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ANNEX: PROOF OF THEOREM 2 FOR m > 2

Proof We prove the theorem 2 in the case m > 2 and [ = 2. For [ > 3, the
proof could be obtained using Taylor Lagrange formula at a higher order.

We recall the following equation verified by the limit (theorem 1):

_loll?

s )dv =0, (1)

/n ng(goov 1/_)6 + v) exp(

First step: d(¢s, L) — 0
o—0

We suppose that d(1,, L) does not converge towards 0. Even if it means ex-
tracting, we can suppose that, 3¢ > 0,Yo > 0,d(¢,,L) > 3c. As for the
one-dimensional proof, we forget the 6 in g and write g(¢) = g(0c0,v). We
also set Ko = K\ {y|d(y, L) < c}.

We want to show that

0
Jeg > 0,3c; > 0,Vy € Ko, 31 < i < m,Va verifying ||z—y|| < ¢, \%(mﬂ > ¢p.
(2)

By contradiction, we can take ¢y = 1/n and extract a converging subsequence
in the compact Ky to find:
dg

Vey > 0,3y € Ko, V1 < i < m, Iz verifying ||z — y|| < ¢1, |8¢

(x)]=0.
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However, because y ¢ L, there exists 1 < j < m such that ‘0871(9” # 0. If we

take ¢; small enough then, for all z such that ||y — z|| < ¢, |aaTi(m)‘ # 0 and
we find a contradiction. Hence, the condition is verified.

Hence,

Jeo > 0,3c; > 0,Vo > 0,3k € [|1,m]], Vo verifying |[v—),|| < cl,| ( ) >co.

Oy,

As for the proof in dimension 1, we split up our integral in two parts:
I ={v|Vi € [|1,n]],v; < ¢} and Is = {v|Ti € [|1,n|],v; > c2} where ¢y is
chosen such that {v|Vi € [|1,n|],v; < ca} C {v]]|]v]| < e1}.

First, on I,

— v 2 — v 2
/ veg (s + v) exp(f—H2 H2 )dv Z/ vEg (e + v) exp(f—H2 ||2 )dv
Iy o I2,0,<0 o

19lleo ( / opexp(— 5 g, - / vkexp<“”';>dv)
R™ 0, <0 20 11,0, <0 20

o*(V2ra)" |9l <1 - (1 - exp(= 2C2 )> erf(fv)m1>

Y

\ \/

where erf is the error function defined by erf(z) = % foz e
We now integrate on I;. We write v =" the vector such that, Vi # k, (v™*); =
v; and (v_k)k = —vg. Then, using the mean value theorem, we have
; ol ; Tk [loll?,
Ukg (Yo + v) exp(— 5 )dv = Uk(9(Vo +v) = g(Y +v7")) exp(———5-)dv
I, 20 I1,0,<0 20

o B 2
- [ 2 el

where, for i # k, ("Z}v)z ("Z’U) + v; and ('(Z}v)k € [(1;0) Ulm(lzo) + 'Uk]
But we know that 89 does not cancel on I. Hence, it is either positive or
negative. If it is pomtwe we find:

2 2
[ watie+ven-D5a> 00 [ ew-Lha
I I1,v,<0 20

> 2B [-exennt- )+ ot nt ()
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(i)
of [ 22—
V20 V20
m—1
l—erf(\/cga) 1 c% ) rf( e >m—1
o

5 ep(=ga)e

Finally, using , we have:

gerf(

2
Co (65
20 |- 2 expl(— 2
Co P eXp( 20_2) +

< 19lloo

But,

erf(z) =500 1

- exri;;;@) L (exp(x—x2)> |

Hence, when o goes to 0, the left-hand side of the inequality goes to \/mc
while the right-hand side goes to 0. We thus find a contradiction.

Finally, if aa—gk is not positive on I; (as supposed here) but negative, we
can use the same method to find an upper bound on the integral on I and on
the integral on I;. We would then find the same inequality as in .

Hence, in all cases, we have proved that d(i,, £) — 0.
o—

Second step: Choice of the basis

The upper bound using second derivatives is more complex to obtain for m > 1
as crossed partial derivatives appear that can be either positive or negative. To
control those parts, the choice of the compact is more complex. We will first
show that we can express our vector v and our function ¢ in any orthonormal
basis and still have the equation .

Indeed, let P be a change-of-basis matrix. Then, because the equation
is linear on vy and true for all k € [|1,m|], we still have:

olI2
/m(Pv)kg(iﬁg +v) exp(—%)dv =0.

Using the change of variable uw = Pv, we then find, for any k € [|1,m|]:

[ g (P + w)exp(-
We write h : u — g(P~'u). Hence, h verifies the equation .

We can thus choose to express our function ¢ in any base. In particular,
we write 15, the nearest maximum of 1,. Then, the Hessian of ¢ at vy is
a negative symmetric matrix. Hence, it is diagonal in an orthonormal basis.
We choose to express ¢ in that basis. With a change of notation, we can
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hence assume that the hessian of g at ), is diagonal. In particular, for all
i#j €[l ml,
0?%g ?g
< 0 and
gz (a0 <0 and
In particular, we are now able to impose a condition between the second deriva-

tives of g on a compact centered around p;. There exists Ky compact such
that,

o (m) =

d%g d%g : g
_Supﬁwk >(m _1)SUP{3¢k5¢j(v) UEK07]#k7a¢k6wj(v)>O}
-1 9? 9?
_m2 inf{awkagd]j(v) veKo,j#k,awkag¢j(v)<0}
(4)

Third step: Search of the upper bound

As for the proof in 1D, we will split our integral into two parts and say that nei-
ther can be too big for the complete integral to be equal to 0. More precisely, for
o > 0, let k be the coordinate such that (¥, ) — (¥ar)x| = max |( )i — (¥ar)il-
We write for i € [|1,m|], (a0); = |(¥0)i — (¥ar)i]. The goal is to show that
(ats )k goes to 0 when o goes to 0.

Let ¢ > 0 and o small enough such that
I == {v e R™ | v, € [~(&o)k, (&0 )&] and, for i # k,v; € [—¢,c]} C K.

On If, we use the same upper bounds as in the first step to find:

2
_ v —
/ veg(Ys + v) exp(— |20H2 Ydv > —o2(V270)™ | g|] e

. (1 . (1 —exp(—(g;)i)> erf(\[a)ml>

On I; we will use once again the mean value theorem, first between wg +v~
and 1y + v to find ¥, € Ko such that, for i # k, ()i = (¥g + )i, (wv)k €
(Vo = v)i, (Yo + v)i] and

(5)

9o +0) = gl +v™) = 2o (1)

Vi,

and then between v, and 1) to find ¢} € Ky such that:

09 > (W — )i 0%

7 1
o V) = 2 Duod; )

—~
=
<
~—
|
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~ Even if it means changing basis, we can assume that, Vi € [|1,m|], (ay); =
[(¥o)i — (Yar)il = (War)i — (Yo ); without modifying the hypothesis (4)).
The difficulty to find upper bounds is that dw dw (4) and also (1/31, — )i
can be either positive or negative.

Using those previous equalities and the facts that wz < 0 on Ky and
(Vo — an)k < (Yo + v —Yar)k = (v — &y )k, we have:
[lvll?

/U (g +v) exp(— v |2)dv>2/ U2zm:(v—cx )i Py (V) exp(— )dv
KL P 20 I1,v2>0 i 7 Zawkawl ! P 20%

I =1

We will study the different terms of the sum differently according to ¢ = k,
or i # k.

First, for ¢ = k, using the fact that (v — ) < 0 on I, we can compute
the integral using integration per part and the function erf defined above to

find:
||v]|?

[17vk202vi(v - %)kg;%(wi) eXP(—%)dv > sup (g;z) /Ihvkzo 20} (v — ot )i exp(— 'y - )
e O HERCD
2 (505) (150

For ¢ 7é k, we do similar computations remarking that:

_lfaw 50 (Y1) >0 and (v — o, ); >0,

0%g [lv]?
2 1
2’016(1] - 060)7; awkawl (wv) eXp(_ 20_2 ) >0
—if 313@51# (1) > 0and (v—a,); <0, with K = {v € Kd%(v) > 0},
g 1 [[v]? 2 |[v][? g
2%(1}_“0)181/}1@5%/% (1) exp(— 202 ) > 2vj;(v—ag )i exp(— 202 );S%pl 00,
— if g (0h) < 0 and (v - &,); <0
9%g 1ElS
2 1
20]@(” - och)i 31/%31/% (d%) exp(— 252 ) >0
— if g () < O and (v—at); > 0, with K5 = {v € Kol 524 (v) < 0},
&g [[vlf® wl[?, . . &%
202 (V—&y ) ! - 22 (0=, ) _
Ol s Vo) R o) > 2kl e (= ) e o
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Hence, for i # k, we write I; = {v € I |vy > 0,v; < (ay);} and:

1 ?

0%g v||?
52 Ydv > sup I /r 202 (v — &y ); exp(— H20||2 )dv
K i i JI;

[ 20— oS el

= 2 sup Py
K i OUr0b;

Vi (2 o (52) - () o= (55)

(V2ro) ™ Lert <\/‘;U>M1 (ot )

_exp (;;5) — exp <_(2(;)?) 1 (), 14 erf((\";i()ff)
Varert (£ ) 2 of (%)

Similarly, with I = {v € I, |vr, > 0,v; > (&ts)i},

&g Py o e 00 Ilvll®
2 o . 1 _ > 2 _ . _
/I1+ 202 (v 0“’)181%6% (1) exp( 502 Ydv > Ig)}fz 90,00, /I1+ 205 (v — &g ) exp( 952 )dv

=2 inf ' (V2ro)™ Lerf <C>m_1 (o)
T kg i OV V20 7k

V() () () ()
oo (S5 e (55)

V2merf ( f%)

Those three upper bounds are quite complex, but we can remark that they

c Xo )k

m—1
can be written as dmflerf(ﬁa) (%o )P <( <

We will now see that this function h is strictly positive at infinity.

Indeed, using all the previous upper bounds presented previously, equation

and using the fact that erf ( \/%U) > 1/2 for o small enough, we can write:

¢ \" ! o —erf (¢/V/20 -
(oo)ert <\@7> <h <7k) - 1026rf ((c//\/;a))) = Hg|2| o
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with:
2
e /2 829 \f 5
h(z) = [ 2 *fceff(x/\[) —2(1—e"/?)
x? KO 8"/)k
2 a2g 2

VT
+ ( 5 werf(z/V2) —a’e /2> ' l(m_ DO s awkawz

- m—1 - 0%g
2 i O0ROY;
is a function independent of «, and o.

In particular, when z goes to infinity, h(z) is equivalent to:

s’ /2 VT 829 -1 0%g
vr f
Tl ez T = R T

¢ 2 = (m— 1)

Kty D0RO%; o

g
o 00,

But, according to the hypothesis done on the compact Ky, this is strictly pos-

itive.

Hence, there exist ¢g > 0,¢1 > 0 such that, if x > ¢, h(z) > c¢g > 0.

We will now suppose that (ocg)k > ci10. Then, h ( ’“) > ¢ > 0. Moreover,

1 — erf(c/v20)
o2erf (¢/V20) -0

0.

So, for o small enough, it is smaller than ¢p/2 and we finally find:

0.2

(%) < collglloo—————
erf(\/il)

m—1
Using the fact that erf (ﬁ) —> 1 gives us finally the existence of a

o—0

constant ¢ > 0 such that

d(e, L) < (c10) V (ey/)

which allows us to conclude for ¢ small enough.

Fourth step: Approximation when o goes to infinity

The last step follows the exact same steps as for m = 1. It is copied here.

We use again the equation . For all 0 € R, V1 < k <m,

- R
kg (Yo +v) exp(=55-)dv =0

2
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Using the change of variable ¢, 4+ v, we find:

- Jzm vig(v) exp (_%> do
( a’)k = —_
Jo 9@ exp (— 152212 ) o

— 7 2
But 1, is supposed to stay in a compact so, Vv € R™, exp (—M> —

2
20 o—00

1. Using the integrability of g and v — vgg(v), it is easy to conclude using the
dominated convergence theorem.



