners, but includes most
domains that are typically used, such as non-degenerate polytopes, ellipsoids, finite unions of them, etc. This natural
assumption has already appeared in the past (e.g., Hu et al. 2020) and is weaker than another classical assumption in
the statistics literature (the rolling ball assumption, Cuevas et al. 2012, Walther 1997).

Assumption 3. There exist two constants ro > 0,7 € (0, 1] such that, for any x € X and allr € (0,7¢), VOl(BT (x)N
X) > Y.

We can now state the main result of this section. Its proof relies on some additional technical results that are
deferred to the appendix.

Theorem 7. If f is globally L-Lipschitz® and X satisfies Assumption 3 with ro > €o/2L,7 € (0, 1], then there exist
c,C > 0(eg., c:=1/vy, and C := 1/(yv1/155.)) such that, for all € € (0, 0],

dx dx
c < Sc(f,e) < C .
/X (f(:c*) —f(:v)—i—a)d olf:€) /X (f(:n*) —f(:c)—i—s)d

In light of Theorem 3, this also shows that the integral bound characterizes (up to a log factor) the optimal certified
sample complexity of globally Lipschitz functions in any dimension d, outside of boundary cases.

Corollary 8. Let 0 < L' < L. Then, there exist two constants ¢,C > 0 such that the optimal certified sample
complexity of any certified algorithm A for L-Lipschitz functions satisfies, for any globally L'-Lipschitz function f

and all e € (0, &o),
c dx dx
<info(4, f,e) <C .
=i ()~ f@) +e) AT /. (F@)— f@)+2)°

The previous result follows directly from Theorems 2, 3 and 7. We now prove Theorem 7.

Proof of Theorem 7. Fix any ¢ € (0,¢0] and recall that m. := [logy(c0/c)|, em. := ¢, and for all k& < m. — 1,
€1 = €027 ". Partition the domain of integration X into the following m. + 1 sets: the set of e-optimal points X and
the m. layers X, ., .}, for k € [m.]. We begin by proving the first inequality:

de vol(X:) < - VOl(X(Ek-, 51%1])
< +
J, @ S = T o
d m d
MXE7£. £ EMXEkEk717E_k. =
o M ) (M) ()
k=1

< (v (e ) B (e 1)

3We actually prove a stronger result. The first inequality holds more generally for any f that is L-Lipschitz around a maximizer (Assumption 1)
and Lebesgue-measurable, and does not require X to satisfy Assumption 3.




where the first inequality follows by lower bounding f(x*) — f with its infimum on the partition, the second one by
dropping € > 0 from the second denominator and upper bounding the volume of a set with the volume of the balls of a
smallest €x/L-cover, and the last one by the fact that covering numbers are always smaller than packing numbers (14).
This proves the first part of the theorem.

For the second one, note that

/ dz S vol(Xy) N % VOI(X(EIW 51@—1])
x (f(a*) —f(:c)+s)d T (et = (ep-1te)
S 1 vol(&X, vol( X(Ek 1) < 1 [ vol(&Xze) n Ze, Vol (X(%ak,zskfl])
= 9d Ed 4d Z = 39d =d Z od
k=1 k-1
> N(‘XE’ %) VOl mz X(Ek er—1] L ) VOI( Bl)
=T 25)% 2 (20 1)/

g e
> "Y'UI/MLN (st E) +'7'Ul/128L ZN(X(ak, ex—1]> fk) s
k=1

where the first inequality follows by upper bounding f(x*) — f with its supremum on the partition, the second one
by e < ey (forall k € [m. + 1)) and ex_1 < 2¢y, (for all k € [m.]), the third one by Lemma 15,* and the fourth
one by the elementary inclusions X,. 2 A’s. and X( —_— 2 X(%% G ] (for all k& € [m,.]) followed by

Proposition 11. o

S A Dudley-Integral Characterization of the Non-Certified Sample Com-
plexity Bound Sxc

As we mentioned earlier, the non-certified sample complexity of some algorithms can be upper bounded with a sum
of packing numbers (3) (e.g., for the DOO and Piyavskii-Shubert algorithms). Notably, these types of bounds appear
in fields beyond optimization (e.g., see Bachoc et al. 2020, Theorem 2). In this section, we show how this quantity
can be controlled by a more elegant Dudley-type entropy integral bound. The idea of the reduction is leveraging the
usual sum-integral approximation carried out, e.g., when deriving the Dudley entropy integral bound (see, e.g., Dudley
1967, Boucheron et al. 2013), with the additional care that here the integrand is not necessarily monotone.

Theorem 9. If f is L-Lipschitz around a maximizer and (z,y,z) — N (X(z_,y], z) is Lebesgue-measurable, then there
exist ¢,C > 0 (e.g., c = /5 and C := 2 - 16%) such that, for all € € (0, £,

C/oo N(X(max(a,u/4),u]; %) du < SNC(f’ E) < O/oo N( (max(e, u/4),u]» %) du .
€

U . U

Proof. Fix any ¢ € (0,e0] and recall that m. := [logy(%0/c)], &, := €, and for all k < m. — 1, gp := g927F.
The proof of the first inequality is deferred to Appendix B. For the second one, for all & € [m,], define v :=
infuciey 1, en o) N (Xey, u)> W/L), fix any mp > 0, and take uy € [ep—1,€x—2] such that N (X, 4], ©/L) <
vk + Nk Then, for all k € [m.],

N(X(ak,ek,l], %) SN(X(Ek,uk]; %) < (4%>dN(X(ak,uk]; %) < 16%(vk + M)

€k

“4In addition to Lemma 15, in Appendix D, we prove a more general result on controlling the sum of the volumes of a family of overlapping sets
covering X’ with the sum of volumes over a partition of X’ (Proposition 16). As we do here, this can be translated to packing numbers.

SThe trick of using vp, = infuele, | cp_ o] N (X(ey, u]» W/L) is key to handle the cases when u — N (X(c, 4], /L) is not non-
increasing.



where the second inequality follows from Lemma 14. Thus

e €k o 162 (v + mk)
Sno(f,e) = ZN (X(E,m cr1]y f) < Z T(€k72 —€&k-1)
k=1 k=1
M infuek L Een_ LA[(A%E , ul» U/L) <
—16° k Er—z —ex_1) + 167
kz;: - (p—2 —€x—1) kz::l??k
me er—2 N[ (X ul, /L e
k=1 Ek—1 U k=1

The result follows by noting that £, > max(u/4, €) for any k € [m¢] and all u € [gx_1, ek_2], summing, recalling
that X(a,b] = @ forall ¢y < a < b, and taking the limits for n;, — 0. O

The previous result yields two direct corollaries, obtained by upper bounding X max(u/4, ¢), ] With €ither Xy, /4, )
or X .. The latter has immediate consequences in terms of near-optimality dimension [Bubeck et al., 2011]. In-
deed, if there exist two constants C* > 0 and d* € (0,d] such that N (X,,%/r) < C*/u® for all u € (0,¢0),
then immediately there exists C' > 0 such that [N (X, 4, %/L) /udu < C/e? forall ¢ € (0,g0]. Simi-
larly, if there exists C* > 0 such that N (X,,%/r) < C* for all u € (0,&0], then there exists C > 0 such that
JZEN (X, w)w/L) Judu < Clog(eo/e) for all € € (0,e0]. Furthermore, such an integral bound makes it easy
to handle multiple different regimes at the same time. This is the case if, for example, there exist C;,C3 > 0 and
uo € (0, 0] such that N (X,,,4/1) < Cf for all u € [ug, o] but N (X, /1) < C§/e? for all u € (0,up). In this
case, our integral bound reflects that there exist Cy, Cy > 0 such that fsoo N (X, u), /L) Judu < Cylog(eg/e) for
all £ € [ug, 0] but ["N (X, o), /L) Judu < Cz(log(eo/uo) + 1/ if e € (0, uo).

Note that if for some ¢ € (0, £¢], most points in [0, 1]% are e-optimal, i.e., if X is large, then N (X;, /1) ~ 1/
is also large and does not reflect the fact that the non-certified problem is easy. This is a folklore criticism that has
been made to these types of bounds. Such a mismatching behavior is solved by expressing bounds as we did, in terms
of layers X ,) instead.
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A.1 Lower Bound on the Certified Sample Complexity in Dimension d = 1

We begin by proving our lower bound on the certified sample complexity in dimension d = 1. It shows that in the
special one-dimensional case d = 1, Sc(f, €) provides a tight lower bound on the certified sample complexity of all
certified algorithms, up to the factor 1 + m., even in the boundary case in which f is globally L-Lipschitz.

Proposition (Proposition 5). Ifd = 1, let K = 8 and ¢ = 1/96K. Then, the certified sample complexity of any
certified algorithm A for L-Lipschitz functions satisfies, for any globally L-Lipschitz function f and all € € (0, e¢),
(A, f,e) > (¢/i+m.)Sc(f, ).

Proof. As for the proof of Theorem 3, it is sufficient to show that 7(f, ) > ¢Sc(f,€)/(1 +m.). If cSc(f,e)/(1 +
me) < 1, then the result follows by 7(f,e) > 1. Consider then from now on that ¢Sc(f,e)/(1 +mc) > 1.
Defining £ as in the proof of Theorem 3, one can prove similarly that cSc(f,)/(1+m.) < eN (Xz, 221, ). From

Lemma 14, )
1 1 Sc(f.e
- KE | 2> — - e | 2> — >
N(Xa KT) =y (X& *) T 8K m.+1 T 2

2L
because ¢ = 1/96K and c¢Sc(f,e)/(1 + me) > 1. Let now n < ¢Sc(f,e)/(1 + m.). Then we have n <
C(SK)N (Xg_] Ké/L)- Thus, by C(SK) = 1/12, n < N (X57 Ké/L) /12, and/\/ (Xg_] Ké/L) > 12, we have

—4. )

Consider a certified algorithm A for L-Lipschitz functions. Let us considera K&/ L packing0 < z1 < --- < 2y <
1 of Xz with N = N (Xz ge/1). Consider the | N/2] — 1 disjoint open segments (21, 3), (3, %5), - . ., (T2 N/2]—35
T3 Ny2|—1)- Then from (7) there exists i € {1, 3,...,2|N/2| - 3} such that the segment (z;, z;42) does not contain
any of the z; (A, f), o ,.”L'n(A, f) Assume that Tit1 — Tj < Tiyo — Tiyl (the case Tiv1 — X3 > Tipo — Tigl
can be treated analogously; we omit these straightforward details for the sake of conciseness). Consider the function
h4 s X — R defined by

f(l’) if z S X\[l’“ l’i+2]
hye(x) =9 f(zi) + L(z — 2;) ifz € XNz, zit]
f(l’z) + L(xi+1 _ xl) + (1’ _ 1’i+1) flxiga)—f(zi)—L(zit1—w4) ifrecxn (1’i+1, Sl7i+2].

Ti42—Tj41

We see that bz is L-Lipschitz (since ;41 —x; < z;12—=;+1). Furthermore, h  coincides with fonz1 (A4, f), ..., zn(4, f).
Similarly, consider the function h_ z : X — R defined by

f(:C) ifx € X\[‘Z‘“ $i+2]
h-s(x) = S f(mi) — L(z — x5) ifz € XNz, zit]
f(:cz) — L($i+1 - 1’7,) + (1’ — :Ei+1) f(mi+2);f(+zil:2f+(fi+lixi) if © € XN (l’i+1, :Ei+2].

As before, h_ ¢ is L-Lipschitz and coincides with f on 1 (A, f),...,zn (A, f).
Consider the case (1) where a7 (A, f) € X\[z;, 2;42]. Then, we have, since x; € Xz and x;+1 — x; > KE/L,

hy e(@iv1) — hy e(x (A, f) = f(zi) + L(wigr — ) — f(o, (A, ) > =€+ L% = 7¢.

Consider the case (2) where x; (A, f) € X N [z;, (x; + zi41)/2]. Then, we have, since ;1 — x; > K&/L,

hye(Tiva) = hye(0y, (A, f)) = f(@i) + L(@ipr — i) = f2i) — L@ (A, f) — @)

(Tip1 —x) _ K
2

Consider the case (3) where 7 (A, f) € X N [(x; + %i+1)/2, xi41]. Then, we have, since z,41 — x; > K&/L,

hee(xi) —he(a3 (A, f) = f(xi) = f(z:) + Ly (A, f) — i) > L(:CH% E= = 4.

\%
v X
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Consider the case (4) where 2}, (A, f) € X N [zi11, (Tiy1 + 2i+2)/2]. Then, we have, since x;41 — x; > KE&/L,
since x;, 242 € Xz and since h_ ¢ is linear increasing on [z;41, T;42] with left value f(z;) — L(xi+1 — x;) and right
value f(xit2),

b elw) — e (A, ) 2 flan) — L= = 20 F (i)

2
_ f(@i) = f(zit2) + L(»”Ci+1 — ;)

2 2

Y

K
+3523§.

DO | Oy

Consider the case (5) where x7 (A4, f) € X N [(i4+1 + ®it2)/2, xiy2]. Then, we have, since ;1 — x; > KE/L,
since x;, ;42 € Xz and since h ¢ is linear decreasing on [z;41, T;42] with left value f(z;) + L(z;4+1 — x;) and right
value f(2it2).

f(@i) + L(@iy1 — @) + f(Tiy2)
2

hy e(wiyr) = hy e(x, (A, f)) > floi) + L(wipr — 23) —

_ f(@i) —2f(~’0i+2) Ll

(i1 = 2:) £> 38

2_

LK
2

DO |

Hence, in all cases E (A, f,n) > 3¢ > e. Hence inf4 E (A4, f,n) > . Since this has been shown for any
n < cSc(f,e)/(1 4+ me) we thus have 7(f,e) > cSc(f,e)/(1 + me). O

As discussed previously, in the proof of Theorem 3, the constraint that f be L’-Lipschitz with L' < L arose from
the fact that we added a small bump function +g¢ to f, with the requirement that the new function f + g be globally
L-Lipschitz. We treat the one-dimensional case differently. For a given algorithm, a given function f and a number
of query points smaller than ¢Sc(f,¢)/(1 + m.), we show the existence of a segment unvisited by the algorithm and
containing three close-to-optimal points that are separated enough. We then replace the function f on this segment
with an upward or downward hat function which makes the algorithm fail to be e-optimal. By replacing f with a new
function on the segment, rather than adding a bump function to f, we can allow f to have Lipschitz constant arbitrarily
close to L.

A.2 The Piyavskii-Shubert Algorithm and Proof of Proposition 6

In this section, we recall the definition of the certified Piyavskii-Shubert algorithm (Algorithm 2, Piyavskii 1972,
Shubert 1972) and we show that its sample complexity, in dimension d > 2, is not lower bounded by Sc(f,¢) for
some functions in the boundary case L' = L.

Algorithm 2: Certified Piyavskii-Shubert algorithm

input: accuracy € > 0, Lipschitz constant L > 0, norm |||, initial guess 1 € X
fori=1,2,...do
pick the next query point x;
observe the value f(x;)
output the recommendation T < argmax,e (4, . 2.} f(T)
output the certificate v; < I{ f7 — f# < e}, where f;(-) = minjep { f(z;) + L |=; — ()},
fi + maxgex fi(x), ff < maxjcp;) f(x;), and let ;1 € argmax,cy fi(x)

In contrast to the one-dimensional case d = 1, the next result shows that there are special cases with L’ = L and
d > 2 for which the upper bound Sc(f, ) is far from tight. Quantifying the optimal certified sample complexity for
dimensions d > 2 in the boundary case L’ = L (or when L’ is arbitrarily close to L) is left as an open problem.

Proposition 6. Lerd > 2, X := By, and ||-|| be a norm. The certified Piyavskii-Shubert algorithm (Algorithm 2) with
initial guess x1 := 0 is a certified algorithm for L-Lipschitz functions satisfying, for the globally L-Lipschitz function
f = L|-|| and any ¢ € (0,e0), o(Piyavskii-Shubert, f,c) = 2 < ¢/~ < Sc(f,€), where ¢ > 0 is a constant
independent of ¢.
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Proof. Fixanye € (0,20). When f is at least L-Lipschitz around a maximizer (Assumption 1), then maxgcx fi(z) >
maxgcx f(x) forall i € N* (for a proof of this fact, see Bouttier et al. 2020). Hence if v; = 1, then maxzecx f(z) —
flxr) < ﬁ(m) — fF < e, and z7 is necessarily e-optimal. This shows that the certified Piyavskii-Shubert algorithm
is indeed a certified algorithm for L-Lipschitz functions. Then, since ¢g = L, we have that fl = f,v =0,
and x5 belongs to the the unit sphere, i.e., 3 is a maximizer of f. Since fg = f, we have that v, = 1, hence
o (Piyavskii-Shubert, f, €) = 2. Finally, by definition (4), we have Sc(f, ) > N (argmaxy f,e/L). Since argmax . f
is the unit sphere, there exists a constant c, only depending on d, ||-|| and L, such that S (f, &) > ¢/e?~ 1. O

We give some intuition on the previous proposition. Consider a function f that has Lipschitz constant exactly L,
and a pair of points in X whose respective values of f are maximally distant, that is the difference of values of f is
exactly L times the norm of the input difference. This configuration provides strong information on the value of the
global maximum of f, as is illustrated in the proof of Proposition 6. Another interpretation is that when f has Lipschitz
constant exactly L, there is less flexibility for the L-Lipschitz function g that yields the maximal optimization error
in (6).

B Missing proofs of Section 5
In this section, we provide the missing part of the proof of Theorem 9.

Fix any ¢ € (0, £o] and recall that m. := [logy(50/<)|, &, := ¢, and forall k < m. — 1, &), := €027 *. We begin
by proving the first inequality:
4

e
e

u

/oo N (X mmas(er).a

€ u

) du = % /E’cl N (X(max(s,%),u]a

k=—1"¢k “

€

Sl

< i /7 N(X(max(sx%)veml’

€k

)du§ %N(A’( E_k)

max(s,%), sk,l]’ L
k=—1

Ek €k
::2:QVCﬂ%jhdwf)MQ—hﬂman+N(%&%4,f)hqumwmg

k=—1
me  [k+2 Me
< Z < N (X(Eh,-,Eh,—l]’ %) ]Ike{*l-r--“rmifzg} + ZN (‘)c'(sh"’sh'fl]7 %) ]Ike{maz--'vmf}>
k=—1 \h=k h=Fk
0 me
=D (- )+D () <5Snclf.e) .
k=—1 k=1

where the first and third inequalities follow by the monotonicity properties of packing numbers, the second one by
er_1 — ex < ey for all k € [m,], and the last one by noting that both brackets’ (...) contain at most three non-zero
terms N (X(c, ¢, .}, <), with h € [m.], that overlap at most 2+ 3 times, and nothing else. This proves the first part
of the theorem.

C Packing vs Volume

The two prototypical sample complexity statements involving assumptions on volumes (8)—(9) (see e.g., Perevozchikov
1990) and packing numbers (10)—(11) (e.g., Munos 2014) for algorithms applied to functions f that are L-Lipschitz

7We wrote (. . .) to avoid copying twice the long expression on the previous line.
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around a maximizer and accuracies ¢ € (0, g¢] are:

3r € (0,1], 3C > 0, Yu € (0,&0], vol(X,) < Cud" (8)
= ez > 0, ¥n > ca(In(1/e)L—y + (Vo)L 4), 2 € A, 9)
3d* € [0,d], IC* > 0, Vu € (0, 0], N'(Xy, /1) < C*(c0/e)? (10)
= 3o > 0, ¥ > co(In(V/e)lgecg + (/) L), ) € X (11)

In the two following sections, we will study the relationship between sample complexity statements expressed under
assumptions on volumes (8) and packing numbers (10).

C.1 Which Assumption is Stronger
The first result suggests that packing assumptions (10) are stronger than volume’s (8).

Proposition 10. If E C R? is bounded and Lebesgue-measurable and L-Lipschitz around a maximizer, letting ¢ :=
vy, for all u € (0, &),

vol(X,) < cN (Xu, %) ut .

Proof. Forallu € (0,0, vol(X,) < M (X, %) vol (£B1) < N (X, %) uvi/,, where in the first inequality we
upper bounded the volume of a set with the volume of the balls of a smallest (#/L)-cover and in the second one we
used the fact that covering numbers are always smaller than packing numbers (14). o

The previous proposition implies in particular that if d* € [0, d) is a near-optimality dimension of f for a constant
and C* > 0, i.e., if for all u € (0,g0], N(Xy, ¥/L) < C* (EU/u)d* (as in (10)), then vol(X,) < Cu?", where
C = 'Ul/LO*Eg* and r = 1 — d*/d, recovering the assumption on volume (8). The assumption on packing looks
therefore stronger. However, we show now that if f is globally Lipschitz (and its domain is not too pathological), the
converse is also true, i.e., that assumptions on packings and volumes bounds are essentially equivalent.

Proposition 11. If f is globally L-Lipschitz and X satisfies Assumption 3 with ro > 0,y € (0, 1], then, for all
0<w<u<2Lrg,

/\/‘(_)(u, E) < EVOl(X(S/@u) N (X(w_u]7 E) < lV01(X(“’/2-,3“/2]) '
L) = v vol (3£ By) L) Ty vol (&£B)

Proof. Fix any u > w > 0. Letn := ¥, 1m0 := ¥, By := X, Ey := X, and i € [2]. Note that for any 7 > 0 and
A, E C R, the balls of radius 7/2 centered at the elements of an 7-packing of A intersected with E are all disjoint
and included in (A + B,,) N E. Thus, N (X, NE;, n) < vol((Xu NE; + By,) N X) /vol(B,,/, N X). To lower
bound the denominator, simply apply Assumption 3 to obtain vol(Bm. plT) N ) > yvol(By,/,). To upper bound
the numerator, take an arbitrary point ; € (X, N E; + B, /2) N X. By definition of Minkowski sum, there exists
x}, € X, NE; such that |x; — x| < ni/2. Hence f(x*) — f(x;) < f(x*)— f(x})+ ]f(:cg)—f(:vi)] < wu+ L(nif2) <
(3/2)u. This implies that @; € X(s/,),, which proves the first inequality. For the second one, note that x satisfies

flar) = flm) > f(ax*) = f(h) — |f(xh) = f(z2)] > w — L(m2/2) = (Y2)w. .

The previous proposition implies in particular that if there exist r € (0, 1] and C' > 0 such that, for all u € (0, (],
vol(X,) < Cu” (asin (8)), then d* = d(1—r) is a near-optimality dimension of f for C* := (C(3/2)™) /(yv1 jared ),
ie., forall u € (0,e0], N(X,, /L) < C* (Eﬂ/a)d*, recovering the assumption on packing numbers (10). Therefore,
for globally L-Lipschitz functions, the two assumptions are essentially equivalent.

and

C.2 Which Statement is More General

We recall the prototypical volume-base statement presented at the beginning of Appendix C.

3r € (0,1], 3C > 0, Yu € (0,&0], vol(X,) < Cud" (12)
= ez > 0, ¥n > ea(In(1/e)Ly + (Vo)L 1), z) € A . (13)
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3 . i .

Figure 1: The graph of a function f for which volume-based results do not apply.

In the previous section we showed that assumptions on packing numbers imply the above assumptions (12) on volumes
when f is Lipschitz around a maximizer (and measurable), but for the converse to be true f has to be globally Lipschitz.
Although one might believe that this would make volume assumption better (because they are weaker), it turns out that
they are in fact foo weak in general when the function is only Lipschitz around a maximizer to imply the conclusion
(13). We prove this in the following proposition.

Proposition 12. Let L > 0 and r € (0,1]. Then, for any deterministic algorithm and all multiplicative constants
co > 0, there exist a function f: X — R and an accuracy ' > 0 such that:
1. fis L-Lipschitz around a maximizer with respect to the Euclidean norm ||-
2. there exists c1 > 0 such that vol(X,,) < cyu® for all u € (0, &o);
3. foranye € (0,€') and alln < e, x}, ¢ X, where fie := co(In(1/e)l—1 + (1/e) 0", 4).

2

Proof. Fix any deterministic algorithm and ¢z > 0. Denote by x1(g), Z2(g), - . . the queries and by 3 (g), 5(g), - - -
the recommendations of the algorithm when applied to the constant function g = 0. Assume first that r # 1. Let

¢’ € (0, min{(L/2)"/" /(8viea) "/, cé/d(l_”, 1},
then fix any ¢ € (0,¢’) and define n. := [co /e =] > 7i.. Let

E:={z1(9),2}(9), - Tn.(9),}_(9)}.

Note that there exists * € X such that mingep ||z — @* ||, > 1/(4vine)/4 > 177 /(8v1e2)/ 2. Indeed, if the first
inequality did not hold, than the spheres with radius 1/(4v;n.)/¢ centered at the points in E would cover X', but this
could not happen since the largest volume that they could cover is (2n.) v, /(4vyn.)1/a = 1/2 < 1. Fix any such z*,
note that By, (#*)NE = @, and let Q := Q%N (X \ (B./1(x*) UE)). We can now define a function f that attains
its maximum at &*, has value ¢ in the zero-volume dense set (), and satisfies f(x) = 0 for all x € E. Concretely,
consider the function f: X — R defined for all x € X, by (see Fig. 1)

f(x) = (25 —L|x - :13*||2) Lx\(ue)(x) +elg(x) .

Then f is L-Lipschitz around @*. Moreover, letting ¢; := vy, max{sg(lw), 1}, we have

vol(X,) = Vol(Bu/L(:c*)) =L ud = V1L w4 < o dr

for all u € (0, €], because f is almost everywhere equal to & + 2¢ — L || — «*||,. Finally, by definition, for all
n < ng, the recommendation }, of the algorithm after n evaluations of f satisfies f(x}) = 0, hence x} ¢ X.. The
case r = 1 can be treated similarly, by letting n. := {cz/ad(l_pﬂ for some p € (0, 1) and noting that n. > 7. for all

sufficiently small €. O

The result is not surprising since for ¢, f as in the proof, N (2(5, E/2L) ~ 1/e? because of the dense subset Q.
Packing numbers of e-optimizers better capture the difficulty of the problem. In conclusion, packing assumptions are
be the best between the two, as they imply convergence result also in the more general case of functions f that are
only Lipschitz around a maximizer.
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D Useful Results on Packing, Covering, and Volume

For the sake of completeness, we recall the definitions of packing and covering numbers, as well as several useful
results on packing, covering, and volume.
D.1 Definitions of Packing and Covering Numbers
For any bounded set A C R? and any real number r > 0, the r-packing number of A is the largest cardinality of an
r-packing of A, that is,
N(A,r) = sup{k eN":3xy,...,xp € A,rgin”wi — x| > r}
i#]

if A is nonempty, zero otherwise.
The r-covering number of A is the smallest cardinality of an r-covering of A, that is,

M(A,r) :=min{k € N*: Jzy,..., 2z, e R Ve € A, Ti € {1,....k} ||z — x| <7}

if A is nonempty, zero otherwise.

D.2 Useful Inequalities

Covering numbers and packing numbers are closely related. In particular, the following well-known inequalities
hold—see, e.g., Wainwright [2019, Lemmas 5.5 and 5.7, with permuted notation of M and N/ 1.8

Lemma 13. Fix any norm ||-||. For any bounded set A C R and any real number r > 0,
N(A,2r) < M(A,r) < N(A,r) . (14)

Furthermore, for all § > 0 and all r > 0,

d
M (Bs,r) < <1 + Qg]lr<5> . (15)

We now state a known lemma about packing numbers at different scales. This is the go-to result for rescaling
packing numbers.

Lemma 14. Forany E C X and 0 < ry < re < 00, we have

N (E,r) < (ﬁ)dN(E,Tg).

1

Proof. Consider a r1-packing of E with cardinality Ny = N (E,r1), written F' = {1, ..., &, }. Consider then the
following iterative procedure. Let Fy = F' and initialize ¥ = 1. While Fj,_; is non-empty, let y, be any point in
Fy_1, let Fy, be obtained from Fj,_; by removing the points at ||.||-distance less or equal to r5 from y,, and increase
k by one. Then this procedure yields an r5 packing of F with cardinality equal to the number of steps (the final value
of k). At each step, to the set of removed points we can associate a set of disjoint balls with radius 1 /2 in a ball with
radius 2r;. Hence the number of removed points is smaller or equal to va,., /v, o = (472/71 )4. Hence the number of
steps is larger or equal to N (E, r1) (71 /4r3)?. This concludes the proof since A (E, o) is larger than this number of
steps. O

We now prove a result on the sum of volumes of overlapping layers that is used in the proof of Theorem 7.

8The definition of 7-covering number of a subset A of R? implied by Wainwright [2019, Definition 5.1] is slightly stronger than the one used
in our paper, because elements 1, . . . , 2 x5 of 7-covers belong to A rather than just R%. Even if we do not need it for our analysis, Inequality (15)
holds also in this stronger sense.
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Lemma 15. [f f is L-Lipschitz around a maximizer (Assumption 1) and Lebesgue-measurable, fix ¢ > 0 and recall
that m. := ﬂogQ(so/sﬂ, Em. =& andforall k < m. — 1, e, =: £92~F. Then, there exist c,C > 0 (e.g., c = 1/5
and C := 2 - 16%) such that, for all ¢ € (0, &),

VO](XQ‘f) =, vol (X(%Ekv 261%1]) d VOI('XE) - VOI(X(%-, Ek—l])
od T Z ed <8 cd T Z od :
k=1 k-1 i=1 k-1

Proof. To avoid clutter, we denote m. simply by m. The left hand side can be upper bounded by

VOl( ) + VOl( (Ems Emfl]) + VOI(X(Em—h Em—Z])
cd
I 22 vol (X(5k+17 Ek]) + vol ()Z(;k’ Ek—l]) vol (.)('(5,6717 5k—2])
k=1 k—1

n vol (XE) + VO](X(EM_’ 571171]) + VOl(X(EmA_’ Em72]) + VOl(X(EWH% 5711,73])

m—2

n vol (XE) + VOI(X(EM) Emfl]) + VOl(X(am,l, 577172])

d
m—1

€

vol( X, B vol(&Xe,, 1 em_
+(2d+2) ( ;‘Z 715 1]) +(4d+2d+1) ( (Zd 125 2])

. im 1 VOl( Ek, eri] +m22 VOl (Ek, Eh 1] " 2dm23 VOl )C'(gk7 ko 1])
k=1 Ek 1 =1 Ek 1
VOI(XE) 4 VOI(X(sm, 5m71]) I 4dVOl(X(5m—17 Emfz])

ed S et
—1
+ idm VOl( Ek,é“k 1] +i VOl 5k75k 1]) +2diV01 (X(jkwfk—l])
2 k=2 Ek 1 -1 Ek 1 k=1 Ekfl

where we applied several times the definition of the ej’s, the inequality follows by 1/e4 4 1/ed 4 1/ed <
min{3(1/=*), (2¢+2)(1/=2,_,), (4% +2%+1)(1/c2, _,)}, and the proof is concluded observing that max(3, 1,4%) = 44
and4d+1/2d+1+2d§8. O

The previous result can be generalized to arbitrary partitions and rescaling of the layers. We prove it here for the
interested reader.

Proposition 16. If f is L-Lipschitz around a maximizer (Assumption 1) and Lebesgue-measurable, fix any m € N
andlet 0 :=&pq11 < &n < &po1 < ... <& <& :=¢p. Forany k € {0,...,m}, let also ay, € (0,1], by > 1,

n ::min{ie {k,...,m—i—l}:{igak{k},

ip = 0, if bk > o
. max{j € {0,...,k} : bpé&x < &}, otherwise .

For all h € [m + 1], define ng, 1, and ny, j, as the following numbers of overlaps with (&, &n—1]:

Na,h ::#{k€{2,...,m+1}:ik_1Zkandkghgik_l},
N = #{k € [m]: ju <k —landji +1<h <k} .

Then, let c; = (&§p41/&e+1)? for all k € [m — 1), ¢y = (&,,41/ém)% and ¢ == maxyepm)cr. IfC == 1+
cmax (na7m+1, maxy e [m] (Na,h + nbyh)), we have, for any function f: X — R,

VOI();ZmEm) + i VOl(X(akﬁgzibklﬁkl]) <C <V01 Xﬁm + i VOl flﬁfk 1 )) '
m k=1 k

=1
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Proof. Letting V := vol(X,,) /&2 + > py vol(Xe, e, 1)) /&L we have

VOl(Xgmgm) + i VOI(X(akfk;ibk—lfk—l])
gm k=1 gk

_ VOl(Xgm) 4 VOI(X(&mbmfm])

& &
OI(X(fk Er— 1] _'_i VOl X(ék 1, bk 18k— 1])

+ZVO ( (U«kﬁlmfk]) +Z k
k=1

= b
<V VOI(X(f(;mfjm]) n i VOl( gk] Z VOl ka 15 &5 1])
&m k=1 & k=

=V + (I) + (I) + (III) .

We upper bound separately the addends (II) and (I) + (III). We have

s VOI(X(fik,l , fkfll)

G VOl(X(fz' fk]) o VOl(X(fi -{k—l])
(II) = —_— ke = k1 =
]; g ]; é.g—l ) k:%k 51(3_1
ik—1
T vol (X, e, WE L vol( X, ])

B CHEEP VD VY- o
'kk:%k i=k k—1 kk %kz k i#Em+1 i—1 L= m+1
1k—12 Tp—1>

_ na7m+1 VOl(X 57;+1 fm 4 Z VOl zh fh,—l])

m h
<n, m_’_lVOl(‘jfm) Z " VOI(X(EZ Eh,—l]) '
m h=1 5h
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Next, we have

VOl( (Em, gjm ZVOI X(ﬁk 17£jk 1])

(1) + (I11) =
&l 2
1 ) m vol(Xg,_, ¢,
_ VO( (;;,ﬁm])]ljm<m L+ Z ( (52;31 Ek,l])

Jk— 1<k 2

ol(Xe ¢ m o vol(Xe e, 1)
vV ( (gféln,fym])]ljm<m L+ Z (2][31 1]

Jk— 1<k 2

ol (X, . el vol(X,
_ Vi ( (gf;nwfjm]) 7m<m L+ Z gk Ejk])
m =1

=3
/\?T'

k

L g=jk+1 £k+1

|
+

& a
j=jm+1 m J k=1 _j=jr+1 >kt J
jjm%mfl Jkgk—lj I
m k m k
_ Z Z c vol(Xg, ¢,1]) < Z Z vol(Xg, ¢, 1)
- k d = ¢
k=1 j=ji+1 J k=1 j=jr+1
I 717 Jk+ ijkilj Jk+
m
_ Z VOl(X(fh En 1])
=cC Ny, d
h=1 &h
Putting everything together and noting that ¢ > 1 gives the result. O

E The DOO algorithm: definition and proofs
E.1 The DOO algorithm

Let us present the (non-certified and certified) DOO algorithm and its underlying assumptions. The non-certified
algorithm and the assumptions will essentially be the same as in the original reference Munos [2011], with minor
adjustments to our framework, for ease of exposition. The notion of certificate is not present in Munos [2011].

The algorithm is defined for a fixed K € N*, by an infinite sequence of subsets of X’ (cells) of the form
(Xh,i)hen,izo,.. xn—1. For h € N, the sets X, o, ..., X}, xn_1 are non-empty, pairwise disjoint, and their union
i=0,..., Kh_1 1S assoc1ated with a K -ary tree, meaning that for any h € N and
j€H{0,..., K" — 1}, there exist K distlnct i1,k € {0,..., K" — 1} such that Xp 414, .-, Xnt1.i, forma
partition of X}, ;. We call (h +1,41),...,(h +1, iK) the children of (h, j).

Foreachcell X} ;,h € N,i=0,..., K" —1, thereis a representative xj, ; € Xy, ;, which can be thought of, e.g.,
as the center of the cell. We assume that feasible cells have feasible representatives, that is: if X ; N X # &, then
Th,i € X.

The sequence of cells and representatives is well-behaved in the sense of the following two assumptions.

Assumption 4. There are fixed ) < § < 1 and R < +oo such thatforanyh € N,i =0,..., K" —1andu,v € X}, ;,

llu —v|| < R&™.
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Assumption 5. There is a fixed v > 0 such that, with § as in Assumption 4, foranyh € N, i =0,..., K" =1, 1/ €N,
i'=0,..., K" —1, with (h,q) # (W, 1),

5 — e ]| > v,

Assumption 4 is very classical. Note that Assumption 5, which is key for our improved analysis, is slightly stronger
than in Munos [2011], yet easy to satisfy. For a compact X, a sequence (X, ;) pen io.... rn—1 Satisfying Assumptions
4 and 5 indeed exists. For instance, when X is the unit hypercube [0, 1]¢ and ||.|| is the supremum norm ||.||, We
may use bisections with K = 29, letting X}, ; be an hypercube of edge length 2" and z), ; be its center, for h € N
andi = 0,...,2% — 1. In this case we have R = 1, = 1/2 and v = 1/2 in Assumptions 4 and 5.

The DOO algorithm is defined in Algorithm 3. For both non-certified and certified versions, the most promising
cell among a set of active cells £,, is selected at every iteration k (see (16)) before being split into its K children.
For the certified version, the algorithm declares its recommendations ; to be c-optimal (i.e., 7, = 1) whenever the
condition (17) is met.

Algorithm 3: DOO (non-certified and certified versions)

Kh_1, Fepresentatives

(wh,i)heN,z‘:o,...,KLy
initialization: Letn = 1. Let &} = @1 = xo 0. Let £ = {(0,0)}. Evaluate f(z1).
Certified version only: Let v = 0.
for iteration k = 1,2,...do
Let (breaking ties arbitrarily)

(h*,i*) € argmax { f(zn,;) + LRO"} . (16)
(h,i)ELy
Certified version only: If
f(@ps i) + LROY < max(f(x1), ..., f(xn)) +¢, (17)

then let v <— 1 and ~,, < 7.
Let £ be the set of the K children of (h*,i*).
for (h* +1,5) € Ly do
If Xprq1,; N X # @ then, let n < n+ 1, let @, = xp-41,5, evaluate f(x,), let
T, € argMaXye(y, o1 f(x)andlet L, = L, U{(h* +1,5)}.
Certified version only: let 7y, = 7.
Remove (h*,i*) from L£,,.

E.2 Proof of Proposition 1

We start by proving Proposition 1, and will then comment on where our analysis improves over that of Munos [2011,
Theorem 1], as well as on a straightforward extension.

Proof. We first recall the guarantee (19) below, which is classical (e.g., Munos 2011). By induction, it is straightfor-
ward to show that the union of the cells in £,, contains & at all steps n € N*. Therefore, the global maximizer * (for
which the inequality in Assumption 1 holds) belongs to a cell X7, ; with (h,i) € L,,. Consider now the cell X}, ;« in
(16), at step n. We have, using first (16), and then Assumptions 1 and 4,

f(wh*,i*) + LRS" > f(wﬁﬁ) + LRéﬁ
) — LR6" + LRo"
Y- (18)
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This implies that, for (h*,i*) given by (16),

f(mh*,i*) S XLleh*. (19)

We now proceed in a slightly different way than in the proof of Munos [2011, Theorem 1]. Consider the first time
at which the DOO algorithm reaches step (16) with f(xp« ;+) > f(x*) — €. Then let I. be the number of times the
DOO algorithm went through step (16) strictly before that time, and denote by n. the total number of evaluations of f
strictly before that same time. Then we have

ne <1+ KI,.
Furthermore, after n. evaluations of f, we have, by definitions of the recommendation :vjls and n.,
flxr ) = max f(x) > max f(x) > f(zp ) > fx*) —¢.
: ze{®1,....n.} x€Ln,

Since the optimization error f(x*) — f(}) can only decrease for n > n., the last inequality above entails that the
non-certified sample complexity of DOO (non-certified version) is bounded by n. and thus

¢ (non-certified DOO, f,e) < 1+ K. (20)

Consider now the sequence (h},47), ..., (h}_,i} ) corresponding to the first /. times the DOO algorithm A went
through step (16). Let &, be the corresponding finite set {wh;_,if, cs TRy it }. By definition of I, we have & C
X(&EO}. Since ¢ =€, < -1 < ... < gg, we have & C U?;El X(&.“ ci_1]s SO that the cardinality I. of & (a leaf
can never be selected twice) satisfies

I. = card(&.) < anrd (EcN X, ci ) - 1)
=1

Let N, ; be the cardinality of & N X, ., ,}. Forxp j € & N X, o, ), from (19), we have ¢; < LR6" and thus

€q
LR~

Consider two distinct x, j, Tp j» € E N X{¢,, ,_,1- Then, from Assumption 5, we obtain

o >

h,hl) > ve;
LR~

2,5 — @n ol = w6
Hence, by definition of packing numbers, we have

ve;
N.i <N (X(ai, ei1) m) .

Using now Lemma 14, we obtain

4R d €4
Ne; < <1V/R21 +1,/r<1 <7) )N (X(ai, e f) . (22)

Combining the last inequality with (20) and (21) concludes the proof. o

Remark 17. The analysis of the DOO algorithm in Munos [2011, Theorem 1] yields a bound on the non-certified sam-
ple complexity than can be expressed in the form 1 +C Y =y N (Xskil, ‘%’“), with a constant C. The corresponding
proof relies on two main arguments. First, when a cell of the form (h*,i*), i* € {0,..., KM — 1}, is selected in
(16), then the corresponding cell representative T;x p» is LR&" -optimal (we also use this argument). Second, as a
consequence, for a given fixed value of h*, for the sequence of values of i* that are selected in (16), the corresponding
cell representatives Ty~ i« form a packing of Xjy 1, psn*)-

Our analysis in the proof of Proposition 1 stems from the observation that using a packing of Xy psn+ yields
a suboptimal analysis, since the cell representatives Ty~ i~ can be much better than LRG&" -optimal. Hence, we
proceed differently from Munos [2011], by first partitioning all the selected cell representatives (in (16)) accord-
ing to their level of optimality as in (21) and then by exhibiting packings of the different layers of input points
Xcrem. 119 Xem. —1.6me—2]s -+ s Xer,e0]- I @ word, we partition the values of [ instead of partitioning the input
space when counting the representatives selected at all levels.
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Remark 18. The bound of Proposition 1, based on (3), is built by partitioning (e, €¢| into the m. sets

(Ea Em€71], (Emsflvgms*Q]a ey (51750]

whose lengths are sequentially doubled (except from (€p_, €m.—1] 10 (Em.—1,Em.—2]). As can be seen from the proof
of Proposition 1, more general bounds could be obtained, based on more general partitions of (¢,eq). The benefits
of the present partition are the following. First, it considers sets whose upper values are no more than twice the
lower values, which controls the magnitude of their corresponding packing numbers in (3) (at scale the lower values).
Second the number of sets in the partition is logarithmic in € which controls the sum in (3).

The same generalization could be applied to the bound based on (4) of Proposition 2 below, for the certified version
of the DOO algorithm. In this latter case, another benefit of choosing the partition (€, &m_.—1), (Em.—1,Em.—2], - - -, (€1, €0]
(together with the additional set [0, €]) is that the upper bound is then tight up to a logarithmic factor for most functions
f, as proved in Section 3.

E.3 Proof of Proposition 2

Let us first show that Algorithm 3 (certified version) is indeed a certified algorithm. Let f be any function satisfying
Assumption 1. For notational simplicity, we set’

n := o(certified DOO, f,¢) = inf{i e N* : v; = 1}

and we show that f(x*) — f(x)) < e. After exactly n evaluations of f, when Algorithm 3 reaches step (16), the
condition (17) holds for the first time. From (18) in the proof of Proposition 1, which applies here since the non-
certified and certified versions select the same leaves (h*,*) and output the same queries ., and recommendations

x*,, we know that f(x*) < f(zxp-+) + LRS" . Since condition (17) also guarantees that

f(@ne+) + LRO™ < max(f(z1), ..., f(®a)) +e = f(x}) +¢

this entails that f(z*) — f(z},) < e. Since the optimization error n’ — f(x*) — f(x},) can only decrease over time,
the requirement v,y = 1 = f(x*) — f(x},) < eistrue for all n’ > n and thus all n € N*. This proves that Algorithm
3 (certified version) is a certified algorithm.

We now show the upper bound on o (certified DOO, f, ). Let I, be the number of times the algorithm went through
step (16) strictly before the first iteration k& where vy, is set to 1, that is, strictly before (17) holds for the first time.
Note that o (certified DOO, f, €) is the total number of evaluations of f before (17) holds for the first time, so that

o(certified DOO, f,e) <1+ KI. . (23)

Consider now the sequence (h7,}),. .., (hj_,i} ) corresponding to the first /. times the DOO algorithm went
through step (16). Let £, be the corresponding finite set {xp; i+, ..., @ns i+ }. Of course we have & C A (J (U;Tfl Xe,, E'L—l])’
so that -

I. = card(&;) < card (E. N AL) + Z card (55 N X, Eifl]) . 24)
i=1
Let Ne m, 41 be the cardinality of & N A.. Fori = 1,...,m., let Nc; be the cardinality of & N X, .,_,;. With
exactly the same arguments as in the proof of Proposition 1, we show, for+ = 1, ..., m., that (22) holds.

Let now p; i+ € & N A., with £ € {1,... I }. The pair (h},i}) was selected when the algorithm went through
step (16) for the ¢-th time. By definition of I, (17) does not hold at this time, which implies, with n being the number
of evaluations of f at this time,

f(@nyiz) + LROM > max(f(x1),..., f(@n)) +& > f(@ns i) + €.

This implies that LR6"* > ¢ and thus
* &
ot > — |
LR

9Note that, in the definition of Algorithm 3, the variable ~,, is sometimes assigned twice, with first the value of 0 and then the value of 1. In that
case, we consider that v, = 1.
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Now consider two distinct &, j, p/ ;v € E N X-. Then, from Assumption 5, we obtain

R ve
||mh,j — mh/,j/H > V5max( ) > m .

Hence, we have

ve
Nemo+1 <N (st m) .

Using now Lemma 14, we obtain

4R\ ? €
Negmo41 < <1v/R>1 +1,/r<1 (7) )N (Xé‘v Z) '

Combining (23) and (24) with (22) and the last inequality concludes the proof.
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