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Optical angular momentum-based photonic technologies 
demonstrate the key role of the optical spin–orbit interaction 
that usually refers to linear optical processes in spatially engi-
neered optical materials1. Re-examining the basics of nonlin-
ear optics of homogeneous crystals under circularly polarized 
light2,3, we report experiments on the enrichment of the spin–
orbit angular momentum spectrum of paraxial light. The dem-
onstration is made within the framework of second-harmonic 
generation using a crystal with three-fold rotational symme-
try. Four spin–orbit optical states for the second harmonic 
field are predicted from a single fundamental state owing to 
the interplay between linear spin–orbit coupling and nonlinear 
wave mixing; three of these states are experimentally veri-
fied. Besides representing a spin-controlled nonlinear route 
to orbital angular multiplexing4, modal vortex light sources5,6, 
high-dimensional parametric processes7 and multi-state opti-
cal magnetization8, our findings suggest that the fundamen-
tals of nonlinear optics are worth revisiting through the prism 
of the spin–orbit interaction of light.

Almost three decades after optical beams with helical phase 
profiles were identified as carrying a well-defined orbital angular 
momentum (OAM) per photon9, efforts to generate and control sin-
gle or multiple OAM states are increasing10. This trend is nurtured by 
the advent of spin-controlled photonics, which sets the polarization 
state of light as an independent degree of freedom with which to tai-
lor the optical spatial degrees of freedom1. The development of tech-
nologies enabling spin-controlled OAM states started in the 2000s 
in the framework of linear optics with the emergence of devices 
made of (1) homogeneous anisotropic materials11,12, (2) structured 
isotropic materials13 and (3) structured anisotropic materials14. The 
second class of materials attracts most research developments fol-
lowing the demonstration of spin-controlled OAM generation in 
the visible regime by geometric phase metasurfaces15,16. Meanwhile, 
textbook wave-mixing processes from homogeneous crystals have 
been extended to fields carrying OAM since the 1990s17–19 and later 
to two-dimensional20 and three-dimensional21,22 structured nonlin-
ear photonic crystals for the production of harmonic OAM states by 
design. Structured isotropic materials provide a versatile approach, 
merging optical spin–orbit coupling with nonlinear optics23.

Here we revisit the longstanding spin-selective second-harmonic 
wave (SHW) generated by a circularly polarized fundamental wave 
(FW) along the optical axis of a crystal with three-fold rotational 
symmetry in the realm of spin–orbit nonlinear wave mixing. We 
show that multiple spin–orbit optical states can be generated with-
out relying on either artificial structuring of the photonic proper-
ties or on the non-paraxial regime, defined as a situation in which 
the longitudinal component of the field is explicitly at play. This 

contrasts with all experimental studies carried out so far in the par-
axial regime, from the pioneering work2 to a more recent one24, both 
of which deal with collimated beams and report on the observation 
of cross-polarized SHW without any orbital signature, as expected 
from a plane wave treatment2. How the spin–orbit content of a FW 
carrying non-zero OAM is transformed into the SHW, however, 
remains unexplored and is the starting point of our study.

The experimental configuration is illustrated in Fig. 1a, where 
we introduce the spin–orbit optical states (σ, ℓ)ω of the fundamen-
tal (labelled ω) and the harmonic (labelled 2ω) waves as optical 
states, where σ = ±1 refers to the photon helicity that is related to 
left/right-handed circularly polarized states defined by the unit vec-
tors cσ ¼ ðx þ iσyÞ=

ffiffiffi
2

p

I
 and the integer ℓ refers to the topological

charge of the on-axis optical phase singularity associated with a 
complex field amplitude proportional to exp(iℓϕ) (where ϕ is the 
polar angle in the (x, y) transverse plane). The experiment is car-
ried out by irradiating a 5-mm-thick c-cut β-BaB2O4 (BBO) crys-
tal25 with a femtosecond laser source at 1,070 nm propagating along 
the optical axis of the crystal, which defines the z axis. The inci-
dent spin state is prepared by using standard polarization optics, 
whereas the OAM state ℓ is prepared by using a helical phase mask 
(see Methods). The FW intensity profile at the midplane of the BBO 
crystal is imaged by a spherical lens and recorded by a camera; the 
value of ℓ is ascertained by replacing the spherical lens by a cylindri-
cal lens26, see Fig. 1b for (σ, ℓ)ω with σ = +1 and ℓ = {0,−1,−2} (see 
also Supplementary Figs. 1–4). The polarization state analysis of the 
SHW is found to be orthogonal to that of the incident FW whatever 
ℓ is, whereas its OAM state is identified as 2ℓ, see Fig. 2c (see also 
Supplementary Figs. 5–8). This experimentally demonstrates that 
the second-harmonic generation from a collimated beam propagat-
ing along the optical axis follows the process (σ, ℓ)ω → (−σ, 2ℓ)2ω.

This is supported analytically by looking at the FW-induced 
nonlinear polarization Pð2ωÞ

i ¼ ε0
P

jk χ
ð2Þ
ijk E

ðωÞ
j EðωÞ

k

I
, where ε0 is the 

vacuum permittivity, χð2Þijk

I
 is the quadratic susceptibility tensor 

and the indices (i, j, k) run over the Cartesian coordinates (x, y, z).  
Recalling the C3v symmetry group of the crystal and assuming 
that the principal mirror-plane is perpendicular to the x axis, we 
have χð2Þyyy ¼ $χð2Þyxx ¼ $χð2Þxxy ¼ $χð2Þxyx ¼ χð2Þ

I
. Then, neglecting the 

longitudinal field according to our paraxial framework, we have 
Pð2ωÞ ¼ ε0χð2Þ iσffiffi

2
p ðEðωÞ

x þ iσEðωÞ
y Þ2cσ % ðEðωÞ

x % iσEðωÞ
y Þ2c%σ

h i

I

. It is 
known that the helical phase profile imparted to the collimated 
Gaussian beam generates a hypergeometric-Gaussian mode that is 
expressed, up to a propagation phase factor, as E(ω)∝uℓ(r, z)exp(iℓϕ)cσ, 
where uℓ(r, z) refers to the z-dependent slowly varying amplitude 
profile26 whose radial dependence explains the observed rings in 
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the intensity profiles. This gives Pð2ωÞ / χ 2ð Þσu2‘ðr; zÞexpð2i‘ϕÞc#σ

I
,

which implies that a SHW with angular momentum state (−σ, 2ℓ)2ω 
is radiated, as observed experimentally.

The spin–orbit content of the SHW is markedly enriched as soon 
as the linear spin–orbit coupling process inherent to the propagation 
of focused light along the optical axis takes place—see Fig. 2a, which 
illustrates our second set of experiments. The birefringence of the 
nonlinear crystal is ‘read’ by a non-collimated paraxial beam even 
though it propagates along the optical axis, as its constituting plane 
waves travelling at oblique incidence angles experience the optical 
anisotropy. The axisymmetric nature of the light–matter interaction 
thus makes the crystal act as a space-variant uniaxial retarder with 
a topological charge of +1 regarding the azimuthal degree of free-
dom27. As expected from previous studies12,28, this is associated with 
an OAM increment by 2σ for spin-flipped photons as the polariza-
tion state evolves in the course of propagation. The latter spin–orbit 
changes are substantial when the crystal length L is larger than the 
anisotropic diffraction characteristic length Lc ¼ πw2

0n
2=ðλdnÞ

I

28,
where w0 is the beam waist, λ is the wavelength, n is the aver-
age refractive index of the crystal and dn its birefringence. With 
Lc ≈ 0.6 mm for the fundamental wave, we choose an external FW 
Gaussian divergence angle of 0.113 rad, which converts approxi-
mately 50% of the incident wave power into the cross-polarization 
state (see Supplementary Fig. 9). Such a weakly focused beam is suf-
ficient to efficiently combine paraxial second-harmonic generation 
with spin–orbit optical effects, as shown in Fig. 2b for ℓ = {0,−1}, 
where the identification of the spin–orbit states in the midplane of 
the sample (that is, where the FW is focused) is reported; see also 
Supplementary Figs. 10–12. In turn, each of the two FW states (σ, ℓ)ω  
and (−σ, ℓ + 2σ)ω can thus act as the sources of distinct harmonic 
states (−σ, 2ℓ)2ω and (σ, 2ℓ + 4σ)2ω, respectively. The ensuing spin–
orbit interaction of latter states as they propagate through the sec-
ond half of the crystal is thus expected to lead to another pair of 
harmonic states: (σ, 2ℓ−2σ)2ω and (−σ, 2ℓ + 6σ)2ω, respectively.

The overall process leading to four spin–orbit harmonic 
states from a single fundamental state is summarized in Fig. 3 
(see the Supplementary Information for a simplified model). 
Experimentally, spin-resolved imaging of the SHW intensity pro-
file hints at the latter harmonic spin–orbit cascade, as shown in 
Fig. 2c for ℓ = {0,−1} (see also Supplementary Figs. 13–16). Still, 
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Fig. 1 | Spin-selective second-harmonic generation along the optical axis of 
a BBO crystal. a, Illustration of the light–matter interaction geometry when 
the nonlinear crystal is pumped by a collimated fundamental wave (red) with 
angular momentum state of (σ, ℓ)ω that generates a second harmonic wave 
(green) with angular momentum state of (−σ, 2ℓ)2ω. The electric fields of 
the fundamental and second harmonic waves are labelled as E(ω) and E(2ω), 
respectively. b, Intensity profiles of the fundamental wave at the midplane of 
the crystal imaged using a spherical (left) or cylindrical (right) lens for  
(σ, ℓ)ω!=!(+1, 0), (+1, −1) and (+1, −2) (top to bottom). c, Intensity profiles of 
the generated second-harmonic waves with angular momentum states of  
(−1, 0)2ω, (−1, −2)2ω, and (−1, −4)2ω (top to bottom) imaged at the midplane 
of the crystal using a spherical (left) or cylindrical (right) lens. Scale bar, 1!mm.
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Fig. 2 | Spin–orbit angular momentum cascade along the optical axis of a BBO crystal with weakly focused pumping light. a, Illustration of the light–matter 
interaction geometry. The incident fundamental wave with angular momentum state of (σ, ℓ) generates a second-harmonic field comprising a set of distinct 
angular momentum states (σ2ω, ℓ2ω). b, Left, total intensity profiles of the fundamental wave at the midplane of the crystal for incident optical states  
(σ, ℓ)ω!=!(+1, 0) (top row) and (σ, ℓ)ω!=!(+1, −1) (bottom row) and external Gaussian divergence of 0.113!rad. Middle and right, corresponding intensity 
profiles of the two circularly polarized components imaged using either a spherical lens (main images) or a cylindrical lens (insets: the number and 
orientation of the dark fringes allow the magnitude and sign of the OAM state ℓ to be determined, respectively). c, Intensity profiles of the corresponding 
circularly polarized components of the generated second-harmonic field imaged using a spherical lens. Note that we do not discuss the OAM state of the 
SHW because here we only deal with polarization projection as a first step towards unveiling the spin–orbit content of the SHW.
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quantitatively unveiling the spin–orbit content of the SHW requires 
an OAM-selective detection scheme. This is done by imparting an 
azimuthal phase factor exp(iΔℓϕ) to each of the circularly polarized 
components of the SHW projection, which performs the operation 
(σ2ω,ℓ2ω) → (σ2ω,ℓ2ω + Δℓ). The identification of the OAM state ℓ2ω is 
subsequently verified by the observation of on-axis spot in the focal 
plane of spherical lens29 for Δℓ = −ℓ2ω (see Supplementary Fig. 17).

In Fig. 4a we show the results for an incident Gaussian FW 
with state (+1,0)ω, for which three of the four expected spin–
orbit states are detected (see red boxes): (−σ, 2ℓ)2ω ≡ (−1, 0)2ω,  
(σ, 2ℓ + 4σ)2ω ≡ (+1, +4)2ω and (σ, 2ℓ − 2σ)2ω ≡ (+1, −2)2ω. The state 
(−σ, 2ℓ + 6σ)2ω ≡ (−1, +6)2ω is not accessible with our set-up, which 
is restricted to the range −4 ≤ Δℓ ≤ +4. Still, even this limited band-
width for deciphering the OAM spectrum is enough to recover all 
of the predicted states in σℓ = −1, the results of which are shown 
in Fig. 4b for incident FW state (+1, −1)ω. Despite careful optimi-
zation of the optical alignment, the (−σ, 2ℓ + 6σ)2ω ≡ (−1, +4)2ω is 
not found. Nevertheless, the observed broken axisymmetry that 
is all the more pronounced as |Δℓ| increases (which is consistent 
with helical phase masks imperfections; see Supplementary Fig. 18) 
could explain the difficulty in experimentally unravelling the state 
(−σ, 2ℓ + 6σ)2ω that is at the ‘end’ of the harmonic spin–orbit angu-
lar momentum cascade (see Fig. 3). Similar results are found for the 
incident FW states (−1, 0)ω and(−1, +1)ω, see Supplementary Fig. 19,  
and simulations from our simplified model are summarized in 
Supplementary Figs. 20 and 21.

The interplay between the spin–orbit coupling and nonlinear 
wave mixing illustrated here in the framework of second-harmonic 
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Fig. 3 | Three-step description of the spin–orbit angular momentum 
cascade for the second-harmonic generation process. As a paraxial 
incident fundamental wave (red) with angular momentum state (σ, ℓ)ω 
propagates, the generated second-harmonic field (green) constitutes up 
to four distinct angular momentum states (σ2ω, ℓ2ω). The first step of the 
process is the generation of the state (−σ, ℓ!+!2σ)ω via the linear spin–orbit 
interaction (SOI) experienced by the fundamental wave. The second step is 
the second-harmonic generation (SHG) itself, which relies on the nonlinear 
optics selection rules pertaining to circular polarization states and the 
conservation law for the orbital angular momentum per photon, and leads 
to states (−σ, 2ℓ)2ω and (σ, 2ℓ!+!4σ)2ω. The third step corresponds to linear 
SOI experienced by each of the circularly polarized components of the 
second-harmonic field, which produces the states (σ, 2ℓ!−!2σ)2ω and  
(−σ, 2ℓ!+!6σ)2ω.
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Fig. 4 | Spin–orbit tomography of the second-harmonic field for weakly focused pumping light. The experimental set-up is presented in Fig. 2. The 
spin–orbit optical content of the second-harmonic field is retrieved by imparting a set of helical phase profiles with topological charge Δℓ to each of the 
circularly polarized field components by using a set of azimuthally varying half-wave plates followed by optical Fourier transform performed by a spherical 
lens. a, The incident fundamental optical state is (σ, ℓ)ω!=!(+1, 0). Three out of the four angular momentum states (−1, 0)2ω, (+1, +4)2ω and  
(+1, −2)2ω are identified as on-axis intensity spots (see red boxes), whereas the fourth falls outside the experimentally accessible OAM range. b, The 
incident fundamental optical state is (σ, ℓ)ω!=!(+1, −1). Three out of the four angular momentum states (−1, −2)2ω, (+1, +2)2ω and (+1, −4)2ω are identified 
(see red solid boxes), whereas the fourth predicted state is not observed (see the red dashed box). All of the intensity profiles are normalized to the 
maximal intensity values in each subplot.
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generation and crystals with C3v symmetry can be extended both to 
high-harmonic processes and other discrete rotational symmetries, 
for which circular polarization selection rules have been previously 
established for non-zero OAM and in the absence of spin–orbit 
interactions mediated by the optical anisotropy30. Namely, using an 
incident collimated beam with state (σ, ℓ)ω that propagates along 
the optical axis of a crystal with m-fold rotational symmetry, the 
order n of the allowed circularly polarized harmonics satisfies 
n = pm ± 1, where p is a positive integer, and ± refers to ±σ circularly 
polarized high-harmonic waves. When the incident FW is focused, 
a secondary FW state (−σ, ℓ + 2σ)ω arises from spin–orbit coupling 
and the following spin–orbit arithmetic is anticipated. The states of 
the high-harmonic waves of order n = pm + 1 are (σ, nℓ)nω and (−σ, 
nℓ + 2nσ)nω, which further lead to the spin–orbit cascaded states 
(−σ, nℓ + 2σ)nω and (σ, nℓ + 2(n − 1)σ)nω, respectively. The states 
of the high-harmonic waves of order n = pm − 1 are (−σ, nℓ)nω and  
(σ, nℓ + 2nσ)nω, which further lead to the spin–orbit cascaded states 
(σ, nℓ − 2σ)nω and (−σ, nℓ + 2(n + 1)σ)nω, respectively. The situa-
tion is summarized in Supplementary Tables 1–8 for crystals with  
various discrete rotational symmetries.

Interestingly, the non-paraxial regime—where the longitudinal 
field component enters explicitly in the second-harmonic genera-
tion process—has been explored in a couple of previous works31–33 
with experimental demonstration of azimuthally modulated total 
SHW intensity. However, there are only theoretical predictions 
regarding the spin–orbit content of the harmonic field generated 
from non-paraxial Bessel beams: a FW characterized by a transverse 
state (σ, 0)ω has been predicted to lead to SHW transverse states 
(−σ, 0)2ω, (σ, −σ)2ω, (−σ, 3σ)2ω and (σ, 4σ)2ω, where the states with 
OAM components ℓ2ω = −σ and 3σ are of a non-paraxial nature31–33. 
In contrast, we demonstrate that the paraxial regime allows axisym-
metric harmonic intensity distributions to be obtained. Moreover, 
the experimental spin–orbit tomography of the SHW reveals unpre-
dicted angular momentum states.

Extending the present results to the non-paraxial regime is a 
task for a future work, with the aim of reaching phase-matching 
conditions31–33 and thereby higher efficiencies in harmonic gen-
eration. Another option to increase efficiency could be to imple-
ment a single-pass quasi-phase-matching process34 or an intracavity 
design6. Either way, the rich physics observed in this work shows 
that the re-examination of nonlinear optical processes in crystals is 
worthwhile. In particular, noting that the long-established selection 
rules pertaining to circular polarization states of harmonic genera-
tion in bulk crystals30 also apply to 2D metacrystals35,36, a flat-optics 
version of the present work seems possible via multiplexing non-
linear and multiple-wavelength spin–orbit features into a single 
metadevice. These results also provide possible routes to controlling 
the multiplexed angular momentum states of light37, which may have 
important applications in areas such as high-dimensional quantum 
information processing38,39, optical pulses with frequency-dependent 
OAM40 and multi-state optical magnetization8.
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Methods
Nonlinear crystal. Both the linear spin–orbit interaction of the fundamental 
wave and the second-harmonic-generation process are experimentally studied 
in the cases of a collimated beam or weakly focused (paraxial) fundamental 
waves propagating through along the c axis of a 5-mm-long β-BBO crystal whose 
extraordinary (e) and ordinary (o) refractive indices at FW and SHW wavelengths 
are nðωÞe ¼ 1:543

I
, nðωÞo ¼ 1:655
I

 and nð2ωÞe ¼ 1:556
I

, respectively (http://www.castech.
com/product/120.html).

Fundamental light source. A femtosecond laser (pulse duration: ~250 fs, 
repetition rate: 80 MHz, central wavelength: 820 nm) is used to pump an optical 
parametric oscillator (Coherent Chameleon OPO) and the output laser has a 
wavelength of 1,070 nm. The spot size of the collimated laser beam is ~4.3 mm in 
diameter. The left-handed (σ = +1) or right-handed (σ = −1) circular polarization 
state of the fundamental wave is prepared by using a linear polarizer and a 
quarter-wave plate. Non-zero orbital states are prepared by using azimuthally 
varying liquid crystal polymer half-wave plates designed for a wavelength of 
1,064 nm (Thorlabs). In the weakly focused situation, the collimated laser beam is 
focused in the midplane of the nonlinear crystal by an underfilled objective lens 
with numerical aperture NA = 0.25. The output (fundamental and harmonic)  
light is recollimated by a second objective lens that is identical to the first one  
(see Fig. 2a).

Second-harmonic experiments. The spin–orbit states of the fundamental wave 
at the output of the crystal are characterized by standard polarization projection 
(spin state detection) and the cylindrical lens method28 (orbital state detection). 
The spin–orbit states of the harmonic wave are ascertained by combining circular 
polarization projection with a spatial mode analysis using the combination 
of a helical phase mask with optical Fourier transformation using a spherical 
lens (with a focal length of 100 mm) with a camera placed at the focus29. In 
the latter case, the phase masks are azimuthally varying nanostructured glass 
half-wave plates designed for a wavelength of 532 nm (Altechna). In all cases, 
the second-harmonic-generation process deals with collinear fundamental and 
harmonic fields and does not satisfy phase-matching conditions since all of the 

paraxial beams propagate along the optical axis of the crystal. The efficiencies 
are measured as the ratio between the generated harmonic wave power and the 
incident fundamental wave power. In the case of the collimated FW, we measured 
a second-harmonic-generation efficiency of 2.7 × 10−11 with an input power 
of 41 mW, whereas in the focused FW case the second-harmonic-generation 
efficiency increases up to 8.2 × 10−8 with a pumping power of 2.8 mW.
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S1. Optical Spin and Orbital Changes for the Collimated FW 

Firstly, we examine the linear optical spin-orbit interaction process in a c-cut BBO (“c-cut” 
label being omitted in what follows) crystal for the case of a collimated FW. The measurement 
setup is shown in Fig. S1, the angular momentum states ( 1ZV  r , ℓω = {0, ±1, ±2}) of the FW 

are controlled by using the circular polarizer and azimuthally-varying half-wave plate (so 
called q-plate, see Methods for the details of the used q-plates). The results are shown in Figs. 
S2-S4, which reveals that the spin-orbit coupling is rather weak in the BBO crystal when the 
incident FW is collimated when propagating along the optical axis of the nonlinear crystal. 
 

  
Fig. S1| Optical setup for assessing the spin and orbital changes in a BBO crystal 
(collimated case). OPO, optical parametric oscillator; LP, linear polarizer; QWP, quarter-wave 
plate; L, spherical lens. LP1 & QWP1 together form a circular polarizer, while QWP2 & LP2 
form a circular analyzer. The q-plate1 is used to control the OAM states of the FW. The 
spherical lens L is dedicatedly placed to image the intensity profiles of the FW at the mid-plane 
of the BBO crystal. 

  
Fig. S2| Assessing the spin and orbital changes in the BBO crystal under the illumination 
of a collimated Gaussian FW (ℓω = 0). The incident FW state is denoted as (σ, ℓ)ω, where σ 
represents the spin state and ℓ represents the orbital state. The total intensity profiles as well as 
the left and right circularly polarized (LCP/RCP) components are measured (square images). 
The intensity profiles of LCP or RCP components imaged by a cylindrical lens are used to 
identify the OAM values (rectangle images). Scale bars: 1 mm. 



  
Fig. S3| Assessing the spin and orbital changes in the BBO crystal under the illumination 
of a collimated FW with angular momentum state of (±1, ±1)ω. Scale bars: 1 mm. Similarly, 
the OAM states can be obtained by using a cylindrical lens mode converter. Scale bars: 1 mm. 
  
 



 
Fig. S4| Assessing the spin and orbital changes in the BBO crystal under the illumination 
of a collimated FW with angular momentum state (±1, ±2)ω. Scale bars: 1 mm. 
 
 
 
 



S2. Second Harmonic Generations for the Collimated FW 

When the FW propagates along the optical axis of a BBO crystal, the second harmonic 
generation (SHG) can be induced due to the inversion symmetry breaking of the crystal. In Fig. 
S5, a typical spectrum of the SHG signal wave is presented, as well as the power dependent 
SHG intensity, from which the second-order nonlinear SHG process can be experimentally 
confirmed.  

The conservation of OAM during the SHG process is experimentally demonstrated by 
using a collimated FW pumping along the c-axis (optical axis) of the crystal (Figs. S6-S8). The 
experimental setup is shown in Fig. S6, and the results are demonstrated in Figs. S7 and S8, 
where the co-polarization components of SHG are forbidden due to the symmetry selection 
rules in nonlinear optics. The OAM values are ascertained by the dark fringes of the intensity 
profiles, which are imaged using a cylindrical lens. Through the comparison between Figs. S7 
& S8 and Figs. S3 & S4, one can simply conclude the nonlinear process (σ, ℓ)ω → (−σ, 2ℓ)2ω. 

 

 
Fig. S5| a, A typical spectrum of the SHG signal from the BBO crystal as recorded by a fiber 
coupled spectrometer (Ocean Optics). The central wavelength of the spectrum is ~ 535 nm, 
corresponding to the fundamental wavelength of 1070 nm. b, Power dependent SHG intensities 
from the BBO crystal. The axes are in log scales. The linear fitting of the experimental data 
gives a slope of 1.99, indicating a second-order nonlinear optical process. 
 

  
Fig. S6| Optical setup for the observation of second harmonic generations in a BBO 
crystal (collimated FW). OPO, optical parametric oscillator; LP, linear polarizer; QWP, 
quarter-wave plate; CF, color filter to filter out the FW at 1070 nm; L, spherical lens. LP1 & 
QWP1 together form a circular polarizer, while QWP2 & LP2 form a circular analyzer. The q-
plate1 is used to generate the OAM states of the FW. The Lens L is dedicatedly placed to image 
the intensity profiles of the SHW at the mid-plane of the BBO crystal. 



  
Fig. S7| SHWs from the BBO crystal excited by the collimated OAM-carrying or 
Gaussian FWs. The FWs are left circularly polarized (σω = +1). The profiles of SHWs with 
contra- and co-polarization states to that of the FWs are imaged using either a spherical or a 
cylindrical lens. (σ, ℓ)ω and (σ, ℓ)2ω denote the spin and orbital angular momentum states of the 
incident FWs and the output SHWs, respectively. Scale bars: 1 mm. 
 

 
Fig. S8| SHWs from the BBO crystal excited by the collimated OAM-carrying or 
Gaussian FWs. The FWs are left circularly polarized (σω = −1). The profiles of SHWs with 
contra- and co-polarization states to that of the FWs are imaged using either a spherical or a 
cylindrical lens. (σ, ℓ)ω and (σ, ℓ)2ω denote the spin and orbital angular momentum states of the 
incident FWs and the output SHWs, respectively. Scale bars: 1 mm. 



S3. Spin-Orbit Coupling Experienced by a Focused FW in the Paraxial 
Regime 

In this section, we are interested in the spin-orbital angular momentum conversion of the 
focused FW in the paraxial regime. Fig. S9 shows the beam divergences of the FW and SHW 
as well as the spin-to-orbital conversion efficiencies against various external divergence angles 
of the FWs. Note that our experiments in are conducted using θFW = 0.113, which is certainly 
paraxial, and for which we measured a conversion efficiency of 0.48 for the FW field. In Fig. 
S10, we show the experiment setup to characterize the angular momentum states of the output 
FWs from the BBO crystal. The results are shown in Figs. S11 (ℓω = 0) and S12 (ℓω = ±1). Two 
FW states, as results of the spin-orbit coupling effects, can be identified as the incident one (σ, 
ℓ)ω and the SOI-induced one (−σ, ℓ+2σ)ω. 

Fig. S9| Beam divergences and the linear spin-to-orbital angular momentum conversion. 
The incident FW is left circularly polarized Gaussian beam. a, Scheme of the experimental 
configuration and convention of the coordinates. The evolution of the beam size along z axis is 
measured by moving the collection lens, which is mounted on a 3D translational stage. b, Table 
of measured FW divergences (θFW) and SHG divergences (θSHG) in different confocal systems. 
c, Linear spin-to-orbital angular momentum conversion efficiencies as a function of the beam 
divergences of the input light beam. The values of the beam divergences and the conversion 
efficiencies are experimentally determined. 



 
Fig. S10| Optical setup for measuring the linear spin-orbital angular momentum 
conversion of the FW in the BBO crystal (paraxial regime). OPO, optical parametric 
oscillator; LP, linear polarizer; QWP, quarter-wave plate; HWP, half-wave plate; L1 & L2, 
objective lenses (f = 10.5 mm); L3, spherical lens. LP1 & QWP1 together form a circular 
polarizer, while QWP2 & LP2 form a circular analyzer. The q-plate1 is used to generate OAM 
states of FW. The HWP can switch the spin-locked OAM states from sign(σωℓω) = −1 to 
sign(σωℓω) = +1. 
 

  
Fig. S11| Spin-orbit content of the output FWs from the BBO crystal for a focused 
Gaussian FWs (paraxial regime, ℓω = 0). The total intensity profiles as well as the left and 
right circularly polarized (LCP/RCP) component profiles are measured (square images). 
Intensity profiles of LCP or RCP components imaged by cylindrical lens are used to identify 
the OAM values (rectangle images). The spin-orbital interaction manifests itself in the presence 
of ring intensity profiles of the contra-polarization components, as well as in the dark fringes 
of the cylindrical imaged patterns.  
 



 
Fig. S12| Spin-orbit content of the output FWs from the BBO crystal for a focused OAM-
carrying FWs (paraxial regime, ℓω = ±1). The total intensity profiles as well as the left and 
right circularly polarized (LCP/RCP) component profiles are measured (square images). 
Intensity profiles of LCP or RCP components imaged by cylindrical lens are used to identify 
the OAM values (rectangle images).  



S4. Spin-Resolved SHG for Focused FW in the Paraxial Regime 

In this section we examine the SHG from the BBO crystal produced by the focused FWs in the 
paraxial regime. Fig. S13 shows the experiment setup for the measurement of the spin-resolved 
SHG profiles from the crystal. The results are shown in Figs. S14-S16.  
 

  
Fig. S13| Optical setup for the measurement of the spin-resolved SHG excited by the 
focused FWs. OPO, optical parametric oscillator; LP, linear polarizer; QWP, quarter-wave 
plate; HWP, half-wave plate; L1 & L2, objective lenses (f = 10.5 mm); L3, spherical lens; CF, 
color filter to filter out the FW at 1070 nm. q-plate1 works at the fundamental frequency and 
the HWP can switch the spin-locked OAM states after q-plate1 from sign(σωℓω) = −1 to 
sign(σωℓω) = +1. The LP1 & QWP1 together form a circular polarizer, while the QWP2 & LP2 
act as a circular analyzer.  

 
Fig. S14| Spin-resolved intensity profiles of the SHWs generated by the focused Gaussian 
FWs (ℓω = 0). (σ, ℓ)ω denotes the spin and orbital angular momentum states of the incident 
FWs, and σ2ω denotes the spin states of the measured SHWs.  



 
Fig. S15| Spin-resolved intensity profiles of the SHWs generated by focused OAM-
carrying FWs (σωℓω = −1). σωℓω = −1 corresponds to no HWP case in Fig. S13. 
 
 

 
Fig. S16| Spin-resolved intensity profiles of the SHWs generated by focused OAM-
carrying FWs (σωℓω = +1). σωℓω = +1 corresponds to HWP inserted case in Fig. S13. 
 
 



S5. Spin-Orbit State Tomography of SHW for a Focused FW in the Paraxial 
Regime 

Here we give the detailed method to unravel the spin-orbit content of the second harmonic field 
in the BBO crystal. Fig. S17 shows the optical setup for measurement, where two q-plates are 
used (q-plate1 and q-plate2). The first q-plate1 works at the fundamental frequency to generate 
OAM-carrying FW with an azimuthal phase term exp(±2iqφ), the second q-plate2 works at 
SHG frequency to impart additional phase term exp(±2iqφ) to the selected circularly polarized 
components of the SHWs. One can recover an on-axis spot when the imparted OAM value Δℓ 
offsets the original carried ones by the SHW. Fig. S18 shows microscopy images of the q-plates, 
which are measured by sandwiching the q-plates between two crossed linear polarizers. Fig. 
S19 shows the complementary results of Fig. 4 in the main text, where the SHWs generated by 
a focused FW with angular momentum states of (−1, 0)ω and (−1, +1)ω are presented.  

 

Fig. S17| Spin-orbit state tomography of the angular momentum states of SHWs. A 
focused FW with angular momentum states of (±1, 0/±1)ω is used to pump the BBO crystal. 
OPO, optical parametric oscillator; LP, linear polarizer; QWP, quarter-wave plate; L1 & L2, 
objective lenses; L3, spherical lens; CF, color filter to filter out the FW at 1070 nm. q-plate1 
works at the fundamental frequency while q-plate2 works at the SHG frequency. QWP1 & q-
plate1 control the imparted azimuthal phase profile of the form exp(±2iqφ) to the FW. QWP3 
& q-plate2 control the imparted azimuthal phase profile of the form exp(±2iqφ) to the selected 
circular component of the SHW. LP1 & QWP1 together form a circular polarizer, while QWP2 
& LP2 act as a circular analyzer.  
 
 
 
 
 
 
 
 
 
 
 
 



 

 
Fig. S18| Microscopy images of the q-plates between two crossed linear polarizers. a, q-
plates for FWs, used as q-plate1 in Fig. S17. b, q-plates for SHWs, used as q-plate2 in Fig. S17. 
Scale bars: 200 µm. 
 

 
Fig. S19| Spin-orbit tomography of the second-harmonic field during second harmonic 
generation along the optical axis of a BBO crystal for weakly focused pumping light. The 
experimental situation is that presented in Fig. 2. The spin-orbit optical content of the second 
harmonic field is retrieved by imparting a set of helical phase profiles with topological charge 
Δℓ to each of the circularly polarized field components, by using a set of azimuthally-varying 
half-wave plates followed by optical Fourier transform performed by a spherical lens. a, The 
incident fundamental optical state is (σ, ℓ)ω = (−1, 0). b, The incident fundamental optical state 
is (σ, ℓ)ω = (−1, +1). The fourth predicted state is not observed (see red dashed line box). All 
the intensity profiles are normalized to the maximal intensity values in each sub-plot. 
 

 



S6. Simplified Model and Spin-Orbit Tomography Simulations 

Three-step simplified model for second-harmonic spin-orbit angular momentum cascade 

A simplified three-step model is proposed in order to grasp the main features of the combined 
effects of a nonlinear wave-mixing with spin-orbit coupling when the fundamental wave 
propagates along the optical axis of a nonlinear crystal with C3v symmetry. This is carried out 
within a paraxial (non-collimated) framework, where the contribution of the longitudinal field 
(i.e., along the optical axis of the crystal) can be neglected. The idea is to split the light-matter 
interaction processes, which occur concurrently, into three distinct steps: 

x Step 1: the weakly focused fundamental wave experiences linear spin-orbit coupling as it 
propagates through the first-half of the crystal, until it reaches the focal plane, where its 
intensity reaches a maximum.  

x Step 2: the second-harmonic takes place in the focal volume of the focused fundamental 
wave. Since the anisotropic diffraction length associated with the spin-orbit coupling is 
typically on order of magnitude larger than the longitudinal extent of the focal volume, the 
second-harmonic generation process is decoupled from spin-orbit interaction at this step. 

x Step 3: the generated second-harmonic wave propagates through the second-half of the 
crystal, during which it experiences linear spin-orbit interaction. 

The spin-orbit interaction occurring at step 1 for the fundamental wave is described 
following previous works on spin-orbit interaction in uniaxial crystals (Refs. 12 and 28). The 
fundamental wave amplitude distribution in the mid-plane of the crystal for an incident state 
(σ, ℓ) is thus expressed as 

 ^ `( ) 2 2( )exp( ) ( ) ( ) ( ) ( )i iu r i C r iS r e iC r S r eZ VI VI
Z Z Z ZI Vª º ª ºv � � �¬ ¼ ¬ ¼E x y  

where the complex amplitude uℓ refers here to the Laguerre-Gauss field amplitude (with 
fundamental radial index p = 0 and azimuthal index ℓ) used to describe the field at focus (for 
which the Laguerre-Gauss approximation locally holds) and the functions Cω(r) and Sω(r) are 
cosine and sine functions describing polarization changes as paraxial light propagates into the 
birefringent crystal. Namely, cos[ ]( ) ( ) / 2C r rZ Z'  and sin[ ]( ) ( ) / 2S r rZ Z'   where 

2 2
0 0( ) ( d / )( / ) tanr n L r wZ Z ZS O T'    with dnω the birefringence at wavelength λω, w0 the 

Gaussian beam waist radius in the focal plane and θ0 the internal Gaussian beam divergence 
angle. 

At step 2, the above fundamental field induces a quadratic polarization according to 
 (2 ) (2) ( ) ( )

0i ijk j k
ijk

P E EZ Z ZH F ¦  

where 0H is the vacuum permittivity, (2)
ijkF  is the quadratic susceptibility tensor and the indices 

(i, j, k) run over the Cartesian coordinates (x, y, z). Recalling the C3v symmetry group of the 
crystal and assuming the principal mirror-plane perpendicular to the x axis, we have 



(2) (2) (2) (2) (2)
yyy yxx xxy xyxF F F F F  �  �  � . Hence, neglecting the longitudinal field components in the 

framework of paraxial treatment, one gets 
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where the unit vectors ( ) / 2iV Vr  rc x y  refer to the circular polarization vectors for the 
spin states ±σ. Combining above expression of the fundamental field with the expression of the 
nonlinear polarization, one gets 

 (2 ) (2) 2 2 4 2
0( , ) ( )exp(2 ) ( ) ( )ir u r i S r e C rZ VI

Z V Z VI VH F I �ª ºv �¬ ¼P c c  

which radiates two cross-circularly polarized second-harmonic components. 

At step 3, both circularly polarized components of the generated second-harmonic 
experience spin-orbit interaction as they propagate through the second half of the crystal. 
Assuming slowly varying transverse amplitude profiles, the latter components are individually 
altered in a similar manner then previously described for the fundamental field at step 1: 
 2

2 2( ) ( ) iC r iS r e VI
V Z V Z V

r
r ro �c c c , 

where the functions C2ω(r) and S2ω(r) are now specified for the harmonic wavelength. This 
results into two spin-orbit states for each of the spin-orbit states generated at step 2, hence four 
in total. Namely, 

 {( ,2 );( ,2 2 );( ,2 4 );( ,2 6 )}V V V V V V V� � � � � , 
and the whole process in summarized in Fig. 3 of the main text. Of course, this description is 
simplified as it does not take into account the integral aspect of the process since all three steps 
mentioned here all occur simultaneously along the propagation of light through the nonlinear 
crystal. Still, this is enough to capture the essence of the reported effects, which is well 
supported by our observations. 

Above three-step model allows expressing the second-harmonic field after the crystal. In 
a plane where the fundamental wave radius waist of the total intensity is W, with ρ = r/W, we 
thus eventually have 
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Above expression allows simulating the recorder images when implementing the spin-
orbit tomography, see Fig. 4 of the main text. This is done by applying to the above field a 
helical phase mask exp(iΔℓφ), with Δℓ integer and −4 ≤ Δℓ ≤ +4 in the experiments, and then 
calculating the squared Fourier transform, which mimics the intensity pattern recorded in the 
focal plane of a lens, see Fig. S17: 

 
2(2 ) (2 ) ( , ) iI E eZ Z IU I 'ª º ¬ ¼  

where refers to the two-dimensional Fourier transform. The simulation results are shown in 



Figs. S20 and S21 for incident fundamental wave states (±1, 0)ω, (−1, +1)ω and (+1, −1)ω, 
respectively. Noteworthy, as we observe in the experiments (almost) axisymmetric intensity 
profiles, the above simulations are made by introducing a decoherence term between the two 
contributions of each circularly polarized components. The physical reason for the non-
observation of such interferences remains to be clarified. 
Obviously, the present approach is too simplistic and does not aim at being quantitative. Still, 
it allows capturing the essential aspects of the combined effects of optical nonlinearity and 
spin-orbit coupling. There is plenty of room for further improvements, in particular taking into 
account spatially distributed second-harmonic generation along the propagation direction as 
well as the transverse integral overlap between the fundamental and the second-harmonic wave.  
 

 
Fig. S20| Simulated results for the Fourier projective measurements. The second-
harmonic fields in the BBO crystal are generated by using the focused FWs with angular 
momentum states of (±1, 0)ω. 



 
Fig. S21| Simulated results for the Fourier projective measurements. The second-
harmonic fields in the BBO crystal are generated by using the focused FWs with angular 
momentum states of (−1, +1) ω and (+1, −1) ω. 
 
 
 
 



S7. Angular Momentum States of nth Harmonic Generation Waves 

Assuming we have a circularly polarized FW propagating along the optical axis of a crystal 
with m-fold rotational symmetry, the allowed order n of the harmonic generation is determined 
by n = pm ± 1, where p is a positive integer, ± corresponds to the harmonic generation waves 
with the same and opposite circular polarization to that of the FWs (Ref. 30). When the 
fundamental wave has both spin and orbital angular momentum state (σ, ℓ)ω, we then have two 
states (σ, ℓ)ω and (−σ, ℓ+2σ)ω after the spin-orbit process in the nonlinear optical crystal. 

Next, we start to consider the high harmonic generations (HHG) in the nonlinear optical 
crystal. From both the symmetry selection rules in nonlinear optics and the conservation law 
of OAM, we can predict that for the nth order HHG wave with spin state the same as that of the 
FW, the following angular momentum states: [σ, nℓ]nω and [−σ, n(ℓ+2σ)]nω can be generated. 
For HHG waves with opposite circular polarizations to that of the FW, the angular momentum 
states are [−σ, nℓ]nω and [σ, n(ℓ+2σ)]nω, respectively. For the FW at state of (σ, ℓ)ω, the OAM 
states of the HHG waves with the opposite and same circular polarizations are summarized in 
Table S1 and Table S2. 

Spin σω to –σnω n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 

C1 2ℓ 3ℓ 4ℓ 5ℓ 6ℓ 7ℓ 8ℓ 9ℓ 

C2 x 3ℓ x 5ℓ x 7ℓ x 9ℓ 

C3 2ℓ x x 5ℓ x x 8ℓ x 

C4 x 3ℓ x x x 7ℓ x x 

C6 x x x 5ℓ x x x x 

Table S1 | Angular momentum states of the harmonic generation waves with opposite 
circular polarization to that of the fundamental wave with (σ, ℓ)ω. n = 2-9 are the orders of 
harmonic generations, C1-C6 represent the one-fold, two-fold, three-fold, four-fold and six-fold 
rotational symmetries of the nonlinear crystals. Here the allowed states are (−σ, nℓ)nω, and ‘x’ 
means the related harmonic generation is forbidden. 

Spin σω to σnω n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 

C1 2ℓ 3ℓ 4ℓ 5ℓ 6ℓ 7ℓ 8ℓ 9ℓ 

C2 x 3ℓ x 5ℓ x 7ℓ x 9ℓ 

C3 x x 4ℓ x x 7ℓ x x 

C4 x x x 5ℓ x x x 9ℓ 

C6 x x x x x 7ℓ x x 

Table S2| Angular momentum states of harmonic generation waves with same circular 
polarization as that of the fundamental wave with (σ, ℓ)ω. Here the allowed states are (σ, 
nℓ)nω, and ‘x’ means the related harmonic generation is forbidden. 

For the FW at state of (−σ, ℓ+2σ)ω, the OAM states of the HHG waves with the opposite 



and same circular polarizations are summarized in Table S3 and Table S4. 

Spin −σω to σnω n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 

C1 2(ℓ+2σ) 3(ℓ+2σ) 4(ℓ+2σ) 5(ℓ+2σ) 6(ℓ+2σ) 7(ℓ+2σ) 8(ℓ+2σ) 9(ℓ+2σ) 

C2 x 3(ℓ+2σ) x 5(ℓ+2σ) x 7(ℓ+2σ) x 9(ℓ+2σ) 

C3 2(ℓ+2σ) x x 5(ℓ+2σ) x x 8(ℓ+2σ) x 

C4 x 3(ℓ+2σ) x x x 7(ℓ+2σ) x x 

C6 x x x 5(ℓ+2σ) x x x x 

Table S3 | Angular momentum states of harmonic generation waves with opposite circular 
polarization to that of the fundamental wave (−σ, ℓ+2σ)ω. Here the allowed states are [σ, 
n(ℓ+2σ)]nω, and ‘x’ means the related harmonic generation is forbidden. 

Spin −σω to –σnω n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 

C1 2(ℓ+2σ) 3(ℓ+2σ) 4(ℓ+2σ) 5(ℓ+2σ) 6(ℓ+2σ) 7(ℓ+2σ) 8(ℓ+2σ) 9(ℓ+2σ) 

C2 x 3(ℓ+2σ) x 5(ℓ+2σ) x 7(ℓ+2σ) x 9(ℓ+2σ) 

C3 x x 4(ℓ+2σ) x x 7(ℓ+2σ) x x 

C4 x x x 5(ℓ+2σ) x x x 9(ℓ+2σ) 

C6 x x x x x 7(ℓ+2σ) x x 

Table S4 | Angular momentum states of harmonic generation waves with same circular 
polarization as that of the fundamental wave (−σ, ℓ+2σ)ω. Here the allowed states are [−σ, 
n(ℓ+2σ)]nω, and ‘x’ means the related harmonic generation is forbidden. 

The states shown in Table S1-S4 can further lead new angular momentums states through 
to spin-orbit cascaded processes of the harmonic generation waves. To be specific, states [σ, 
nℓ]nω and [−σ, n(ℓ+2σ)]nω can lead to [−σ, nℓ+2σ]nω and [σ, nℓ+2(n−1)σ]nω, while states [−σ, 
nℓ]nω and [σ, n(ℓ+2σ)]nω lead to [σ, nℓ−2σ]nω and [−σ, nℓ+2(n+1)σ]nω. These states are 
summarized in Table S5-S8. 

Spin σω to σnω n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 

C1 2ℓ−2σ 3ℓ−2σ 4ℓ−2σ 5ℓ−2σ 6ℓ−2σ 7ℓ−2σ 8ℓ−2σ 9ℓ−2σ 

C2 x 3ℓ−2σ x 5ℓ−2σ x 7ℓ−2σ x 9ℓ−2σ 

C3 2ℓ−2σ x x 5ℓ−2σ x x 8ℓ x 

C4 x 3ℓ−2σ x x x 7ℓ−2σ x x 

C6 x x x 5ℓ−2σ x x x x 

Table S5 | Angular momentum states of the harmonic generation waves with opposite 
circular polarization to that of the fundamental wave with (σ, ℓ)ω, and further undergo a 
spin-orbit cascade process. Here the allowed states are [σ, nℓ−2σ]nω, and ‘x’ means the related 
harmonic generation is forbidden. This table follows Table S1. 



Spin σω to –σnω n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 

C1 2ℓ+2σ 3ℓ+2σ 4ℓ+2σ 5ℓ+2σ 6ℓ+2σ 7ℓ+2σ 8ℓ+2σ 9ℓ+2σ

C2 x 3ℓ+2σ x 5ℓ+2σ x 7ℓ+2σ x 9ℓ+2σ 

C3 x x 4ℓ+2σ x x 7ℓ+2σ x x 

C4 x x x 5ℓ+2σ x x x 9ℓ+2σ 

C6 x x x x x 7ℓ+2σ x x 

Table S6 | Angular momentum states of harmonic generation waves with same circular 
polarization as that of the fundamental wave with (σ, ℓ)ω, and further undergo a spin-
orbit cascade process. Here the allowed states are [−σ, nℓ+2σ]nω, and ‘x’ means the related 
harmonic generation is forbidden. This table follows Table S2. 

Spin −σω to –σnω n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 

C1 2ℓ+6σ 3ℓ+8σ 4ℓ+10σ 5ℓ+12σ 6ℓ+14σ 7ℓ+16σ 8ℓ+18σ 9ℓ+20σ 

C2 x 3ℓ+8σ x 5ℓ+12σ x 7ℓ+16σ x 9ℓ+20σ 

C3 2ℓ+6σ x x 5ℓ+12σ x x 8ℓ+18σ x 

C4 x 3ℓ+8σ x x x 7ℓ+16σ x x 

C6 x x x 5ℓ+12σ x x x x 

Table S7 | Angular momentum states of harmonic generation waves with opposite circular 
polarization to that of the fundamental wave (−σ, ℓ+2σ)ω, and further undergo a spin-
orbit cascade process. Here the allowed states are [−σ, nℓ+2(n+1)σ]nω, and ‘x’ means the 
related harmonic generation is forbidden. This table follows Table S3. 

Spin −σω to σnω n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n = 9 

C1 2ℓ+2σ 3ℓ+4σ 4ℓ+6σ 5ℓ+8σ 6ℓ+10σ 7ℓ+12σ 8ℓ+14σ 9ℓ+16σ 

C2 x 3ℓ+4σ x 5ℓ+8σ x 7ℓ+12σ x 9ℓ+16σ 

C3 x x 4ℓ+6σ x x 7ℓ+12σ x x 

C4 x x x 5ℓ+8σ x x x 9ℓ+16σ 

C6 x x x x x 7ℓ+12σ x x 

Table S8 | Angular momentum states of harmonic generation waves with same circular 
polarization as that of the fundamental wave (−σ, ℓ+2σ)ω, and further undergo a spin-
orbit cascade process. Here the allowed states are [σ, nℓ+2(n−1)σ]nω, and ‘x’ means the related 
harmonic generation is forbidden. This table follows Table S4. 
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