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Hexagonal structures in 2D Navier-Stokes flows
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Abstract

Geometric structures naturally appear in fluid motions. One of the best known examples is
Saturn’s Hexagon, the huge cloud pattern at the level of Saturn’s north pole, remarkable both
for the regularity of its shape and its stability during the past decades. In this paper we will
address the spontaneous formation of hexagonal structures in planar viscous flows, in the classical
setting of Leray’s solutions of the Navier—Stokes equations. Our analysis also makes evidence of
the isotropic character of the energy density of the fluid for sufficently localized 2D flows in the
far field: it implies, in particular, that fluid particles of such flows are nowhere at rest at large
distances.

1 Introduction

We consider the 2D Navier—Stokes equations,

ou+V-(u®u)=Au— Vp,

V-u=0 reR? t>0 (NS)

u(z,0) = ug(z),
where u denotes the velocity field and p the pressure. The initial velocity ug is given. Throughout
this paper, we will assume vy € LZ(R?), the space of L? and divergence-free vector-fields in R%. In
this case, it is well known that there exists a unique global Leray’s weak solution, i.e., a solution
solving (NS) in the weak sense, such that u € L*((0,00), L2(R?)) N L%((0,0), H'(R?)), and
satisfying the energy equality

t
@ +2 [ IVuIBds = ol ¢>0. (1.1)
This solution is also known to be in C([0, 00), L2 (R?)) and to solve integral equation
t
u(x,t) = ePug — / U=IAPY - (u @ u)(s) ds, reR? t>0. (NSI)
0

Here, P is Leray’s projector onto divergence-free vector fields and e*® denotes the heat kernel.

The purpose of this paper is to show that, in the absence of any external forcing, and without
of any special structure of the initial data, the flow reveals regular geometric patterns in the far
field. Our main results essentially are the following:
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i) Under mild decay assumptions on ug and its derivatives at infinity, the euclidean norm of
velocity variations, i.e., the quantity |u(-,t) — ugl, tends to be constant, for a fixed ¢ > 0, in
all the points of circles of large radii. In particular, if o, 0’ € S, then

|u(Ro,t) — ug(Ro)| ~ |u(Ro’,t) — ug(Ra’)|,  for R>> 1.

See Theorem below. Under stronger decay assumptions on ug at infinity (and no decay
condition on its derivatives), the speed of the fluid |u(-,t)| tends to be constant on circles of
large radii:

|u(Ro,t)| ~ |u(Ro', t)|, for R> 1.

This means that the energy density field, z — 1|u(z,t)|?, is asymptotically radial at large
distances. See Theorem 2.2] below. A striking corollary is the following:

For generic flows, fluid particles are nowhere at rest at large distances,

in the sense that for all time ¢ > 0, for some R; > 0 and all |z| > R, one has |u(x,t)| # 0.

ii) In the case of strongly decaying data, in contrast with the above isotropic behavior of the
speed |u(+, t)|, the components of the velocity have a genuinely anisotropic behavior in the far
field. Namely, any component v of the velocity field spontaneously creates a rigid and regular
hezxagonal structure. More precisely, for any fixed ¢ > 0, there are exactly six exceptional
directions along which the decay of v(x,t) as |x| — oo is faster. Such curious structures
appear immediately and, after a time-dependent rescaling, rigidly rotate during the evolution,
without changing their shape. See Figure [I] and Theorem below. We will also estimate
the angular speed of such structures and show that for generic solutions their angular speed
goes to zero as t — +00: moreover, when the initial data belong to H~1(RR?) these structures
converge for long time to a stationary position. See Corollary This corollary will reveal
an unexpected geometric interpretation of the classical energy dissipation problem of Leray’s
solution for large time. In the case of initial data with just a mild decay the picture described
above is sightly different: the hexagonal structures appear for each component of the vector
field x — u(z,t) — up(x).

Our strategy will be to associate to any Leray’s solution a complex valued map z: R — C,
defined by formula below, such that |z(¢)| is independent on the chosen coordinate system,
encoding the most important asymptotic properties of the solution in the far field.

The main results are Theorem and Theorem the latter being probably more surprising.

2 Statement of the main results

A more formal statement of our first assertion in the Introduction is provided by Theorem
below. We denote by S* the unit circle centered at the origin.
Theorem 2.1. Let ug € L2 N LP(R?) for some p > 4 and

uo(x) = of|z|~* log(|a])~1/?)

Vug(z) = o|z| 2 log(|z|)~Y/?)  as |z| = o0 (2.1)
Aug(r) = o(|z]|~3).

Let u be the unique global Leray’s solution starting from ug. Then, for all t > 0, the limit

L(t)= lm_[ofu(z.1) - uoe) (2.2)
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Figure 1: Left: a well-localized initial datum with no special symmetry. Middle: density plot of the horizontal
speed |uy(+,t)|, obtained neglecting the lower-order terms at the spatial infinity, in the limit as ¢ — 0: the
neighbourhoods of the six directions of faster decay are darker. This hexagonal structure, suitably rescaled,
is present for any time 0 < t < oo and rigidly rotates during the evolution. If lower-order terms are not
neglected, then larger and larger scales are needed to detect this structure as ¢ approaches 0 or as ¢t grows to
infinity. The shape of the structure is essentially the same, excepted for a change in scale and orientation, for
any generic well localized datum and any component of the velocity field. Right: in contrast with the speed of
the individual components of the velocity field, the energy density = — 3|u(z,t)|? is asymptotically radial.

does exist and is given by

L(t) := %\/(fotf(u% —u2)dy ds)2 + (fotf 2uqug dy ds)z. (2.3)

In particular, for all o € S*, the radial limits

lim R3|u(Ro,t) — ug(Ro)| (2.4)
R—4o00

do exist and are independent on o.

The decay assumptions (2.1) are natural for finite energy flows: the first of (2.1]) is nothing
but a pointwise analogue of the usual condition ug € L?(R?); moreover, often Vuy and Aug

decay respectively one and two decay rates faster than ug (unless ug has an oscillating behavior
at infinity), which is more than needed in the second and third condition of (2.1)).
We now give a formal statement of what can be inferred in the case of faster decaying data.

In this case, no decay of higher-order derivatives is needed.
Theorem 2.2. Let ug € L2 N LP(R?) for some p > 2. Assume also that up(z) = o(|z|™3) as

|x| = co. Then the unique global Leray’s solution u starting from ug satisfies, for all t > 0,

Lt)= lim |z]*|u(z,t)] = Rl_iffoo R*lu(Rox,t)| (independent on o € S*), (2.5)

|| —+o00

where L(t) is given by formula (2.3]).

Generically, in both (2.2) and ([2.5)), the limit L(¢) will be nonzero, which means that |u(-,?)]
is asymptotically radial at the spatial infinity.



We emphasise that, generically, the limits lim ;| |x\5(u($,t) - uo(z)) (in the setting of
Theorem and lim ;o0 [2[*u(z, ) (in the setting of Theorem do not exist. So our results
put in evidence a property of the speed (or of the energy) of fluid particles, rather than of their
velocity vectors.

The statement of Theorem [2.I] might look less attractive than that of Theorem [2.2] However,
the former is a deeper result. Indeed, the decay condition, of the latter, namely ug(z) = o(|z|~3),
is too stringent to be physically realistic, because such a strong decay condition is known to
immediately break down during the evolution. (See [6]). On the other hand, the milder decay
conditions on ug required in Theorem are preserved by the Navier—Stokes flow. Hence, the
decay conditions of Theorem will be satisfied in many physically relevant cases.

Formula suggests the introduction of the complex valued map

2(t) = (/Ot/(uf - u%)dyds) —|—i</0t/ 2uiug dyds)7 (2.6)

L(t) = £|2(1)]-
The use of integrals of the form [ u;uy is inspired by earlier papers by Schonbek [17], Dobrokhothov
and Shafarevich [6] and Miyakawa and Schonbek [15]. Choosing an appropriate coordinate system

so that

(suitably rotating the axis by a time dependent angle), one can always set fot f (u? —ud) =0,
or otherwise fotf 2uiug = 0, thus simplifying the expression of L(t) in . Formula has
however the advantage of being independent on the choice of the coordinate system.

Next theorem shows that, contrary to |u(-,t)| or |u(-,t) — ug|, the individual components of
the velocity field have a genuinely anisotropic behavior. We will use the notation A(z) = B(z) to
indicate that the ratio (A/B)(z) converges to a non-zero real constant. For an arbitrarily fixed
unit vector e of R2, let us denote v = u - e the component of u along e. In the same way, we
denote vy = ug - e.

Theorem 2.3. Let ug € L2(R?) satisfying the conditions as in Theorem or otherwise as in
Theorem . Let v be any component of Leray’s solution uw. For any t > 0 such that L(t) # 0,
there exists o € C, with |o¢| = 1, such that the regular hexagon

H :H(t) - {0—170-27"')0—6}3

made of the complex roots of the equation 28

i) in the setting of Theorem|2.1

= 0y, has the following property: as R — +oo,

v(x,t) —vo(x) = |z| 3 forx=Ro, |o|=1,0¢H,
v(z,t) — vo(x) = o|z|~3) forx=Ro,|o|=1,0 € H
it) or, simply, in the setting of Theorem

v(x,t) ~ |z 73 forz=Ro,|o|=1,0 ¢&H,
v(w,t) = o(|z| %) forz=Ro, |o|=1, 0 €H.

Figure [1] (middle) offers a possible visualization of this theorem. A different way to visualize
the conclusion of Theorem is to perform an inverse stereographic projection and to draw the
images of the level lines of |v(¢) — vg| on the stereographic sphere: our theorem predicts that
close the north stereographic pole the level lines tend to have a snowflake shape with a hexagonal
symmetry. On the other hand, there is no evidence that Theorem indeed is related to the
hexagonal pattern around Saturn’s north pole mentioned in the abstract. We refer to [21] for a
recent analysis of the latter.



Example 2.4. If, in a given coordinate system, v = wus is the vertical component of Leray’s
solution, then the proof will show that one can take o; = (|2(¢)|?/2(¢)?), which is well defined
because of the assumption L(¢) # 0. Here, 2(t) is given by . For the horizontal component,
v = ug, one has o, = (—|2(t)|?/2(t)?). So the two hexagonal structures associated with the
horizontal and vertical components of u are always obtained from each-other performing a rotation
of /6.

The proof of the above theorems relies on a refinement of an asymptotic formula for Navier—
Stokes flows in R?, d > 2,

u(x,t) = emuo(x) + VH(z,t) +0(|x\*d*1), as |z| = +oo, (2.7)
———

~|z|—d-1

first established in [5] under appropriate decay assumptions on ug. (See also Lemarié-Rieusset’s
book [13| Theorem 4.12] and [11]): See below for the definition of the scalar function H.
The crucial observation of the present paper is that, focusing on the two-dimensional case, we can
put in evidence two very important properties specific of planar fluids that, surprisingly, remained
unnoticed in earlier studies. The first one is that, when d = 2, the map = — |[VH(z,t)| is a
radial function. The second one is that each components of VH(:,t) possess exactly six zeros on
the unit circle, that are the vertex of a (time-dependent) regular hexagon. Let us emphasize that
the explicit expression of VH (-, t) reduces the proof of both properties to a short and elementary
computation. This computation is contained in Section [7}

Concerning the technical contributions, in this paper we perform a new asymptotic analysis of

the nonlinear term in (NSI), that will allow us to considerably relax the required conditions on ug
to insure the validity . Indeed, in earlier papers the conditions on ug were too stringent to
encompass the case of only mild decaying data as in . This will require a deeper use of the
cancellations hidden inside the Oseen kernel, whereas simpler size estimates were enough in the
more restrictive setting considered in [5/11;/13]. Another simple but useful ingredient will be an
asymptotic formula for the solutions of the heat equation, that allows us to replace e*®ug(x) with
up(z) in (2.7).
Remark 2.5. In this paper we focused on finite energy flows. In a companion paper, |4], we discuss
the case of possibly infinite energy flows with localized vorticity w = dyus — Jaug. Therein, we
show in this case that the dominant geometric feature in the far field of the components of u is no
longer hexagonal: a density plot like that in Figure [1| (middle) would reveal a digonal symmetry
when the total circulation of the flow [wy is non-zero and a quadrilobe shape for flows with zero
total circulation. The analysis in [4] is better suited for the geometric description of the higher-
order terms. On the other hand, the advantage of the approach of the present paper is that it
allows us to encompass (according to ) the case of flows with non-integrable vorticity, for
which the total circulation is not even defined.

3 The homogeneous part of the kernel of ¢/“Pdiv.

3.1 Decompositions of the kernel in R?, d > 2.

It is convenient to denote by F(x,t) = (F}.k)(,t) the kernel of the operator e!APdiv. Equiva-
lently, ' can be defined through its symbol (5, h, k = 1,2), with £ € R? and ¢ > 0,

ifjifhifk)

ﬁj,h,k(fvt) = e7!IeF (ifhaj,k + €12

(3.1)



where ;1 is the Kronecker symbol. Therefore, the integral formulation of the Navier—Stokes
equations in ]Rd, d > 2 reads

t d
uj(t) = eug j — /0/ Z Finr(x—y,t—s)(upur)(s) dyds, (G=1,...,d), (3.2)
h,k=1

together with the incompressibility condition V - ug = 0. In more compact form, we will write
t
u(t) = e®ug — / F(t—s)*(u®u)(s)ds, V- ug=0. (3.3)
0

Let us first recall some known properties of the kernel F'. First of all, we have the scaling
relation

F(z,t) =t~ D2 R/ 1), (3.4)

Computing the inverse Fourier transform in (3.1]), using the identity [£]72 = fooo e~sI€” ds, yields
the usual decomposition F = F(1) + F) | with

FO (a0) = 0ngebin F2 (1) = / 0;0nD0gs () ds. (3.5)
t

Here, g;(x) = (47Tt)’d/2e"””|2/(4t) is the heat kernel. From this decomposition it is easy to deduce
the classical pointwise bound

sup |z|TTHF(z,t)| < oo. (3.6)
z€R4,t>0

There is another decomposition of the kernel F', pointed out in [2], holds: it reads
F(z,t) = §(z) + o]~ (;c/\/i). (3.7)
Here § is a homogeneous tensor of degree —d — 1, whose components are given by
Fink(x) = 0;0n0kEq(x) (3.8)

where E; is the fundamental solution of the Laplacian in RY. Moreover, ¥ = (U, 1) is smooth
outside the origin and such that, for all & € N¢, and x # 0, there exist C, ¢ > 0 such that

0% (z)| < Cecll’,

This second decomposition of F' is very useful in the study of the far-field asymptotics of the
velocity field. Indeed, in formula ([2.7)), the scalar function H is given by

H(x,t):= [VQEd(m): /Ot/(u®u)(y,s) dyds

d t
- Z 5h3kEd(x)/O/(uhuk)(y,s) dy ds.

h,k=1

(3.9)

Therefore, the vector field VH is constructed by taking linear combinations of components of the
tensor §.



4 Persistence results on pointwise decay

The goal of this section is to state a couple of propositions about the persistence of pointwise
decay for ug and its derivatives. The former is needed to establish Theorem and the second to
establish Theorem Results in this vein go back to Takahashi [18] and were refined by several
authors, see [14,/19]. However, the precise assertions of the propositions below do not seem to be
covered by earlier results.

Proposition 4.1. Let ug € L2(R?) N LP(R?) for some 4 < p < 00, be such that

{uo(x) = o(|z|~ Y (log |z])~1/2)

Vo (x) = o|z|~2(log |z])~1/?) as || — oo. (4.1)

Then the unique Leray’s solution u starting from ug satisfies, for all 0 < T < oo,

SuptE(O,T) tl/p|u($7 t)‘ = 0(|‘7)|_1(10g |$|)_1/2) | ‘ N (4 2)
; t1/2+1/p v 8| = _92 1 —1/2 as |x 0. .
SUD; e (0,7) [Vu(z,t)| = o(|z[~*(log |z|)~/%)
Proposition 4.2. Let ug € L2 N LP(R?), for some p > 2, be such that
uo(x) = o(|z|7%/?)  as|z| = . (4.3)

Then the unique Leray’s solution u starting from ug satisfies, for all 0 < T < oo,

sup tYP |u(x,t)] = o(|z|3?)  as|z| — . (4.4)
te(0,T)

These results would remain true with more general decay profiles. See the comments after the
proof. The main role of the additional LP-assumptions is to prevent a too singular behavior of the
solution near ¢t = 0. The proof of these propositions is postponed in Section [0

5 Asymptotics of the nonlinear term

The main issue of this section is the spatial asymptotics of the linear integral term

L(w)(z,t) = /t/F(:c—y,t—s)w(y,s) dy ds. (5.1)
0
As the analysis of is independent on the space dimension, in this section we work in R?,
d > 2. We have in view the application of the results of this section to the quadratic term
w(z,t) = (u®u)(x,t).
To this purpose, let us establish two lemmas.
Lemma 5.1. Let 0 < T < oo, w € (LY(R? x (0,7)))4*? and 0 < a < 1. Assume that

esssup *|Vw(z, 1) = o]~ log(|z]) 1),
1(0.7)

as |x| — oo. Then, for |x| #0 and t € (0,T),

L(w)(z,t) = §(x): /O/w(y, s)dyds + |z| "4 te(x, 1), (5.2)

where
le(z,t)] = 0 as |z| = oo.



The colon symbol stands for a summation on the last two subscripts of §; n x(x), as in (3.9).
Let us now state our second Lemma:

Lemma 5.2. Let 0 < T < oo, w € LY(R? x (0,T)) and 0 < a < 1. Assume that

esssup t*|w(zx, )| = o(|z| 471, as |z| — oo.
te(0,T)

Then conclusion (5.2)) holds.

The first Lemma is the most interesting one, as its conclusion is reached dropping any decay
assumption on w: it just relies on a condition on Vw, that is usually less stringent than the
corresponding decay condition on w itself, at least when w is the quadratic nonlinearity of the
Navier—Stokes equations. As we will see, the proof the latter lemma is elementary. On the other
hand the proof of the former makes use of deeper cancellation properties of the kernel F'.

Proof of Lemma[5.1 Let us decompose
L(w) = (Ly 4 L2 + Ls)(w),

with
Ly (w)(x,t) = /0 /y|§|m|/2 F(z —y,t —s)w(y,s)dyds,
Lo(w)(x,t) := /O»/y|<|93|/2 F(y,t —s)w(x —y,s)dyds, and (5.3)

t
La(w)(e.t)i= | [ F(o —y,t - syuly,s) dyds.
0 J|z—y|>|z|/2, |y|>]z|/2

We dropped the colon symbol between F' and w to simplify the notations and proceed as all the
functions were scalar. We start estimating Lo (w).
Then we have
[Vw(z, 1) < Ot~z (log(e + |a])) " ea(x), (5-4)

for some constant C' > 0 independent on = and ¢ € (0,7'), and a function e, independent on time,
such that ez(x) — 0 as |z] — co. A crucial observation is that

/ F(y,t)dy =0, for all t >0 and R > 0, (5.5)
lyl<R

as one easily checks applying (3.5) and the antisymmetries of FM and F®) . Therefore, we can
rewrite Lo (w) as

Lo(w)(z,t) = /o/y<|x|/2 F(y,t —s)w(z —y,s) —w(x,s)]dyds.

Applying the gradient estimate (5.4]) we get

t
Lo )] < Claf = loge + 1)) [ [ PGt = o) lyls ™ dyds (s )
0 Jy|<|x]/2 ly|=[x]/2

But, from (3.4) and (3.6]), we see that
|F(y,t — s)| < Cmin{|y|~9, (t — s)~(4T1/2},



Hence,

t
[ R sy
0 J|y|<|=|/2

¢ t
< C/ / (t — s)~(@HD/2)y| 570 dyds+C/ / ly|~4s~* dy ds
0 J]y|l<vi-s 0 Jvi—s<|y|<|z|/2

t
<o+ 1WM/ log (|| /(2v/7 — 5))s~ ds)
- 0
< CT ' “log(e + T)log(e + |z]).
We conclude that, for & (z) = supy> /2 €1 (),

sup [La(z,8)] = of|z[~*7).

te(0,T)

We next estimate Ls(w). Using (3.6) we get
t
Latw ) <Jel = [ [ july.s)ldyds.
0 Jy|=|x|/2

As w € LY (R x (0,T)), by the dominated convergence theorem fgf\y\>|z|/2 lw(y, s)|dyds — 0 as

|z| — oo, uniformly with respect to ¢t € (0,T).
We end up with the analysis of Ly (w). Recalling (3.7]), we split L; (w) as

La()e.0) =500): [ [ wto.o)avs

-5 [ t/yplm/zw(y,s)dyds

t (5.6)
" /0 /|y<z|/2 [F(m —yt—s) = Fla,t - s)} s w(y, s)dyds

+\x|_d_1/o \Il(x/\/t—s):/l w(y, s) dy ds.

y|<|=|/2

For the last term in (5.6)), we can make use, e.g., of the rough estimate |¥(y)| < Cly|~2(*=), that
implies the bound, for this last term,

Ot~ |27 |wl| 11 @ax 0,1))
which decays faster than |2|~9~1 as |z| — oo. Hence the last term in (5.6) is settled.

Now, let us consider the third term in the right-hand side of ([5.6). It is well known, and easy
to check with (3.7), that |[VF(z,t)| < C|z|~?~2. Therefore, the third term in (5.6 is bounded by

t
Cla| -2 / / ] [y, )| dy ds.
0 Jyl<|x|/2

By the dominated convergence theorem,
T
[l o) Ui a0) s 0. s o] = .
0

9



Therefore, the third term in the right-hand side of (5.6) is o(|z|~¢~!) as |z| — oo, uniformly in

t € (0,T). This settles also the third term (5.6
The second term in the right-hand side of (5.6)) is the simplest one, and can be treated as LLs.
Summarising, we proved that

L(w)(x,t) = §(x): /O/w(y, s)dyds + |z| " Le(x, t),
where
le(z,t)] < (14t "log(e +t))é(x)

with € independent on ¢ and such that é(z) — 0 as || — +o0.
O

Proof of Lemma[5.3 Going back to the decomposition of L(w), we see that Ly (w) and Lg(w)
can be treated exactly as before. The estimate of Lo(w) is more direct: indeed, by the assumption
on w, there exists C' > 0 independent on z and ¢, and a function e; independent on ¢, with
ea(z) — 0, as |z| — oo, such that

lw(z,t)| < Ct= x|~ Ley(). (5.7)

Then we have
t
La(w)|(z,£) < Cla] 4 / / F(y,t — 5)|s~ % (z — ) dy ds
0 Jy|<|x]/2

t
<Clal 4t [FE=9)hsds swp a)
0

ly|=]z]/2

< Ol 279 sup e (y).
lyl>|x[/2

Hence Ly(w)(x,t) = o(|z|~9!) as |z| — oo, for all fixed t € (0,T). Notice that in conclu-

sion (j5.2) we have now
e, 1)) < t1/27¢(a)

with € independent on ¢ and such that é(z) — 0 as || — oc. O

6 Linear asymptotics in 2D
In this section we put in evidence what conditions on wug ensure that

sup |e"Pug(x)| = o|z|73), as |z| = oo
te(0,T)
We denote by g,(z) = (4mt)~Le~|#I"/4t the 2D heat kernel, for ¢ > 0 and z € R2.
Lemma 6.1. Let ug € L?(R?). Assume also that at least one of the following conditions holds:
(i) Either ug(z) = o(|x|~3), or
(ii) Vug(z) = o(|z|2), or
(iii) Aug(z) = of|z|~?) .

10



Then there exists a polynomial P = P(T) and a function € = €(z), such that lim ;| €(x) = 0
and
sup |e'Pug(x) — uo(x)| < P(T)|z| 3e(x) (6.1)
t€(0,T)

for all T > 0.

Proof. For m =0,1,2, let us introduce the four terms

= ol — ) — (_1)|7| o (e
Dl_/wswz[o( ORED S O uo(@)y” ge(w) dy,

[y[<m—1

D, = / gt(x - y)uo(y) dy,
ly|<|z|/2

D3 = / uo(r — y)g:(y) dy dy
ly|=|z|/2, lz—y|>]z|/2

and

(=1)hl
Dy =— O"ug(x Yg:(y) dy.
4 > o )/|y|zz|/2y 9:(y) dy

[y|[<m—1

In the case (i), we choose above m = 0, so that
e®ug=D1+Dy+Ds and  Dy=0.

Using that ||g:[l1 = 1, we see that the D; and Dj integrals are o(|z|~3), uniformly with respect
to t € (0,00). For Dy, we use supj,|<|,/29:(r —y) < Ctlz|™*, and that f\y\<|m|/2 luo(y)|dy <
C'log(e + |z|). Here, and thoughout the proof, C' > 0 will denote a suitable constant depending
only on ug. This proves the result with a polynomial P of degree 1.
In the case (ii), we choose m = 1 above, so that Dy = —ug(x) f\yl>lr|/2 g(y)dy. As [g: =1,
we see that
e®uy —ug = Dy + Dy + D5 + Dy.

By the first-order Taylor formula and assumption (ii),
D= ( swp [Vuolw)) [ lolon(w)dy = Vio(jal ).
ly[=lx]/2 ly|<l|x|/2
This estimate for D; is in agreement with (6.1)). For Dy we can use the inequality

sup  gi(x —y) < Cla| 72,
lyl<lal/2

Next, the gradient estimate of uy implies that ug is Lipschitz outside a ball of large radius. Hence,
flylﬁ\x\/Q lug| < C(1+ |z|)3. The fast decay of the heat kernel thus settles the Dy integral. For the
integral D3, using again the Lipschitz property of ug we have

|Ds| < C (14 lylge(y) dy < C(E +¢°/2) ||,
[yi>el /2

For Dy, we write, for some Ry > 0 dependent only on ug and all |z| > Ry,

|Da| < Cla| lylge(y) dy < 2|~
lvl>lal/2

11



This establishes with a polynomial P of degree 3.

In case (iii), we choose m = 2. Notice that in the summations over -y, all the termes corre-
sponding to |y| = 1 vanish after integrating with respect to y (because of the anti-symmety of
y19¢(y) and y2g(y). Hence, Dy is the same as in case (ii) and Dy + D+ D3+ Dy equals e ug —uo,
as before. But now in D; we can apply the second-order Taylor formula. In fact, in Dy, the mixed
derivatives 0;0,uo will play no role when j # k, because y;yrg(y) is anti-symmetric and vanish

after integration. And f\y\SIwI/2 y3g:(y) dy = fIyIS\wI/2 y2g:(y) dy. Hence,

1 1
D1 — 1/ / A’U,o(l‘ — 9y)|y|29t(y) dy de.
0 Jlyl<|z[/2

Thus,
|Di| < Ct( sup |Aug(y)l),
lyl>x[/2
and this can be bounded as in the right-hand side of , by assumption (iii). To estimate the
other terms, we first need a control on the growth of ug at infinity. We can write ug = ¢ + xug
where ¢ is an L2-compactly supported function, y is smooth and y = 0 near the origin, ¥ = 1 in
a neighbourhood of infinity, and such that |A(yuo)(z)| < C(1+ |z|)~3. Letting

Y= % /log(lfﬂ —y)A(xuo)(y) dy,

we see that Ay = A(xup), so that yug—1 is a harmonic polynomial. Moreover, ¥ has a logarithmic
growth. It follows that |ug(x)| is bounded by some polynomial Q(z) for large enough |z|. But
then, the estimates of the other terms Dy, D3 and D4 can be performed essentially as before.
In , the degree of P will then depend on that of Q. O

Notice that conclusion of the Lemma remains true if one replaces the L?-condition on ug by
the more general one uy € &'(R?) + L{ (R?), where &'(R?) is the space of compactly supported
distributions. In case iii), however, one would need also some “controlled growth at infinity” for

ug. For example, ug(z) = O(el*") for some 0 < o < 2.

7 Proof of Theorem [2.1], Theorem and Theorem

The proof of the main theorems is a simple consequence of the persistence properties of the spatial
decay (Proposition and Proposition [4.2)), of the two previous lemmas, and a few remarkable
properties of the kernel F' in 2D.

Proof of Theorem[2.1 Under the assumptions of Theorem Proposition [I.1] applies. Hence, u
satisfies . Hence, w = u ® u does satisfy the conditions of Lemma witha=1/24+2/p< 1
and d = 2.

Hence, applying also case (iii) of Lemma we get, for all fixed ¢t € (0,7),

u(z,t) = uo(z) + F(2) : /0 /(u®u)(ya3) dyds + o;(|z[ )
= uo(z) + VH(z,t) + 0y (|2 %),

(7.1)

where H was defined in (3.9). Here, o;(|z|~®) denotes a time-dependent function decaying faster
than |z|~2 at the spatial infinity.

12



Let us now study in more detail the vector fields of the form (x1,z2) — VH(z1,22,t). Such
vector fields of potential type consist of homogeneous functions of degree —3: their components are
linear combinations of third-order derivatives of Fa(x1,z2) = —ﬁ log(2? 4+ x3). To this purpose,
let us fix ¢ > 0 and denote

(a b) _ < Jy Jud(z,s)dyds [ J(2uruz)(z, 5) dyds), (7.2)

b d fof 2uqus)(z, 8) dy ds fofu2 z,8)dyds
From the expression of Es(x1,x2) we get

e (a8} + b2, + dd, 02
VH(I,l,l‘g,t) = (82> H(l‘l,ZEQ,t) = (a&%@z +b318§ +da§ EQ(.’L’l,LEz)

7.3
_ v (e d)(z3 — 3z123) — b(3wixe — x3) (7.3)
T (@2 4 22)3 \ (a—d) (@3 — 3aiwg) + b(a} — 3x123) )
Let us compute |VH (z,t)| = /01 H(z,t)2 + 02 H(z,t)2. A crucial remark, specific to the 2D case,

is that |VH(x,t)| is a radial functlon for all possible choice of a, b and d. Indeed, by a direct
computation we get

a—d)?+ b2
VH (x,1)] = (ﬂx)ng (7.4)
It then follows that it does exist the limit
pm & *|u(z, t) — uo(z)| = 2 /(a — d)2 + b2.
Going back to the original notations, the above limit equals
\/(fof —u3)dy ds) (f(ff 2uius dy d8)2 .
O

Proof of Theorem[2.3 The proof is the same as above, the only change is that one needs to apply
Proposition instead of Proposition next case (i) of Lemma and finally and Lemma
instead of Lemma 5.1 O

Proof of Theorem [2.3 Because of the invariance of the Navier—Stokes equations under rotations,
we can assume without loss of generality that v = wug, the vertical component of the velocity field.
Under the assumptions of Theorem by the asymptotic profile (7.1)), we see that

ug(2,t) — ug2(x) = O H(x,t) + oy (Jz|3) as |x| — +o0.

Under the assumptions of Theorem the term ug 2(z) on the left-hand side can be incorporated
inside the remainder terms.

Let P(6,t) = VH(cosf,sinf,t). We easily get, rewriting (7.3) in terms of trigonometric
functions,

1 ((d— a)cos(30) — bsin(30)
POt) = ((d — a)sin(36) + bcos(39)>
)

Vd—a?+0? <cos(39+ ))
)

a T sin(30 4+ «
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where the angle a € [0, 27), which is the argument of the complex number z(¢), is uniquely defined
by the system

— _ _d-a
cosa—\/m -
sina = b ()

Vi(d—a)> 52

Here «, just like a, b and d, depends on time. In particular,

|P(0,t)| = M,

™

and the fact that the right-hand side is independent of 6 is another way of recovering the already

observed fact that |[VH (-, t)| is radial. Moreover, for x = (Rcos#f, Rsind), with R > 0,
(d—a)?+?

™

OoH(x,t) = OoH(Rcos, Rsinf) = R™3sin(360 4 «).

Then, for any fixed t > 0 and 6 € [0, 27),

(@a—d2+ 52

R3uy(Rcosf, Rsinf,t) — R3ugo(Rcosf, Rsinf) =
T

sin(360 4+ «) + o(1),

as R — 4oo. Let t such that L(t) # 0. For such times ¢, we have (a — d)? + b> # 0. It then
just remains to check whether or not the term sin(36 + «) vanishes. To the six zeros in [0, 27|

of the periodic function 6 — sin(36 + a) correspond six distinct points in the circle: e=*®/3+k7
k=0,...,5. These are the 6''-complex roots of e=2/%. But e'® = z(t)/|z(t)|, so the assertion of
the theorem applies, for the vertical component v = uy, with o, = (|2(t)|?/2(t)?). O

The function L(t) (see for the definition) and the hexagons #H(t) can be defined for any
2D Leray solution, even though one should not expect such objects play any special role, if one
just assumes ug € L2(R?), without any additional decay condition on the data.

Ruling out the non-generic situation in which the matrix in is a multiple of the identity
matrix, i.e., assuming that

(d—a)®+b* #0,

we see that the term VH (-, 1) is not identically zero. In fact one generically expects that L(t) # 0.
This, of course, is an useful information in the application of asymptotic profiles like . Next
remark allows to establish rigorously that L(¢) # 0 at least for a short time interval, as soon as one
starts from a “non-symmetric” initial datum. Therefore, the formation of hexagonal structures
can be granted at least in some interval (0, Tp).

Remark 7.1. Let ug € L2(R?) and u the associated Leray’s solution. Assume also that ug satisfies
the following “non-symmetry” conditions:

The 2 x 2 matrix [(up ® ug)(z) dz is not a scalar multiple of the identity matrix. (7.6)
Then there exists Ty > 0 such that L(t) # 0 for all ¢ € (0,Tp).

The proof of the remark is immediate: it relies on the fact that

L(t
lim Ly _ %\/(I(Ugl - U(2),2)dy)2 + ([ 2u0.1u0,2 dy)z-

t—0+ ¢

Therefore, under condition (7.6]), L(¢) cannot vanish when ¢ > 0 is small enough.
Notice that the non-symmetry condition ([7.6) can be reformulated in an equivalent way as
follows: “there exists a coordinate system such that [ ug’l # [ u?)’z”. Yet another equivalent

formulation is: “there exists a coordinate system such that f up,1U0,2 7 07.
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8 Large time behavior of hexagonal structures

The goal of this section is to estimate the angular velocity
H(t)
of the hexagons H(t). Even though the orientation of the hexagon H(¢) depends on the of the

component v of the velocity field vector, its angular velocity is independent on v. To study the
large time behavior of the spatial limit L(¢), we need the following Lemma.

Lemma 8.1. Let ug € L2(R?) N H~'(R?). Then the corresponding Leray’s solution belongs to
L2([0,00), L?(R?)). In this case, L(t) does have a limit as t — 400 and

lim L(t) = %\/(fooof(u% —u3) dyds)2 + (J5°) 2urus dyds)z.

t——+o0o

Proof. Indeed, we have the obvious estimate ||e*®ug||3 < |luo||?, and also fe*2t|5|2|ﬂo(x)|2 d¢ <

— 2 —
luoll?, . (supg e724I7[€]?) < Jluoll3,_, ¢t~ Hence,

e Puol|3 < C(1+1)7"

Wiegner’s theorem [20] applies and gives the following L?-estimate for the difference u — e®uy:

lu(t) — etAu0||§ <C+1t)72 10g2(6 +1).
Therefore, u € L*(RT, L?(R?)) if (and only if) e'®uo € L?(R*, L2(R?)). But,

/o / =211 g (6)2 dg dt = / €172 [0(€)[? A€ = uo]| -1

Thus, e'®ug € L2(R*, L?(R?)) if and only if ug € H~'(R?) and the conclusion follows. O

In view of our next corollary, let us introduce the following notion.

Definition 8.2. We call generic a Leray’s solution in R? such that

L :=liminf L(t) > 0, (8.1)

- t—+oo

where L(t) is given by (23).

We do not attempt to give a precise topological description of this notion of genericity. This
terminology is justified by the fact that the condition lim;_, ., L(t) = 0 is expected to achievable
only with special solutions, like those featuring specific simmetries, and that in all the other
cases holds. Of course, in the case ug € L2 N H_I(RQ), applying Lemma shows that a
Leray solution is generic if and only if

(fooof u%ui dy ds)h i is not a scalar multiple of the identity matriz. (8.2)

This is the analogue, for the solution u, of the non-symmetry condition for the datum wug.

Condition first appeared in [15] in connection with the construction of fast dissipative
flows. Namely, the main result of [15] essentially states that weak solutions of solution u of
Navier-Stokes in R? are rapidly dissipative, i.e. |[u(t)||3 = o(t~(+1)/2) if and only if ||e*Pug||3 =
o(t~(@+1/2) and u does not satisfy (8.2). See also [8] for an insightful analysis of such flows using
the invariant manifolds theory.

Next corollary reveals that condition , and its more general formulation , not only
appers in the setting of rapidly dissipative flows, but has a deeper signification in the large time
structure of the flow.
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Corollary 8.3.

i) For generic Leray’s solutions, the angular speed ’H(t) of the hexagonal structure is such that
[H(t) = O(lu(t)]3)  ast— +oo.

In particular, this angular speed slow down to zero for large time.

1) Ifug € H~Y(R?) and u satisfies (18.2)), then the hexagon H(t) converge to a stationary position
) ; g g yp
Heoo as t — +o00.

Proof. To estimate the angular speed of the hexagons H = H(t) we compute the time derivative
of the function o = «(t) defined in (7.5). We find

V'(d — a) = b(d — a)'|

"= +w

Therefore, recalling the definition of L = L(t) in (2.3)),

0] +|d" — a|
(d—a)?+b?
_ S 2uiup da| + | [ (u? — u3) dz|
wL

H| <

Maximizing the numerator under energy constraint we finally get that the angular speed of H is
estimated by
~ V2 ]u(t)|3

) < ———2=. 8.3

o) < (53)

Then the first conclusion follows from condition (8.1). By a classical result of Kato and Masuda,

u(®)[|3 = 0 (see [20] for a proof) and so |H(t)] — 0 for generic solutions. In the case ug €

L2 N H=1(R?), and (8.2)) holds, the application of Lemma and an integration in time in an
interval of the form [tg, 00) yields the second conclusion.

O

Conditions (8.1) and (8.2)) can be difficult to check for an arbitrarily given ug. However, if the
size of ug € L2 N H~(R?) is small enough in the L?-norm, then such conditions are both very
easily checked, using the Fourier transform, applying the following criterion.

Proposition 8.4. Let ug € L2 N H~Y(R?), be such that g := (—A)~?ug is non-symmetric (in
the sense that of condition (7.6 holds with tg instead of ug). Then there exists 6 > 0 such that if
luollz < 0, then Leray’s solution starting from ug does satisfy (8.2]).

Proof. Our condition that g is non symmetric can be expressed by the fact that

o= \/(/ |ﬂ0’1<£)|2|g|2%’2(5)|2 d§)2 + (/2%1@@?2@ d§)2 £0.

Let us introduce the Banach space X of measurable functions in R? x (0, 00) such that

oo 1/2
Jullx = esssup [u(®)z + esssup VE [u@) o+ (| a0 a)
t>0 t>0 0
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If ug € L2 N H~'(R?) then we have by standard heat kernel estimates, and recalling the last
line of the proof of Lemma [8.1

le*®uollx < Collluollz + [luoll 7-1),
where Cy > 0 is an absolute constant. To prove the bilinear estimate
1B(u,v)|lx < K|ulxlv]x, (84)

with K independent on u and v, we only have to establish that

00 1/2
([ 1B oia) "™ < Kl

as the other contributions of the X-norm of B(u,v) are just standard Kato’s estimates.
To establish the latter estimate, first observe that if v and v belong to X, then f := |Ju||2||v]|2 €
L' N L% (R*), with norm bounded by ||u| x||v| x. Then,

t

t/2
1B (u, v)]|2(t) S/O IIF(f—S)sz(S)der/t/2 [E(t = s)lle/sllu(s)ls]lv(s)l|s ds

t/2 ¢
<Ot [T g ds - CIP I [ =) 2 s
t

We have ¢! fg/z f(s)ds < C(1 + )~ ul|x||v]lx, which indeed in L*(RT) as a function of the
t variable.

To estimate the second term we will make use of classical Holder and Young inequalities for
Lorentz spaces and their interpolation properties, see [12]. As 23 e L3/2n Lo (R*) and the map
s+ s~ /3 belong to the weak-L?(R*) space, we get that the map s — f(s)%/3s~'/3 belongs the
Lorentz space LP4(R™), for all 1 < p < 3 and 1 < q < oo. In particular, this map belongs to
LS/51(R*). On the other hand, the map s + (¢t — s)~2/% belongs to the weak-L%/?(R*) space
and L3/% x [8/51(R*) ¢ L»Y(R*) ¢ L?*(R*) with continous embeddings. These considerations
prove that the last integral is bounded in L*(RT) by CHUH%%WH%S This in turn implies (8.4).

Notice, for any A > 0, a rescaled solution wuy(x,t) = Au(Az, \?t), satisfies if and only if
u does satisfy . Therefore, it is convenient to work with a suitably rescaled datum wug ) =
Aug(A-), in a such way that the smallness assumption |lug||2 < d insure that

luollz + lluoallg-1 <26 < Co/(4K).

This is possible taking a large enough A, so that |lugx||g—1 = A7 |uo|| -1 = 9.
To make the notations lighter in the sequel, we abusively temporary drop the scaling parameter
A, and write u instead of uy, even though from now on we do work with the rescaled solution.
The global solution u € X constructed by fixed point (that agrees with Leray’s solution) satisfy
u = e®ug + B(u,u), with
[ullx < 2[uollx < 44.

Moreover, for any component of u (j = 1,2),

= (4260, Bu ) + B
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Integrating in space-time we get, for an absolute constant C' > 0,

oo oo
[ [a2 [ [ - 2le iz 1Bz, - 1BwlE:,
0 0 ' T

o0
> / /(esﬁuo,j)2 — 0§ - 06t
0
o] (&)
- €17
If we now reproduce the same calculation for [f(u} — u3) and for [ 2ug1uo2 we obtain, for
another absolute constant C' > 0,

\/(/OOO/(H% —ug)dyd8)2+ (/Ooc/zuluzdyds)Q

. W / s (OF — 0a(OF 10, ( [5T0a O] g _ g

de — ¢,

€2 1€[2
= koA 2 —C8°

= rio 6°[|uo|| ;T — C4°.

The last expression is strictly positive when 6 < ko/(C ||u0||%[71). Under this condition and the
previous condition 20 < Cy/(4K), the rescaled solution uy, and hence the non-rescaled solution u

itself, do satisfy (8.2]). O

Remark 8.5. There are examples of (non generic) flows such that L(t) = 0. The best known are
classical circular flows with radial vorticity, described, e.g., in [17]. For such flows, H(t) is not well
defined and no hexagonal structure is present. Such flows are somehow trivial, as the nonlinearity
P-V(u®u) identically vanishes, but very important to describe the large time dynamics of general
flows. See [9].

Following the author (see [12, Chapt. 25]), we call symmetric a 2D flow such that

i) (x1,x2) = ug (w1, z2,t) is odd with respect to x; and even with respect to xs.
i) uy (21, 79,t) = u(xe,21,t) for all z € R? and ¢ > 0.

Symmetric flows provide another example of non-generic (and non-trivial) solutions such that
L(t) = 0. Let us call “half-symmetric” a flow satisfying just one of conditions i) or ii). For half-
symmetric flows, one in general has L(t) # 0, so that the hexagonal structure (t) is present. But
a—d=0orb=0: in both cases, one concludes from our previous computations that % = 0. In
other words, for half-symmetric flows the hexagonal structure always remains in a fixed position.

The curious concentration-diffusion effects pointed out in 3] and also |7] can be interpretated
as follow: there are flows such that L(t) Z 0, but such that L has an arbitrarily large number of
Zeros.

9 Proof of Proposition 4.1] and Proposition

The proof of Proposition is carried in two steps. In the first one, the solution is proved to
belong, for some Ty > 0 small enough, to a Banach space X, r,, of functions such that u and Vu
have a suitable pointwise decay at the spatial infinity, at least for 0 < ¢ < Tj. In the second step,
the spatial decay for u and Vu is proved to persist beyond Tp, and to hold also in [Ty, T]. This
second step is based on an argument of Vigneron [19).
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Let us consider the weight functions
¢(w) = (1+|a) log(e + [|)'/? and (z) = (1+ |2])* log(e + |z])"/>. (9.1)
For any T'> 0 and 1 < p < o0, let us set

[ullx, » = esssup t/7||¢ u(t) ]| oo + esssup /P12 Vu(t)| oo
' te(0,T) te(0,T)

So we can define the Banach space X, 7 of measurable functions v on R? x (0,7') such that
ul| x, ~ < co. We also consider the closed subspace Y, 7 C X, r defined as follows:
p,T p, p,

Y,r= {u € X, r: ¢(x)esssup tP|u(z, ) - 0 and
te(0,T)

Y(x) esssup tV/PHY2 |Vu(z,t)| — 0, as |z] — oo}.
te(0,T)

Lemma 9.1. Let B(u,v)(t) = — fot F(t—s)* (u®wv)(s)ds the bilinear term of the Navier—Stokes
equations. For all T > 0 and all 4 < p < oo, we have the estimate

1B(u, 0)|lx,.r < Cp T2 VP +VT)||ullx, 2 [[0]x, 2 (9-2)

where C, > 0 depends only on p.
Moreover, if u and v belong to Y, v then B(u,v) does also belong to Y, r.

Proof. First of all, we have

t
1B (u, v)(#)[loo < /0 1E(t = $)llallu(s)llollv(s)lloo ds < Cpt' >/ lullx,, 2 [0]lx, 2

Moreover, for |z| > 2e,
t
wmwmwgcm*//“ ] [0](y, 5) dy ds
0 Jly|<|z]/2
t
+//’ e —y,t - )]s~/ dyds o(z)llullx, o [0llx, »
0 Jly|>|z|/2

t
< (t1-2“1x|-3loguog|xw>+—jﬁ IF(t = )15~ ds o) 2 lullx, - o]l x,

CP
Gyt 7)1+ VD)$(x) " fulx, o ol x,

IN

Similarly,

t
IVB(u, v)()]|oc < /O 1E(t = $)[11 ]IV (u @ 0)($)lloo ds < Cpt>/PJullx,, 2 [|0]lx, -

And, for |z| > e,
t
IV B(u, v)|(2. ) §C|x|_3/ / V(4@ v)|(y, ) dy ds
0 Jlyl<lz|/2
t
+q// Flz —y,t — )]s /272 dy ds g(x) (@) ullx, . [o]1x, -
0 Jly|>|x|/2

t
<G (12 mal 4 [P = )2 s o) )l ol o

< Gt 227 1472 (@) " ull x, 0],
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Combining the four previous estimates implies ((9.2)).
If w and v belong to the closed subset Y, 7, then going back to the previous estimates one
readily see that B(u,v) € Y, 7.

O
Lemma 9.2. Let 1 < p < 0o and ug € LP(R?), be such ug(z) = o(¢(x)™1) and Vug(z) =
o(y(z)~1) as |z| — +oo0. Then, for all T >0, e!ug € Y, 7.
Proof. From ug € LP(R?), the usual heat kernel estimates gives
sup t1/P || et g oo + sup tV/PH 2| Vet A ug) oo < 0. (9.3)
>0 >0
Moreover, there exists Ry > 1 such that, for all |x| > Ry we have |ug(x)| < ¢(z)~! and |Vug(z)| <

Y(x)~!. The spatial decay estimates as |x| — oo are simple: splitting the heat integral [ g;(z —
y)uo(y)dy at y = |2|/2 and using gi(2/2) [, (a2 [uo(y)|dy < Clz[~*¢[2[*7/P) , one obtains
for all |z| > 2Ry,

"B ug(z)] < C(ta| 2 + ¢() ") < C(1+ ) (x) .
with C' > 0 independent on t. Hence,

sup tl/qubetAuoHoo <C(1+ T1+1/P).
te(0,T)

Next, let x be a cut-off function equal to 1 for |z| < Ry, vanishing for |z| > 2Ry. We have
VerPug = (Vgi) * (xuo) + g¢ * V[(1 — x)ug]. Hence, for || > 4Ry,

|Vemu0|(x) < C|x|_3/

ly|<2Ro

< C(L+Vi)y(x) ™

ol + g1(2/2) / IV[(1 = x)uo]| + esssup [Veuo|(y)

Ro<|y|<|z|/2 ly|=]=]/2

Therefore,

sup tYP2 1y VelPug|ls < C(1 + THH/P),
te(0,T)

In fact, using that ug(z) = o(¢(z)™!) and Vug(z) = o(y(z)™!) as |x] — oo, allow us to rein-
force previous conclusion into ¢1(z) supe (o 1) letAug|(z) — 0 and ¢o(z) SUPye (0,7) letAug|(x) — 0,
getting e'®ug € Yy 7.

O

Proof of Proposition[{.1 ~ We first make use of the spatial decay assumption for ug, Vug, of the
condition ug € LP(R?), with 4 < p < co and the divergence-free condition on ug. Observe that
norm of the bilinear operator of B: X, r x X, — X, v goes to zero as T' — 0, as we checked in
establishing . If we choose Ty > 0 small enough, then applying the the standard fixed point
argument in Y, 1, we get from the two previous Lemmas the existence of a local-in-time solution
u € Y, 7, of the Navier-Stokes equations, written in its integral form, u = e'®ug + B(u,u). This
solution is obtained as the limit u = limy_,oc uy in the X, 7,-norm, where, accordingly with the
usual iteration scheme, u; := e'“ug and ugy1 = uy + Blug,uy) for k=1,2,...

In fact, ug does also belong to L2(R?), and the above iteration scheme is known to converge
also in L*([0, Ty, H'/?(R?)) by classical Fujita and Kato’s result. Therefore the solution u agrees
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with Leray’s solution in such time interval. (See [1]). But Leray’s solution is defined beyond Ty
and is such that, for all T > Tj,
sup  |u(t)|loo < 00. (9.4)
te(To,T)
See, e.g., |16,[22] for fine L*°-estimates of 2D Navier-Stokes flows valid also in the more general
settings of infinite energy solutions. We now work on [Ty, T|, where T' > Ty is arbitrary. It will be
convenient to consider the new initial datum

to(z) = u(z, Tp).
From the fact that u € Y, 7, we infer that

¢ g € L®(R?) d d(x)uo(z) — 0
an ~
¢ Vg € LOO(RQ) 1/)VUJ0($) — 0
We now argue as in Vigneron’s paper [19] to deduce, from (9.4) and (9.5)), that the spatial
decay of @y and Vg is preserved by the flow, in the whole interval [Ty, T]. To this purpose, let
us introduce, for a > 0,

as |z| — oc. (9.5)

pa(x) = (1+ |2))".
Observe that ¢, is submultiplicative for all a > 0, hence ¢, (z) < @, (x—y)pq(y). For the moment,
we take
a=2/3.

Next we will improve the decay rates for u by bootstrapping. First of all, we have, for all Ty <
s<t<T,

t
u(t) = =8y (., ) — / Pt — 1) % (u®u)(r) dr. (9.6)
By the scaling relations and the decay of the kernel F' we have, for any 7" > 0,
supsepo. 7t/ 2 0aF (-, 1)l < 00
SUP¢e(o,T] tlpa VE(,t)[l1 < oo,

(we cannot take here a = 1 because ||p1F(¢)]]1 = co. On the other hand, any choice of a € (0,1)
would do). The following linear estimates hold:

sup [lpa e ®vlloo + sup [[a Ve vlloo < A(ll@avloe + [l9aVolloo), (9.7)
te[0,T7] t€[0,T]

with A = A(T). We have, for all Ty <7 <t < T, and for some constant B = B(T') independent
on 7 and t, and Ty,

lpa(@) E(t = 1) (u @ u)(z,7)| < /%(fc*y)IF(x*yyt*T)l%(y) uly, 7] u(y, 7)| dy

< lpaF(t = Tl llpat(T) oo [[u(T) 0
< B(t =)l pau(r)lloolu(7)l1so-

(9.8)

In the same way,

soa(x)V[F(t—T)*(U®U)](x,7)‘ < /%(w—y)\F(w—y,t—T)l%(y)IVU(y,T)I |u(y, 7)| dy

< o F'(t = 7)1 llpa V() oo le(7) [l oo
< B(t=7) " [lpa V() [l oo [u(7) | -
(9.9)
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Combining the two latter estimates with (9.7)), we get from equation , forall Th < s <t < T,
[eau(t)lloo + llpa Vult)lloo
< A(llpau(s)lloo + llpa Vuls)lloo)

+2B(t = )" sup [[u(7)lloe ( sp_ llpau(r)oc + 51D paVu(r)lloo ).
TE[s,t TE[s,t] TE[s,1]

(9.10)

We may assume u # 0 on [Ty, T]. Starting with T, we construct a strictly increasing sequence
of times (T});>¢ such that, for ¢ > 0,

2B(Ti1 —T)'? sup [Ju(r)]oc = 1/2.

TE€[ToH,T]
Let N € N be such that Ty < T < Tn4+1. We thus have

N < (T -Ty)(4B sup |u(1)||le)? < N + 1.

T€[To,T)
For ¢ < N, consider the interval A; = [To, T] N [T}, Ti41], and set

M; = sup [lpau(T)|lec + sup [[pa Vu(T)l|oo-
teA; teEA;

Applying with s = Ty and Ty < t < T} we get
Mo < 2A(||@atiolloc + [1¢aViio]loo)- (9.11)
In the same way, working on A;, for 1 <i < N we get
M; < 2AM;_;. (9.12)
Therefore,

sup [lpau(t)loo + sup lpaVu(t)lloo < (24)YH([l@atiollos + llpa Viol|oo)- (9.13)
tE[T[),T] tE[T[),T]

But

(2A)N*H = (24) exp(N log(24)) < Aj exp(A2 sup ]I\U(T)Ilio),
te[To, T

where A; and Ay depend only on T, and are locally bounded functions of T'. We then conclude
that

sup [lpau(t)]loc + sup [lpaVu(t)lloo < Arexp(Az sup [u(7)]1%) ([@atiolloc + l|aViio]|oc)-
te[To,T] te[To,T] te[To,T]
(9.14)

We now finish the proof with some bootstrapping on the spatial decay rate. From the above
estimates we get the provisory spatial decay

sup |u(z,t)| + sup [Vu(z,t)] < Clpays(x)) ",
t€[To,T] te[To,T]

where C' depends only on T and on the initial data ug. But

u(x,t) = e"TA g () — / F(t—s)* (u®u)(z,s)ds.
To
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For the quadratic term we easily get from our provisory estimate

¢
sup |F(t— )| * Ju®ul(z,s)ds < Clpays(z)) " = o(o(z)™") as |z| = +oo.
t€[To,T) J To

For the linear term, recalling (9.5) we have ¢y e""70)24g € L*°(R?) and sup;c (o 7y [e! ") 2| (z) =
o(¢(x)71) as |z| — +oo. Hence,

¢ sup |u(-,t)| € L=°(R?) and o(x) sup |u(zx,t)| — 0, as |z| — oo.
tE[T(),T] tG[To,T]

For the gradient estimates, after a similar bootstrapping procedure (but with a few more iterations)
we get

¢ sup |Vu(,t)] € L(R?) and  ¢(z) sup |Vu(z,t)] =0, as |z| — oo.
te[To,T) te[To,T]

This concludes the proof of Proposition [.1] O
Before proving Proposition @ we set o 1= 39, i.¢., according to our previous notation,
pla) = (1+[2])*.

Moreover, for p > 2 we set
llullz,  := esssup /4 |lu(t)||4 + esssup t/p Il ] oo -
te(0,T) te(0,T)
We denote by Z, 7 the Banach space of measurable functions u on R? x (0, T) such that |[ul|z, , <

oo and by W, r the closed subspace of Z, r,

Wyr={ue€ Z,r: lm ¢(x)esssup P |u(x, t)| = 0}.
|z|—=+o00 te(0,T)

We equip W with the Zp-norm.

Proof of Proposition . The only important change with respect to the proof of Proposition[4.2]
is the following bilinear estimate, that conveniently replaces Lemma [9.1

1B(u, o)z, < CT*" VP14 VT)ull 2, 2 [0] 2,1,

valid for all T > 0 and p > 2, where C > 0 depends only on p.
This is elementary: first of all,

t
|1 B(u, v)(t)]la < C/O IF(t = 5) |11 [[u(s)|lallv(s) |0 ds < CE/AP ]|, 0]l 2, -
On the other hand,

t
1B(u, 0)()]|oo < C/O 1E(t = $)[1llu(s)llocllv(s)lloc ds < C/2722|lu) 2,4 [[0] 2, -
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Moreover, for |z| > 1, after splitting as usual the integrals defining B(u,v)(z,t) in the regions
{lyl < |z|/2} and {|y| > [2[/2}, we obtain

t t
1B(u,v)|(z,1) < Cla] / /| Il 5) dy s+ Clulz o, / IF(t — s)lls~ /7 ds p(z)2
y7$

< O824+ 01220 0(2) =2 lu| 7, . ol 2,
< OO+ V222 0(w)  ull 7, 0] 2, -

This establishes the required bilinear estimate.

Notice that if the two functions (or at least one of them) u and v belong more precisely to
W, 7, then the last estimate ensures that B(u,v) € W), r.

On the other hand, if uy € L2(R?) and ug(z) = o(|z|~3/?) as || — 400, then one easily checks
via standard heat kernel estimates that et®ug € Wy, for all T > 0. Therefore, choosing a small
enough 7 > 0 the usual fixed point argument applies in W), 1. Hence, we get the existence of
a solution v € W), 1, This solution agrees with Leray’s solution on [0,Tp]. By a continuation
argument, similar to the one we did in Proposition .1} we finally conclude that u € W), r, for all
T > 0.

O
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