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Abstract
We study an implicit finite-volume scheme for non-linear, non-local aggregation-diffusion
equations which exhibit a gradient-flow structure, recently introduced in [3]. Crucially, this
scheme keeps the dissipation property of an associated fully discrete energy, and does so
unconditionally with respect to the time step. Our main contribution in this work is to
show the convergence of the method under suitable assumptions on the diffusion functions
and potentials involved.

AMS Subject Classification — 45K05; 656M08; 65M12.
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1 Introduction

This work is concerned with the analysis of a finite-volume scheme for the family of aggreg
diffusion equations
dp 0 0

o= o o (H () + V(@) + W) %)

ation-

(1.1a)

on ) = (—L, L), for some L > 0, and for ¢ > 0, together with a given non-negative initial datum

p(0,z) = po().

(1.1b)



1 INTRODUCTION

The equation is equipped with no-flux boundary conditions:

0

py-(H'(p) + V(@) + W(a) p) = 0 (L1c)

at * = £L. The unknown, p, typically models the density of particles of a given species. The
term H is called the internal energy density, and models linear or non-linear diffusion effects
within the species p. The potential V' models the drift of the species; it is sometimes referred to
as the external potential, since it provides an energetic landscape that drives the density towards
favourable regions. Finally, the potential W models the interactions of particles with each other;
we call it the internal potential or the interaction potential.

It is important to highlight the generality of Eq. (1.1), since it encompasses many popular
equations. In the absence of the potential terms, it becomes the well-known filtration equation.
Linear diffusion can be obtained by choosing Boltzmann’s entropy as the internal energy, i.e.
H(p) = plog(p) — p; moreover, the linear Fokker-Planck equation is recovered by letting V (z) =
x2/2. The porous medium equation [40] can be found instead by considering a power law for
the internal energy density: H(p) = p™/(m — 1), for some m > 1. Typically, the non-linearity
accounts for a density-dependent diffusion, as observed, for example, in porous medium flow
[5], in heat transfer [42], or in population dynamics [28]. The interplay between diffusion and
potential effects has a myriad of applications in life sciences; see [12] for a recent survey.

The choice of the potential W models certain phenomena, such as attraction, repulsion, and
combinations thereof. Pairwise interactions often depend solely on the distance between agents;
as a result, many applications assume the interaction potential to be radially symmetric, i.e.,
W(z) = w(|z]), for some w : R — R. This radial potential is called attractive if w’ > 0 and
repulsive if w’ < 0. Typical choices include power laws in the context of granular media [6, 39|,
or combinations of power laws (W (x) = |z|*/a — |z|’/b), which feature short-range repulsion and
long-range attraction, in swarming and population dynamics [31, 27, 30, 7, 17]; these effects may
appear simple at first glance, but they result in complex and subtle dynamics [13, 4, 25, 30].
Other choices include local sensitivity regions (modelled by indicator functions [33, 37, 38] or
attractive-repulsive Morse potentials [24, 31, 26, 18, 16]), as well as growth and saturation terms
[2, 34, 41, 21].

The equation, in the general form (1.1), has been studied in [11, 19, 20, 32] through its
dissipative structure. To be precise, the energy functional

£0) = [ () + Vot 507+ o) ao (12)

is dissipated along solutions of Eq. (1.1); formally, we may compute

2

%E(p) = /p‘aij(H'(p) +V +Wxp)| da. (1.3)

Numerical schemes which preserve the energy-dissipation structure are desirable to simulate
the behaviour of Eq. (1.1). Suitable methods should also ensure the conservation of mass and
preserve the non-negativity of the solutions. Such schemes were proposed in [22], for non-linear
diffusion equations with drift, and in [11], for equations including non-local interactions. In
the latter, the authors propose a semi-discrete, upwind finite-volume scheme that preserves the
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entropic structure of the equation at the semi-discrete level. Moreover, by construction, the
method conserves the total mass and preserves the non-negativity of solutions also. A fully
discrete scheme with the same properties was proposed in [3].

The generalisation of Eq. (1.1) to the case of two interacting species was studied in [15, 17]
by extending the aforementioned semi-discrete method. Although the system generally lacks an
entropic structure (even at the continuous level), the discretisation resembles strongly that of [11].
A fully discrete, implicit finite-volume scheme for the same system was additionally developed
by [15]. The authors prove the convergence of their methods (semi-discrete and fully discrete)
to weak solutions of the equations through a technique of flow interchange: they construct an
auxiliary functional whose dissipation contains important gradient information. The construction
for a general non-linearity H had already been employed in [14] in a semi-discrete setting, and
it was adapted to prove convergence of the numerical method of [15].

We present a sketch of the estimate, adapted to Eq. (1.1), at the continuous level. Given a
convex internal energy density, H, we construct a function K via H"(s) = sK"(s), for s > 0.
We readily find:

%/K(p)dw=/K’(p)%dw
— [ K015 | 0 0) 4 V) 4 W) )|

02 0) L (') + V() + W) p)

—/’iﬂ'(p)

~a-a) f| e

dz — / %H’(p)%(‘/(m) + W xp)dz

IN

2
1
dz + o /|V’(x) + W xpl?de
o

2
dz,

<c-(-a) [|LH0)

having used integration by parts together with the no-flux boundary conditions, and where
a € (0,1) arises from Young’s inequality.

To argue the convergence of the method of [3], we will construct a family of appropriate
interpolations of the discrete numerical approximations, which will be identified as elements
of an L class. The adaptation of the flow interchange argument (1.4), accompanied by some
additional a priori estimates, will show the strong convergence of the approximating sequence to a
weak solution of Eq. (1.1). As usual, these arguments do not yield a specific rate of convergence,
though thorough numerical experiments in [3] suggest first-order accuracy. Nevertheless, we
establish a convergence result for their numerical method, filling this theoretical gap in the
literature.

Future work might address the question of passing to the limit in the energy-dissipation
inequality. While it is clear that E(p(t)) < E(p(s)) holds whenever ¢t > s, the analysis of the
limit of the non-linear Fisher information remains open. Furthermore, it would be interesting to
ascertain if the long-time behaviour of Eq. (1.1) under suitable convex potentials is preserved by
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the fully-discrete scheme. This behaviour is well-understood at the continuous level [19, 1], but,
to the best of our knowledge, discrete results are only known for particular cases [9, §].

The rest of this work is organised as follows: in Section 2 we recapitulate the numerical
method, introduce the notion of weak solution, and present the main result; Section 3 is dedicated
to establishing the existence of solutions to the numerical method as well as proving certain
a priori bounds; in Section 4 we employ the estimates to deduce strong compactness of the
approximating sequence, and weak compactness of the discrete velocity term (which comprises
the internal energy, the drift, and interaction terms); Section 5 is dedicated to proving the main
result: the convergence of the approximating sequence to a weak solution of Equation (1.1);
finally, in Section 6 we adapt our convergence result to the case of linear diffusion; the Boltzmann
entropy is not covered by the main result because the upwind discretisation of the scheme is
incompatible with the infinite speed of propagation associated with linear diffusion; nevertheless,
the argument can be modified to prove the convergence of the scheme.

2 Numerical Scheme

In this section we introduce the fully-discrete, implicit method of [3] for the problem (1.1) in one
dimension, i.e.,

% = (% p%(H'(p) +V(z)+W(z)*p)|. (1.1a revisited)
The equation is posed on the domain 2 := (—L,L) C R, and a time interval (0,7). The
equation is supplemented with no-flux boundary conditions and a given non-negative initial
datum, p(0,z) = po(x) € L>°(Q). Throughout this work, we will denote the space-time cylinder
by QT = (O,T) x .

First, we introduce the discretisation of the domain.

Definition 2.1 (Discretisation of the domain Q7). Let M, N € N be two integers. The spatial
domain, Q, is divided into 2M uniform cells of length Ax = L/M. The i'* cell, denoted by
Ci = [xi—1/2,Tiy1/2), is centred at x;; the cell centre is located at x; = —L + Ax(i —1/2), as
shown in Fig. 1.

The time domain is divided into N + 1 equal intervals of length At = T'/(N + 1), for some
integer N € N. The n'" interval is defined by I™ := [t",¢"+1), with t" := nAt.

These partitions give rise to a computational mesh, {Q?} which divides the space-time cylin-
der, Qr, into a family of finite-volume cells, denoted by Q? = I"™ x C;, for n e N :=={0,...,N}
and i € T := {1,...,2M}. The coarseness of a given mesh is measured by the mesh size
h = Az = cAt, for a fixed ¢ > 0.

Finally, we define the dual cells, C; 115 = [xi,2441), for i € {1,...,2M — 1}, which make up
the dual mesh, {Q?H/?}, where Q?+1/2 =1"xCiq1/2-

We now proceed to discretise the problem (1.1). First, we construct the discrete initial datum
by p° = {pV}icz, on the discretised spatial domain through the cell averages of the continuous
datum:

2= f o
C;

i
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Ti41/2 | Ti—1/2 | Tit1/2 | Toam—1/2
..................... [ 1 { 1 frrreee .
Ciy1y2 Cici2 Ciyiy2 Conr—1)2
T T2 T LaM -1 ToM
I L I A I ..................... |_|_| ..................... | L | 1 I
/ C1 Co / C; \ Conr—1 Conr \
Ty =—L Ax Ti—1/2 Tit1/2 Tam1/2 =L

Figure 1: Discretisation of the spatial domain 2.

where f. f(s)ds = ﬁ Jo. f(s)ds denotes the average of f on the ith cell C;. To discretise
Equation (1.1a), we integrate it over a test cell, Q7, which yields

/ p(tn+1ax) dzr _/ p(tnam) dzr +/ F(taxi+1/2) - F(taxi71/2) dt = 0,
Ci Ci

n

where

O (H'(p) + V() + W(z)  p)

F(t,z) = ~Pa.

is the fluz. This identity can be approximated by

Ax(pp = ) + MBI, = F, ) =0,

Giving rise to the numerical scheme

n+1 n+1
o FiJ:E/Q - Fz'j/z 9
At Az ’ (2.12)

n+1
P~

for i € Z, and n € N. The discrete solution, pl', approximates the continuous solution in the
finite-volume sense,

o= ol a)d.
C;

The numerical fluxes, F . ,,, are given by the upwind discretisation
i+1/2

1 1 1 1 1 —
Fiﬂm =p" (“Zjl/z)Jr + P (“?jl/z) ) (2.1b)

where (s)T := max{s,0} and (s)~ := min{s,0}, for any s € R, denote respectively the positive
and negative parts of s. Choosing Fln/gl = F;]\Z}H 2= 0 incorporates the no-flux boundary
conditions into the scheme.

n+1

In order to define the welocities, U o it is convenient to introduce the discrete entropy
variables,

E = H'(p!) + Vi + (W p™),, (2.1c)
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and to set
erit - gt
U?ff/z = *ZJFTZ~ (2.1d)

The contributions from the external and interaction potentials are discretised as
Vi :][ V(s)ds, (2.1e)
C;
ok 2M sk
and (W p**); = > 50 Wi_jp;* Az, where
Wi_j 2][ W(Qﬁ, — S) ds. (21f)
Cj

At this stage, we highlight once more that the evolution of the density, p, is governed by an
entropic part, which works to minimising an internal energy, as well as a potential part, that
generates a drift. For convenience of the analysis, we will hereafter split these contributions at
the discrete level:

n+1 n+1 n+1
u¢:1/2 = hi++1/2 + vi:1/2’ (2.2a)
with
H' n+1 —H n+1
Bty = (pisy) = H'(pi™ ) (2.2b)
v Ax
and
Vier = Vi (W p™)ip1 — (W x p**);
n+l . i+1 i P )i+l P )i
Ve = - o ~ . (2.2¢)

Remark 2.2 (Choice of p**). The density present in the interaction term, p**, may be chosen

- P+t
pi e{p?ap?-i_lau 9

as

2

with i € Z and n € . As discussed in |3, Theorem 3.9|, this choice depends on certain properties
of the potential and serves to establish a discrete analogue of the energy dissipation (1.3). In
fact, it can be shown that the discrete energy is unconditionally dissipated if

(i) p** = (p" +p"1)/2;
(ii) p** = p™ and the potential W is negative definite;

*

(iii) p** = p"™! and the potential W is positive definite.

The interaction potential, W, is called negative definite (resp. positive definite) if

2M
> Wiik(ni—C)(nj —¢) <0 (resp. >0),

ij=1



2 NUMERICAL SCHEME

for any two vectors n and (. For the readers’ convenience, we reiterate how the discrete energy-
dissipation inequality is obtained in Section 3.1.

In the sequel, we will only consider the most general case: p** = (p" + p"*1)/2. Nonetheless,
the analysis is the same for the other choices of p**, since the quantity only plays a small role in
the fixed-point argument of Theorem 3.1 and appears inside the (conserved) L!-norm elsewhere.

Before proving the analytical properties of scheme (2.1), we introduce the necessary notation
for the subsequent sections.

Definition 2.3 (Piecewise constant interpolation). Given a discrete solution {p!'}, we define the
piecewise constant interpolations

pn(t, ) = pl for (t,x) € QF,

for i € Z and n € N. Moreover, for any function 7 : R — R, we use the notation nf* := n(p?), as
well as np, == no pp.
Given a quantity defined at the cell interfaces, x;, /9, for i = 1,...,2M — 1 (such as the

velocity uj, /2 and the flux F} /2)7 we define its associated piecewise constant interpolations
as

Cu(t, @) = (4 o for (@) € QY o,

and (p,(t,z) = 0 whenever if < 15 or * > Topr41/2-

We now establish a bridge between the discrete approximations from scheme (2.1) and the
LP-functions through the piecewise constant interpolations, using the standard norms:

1/p oM 1/p
[ () e (o) = (/Q|77h(t»$)|p dx) = (ZWVA?C) :
=1

for t € I, as well as

T 1/p N oM 1/p
Il 0p) = (/ /Q|77h(t,x)|1’ dxdt> _ (Z Z|n;L|prAt> :
0

n=0 i=1

these are analogously described for quantities defined on the dual mesh.
Last, but not least, we define the discrete gradients, which occur naturally at the cell interfaces
in our analysis.

Definition 2.4 (Discrete gradients). We define the discrete gradient, d.ny,, for a function, np,
as
Niter — M1
daily1)e = HTL,Z and  donn(t, @) = danyy s
for (t,z) € Qo and 1 <i <2M — 1.
In the same vein, the discrete gradient of a quantity defined on the dual mesh is given by
/2 Cz'nq/z

d. (" = A and  d;Cu(t,x) = d. (7,
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for (t,z) € QF and i € Z. Note that the values of Cfm and C;‘MH/Q should either be clear from
the boundary conditions or otherwise prescribed.

We conclude this section by introducing our notion of weak solution and stating the main
convergence result.

Definition 2.5 (Weak solutions). A function p € L*(Qr) is a weak solution to Equation (1.1)
if it satisfies

T op 990, .,
| | 0% =G 5ot o)+ V4 W pydadt == [ p(0)p(0)da,

for any smooth test function ¢ € C°°(Q) such that o(T) = 0.

Theorem 2.6 (Convergence of the scheme). Suppose that V,W € C*([-L, L]), and also that H €
C?([0,00)), such that H"(s) > 0 for all positive values of s, as well as s~ H"(s) € L{,.([0,00)).
Moreover, suppose that there exists a function, K, bounded from below, such that sK"(s) =

H"(s). Then, for any non-negative initial datum pg € L*>(Q), we find that:

(i) scheme (2.1) admits a mon-negative solution that preserves the initial mass regardless of
the mesh size;

(i) under the condition C‘(/Q)At < 1 (viz. Proposition 3.8), the associated piecewise constant
interpolation, pp, converges strongly in any LP(Qr), for 1 < p < oo, up to a subsequence;
2
here, € = [Vl =@y + Wl llpoll 2 (o)

(i1i) the limit is a weak solution to Equation (1.1) in the sense of Definition 2.5.

Remark 2.7 (Assumptions throughout this work). In the sequel, we assume that the assump-
tions of Theorem 2.6 are satisfied, unless otherwise stated.

Remark 2.8 (Assumptions on H). Theorem 2.6 makes the assumption s~'H”(s) € L{. ([0, c0)).
This property is employed in the proof of Proposition 3.5, in order to ensure that the function K’
is defined at zero. In terms of common choices of H, the assumption rules out linear diffusion,
corresponding to H(p) = plog(p) — p, and porous medium diffusion, H(p) = p™/(m — 1),
whenever m < 2.

The result of Proposition 3.5 can nevertheless be obtained for the entire porous medium
range, H(p) = p™/(m — 1) for m > 1, by relaxing the assumption to lim.,oeH"”(¢) = 0. The
proof, given in Lemma 3.6, handles the singularity by defining a regularised form of K’.

The theorem also assumes H € C?([0,00)), because our proof of compactness (Lemmas 4.2
and 4.3 in particular) requires H' to be locally Lipschitz. Independently of the previous dis-
cussion, this again excludes linear diffusion, as well as porous medium diffusion for m < 2, all
of which fail at the origin. Consequently, with the additional work in Lemma 3.6, the result
in Theorem 2.6 also applies to the power law case m = 2, relevant in mathematical biology
applications [17, 21].

The assumption on H can be relaxed further if, in turn, the initial datum is strictly positive.
Given p° > 0, Proposition 3.8 guarantees the positivity of the entire solution. The proof is
generalised to include linear diffusion and all the porous medium cases, bypassing the issues
at the origin altogether. This extension is immediate for porous media, and the case of linear
diffusion in detailed in Section 6.
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Remark 2.9 (Periodic boundary conditions). The analysis and numerical solution of Equa-
tion (1.1) are often performed in the setting of no-flux boundary conditions, as is done in this
work. Nevertheless, all of our results can be immediately generalised to the case of periodic
boundary conditions. This is because our analysis only exploits the lack of boundary terms
when performing integration/summation by parts.

3 A Priori Estimates

The purpose of this section is threefold. We begin by proving existence of non-negative solutions
to scheme (2.1), showing that the numerical method preserves the mass, and stating the discrete
energy-dissipation property. Next, by mimicking estimate (1.4) at the discrete level, we obtain
discrete gradient information of H’, which, in return, will yield strong compactness of the density,
Pn, itself. We conclude the section by establishing uniform L°°-bounds and a control from below
of the solution.

3.1 Existence of Solutions and Energy Dissipation Property

We proceed to show existence through a fixed-point argument.

Theorem 3.1 (Existence of solutions). Let po(x) € L'(Q) be a non-negative initial datum for
Equation (1.1). Then, there exist a unique, non-negative solution {p}'}, (i,n) € ZxN, to scheme
(2.1). Furthermore, the mass of the solution is conserved, i.e.,

lon ()l @) = llpoll (@)
for all t €[0,T].

Proof. The existence proof is based on an application of Brouwer’s fixed-point theorem. To this
end, we consider the compact, convex set

2M
X = {9 eR*M |60, >0, fori €Z, and Y 0;Ax < |p0||L1(Q)},

i=1

define a function G : X — R?M | and prove that this function is, indeed, a fixed-point operator.
Suppose that the solution of scheme (2.1), {p'};, is known at time ¢", for some n € N'. The
function, G, is defined through the implicit relation 8 = G(), where

At -

éi =p —E(Fi+1/2_ﬁi—l/2)7 (31)

P
for i € Z. The fluxes (which would coincide with the numerical fluxes at the fixed point) read

Fi+1/2 = t51‘(Uz+1/2)Jr + §i+1(ui+1/2)77 (3.2)
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wherei=1,...,2M —1, and Fl/g = F2M+1/2 = 0, to account for the boundary conditions. Note
that the velocity terms are evaluated at the argument of the operator, 8, rather than 6:
Wisrjs = Gt — &‘7
Az
and & = H'(0;) + V; + (W % 6**);, where 0** = (p" + 6)/2.

It is easy to see that, as a composition of continuous functions, the operator G itself is
continuous (recall that we operate under the assumptions of Theorem 2.6). Thus, it remains
to show that it maps into the set X, i.e., that the image is non-negative and satisfies the mass
constraint. We proceed by showing that é, the image of the operator, is non-negative, arguing
by contradiction.

Suppose there are certain values i € Z such that 6; < 0. Without loss of generality we assume
that the corresponding cells C; form a single contiguous cluster. Therefore, we may assume that
the negative values lie on a cluster of the form j <14 < k, for some values 1 < j < k < 2M.

Summing Eq. (3.1) over the pathological range and evaluating the flux terms as defined in
(3.2) yields

k

~ Az ~ ~ _ _
> (6: - P A = ~Ox (upr1/2) " = Or (wpgry2) ™ + 051 (wj10) ™ +0;(uj_1/2)”
i=

The left hand side is strictly negative, whereas all the right hand side terms are non-negative,
yielding the desired contradiction.

We stress that this argument applies also if several clusters of this type were to exist and if
the cluster is degenerate, i.e., j = k.

Having shown the non-negativity of the image, we note

2M ~ 2M At - B
> bine = Z(p? - E(Fi-&-l/Q - Fi—1/2)>A$ = [lon(t")z1 ) = llpollzr (0 (3.3)
1=1 1=1

using Eq. (3.1) and no-flux condition, FiH/Q = E,l/g = 0. As a consequence, G maps the
set X into itself. Invoking this property in conjunction with the continuity of G, we may apply
Brouwer’s fixed-point theorem to infer the existence of a vector p"*! satisfying p"*! = G(p"+1).
It is readily verified that the fixed point satisfies scheme (2.1), and that the conservation of mass
follows from the same argument as in Eq. (3.3). O

Before proceeding with the analysis, we recall the aforementioned energy-dissipation property.
As discussed in [3], the variational structure of Eq. (1.1) persists unconditionally in the discretised
problem, thanks to the scheme, for a discrete analogue of the energy (1.2):

2M 1 2M
Ex({pi}i) =Y _ | H(o!) +Vipl' + 5 ) Wiejpli' o A | Ax.
i=1 j=1

10



3 A PRIORI ESTIMATES

The variation of this free energy over a single time step can be computed directly:

2M
Ea(p™™) = Ea(p") =) <H(p?+1) +Viplt 4 Z Wi_ppp "“Aw) Az

i=1

2M
Z( p’L +Vp1 + = ZWZ kp’L ,DkAﬂS'> A.’I
2M 2M
Z((H/ n+1 +V+ZWZ kPZ*AQT)( n+l ZL)>A$7

i=1 k=1

having used the definition of p** = (p™ + p"*1)/2 and the convexity of H. Substituting the
scheme, we obtain

2M prtl o pntl 2M—1

EA(pn-H) _ EA(P”) < _AtZ£?+1%xi_l/2Am = _At Z :lel/QFﬁjl}2A(E
=1 i=1

having used the definition of the discrete entropy variables, §i"+1, the velocities u?jll/Q, and a

discrete integration by parts (see Lemma A.2 in the Appendix). A straightforward simplification
then yields

aM—1

Ea(p"*h) = Ea(p") < —At Y min(pf ™!, o)
i=1
aM—1

= At Z mm(pf-i_lvpli_ll)
i=1

n+1
z+1/2‘ Az

2
z 17'1-5-1/2’ Az <0,

which is a discrete version of Eq. (1.3).

3.2 Discrete Gradient Estimate

We now turn to the obtention of a discrete gradient estimate in the spirit of Eq. (1.4). A crucial
step in this endeavour is the construction of an auxiliary functional whose dissipation along
solutions of Eq. (1.1) can be related to an L?(Q7)-bound on 8, H'(p).

Definition 3.2 (Auxiliary functional). Let H(p) be a convex density of internal energy such
that H”(s) > 0 for s > 0, and s~ 'H"(s) € L} _([0,00)). We define its associated auxiliary
functional, K (p), as any convex function which is bounded below by a constant Cx and satisfies
pK" (p) = H"(p) for p > 0.

We remark that the convexity of K follows from that of H. Furthermore, a choice which is
bounded below can always be found by adding a linear function to a second primitive of p~'H",
since convex functions lie above their tangents.

This associated functional can be used to define an average which generalises that of [15]. It
has also been used, in a more specific form, in the case of the Boltzmann entropy [36, 23].

11



3 A PRIORI ESTIMATES

Lemma 3.3 (Generalised entropic average). Given a conver function, H, and its associated
auxiliary functional, K, we define the generalised entropic average of two positive real numbers
0<z<yby

pr (@, y) =
whenever © £y, and by pug(x,y) = x otherwise. For any 0 < x <y, it holds

v < pg(r,y) <y.

Proof. Without loss of generality, let 0 < x < y. Using the definition of the auxiliary functional
we find

v g 1Y 1
&) - K@) = [T as< L [ as = L) - 1@,
Upon rearranging, we deduce = < pg(z,y). Similarly,

Y H"(s)
S

K'(y) - K@) = [

x

1 [Y 1
ds > [ H(s)ds = L (1) ~ H'(0).

YJa Y
which yields y > pg(z,y). The case z = y is trivially true, and the case of z = 0 nevertheless
holds because of the assumption that s~'H"(s) € LL ([0, 00)). O

Before the gradient estimate, we show that the potential terms in the velocity can be con-
trolled.

Lemma 3.4 (L*-estimates of d,V}, and d, (W x p**)). Given any solution, {p}'}?, to scheme
(2.1), there holds

2M—1
ST (1 deVigryal? + [da(W 5 p**)ig jof?) Az < 2L(C)V)?,
=1

where C‘(/l) = |V'|| Lo () + W[ Lo () [|p0l| L1 () and 2L is the length of the spatial domain where
Eq. (1.1) is posed.

Proof. The confinement potential term is readily controlled by the derivative of V', since

2M—1 2M—1

> 1deViprpl? Az =

=1 i=1
2M—1

>

i=1
2M—1

> AV (A
=1

2LV |7 ()

Vigr = Vi |?
Ax

][ V(Az +s) —V(s) ds
C;

Az

2
Az

Az

IN

12



3 A PRIORI ESTIMATES

having observed Z?iwfl Az < 2122/11 Ax = 2L. The interaction potential may be bounded in a

similar fashion:

2M—1 oM -1 2
" (W p™)ip1 — (W * p™);
Z |de (W % p )i+1/2|2Al’ = Z Az Az
i=1 =1
2
oM—1|2m
Wi —J Wi— | ko
i=1 |j=1
2
oM—1|2m
= Z Z][ W(zin — Si_ Wz )dsp**A:c Ax
i=1 |j=1"Ci r
2
oM—1|2m

= |[W'|| Lo () Z Zp**Ax Ax
=1 |j=1
<2LW![[Fe (o llpoll 71 02

which concludes the proof. [

We are now ready to reproduce the estimate (1.4) in order to obtain an L2?-bound on the
discrete gradient of H’'.

Proposition 3.5 (Discrete L?(Q)-estimate of 0, H'(p)). Let {p"} be a solution to scheme (2.1).
Then it holds

X Az
DK () = K(of) 3 + (1= )ldel (0" a0y < a7 L)

for any a € (0,1), where C‘(,l) is the constant from Lemma 3./.

Proof. The convexity of K, together with scheme (2.1), yields

K(pi ™) — K(p}) Pt —pp
7 1 < K n+1 7 - _KI 7}+1 da:F_’rL+1
At — (pz ) At (pz ) (3 )

which, upon summation over i € Z, gives

2M 2M—1

< - ZK’ P FM = Z Ao K (o1 ) FI o (3.4)

2M
K(pi™) — K(py)

At

=1

The last equality follows from a discrete integration by parts (Lemma A.2) and the no-flux
boundary conditions.

13



3 A PRIORI ESTIMATES

Just as in the continuous estimate, cf. Eq. (1.4), we expand the flux term:

n+1 n+1 n+1 n+1/ n+l n+1l/ n+l —
dZEK/<pi+1/2)Fz+1/2 del(pH_l/g) Pi ( z+1/2> +pz+1 ( 7,+1/2)

= d. K'(p z+1/2)pz+1/2“z+1/2
+d, K’ (P?:ll/z)(pi-q-l - Pi+1/2)(u?:11/2)7
+ de/(p;:‘rll/g)(p?Jrl - /5i+1/2)(u?j11/2)+'
Then, for any p;11/2 € [mm{p”“, Piy H} max{p"“, Pit H}] we have

n+1 n+1
dZK/(pi+1/2)Fz+1/2 < d.K'(p z+1/2)Pz+1/2“1+1/2v

using the convexity of the auxiliary functional, K. In particular, we may choose the generalised

entropic average, P 1/2 = uH(p:’H, pf_:rll) from Lemma 3.3, and conclude

d K (p7FL ) Ft < d K (p z+1/2)ﬂH(pr n1y,nel

i+1/2) 4172 1 Pit1 JUig1/2
_ +1 n+1
= de’(p?_‘_l/Q)uiL_,_l/Q (3.5)
2
n+1 n+1
- dacH/(pi_:_l/Q) Rz-:_l/2’

using the definition of p . Here, the remainder is given by
R?Ill/z = dxH/(p;fll/z)(dﬂfViJrlﬂ + da (W p™)ig1/2)-

Substituting Eq. (3.5) into Eq. (3.4), we obtain

2M 2M—1 2M—1
S (K (™) - K(p!) T Z | H (01 ) PAz + Y RIHL A, (3.6)
=1 i

The remainder term can be estimated using the weighted Young’s inequality:

2M—1 2M—1
Z RfjllmAx* Z —d.H'(p ?r11/2)(dfvi+1/2+dm(W*P**)i+1/2)Az
=1

Ao H' (o) P Az + o L(C)?,

2M—
'ﬂ 1 >k
Z ald H'( z++11/2)|2+ﬁ\drViH/Z"‘dx(W*P )i+1/2|2>A5‘
7M
Z z+1/2

using the bounds from Lemma 3.4. Applying this to Eq. (3.6), we finally obtain

2M Az 2M—1
I n — 1
DK = K )5y < —(1—a) Z o H' (0] )P A + o~ L(C)?,
i=1
which proves the statement. O

14



3 A PRIORI ESTIMATES

Lemma 3.6 (Relaxed assumption on H). The bound of Proposition 3.5,

2M

. oy A . :
S K = Ko Sy + (1= )l (0" ) 22y < a7 LC)2,
i=1

remains valid if the assumption s~ H"(s) € Li,.([0,00)) is relazed to lim.oeH" () = 0.

Proof. In order to avoid the possible singularity at zero, we define the regularised auxiliary
quantity, K., by

(s+e)K!(s+6)=H"(s).

This allows us to define a regularised entropic mean, which is shown to satisfy

po HW-H@

< —
~ K!/(y+06)— K!(x+0) =

in the same vein as the proof of Lemma 3.3. To reproduce the estimate of Proposition 3.5, we
note that K! remains bounded. Studying the dissipation of K. along the discrete solution, we
find

12M

27 DKo 4 8) = Kot +))
i=1

2M
S Z dIKé(pﬁrllm + 5)Fi7::1/2
i=1

2M n+1 n+1
H' (pi) = H' (")
< E d K (p"H 46 il : —e|untl,
o : e(pH_l/Q ) Ké(ﬁ?:f +0) — Ké(p;”‘l +9) /2

cf. Eq. (3.5). The first term of the parenthesis is estimated as in Proposition 3.5. The second,

which arises from the regularisation, vanishes in the limit, as we proceed to show. To this end,
let us note that

edy KL(pp . + Ot | < ce (K;<1 max At 40) + K;w)), (37)
where

C=4

H'(|pnll 1@ Az™) 4+ [V Lo () + W Lo )l onll L1 (0)
Ax? '

While this constant depends rather poorly on Az, we remark that, for our purpose, it is sufficient
to bound the quantity in Eq. (3.7) for fixed Az, At, and pass to the limit € — 0. The first term
on the right-hand side of the inequality is bounded, and thus vanishes in the limit. To control
the second term, we recall that

s 1
eK!(s+6) =eK.(1+0) —l—e/ il (t)dt,

1 t+€

15



3 A PRIORI ESTIMATES

where the first term on the right-hand side vanishes in the limit. Choosing § = s = €/2, we find

dt.

1 "
H"(t
lim €| K. (e)| = lim e ®)
e—0 e—0 6/2 t + €

1
loc

Under the original assumption, s ' H”(s) € LL ([0, 0)), the limit is zero. In the relaxed setting,

where the integrand might not integrable, we nevertheless write

1 H"(t) H" (/2
f de o fT(e/2) 4 €
. ’ o 6/2 t+e 1 3e _ I Corn _
SR VA v P PR
using L’Hoépital’s rule and the relaxed assumption, which completes the proof. O

Corollary 3.7 (Discrete L*(Qr)-bound of 0, H'(p)). Let {pl'} be a solution to scheme (2.1).
Then there exists a constant Co > 0, independent of the mesh size, such that

1da 2 (o) 122y < Cort-

Proof. Performing discrete time integration of the result of Proposition 3.5 yields

2M
STEY) — K(p) Az + (1 — a)|lde H (pn)[|22(gr) < o 'L(CP)T.
=1

Using Ckg, the lower bound on K (see Definition 3.2), we obtain
(1= @)l ' (01)| 22y < 0~ LC)T + 2L(~Cic)* + | K (1)l 11 -

Choosing « € (0,1) concludes the proof. O

3.3 Upper and Lower Bounds

We now turn our attention to deriving bounds to control the approximate solution p; above and
below in terms of the initial datum.

Proposition 3.8 (Upper and lower bounds for py). Let {pI'} be a solution to scheme (2.1).
Then:

1

0 ; (2)
—— | maxp;, provided AtCy,’ < 1;
1— Atc<v2>> €1 v

. n
() max p;’ < (

n
1
(ii) min pp > [ ——— | minpf;
i€l 1+ AtC‘(f) i€l

where C‘(,z) = [|[V"||Lee ) + W || lpollLr () In particular, pn € L®(Qr), with some uni-
form bound Cos .

Proof. We will consider the solution to the scheme at two subsequent time instances, t"” and
"1 and compare them. Let ig € argmax;cz{p? "'}, and note that p]'t* < pil for all i € Z.

16



3 A PRIORI ESTIMATES

The scheme yields

n+1 o n+1
n+l _ n 7;04”1/2 7;0*1/2
pig - pio - At AI .

Rewriting the numerical flux at the right cell interface, we observe

n+1 _ n+1 n+1 —+ n+1 n+1 —
do+1/2 = Pig (“i0+1/2) +pi0+1(uio+1/2)
_ n+l_n+1 n+l _ n+l n+1 —
= Piy Ui'v1 e (P51 — P ) (Ui o)
n+1un+1
= Fig i0+1/2°

having used pz)‘fl < p?OH. We recall the definition of scheme (2.1) and split the velocity term
u?j‘ll/Q into the entropic part and the drift part as defined in (2.2). This leads to
+1 +1, n+1
Filiy2 2 iy Wighaye

_ n+lin+1 n+1 n+1
= Pig hio+1/2 + Piy Vigt12

1( n+1 1( n+1
a2 ) — HY (o)
— o Az to

n+1l n+1
2 10 ig+1/27

n+1 n+1
+ Vio+1/2

having, once again, used pZ)J;ll < pZ)H, in conjunction with the monotonicity of H’. An analogous

computation readily shows that F;;ti /2 < p?:_lvzjtll/?' Finally, we note that

n+1 o n+1
n+1 _ n+l1 _ n i0+1/2 i0—1/2
loh™ =) = piy = pgy — At AL

At
+1 +1 +1
< Piy + 13 E(”Z)_uz _”Z)H/z)

n 2 n
< |lphllLe (o) + Atc\(/)||ph+1||L°°(Q)a

having found ||d, o)™ || =) < C‘(f ) through the same technique employed in the proof of
Lemma 3.4; we obtain

lon ™l @) < s okl @) (3.8)

1—AtC?

assuming AtC‘(/2 ) < 1. The repeated application of Eq. (3.8) yields

lphllzoe (@) <
(1-awcf?

)n||p(i)L||L°°(Q)a

which concludes the proof of the first bound.
The second bound is proven in a parallel way. Let ig € argminiez{p?Jrl}. We observe

Fn+1 n+1

ot1je = P (Ut )T ok (Ut )T

(“i0+1/2 io+1\Uig+1/2

17



4 COMPACTNESS

_ n+l, n+l n+l _ n+l n+1 —

) ui0+1/2 + (pi0+l pio )(ui0+1/2)
n+1l n+1

< 10 i0+1/2°

and, through the splitting of the velocity, find

n+1 n+1l n+1 n+1l n+1
d04+1/2 < Piy Uig11/2 < iy Vip+1/2°

having used the convexity of H. Estimating Fl’gfi /2 in a similar fashion, we obtain

At
1 1 1 1 1-(2
Py " 2 Py = Pl Ax (U;:L/z - ’UZJtl/2) > Pl = Py’ cy At

with C‘(,2 ) > 0 as above. Rearranging and iterating the inequality yields the statement and
concludes the proof. O

4 Compactness

Equipped with the a prior: estimates obtained in the preceding section, we are now ready to
establish the weak compactness of the velocity terms as well as the strong compactness of the
density, pp. To this end, we first prove the strong compactness of the entropic term, H'(pp,).

Proposition 4.1 (L?(Qr)-compactness of H'(py,)). Let (py) be a sequence of solutions to scheme
(2.1) for decreasing h. Then, the family (H'(pp)) converges strongly (up to a subsequence) in the
L*(Qr) sense to some function x € L*(Qr).

Proposition 4.1 can be obtained by invoking the well-known LP-compactness criterion of
Kolmogorov-Riesz-Fréchet [10, Theorem 4.26]. This involves establishing a control on the time
and space shifts of H'(py,).

Lemma 4.2 (Time translates of H'(py)). Let {pl'} be a solution to scheme (2.1). Then, for any
e > 0, there exists a constant C > 0, uniform in Az and in At < 1/0‘(,2) — &, such that

/OT_T /Q|H’(ph(t t 7)) — H'(pn(t, 2)) | d dt < Cr.

Proof. Let 7 > 0 be given. Then there exists a unique integer, K € N, such that
KAt <7< (K +1)At.

We introduce the notation Al, Ah > 0 in order to write
T=KAt+ Al = (K 4+ 1)At — Ah,

and At = Al + Ah. As a consequence, we have T — 7 € [V —K,
The splitting induces the following space discretisation of the time translates:

T—7
/0 /Q|H’(ph(t 47 2) — H (pn(t, 7)) 2 dz dt = Tan + Ins, (4.1)

18



4 COMPACTNESS

Al Ah At

=0 ¢ tN-1 N =T

T ! ! pult+7)

e (4 — 1 ()P

[H' () = H'(p7) P A

pn(t) |||||||i

Figure 2: Split discretisation of Eq. (4.1). The integrand becomes |H'(p?™*) — H'(p}")|? over
the Ah segments; in the Al sections it becomes |H'(p? ™ 1) — H'(p")|? instead.

where
N—-K 2M
Ian =Y Y [H'(p}*5) = H'(p})]? AzAh,
n=0 i=1
as well as
N—K-12M

=S SH () - H (o) PArAl

see Fig. 2 for detail.
The first double sum is either 0 (when 7 < At, which gives K = 0) or, using the Lipschitz

continuity of H’ with constant Cp,

N-K 2M
Ian =Y Y |H'(pp*") = H'(p})PAzAh
n=0 i=1
N—-K 2M
<Cur Y Y (H (o) = H' (9]) (i = pf) Az
n=0 =1
N-K 2M K pn—i-k n-‘rk 1
=Cu > Y _(H' (/™) = H'(p}) Z S AtAzAh
n=0 =1
N—-K 2M
=—Cu Y > (H'(p™™) /(p?))nggFi”JrkAtAmAh,
n=0 =1 k=1

having used scheme (2.1) in the last line. Note that Cp is not the same as Cs,_ 5, the L? bound
on the discrete gradient of H'(pp,) from Corollary 3.7. Upon summation by parts and rearranging
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4 COMPACTNESS

the sums we obtain

K N—-K2M-1

Inn=Cur Y > Y (A H'(p}F,) — duH' (0} 1 o)) FI Az AL AR,
k=1 n=0 i=1

which can be controlled by substituting the flux and using the L°°-bound from Proposition 3.8:

S 3 (WH ) = B (pl1)0) ) i) + iy~ | Azaean

K N—K2M-1
S Coo Z ( ( :L:lljz)’ (p?+1/2)’> 1+1/2‘A1'AtAh
k=1 n=0 i=1
Thus we may write
K
Inn < CiriCos Z(I(Alf{( + 12 )(k;))Ah, (4.2)
k=1
where we introduced the notation
" N-—K2M-1
1 n n
Ixn(k) = Z Z pijll/<2)‘ zjllc/z‘AxAt
n=0 i=1
and
N—K 2M—
2
2k =3 Z )’ M/Q‘Awﬁt
n=0 =1

We begin by bounding the term, I(Al})t(k), by splitting the velocity as in (2.2):

N—-K2M-1
1 n n+k
UNIOEDS 2 Il l A

N—-K2M-1

n K h k n—+k
< Z Z |hz++1/2 ( ++1/2|+ 2:1/2\) AzAt
N—-K2M-1
n K n+k 2 ntk |2
<30 (IR + IR + ) Ana,

using Young’s inequality on each term. Extending the sum over n to the set A permits the
combination of the terms involving H’,

N 2M-1
<> ( B l® + 5 |vz+1/2|2) et < SCoury + LTCY, (4.3)

n=0 =1

where the last line follows using the bounds of Lemma 3.4.
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4 COMPACTNESS

Treating the second term of Eq. (4.2), I(Az})L(lc)7 in an identical fashion, we may use its bound
in conjunction with that of Eq. (4.3) in Eq. (4.2) to obtain a bound on the total contribution:

N-K 2M
Ian= 3 SOIH/(o1+5F) — H(p2) P Aah
n=0 i=1
X (4.4)
1 2
< CwC - (180 0) + IS (k)) A < CK AR,
k=1
. (1)
where C i= Cpy:Coc (3Ca, 110 +2LTC)
Using a similar argument, we find
N-K—12M
Inn= Y Y |H'(pP™ ) — H'(pp)PAzAl < C(K + 1)AL (4.5)
n=0 i=1
Substituting Eq. (4.4) and Eq. (4.5) into Eq. (4.1), we obtain
T—1
/ / ' (pn(t + 7, 2)) — H (pn (6, 2))[2 dz dt < C[K AR + (K + 1)Al] = Cr,
0 Q
where the last equality holds because At = Al + Ah and KAt + Al = 7. O

Lemma 4.3 (Space translate of H'(py)). Let {p} be a solution to scheme (2.1). Then, for any
e > 0, there exists a constant C > 0, uniform in Ax and in At < 1/0‘(,2) — &, such that

/0 /_L_ZH/(Ph(t,x—i—z)) — H'(pn(t,2)) de dt < Ca.

Proof. Fix z > 0, and suppose L — z € Cop;_g. Repeating the argument of the proof of
Lemma 4.2, we see K = | 2| and KAz < z < (K + 1)Az. Once again we recover a partition,
this time of the spatial interval, Ax = Al+Ah; we have Al = z— KAz and Ah = (K+1)Az—z.

This splitting yields the discretisation

T L—z
/ / |H' (p(t,x + 2)) — H (pn(t,2))|? dz dt = Iap + Iy, (4.6)
o J-L
where
N 2M—-K
Inp = Z Z |H' (p}1 i) — H' (0[P ARAL,
n=0 1i=1
and
N 2M-K-1

Ine=Y D> |H (pfxsr) — H (p])PAlAL.
n=0 i=1
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4 COMPACTNESS

To bound the term Ia; in Eq. (4.6), we use the Lipschitz continuity of H':

N 2M-K
I =3 3 (o) — H'(00) P ARAE
n=0 i=1
N 2M—K
<Cu Z Z (P — P )H (P4 i) — H'(p}')) ARAE
n=0 i=1
N 2M-K K /(o) — H' (p’f )
=Cw Y > (ke — o) Z i) HEZLZ Az ARAL
=0 =1 k=1
N 2M-K K
<Cw > Y Z Pivic — PP (P} ji—1)2) ATARAL.
n=0 i=1 k=1

This expression can be controlled in terms of the estimates from Corollary 3.7 and Proposi-
tion 3.8:

N 2M-K K

In S 20:Co0 Y D> Y |deH (01 j0)| AzARAL
n=0 =1 k=1 (47)

< 20 V2LTCoo||[de H' (pn) || 2 (@) K AR < CK Ah.
The second term in Eq. (4.6), Iap, is controlled similarly. In fact,

N 2M-K-1

L =30 30 I ) — L AIS < CO )AL (45)
The combination of Eqgs. (4.7) and (4.8) provides bound
L—z
/ / ' (p(t, 2+ 2)) — H' (pn(t,2))|2 dz dt < C[KAR + (K + 1Al = Cz,
0o J-r

using Az = Al + Ah and KAz 4+ Al = z. This concludes the proof. O
We now proceed to show compactness.

Proof of Proposition 4.1. Let (pp) be the piecewise constant interpolations associated to a se-
quence of solutions to scheme (2.1), and consider the family (H'(pp)). The uniform L*°-bound
of pp, implies that the family (H'(pp)) is also bounded in L*°(Qr). The uniform bounds in
conjunction with the control of the space and time translates from Lemmas 4.2 and 4.3 suffice to
invoke the theorem of Kolmogorov-Riesz-Fréchet [10, Theorem 4.26]. Thus, the family (H'(pp))
converges strongly in in L?(Qr) (up to a subsequence) to a function x € L?(Qr). O

It is easy to see that the compactness of p; follows directly from the strong compactness of
(H'(pn))n-

Theorem 4.4 (L?(Qr)-compactness of py). Let (pn)n be the piecewise constant interpolations
associated to a sequence of solutions to scheme (2.1). Then, the family converges strongly (up to
a subsequence) in the L?(Qr)-sense to a function p € L*(Qr).
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4 COMPACTNESS

Proof. The proof is based on a lemma of [29]. For the sake of convenience we provide the reader
with a version tailored to our needs, Lemma A.1 in the appendix.

Proposition 3.8 yields (pp) C L>®(Qr), uniformly. In particular, this implies the existence of
a function, p € L?(Qr), such that

pn — p, weakly in  L*(Qr),

along a subsequence, using the well-known Banach-Alaoglu theorem. Recalling the previous
compactness result, Proposition 4.1, which provides H'(pp) — ¥, we may apply Lemma A.1 and
deduce x = H'(p). In particular, this means that

H'(pr) — H'(p), strongly in  L*(Qr),

up to a subsequence.

The L? convergence implies convergence almost-everywhere of H'(py,) to H'(p). At this stage,
we use the fact that H' is invertible. Applying the inverse, (H')~1, to H'(pn) — H'(p), we recover
almost everywhere convergence of p, to p. The L*-bound on (p,), permits the application of
the dominated convergence theorem, which, in turn, implies

pn = p,  strongly in LP(Qr)

for any 1 < p < oo; in particular, in L?(Qr). O

Having obtained the convergence of p,, we are able to discuss the convergence of the velocity
term of the equation.

Lemma 4.5 (L?(Q7)-Compactness of Discrete Derivatives). Let (pn) be a sequence of solutions
to scheme (2.1) with limit p in L*(Qr), and consider:

L )ty O 7).

Ax
Vir — Vi
i = eV
W« i — (W % i
dm(W*p)h(Lx) — ( p) +1A$ ( P) ,

forteI" and x € Cij1/3. Then:
(i) H'(p) belongs to H*(SY), for all times t € [0,T).
(it) d.H'(pr) converges weakly (up to a subsequence) in L*(Qr) with limit 2= H'(p).

(i4i) Vi, (respectively d,(Wxp)p) converges strongly (up to a subsequence) in the L?(Qr)-sense
to V' (resp. W' xp).

We omit the proof of this lemma as it is identical to the proofs of Lemma 4.2 and Proposition
1in [15].
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5 CONVERGENCE OF THE SCHEME

5 Convergence of the Scheme: Proof of Theorem 2.6

This section is devoted to proving the main result, Theorem 2.6. Having established all necessary
estimates, we are prepared to prove the convergence of the piecewise constant interpolations, (pp),
associated to scheme (2.1) to weak solutions of Equation (1.1) in the sense of Definition 2.5.

To begin, let ¢ be a smooth test function such that ¢(7T') = 0. We define the error term

T L o L—Az/2 bl
e(h):—/ (/ pha—fdx—/ pha—(pdx[H’(ph)—&—Vh—l—(W*p)h] dzdt
0 €Z

—-L —L+Az/2 (5.1)

L
- / pr(0,2)(0, 2)
L

and observe that, as the mesh size goes to zero, all the terms of this quantity converge, by virtue
of Theorem 4.4 and Lemma 4.5, to those of the weak solution of Eq. (1.1):

T L L
dp Op 0
h — = - T [H' V+ (W dxdt — 0 0,z)dx.
i)+~ [ [ o(5 - G+ v gl dsdt = [ p(0.0)(0,0)as
In the spirit of [15], it remains to show that e(h) — 0, by comparing Eq. (5.1) with the scheme,
thereby proving that p is, indeed, a weak solution.
In order to prove this claim, we define the following cell averages of the test function, ¢,

pilt) = f olt.a)de, iy s(t) :=][ ot,x)de, aswellas 7 — (L"),
C; Cit1/2

n+1

Multiplying scheme (2.1) by ™" and integrating, we obtain

N 2M 41 n+1l _ pn+l
(P? —P?+Fi+1/2 Fil/Q)(p;H_leAt

== At Ax 52)
oM / N N 2M-1
=-> (Z PR(ePT — o) + p?@%) Az =" > Frdldeglt, AxAt,
i=1 \n=1 n=0 i=1
where we have used summation by parts, cpfv 1 = 0, and the no-flux boundary conditions, i.e.,
Fln/'gl = FQ"AZL 2 = 0. As before, we manipulate the flux term and observe that

N 2M-1
+1 +1

Z Z F111/2dI‘P?+1/2A95At

n=0 i=1

N 2M-1
=303 el (T )+ i ) ) Awat
n=0 =1
N 2M-1
=0 3 e (s + (1 — o)) A,

—

n=0 i=
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5 CONVERGENCE OF THE SCHEME

Using this, we note that Eq. (5.2) can be written as

= T(h) + H(h) + V(h) + W(h) + E(h),

where

2M
z(zp, - bl
1=1
N 2M-1
_ Z Z dm(p;irll/Qanrld o’ (pnill/z)AxAt’
n=0 i=1
N 2M-1
=D D el daVisa pAait,
n=0 =1
2M—-1

N
Z d“@?:fmpz 1, (W p™)i41/2AxAL,

n=0 i=
N 2
n=0

In a similar fashion, we may rewrite Eq. (5.1) as

1
M—1

Z dx(p?jll/z(/’xﬂl - PZLJrl)(U?:ll/Q)_AxAt.
i=1

W(h) =
g(h) =
e(h) =T(h)+H(h) + V(h) + W(h),

with terms given by

L T
T(h) = — / ( /O phgt dt + pi (0, 2) (o,@) dz,

L—-Az/2
/ / ph—d H'(pp) dz dt,

L+Az/2
L— Az/Q

/ / d Vi, dx dt,
L+A'c/2

L—-Az/2
/ / Ph dy (W = p)p, dz dt.

L+Az/2

Already noticing the resemblance, we will show that

[T (h) = T (W), [H(R) = H(R)|, V(R) = V(R)|, [W(h) = W(R)|, E(h) 0, (5:3)

as h — 0.

The Time Term. The first term is exactly zero since

T(h) —T(h)
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5 CONVERGENCE OF THE SCHEME

The Entropic Term. We observe

H(h) — H(h)
L—-Azx/2
/ /L+Ax/2
N 2M-1
</"/1+1/2

n=1 =1
with remainder given by

2M—1

X

2M—1
N+1 N+1 N+1
- Z dJL(PH_l/Qp d H’(,O i+1/2

This can be readily controlled as
L—-Az/2
ral< [ [
10J —L+Az/2
2M—1
+ > |d
i=1

< 2\/2LcwHa‘p
ox

Ph*d H'(pn)

N+1

e apt T H (p

)% At
L>(Qr)

(Pz)+pch1>Ax

N+1
z+1/2

L T 8
/L</o nr U+ (02)¢ (o,x>> dz

f/f’“”dde

N 2M-1

"(pp) dedt — Z Z dwgo?fllﬂpzﬂd H’(p"jll/Q)AmAt

n=0 =1

H'(pp) dzdt — de @iy op7da H' (0744 /2)AxAt>

H'(pp) dzdt

JAzAt.

dx dt

‘Aa:At

by using the Cauchy-Schwarz inequality on both terms, as well as the fact that

[
Ox

dw@zﬁ»l/?‘ < ‘
L°°(Q)

Having dealt with the remainder, we find
—H(h)

H(h) — Ry (h)
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5 CONVERGENCE OF THE SCHEME

N 2M—
= Z Z </ / Ph H'(pn) dz dt — dx@?+1/2p?dzH/(P?-H/z)AxAt)
n=1 i=1 nJCit1)2
N 2M—
¢ n ¢
=2 Z do H' (Pi+1/2)</ [p?/ a—dx+pi+1/ 5 dz ]d
n=1 i=1 In CiNCit1/2 9T Cit1/2NCip1 9T
- dr‘P?—s-l/zP?AxAt)

2M—
Z H'(pi41 /2 /1 (PZ‘L [o(t, zig1/2) — @(t, @)

+ pal [p(t,wi21) = lt,3i112)] — Plpts — 71 dt

uMz

N 2M—1
=N AH ) / lolt, zian) — ot 20)] — [y — 7] dt
n=1 =1 "
N 2M—-1
+ Z Z d H pz+1/2 (p1+1 P )/ [(p(t,l’i+1) - (P(t,IIZH-l/Q)] dt.
n=1 =1 "

The first term in the sum can be shown to vanish in the limit by noting that

lp(t, zi1) — @(t, 2:)] — [i1 — @1
_ et wi) — ot 21) _][ p(t", Az +5) — p(t"5) |
C;

A
Az Az v

D p(t", Az +6;) — o(t", ;)
= %(t, 9i+1/2) — A;L’ dS

Ax

0 0
= S0(75 Oiy1/2) — a*‘p(t 91+1/2)

<
- (H@xz

for some constants 0;, 1,2 € Ciy1/2, 6, € Cs, éiﬂ/g € C; N Ci41. Thus we control the term by

Ax

0%
otox

) (At + Az)Ax,

>(Qr) H L>=(Qr)

N 2M-—1
SN dH (pfy0)p /1 [o(t, zir1) — @(t, )] — [0}y — of] dt
n=1 i=1 "
N 2M-1
<O+ A0S S dH (ol )i At
n=1 =1

< CV2LT(At + Ax)CosCyl 3,

which vanishes as the mesh size goes to zero.
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5 CONVERGENCE OF THE SCHEME

Handling the second sum in a similar fashion, we see

N 2M-1

Z Z d.H'( (Pi12)(Pia — P;)/’ [p(t, zig1) — @(t, wip1/2)] dt
n=1 i=1 n
aso N 2M-1
o S A H () (0 — ) AAL
L=(QT) n=1 i=1
T L—Ax 1/2
H(‘) 1z 2" (pr) 22 (@) (/ / |Ph(t,x+A:v)ph(t,x)|2dxdt> ,
TllLe=(Qr) o J1

through the use of Cauchy-Schwarz. As discussed previously, this integral term tends to zero
with the mesh size, due to the convergence of p. Hence, we conclude |H(h) — H(h)| — 0, as
claimed.

The Potential Terms. The prior computation applied to the external potential term yields

>

V(h) = V(h)
T rL-Az/2 g N 2M-1
= ® n+1 n+1
- Ph g da Vi dudt = Ao} o e Vi o Aw At
/0 /L+Az/2 oz nz:% ; +1/2 +1/2

N2M1

Z < / / d Vi drdt — dgof, /Qp;ldmmlpmm) + Ry(h),
n=1 " 7,+1/2

with remainder term

2M—1 2M—1

Z /IO/ ph—d Videdt — Y dap ], pN Vi pAaAt,
1+1/2 =1

which is controlled by

IVl e () A

Ry (h)] < 4LcOOHZ‘f’
Tl (Qr)

the analogue of the bound for the previous term. This is shown by employing the L°°-bound on
V' in place of the L? bound on the entropic term. Following the same strategy, we find

N 2M-1

V) = P0) = Rel) = 3 3 deVipryart | oltiiss) = plta)] = et — ]
n=1 i=1
N 2M-1

+ Z Z d ‘/;+1/2 pz+1 Pi )/ [@(ta xi-‘rl) - (P(t,l'i+1/2)] di.

n=1 i=1 "

Each of the sums is shown to tend to zero as the mesh size goes to zero, just as previously. Thus
we see |V(h) — V(h)| — 0.
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5 CONVERGENCE OF THE SCHEME

The discussion of the interaction term is identical:

N 2M-1

W( Z Z dy W * p 1+1/zpz /n[ (t,$i+1) - w(tvxi)] - [90?-&-1 - @ZL} dt

n=1 =1

N 2M-1
+) E:(MUV*PMh+UgAnBﬂt$HJ)*¢U¢m+uﬂ}dﬁ+RMKM~
n=1 i=1

Each of the sums (as well as the remainder Ryy(h)) are shown to vanish in the limit, proving

IW(h) — W(h)| = 0.

The Error Term. Finally, we show a control on é (h) using some of the previous estimates:

N 2M-1
h) < Z Z |da?90;irll/2||p?jll P +1||u7++11/2|AxAt
n=0 =1
By N 2M-1
1 1 1
L (QT) n=0 i=1

N 2M-1

> > et fpil“l( B+ |vf:11/2|)AxAt,
L (Q1) n=0 i=1

<Ha“”
— |0

splitting once again the velocity term as was done in the proof of Proposition 3.8,

) 9 N 2M—1 2 ;N am—1 1/2
0] (S apana) (X e
L (Qr) [ \n=0 i=1 n=0 i=1
N 2M—1
+ (V) + IW @ lloollie) D D 1ok = ot AzAt
n=0 =1

N 2M—1 1/2
gc(Z > o = ot AmAt) ,

n=0 =1

by the repeated application of the Cauchy-Schwarz inequality, where

a constant independent of the mesh (see Lemma 3.4 and Corollary 3.7). We thus find

(b3 + VIT(IV' @) + Wl ool o) ) <€,

Lee QT

N 2M—1 1/2
h) gc(Z > o = ot A:xAt)

n=0 =1
T ,L-Az 1/2
:C(/ / |ph(t+At,x+A:U)—ph(t+At,x)|2dxdt> )
o Ji

a term which vanishes with the mesh size h due to the convergence of py,.
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6 THE CASE OF LINEAR DIFFUSION

Convergence. Combining the results of the preceding steps proves that (5.3) holds indeed.
Therefore, we conclude that e(h) — 0, which proves the convergence of the scheme with limit a
weak solution to Eq. (1.1) in the sense of Definition 2.5, as claimed in Theorem 2.6.

6 The Case of Linear Diffusion

The discussion of the convergence of scheme (2.1) cannot be complete without addressing the
case of linear diffusion. The choice of Boltzmann’s entropy, H(p) = plog(p) — p, renders Eq. (1.1)
into the linear drift-diffusion equation:

2
gf gm’; + a% pa%(vu) + W) p)|. (6.1)
Equation (6.1) is within the purview of [32, 35, 19, 20|, and the variational structure (1.3) persists.

However, the choice of entropy H(p) = plog(p) — p cannot be addressed by the main result,
Theorem 2.6. The derivative H'(p) = log(p) lacks Lipschitz continuity at zero, which causes
the estimates of Lemmas 4.2 and 4.3 to break down. In fact, the problem is even more blatant:
no matter the approach, one must control the quantity pd,log(p) in order to reproduce the
estimates of Section 5. At the continuous level, this is equivalent to controlling 0, p; however, in
the discrete case, the quantity appears as

Pn+1 <10g(p?jl) st n+1>>

which may be unbounded.
The only viable approach is to apply the scheme to positive initial data, po(z) > ¢ for all
x € (Q, for some € > 0. Using the propagation of lower bounds from Proposition 3.8, we will infer
the boundedness of the solution away from zero for all times, p? > x~! > 0, which permits the
control of terms like (6.2) through
P — o
Az

log(pi'i) —log

Az

1 ( n+l)

i

< Cooki (6.3)

Rather than obtaining the compactness of the family H(py) through the auxiliary functional
K, we will obtain the compactness of (p) directly through the classical functional ||p||%.. To be
precise, we find

2M

Z((P?H) ) anH P - = —AtngCp:fll/g ::11/2
i=1
(1-« Atz

n+1
fpz+1/2

)
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6 THE CASE OF LINEAR DIFFUSION

where the last line is obtained from the bounds on the potentials V, W, and the application of
Young’s inequality with parameter o € (0,1). This readily yields a bound

||dxph||%2(QT) < Co,ps (6.4)

in the style of Corollary 3.7.

Armed with gradient information, we find bounds for the shifts in time and space of p;, which
are equivalent to those of Lemmas 4.2 and 4.3. The proof of the space shift is identical, and
the time shift argument is parallel until the term (6.2) appears, which is readily controlled as in
(6.3). For completeness, we sketch the idea while neglecting the potential terms, which can be
incorporated using Young’s inequality. After introducing the discretisation from Eq. (4.1), we
find

N—-K 2M

> S IptE - prPavan
n=0 i=1
N-K 2M n+k _ n+k—1
= Z Z(p;”'K o) sz p’ AtAxAh
n=0 i=1
N—K 2M
== > S (X py)Zszﬁmmmh
n=0 i=1 k=1
N-K2M-1
= > D (epptf, — dapfyy /Q)ZF;fl’;gAmmAh
n=0 =1 k=1
N—K2M-1

K
= > > > (dep Ny = dapir o) (0TI A+ o () T AtAR AR
n=0 k=1

i=1

Using the control from (6.3), we observe

ke (pntk Hh(pntk Y
Py (h?+1/2> + P (h?+1/2 ’S%OOH'dxp?H/Q"

which simply yields

N—-—K 2M
Z Z|pn+K Z‘ZAZ‘AI’L
n=0 =1
N—-K2M-1 K
= (dop Sy = dapln ) (PR (R )T + P () ) AtAz AR
/ / /
n=0 1¢=1 k=1
N—-K2M-1 K
<2k Y Y D (depl ol 4 dapf o)) |depitt | AtAZAR.
k=1

3
Il
=
IS
Il
_
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6 THE CASE OF LINEAR DIFFUSION

Expanding the product term by term, using Young’s inequality, and extending the sum over n,
we finally obtain

N—-—K 2M N 2M-1 K
SN o = i PATAL <200k Y > D |daplyy o ?AtAzAR < CK AR,
n=0 i=1 n=0 i=1 k=1

which is analogous to the bound found in Lemma 4.2, and permits the completion of the proof
in the same fashion.

The compactness of (p) on Qr now follows from the Frechet-Kolmogorov-Riesz theorem,
and the weak compactness of the derivatives, (d,pn), once again follows from Proposition 1 in
[15]. This is enough to pass to the limit by reproducing the estimates of Section 5, using the
newly found estimates (6.3) and (6.4), proving that (5.3) holds indeed. Therefore, we conclude
the convergence of the scheme:

Theorem 2.6 revisited (Convergence of the scheme). Suppose that H(p) = plog(p) — p and
that V,W € C?*(|—L, L]). Then, for any strictly positive initial datum po € L°°(Q2), we find that:

(i) scheme (2.1) admits a strictly positive solution that preserves the initial mass regardless of
the mesh size;

(i) under the condition C‘(/Q)At < 1 (viz. Proposition 3.8), the associated piecewise constant
interpolation, py, converges strongly in any LP(Qr), for 1 < p < oo, up to a subsequence;

(i) the limit is a weak solution to Equation (1.1) in the sense of Definition 2.5.

Remark 6.1 (Non-strictly positive data). If the initial datum pg is positive but not strictly so,
we may approximate it by p§(x) := po(z) + &, for some £ > 0. Then, choosing ¢ and the mesh
size h sufficiently small, and using the continuity of the aggregation-diffusion equation (6.1) with
respect to the datum, we nevertheless obtain the convergence of the numerical scheme.
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Appendix

For the sake of a complete exposition we reproduce a lemma of [29] in a form tailored to our
needs.

Lemma A.1. [29, Lemma A] Let (u,,) C L®(Qr) and f € C(R) be such that:
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o u, — u, weakly in L*(Qr);
e f is non-decreasing;

o f(un) = x, strongly in L*(Qr).

Then x = f(u).

Also for completeness, we recall the technique of discrete integration by parts.

Lemma A.2 (Summation by Parts). Let (a;) and (b;) be sequences. Then, for m,n € N, it

holds
n n—1
ai(biy1 —b;) = — Z(ai—H —ai)biy1 + anbpy1 — @b
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