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Stochastic Alignment Processes

Amos Korman and Robin Vacus

January 29, 2021

Abstract

The tendency to align to others is inherent to social behavior, including in animal groups, and flocking
in particular. Here we introduce the Stochastic Alignment Problem, aiming to study basic algorithmic
aspects that govern alignment processes in unreliable stochastic environments. Consider n birds that
aim to maintain a cohesive direction of flight. In each round, each bird receives a noisy measurement of
the average direction of others in the group, and consequently updates its orientation. Then, before the
next round begins, the orientation is perturbed by random drift (modelling, e.g., the affects of wind).
We assume that both noise in measurements and drift follow Gaussian distributions. Upon receiving a
measurement, what should be the orientation adjustment policy of birds if their goal is to minimize the
average (or maximal) expected deviation of a bird’s direction from the average direction? We prove that
a distributed weighted-average algorithm, termed W?, that at each round balances between the current
orientation of a bird and the measurement it receives, maximizes the social welfare. Interestingly, the
optimality of this simple distributed algorithm holds even assuming that birds can freely communicate
to share their gathered knowledge regarding their past and current measurements. We find this result
surprising since it can be shown that birds other than a given i can collectively gather information that
is relevant to bird i, yet not processed by it when running a weighted-average algorithm. Intuitively, it
seems that optimality is nevertheless achieved, since, when running W?, the birds other than i somehow
manage to collectively process the aforementioned information in a way that benefits bird i, by turning
the average direction towards it. Finally, we also consider the game-theoretic framework, proving that
W? is the only weighted-average algorithm that is at Nash equilibrium.

Keywords: Noisy communication, Kalman filter, Flocking, Biological distributed algorithms, Distributed
signal processing, Clock Synchronization, Weighted-average algorithms.
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1 Introduction

1.1 Background and Motivation

Reaching agreement, or approximate agreement, is fundamental to many distributed systems, including,
e.g., computer networks, mobile sensor systems, animal groups, and neural networks [11, 8, 28, 23, 27, 7].
In the natural world, one of the most beautiful manifestations of approximate agreement happens when
flocking birds (or, e.g., schooling fish) manage to maintain a cohesive direction of movement by constantly
aligning themselves to others [28, 27, 7]. In this context, as well as in multiple other contexts, such as during
clock synchronization [26, 25], the space in which the approximate agreement process occurs is continuous,
measurements are noisy and the output needs to be maintained over time despite drift.

This paper introduces the Stochastic Alignment problem, aiming to capture some of the basic algorithmic
challenges involved in reaching approximate agreement under such stochastic conditions. Informally, the
problem considers a group of n agents positioned on the real line, aiming to be located as close as possible to
one another. Initially, agents’ positions are sampled from a Gaussian distribution around 0. In each round,
each agent receives a noisy measurement of its current deviation from the average position of others. Then,
governed by the rules of its algorithm, each agent performs a move to re-adjust its position. Subsequently,
before the next round begins, the position of each agent is perturbed following random drift. Both noises in
measurements and random drifts are governed by Gaussian distributions. We are mostly interested in the
following questions:

• Which re-adjustment rule should agents adopt if their goal is to minimize the maximal (or average)
expected distance of an agent from the center of mass?

• Could further communication between agents (e.g., by sharing measurements) help?

• What would be the impact on the global alignment when each agent aims to minimize its own distance
from the center of mass?

Importantly, we assume that agents are unaware of the actual value of their current positions, and of the
realizations of the random drifts, and instead, must base their movement decisions only on noisy measure-
ments of relative positions. This lack of global “sense of orientation” prevents the implementation of the
trivial distributed protocol in which all agents simply move to a predetermined point, say 0.

One trivial algorithm is the “fully responsive” protocol, where in each round, each agent moves all the
way to its current measurement of the average position of others. This alignment protocol was assumed
in various models that consider alignment, including in the celebrated flocking model by Vicsek et al. [27].
When drift is large, measurement noise is negligible, and the number of agents is large, this protocol is
expected to be highly efficient. However, when measurement noise is non-negligible, it is expected that
incorporating past measurements could enhance the cohesion, even though drift may have changed the
configuration considerably.

Perhaps the simplest algorithms that take such past information into account are weighted-average algo-
rithms; By weighing the current position against the measured position in a non-trivial way, such algorithms
can potentially exploit the fact that the current position implicitly encodes information from past measure-
ments. Indeed, in a centralized setting, when a single agent aims to estimate a fixed target relying on noisy
Gaussian measurements, a weighted-average algorithm is known to be optimal [1]. However, here the setting
is more complex since it is distributed, and the objective goal is to estimate (and get closer to) the center of
mass, which is a function of the agents decisions.

1.2 The Stochastic Alignment problem.

We consider n agents located on the real line1 R. Let I = {1, . . . , n} be the set of agents. We denote by

θ
(t)
i ∈ R the position of Agent i at round t, where it is assumed that initially agents are normally distributed

1Depending on the application, the actual domain may be bounded, or periodic. For example, when modeling directions,
the domain is [−π, π] and when modeling clock synchronization, the domain may be [0, T ] for some phase duration T . Since
we are interested in the cases where agents are more or less aligned, approximating an interval domain with the real line is not
expected to reduce the generality of our results.
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around 0, with variance σ2
0 , that is, for each agent i,

θ
(0)
i ∼ N

(
0, σ2

0

)
.

Execution proceeds in discrete rounds. At round t, each agent i receives a noisy measurement of the deviation
from the current average position of all other agents. Specifically, denote the average of the positions of all
agents except i by:

〈θ(t)−i〉 =
1

n− 1

n∑
j=1
j 6=i

θ
(t)
i .

Let θ
(t)

i = 〈θ(t)−i〉 − θ
(t)
i denote the stretch of Agent i. At any round t, for every i ∈ I, a noisy measurement

of the stretch of Agent i is sampled:

Y
(t)
i = θ

(t)

i +N
(t)
m,i, (1)

where N
(t)
m,i ∼ N (0, σ2

m). In response, Agent i makes a move dθ
(t)
i and may update its memory state (if it

has any). Finally, the position of Agent i at the next round is obtained by adding a drift:

θ
(t+1)
i = θ

(t)
i + dθ

(t)
i +N

(t)
d,i , (2)

where N
(t)
d,i ∼ N (0, σ2

d). All random perturbations
(
N

(t)
m,i

)
i∈I

and
(
N

(t)
d,i

)
i∈I

are mutually independent, and

we assume that σm, σd > 0.
The cost of Agent i at a given time t is the absolute value of its expected stretch at that time 2, i.e.,

C(t)i := E
(∣∣∣θ(t)i ∣∣∣) .

Note that the cost depends on the algorithm used by i but also on the algorithms used by others. As these
algorithms will be clear from the context, we typically omit mentioning them in notations.

Definition 1 (Optimality). We say that an algorithm is optimal if, for every i ∈ {1, . . . , n} and every

round t, no algorithm can achieve a strictly smaller cost C(t)i .

Weighted-average algorithms. Perhaps the simplest algorithms that one may consider are weighted-
average algorithms. Such an algorithm is characterized by a responsiveness parameter ρ(t) for each round t,
indicating the weight given to the measurement at that round. Formally, an agent i following the weighted-
average algorithm W(ρ(t)) at round t, sets

dθ
(t)
i = ρ(t)Y

(t)
i . (3)

Full communication model. When executing a weighted-average algorithm, an agent bases its deci-
sions solely on its own measurements. A main question we ask is whether, and if so to what extent, can
performances be improved if agents could communicate with each other to share their measurements. In
order to study the impact of communication, we compare the performances of the best weighted-algorithm
to the performances of the best algorithm in a full-communication setting, where agents are free to share
their measurements with all other agents at no cost. In the case that agents have identities, this setting is
essentially equivalent to the following centralized setting: Consider a master agent that is external to the
system. The master agent receives, at any round t, the stretch measurements of all agents, i.e., the collection

{Y (t)
j }nj=1, where these measurements are noisy in the same manner as described in Eq. (1). Analyzing these

measurements at round t, the master agent then instructs each agent i to move by a quantity dθ
(t)
i . After

moving, the agents are subject to drift, as described in Eq. (2). Note that the master agent is unable to “see”

2Another natural cost measure is the expected deviation from the average position of all agents (including the agent), i.e.,

C(t)i

′
:= E(| 1

n

∑n
j=1 θ

(t)
j − θ(t)i |). These two measures are effectively equivalent. Indeed, C(t)i

′
= n−1

n
C(t)i , thus an algorithm

minimizing one measure will also minimize the other.
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the positions of the agents, and its information regarding their locations is based only on the measurements
it gathers from the agents, and on the movements it instructs. The goal of the master agent is to minimize
the (average or maximal) cost of agents, per round. In particular, an algorithm is said to be optimal in the
centralized setting if it satisfies Definition 1.

At a first glance, it may appear that weighted-average algorithms may be sub-optimal in the centralized
setting. This is because it can be shown that the measurements made by Agent i contain strictly less
information about the agent’s relative position to the center of mass than the information contained in the

collection of all measurements {Y (t)
j }j 6=i. Indeed, although the {Y (t)

j }j 6=i measurements are not centered

around the stretch θ
(t)

i of Agent i, they still contain useful information. For example, it can be shown that

−
n∑
j=1
j 6=i

Y
(t)
j = θ

(t)

i −
n∑
j=1
j 6=i

N
(t)
m,j , (4)

thus representing an additional “fresh” estimation of θ
(t)

i . Therefore, it may appear that in the centralized
setting, the stretch of agents could potentially be reduced by letting the master agent process all measure-
ments.

1.3 Our results

Weighted-average algorithms. We first investigate weighted-average algorithms in which all agents have
the same responsiveness ρ, that furthermore remains fixed throughout the execution (see Eq. (3)). The proof
of the following theorem is deferred to Appendix A.1.

Theorem 2. Assume that all agents execute W(ρ), for a fixed 0 ≤ ρ ≤ 1. Then for every i ∈ {1, ..., n} and

every t ∈ N, the stretch θ
(t)

i is normally distributed, and

lim
t→+∞

Var
(
θ
(t)

i

)
=

n
n−1 (ρ2σ2

m + σ2
d)

1− (1− n
n−1ρ)2

, (5)

with the convention that limt→+∞Var
(
θ
(t)

i

)
= +∞ if the denominator 1− (1− n

n−1ρ)2 = 0.

If all agents run W(ρ), then the extent to which they are aligned with each-other asymptotically is

captured by Var(ρ) := limt→+∞Var
(
θ
(t)

i

)
. Indeed, for every i, since θ

(t)

i is normally distributed,

lim
t→+∞

E
(∣∣∣θ(t)i ∣∣∣) =

√
2

π
Var(ρ).

The minimal value of this is achieved when taking argminρVar(ρ) as the responsiveness parameter. The
proof of the following theorem is deferred to Appendix A.1.

Theorem 3. The weighted-average algorithm that optimizes group variance among all weighted-average
algorithms W(ρ) (that use the same responsiveness parameter ρ at all rounds) is W(ρ?), where

ρ? =
σd

√
4σ2

m +
(

n
n−1σd

)2
− n

n−1σ
2
d

2σ2
m

. (6)

When n is large, Eq (6) becomes

ρ? ≈
σd
√

4σ2
m + σ2

d − σ2
d

2σ2
m

.

For example, if σm � σd, then ρ? ≈ 0. However, if σm � σd then ρ? ≈ 1. Interestingly, if σm = σd then

ρ? ≈
√
5−1
2 , which is highly related to the golden ratio. Moreover, for large n, the minimal Var(ρ) is

Var(ρ?) =
1

2
σd

(√
4σ2

m + σ2
d + σd

)
. (7)
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Note that when the measurements are perfect, i.e., σm = 0, we have Var(ρ?) = σ2
d, which is the best

achievable value that an agent can hope for, since no strategy can overcome the drift-noise.

The impact of communication. Our next goal is to understand whether, and if so, to what extent, can
performances be improved if further communication between agents is allowed. For this purpose, we compare
the performances of W(ρ?) to the performances of the best algorithm in a centralized (full-communication)
setting.

A natural candidate for an optimal algorithm in the centralized setting is the “meet at the center”
algorithm. This algorithm first obtains, for each agent, the best possible estimate of the distance from the
agent’s position to the center of mass 〈θ〉, based on all measurements, and then instructs the agent to move
by this quantity (towards the estimated center of mass). However, it is not immediate to figure out the
distances to the center of mass, and furthermore, quantify the performances of this algorithm. To this end,
we adapt the celebrated Kalman filter tool, commonly used in statistics and control theory [1], to our setting.
Solving the Kalman filter system associated with the centralized version of our alignment problem, we obtain
an estimate of the relative distance of each agent i from the center of mass (based on all measurements). To
describe these estimates we first define the following.

Definition 4. We inductively define the sequence (αt)
∞
t=0. Let α0 = nσ2

0/(n − 1), and for every integer t,
let

αt+1 =
σ2
mαt

n
n−1αt + σ2

m

+
n

n− 1
σ2
d.

Definition 5. For every integer t, let

ρ
(t)
? =

αt
n
n−1αt + σ2

m

.

At each round t, the Kalman filter returns an estimate of the relative distance of each agent i from the

center of mass which turns out to be n−1
n ρ

(t)
?

(
Y

(t)
i − 1

n−1
∑
j 6=i Y

(t)
j

)
. As guaranteed by the properties of the

Kalman filter, these estimates minimize the expected sum of square-errors, which can be translated to our
desired measure of minimizing the agents’ costs. The “meet at the center” algorithm is given by Algorithm
1 below, and the following theorem stating its optimality is proved in Section 3.

Algorithm 1: Meet at the center

1 foreach round t do

2 Consider all measurements at round t, {Y (t)
j | 1 ≤ j ≤ n} ;

3 foreach agent i do

4 Set dθ
(t)
i = n−1

n ρ
(t)
?

(
Y

(t)
i − 1

n−1
∑
j 6=i Y

(t)
j

)
; /* Output an estimate of 〈θ〉 − θi */

5 end

6 end

Theorem 6. Algorithm 1 is optimal in the centralized setting.

Quite remarkably, another solution the follows from the Kalman filter estimations is in the form of a
weighted-average algorithm. The proof of the following theorem is given in Section 3.

Theorem 7. The weighted-average algorithm W? :=W(ρ
(t)
? ) is optimal in the centralized setting.

Note that by the strong definition of optimality (Definition 1), for any given i, no algorithm in the
centralized setting can achieve a better cost for agent i (for any round t). We find this optimality result
surprising since, as mentioned, agents other than a given i can collectively gather information that is relevant
to agent i, yet not processed by it when running a weighted-average algorithm (see Eq. (4)). Intuitively, it
seems that optimality is nevertheless achieved, since, when running W?, the agents other than i somehow
manage to collectively process the aforementioned information in a way that benefits agent i, by shifting the
center of mass towards it.

In contrast to W(ρ?), Algorithm W? uses a different responsiveness ρ
(t)
? at each round t. We next

argue that the sequences (αt) and (ρ
(t)
? ) converge. Not surprisingly, at the limit, we recover the optimal

responsiveness as stated in Theorem 3. The proof of the following claim is deferred to Appendix A.2.
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Figure 1: Position of the center of mass of a group with n = 3 agents over time, when W? is used (red),
and when “meet at the center” is used (blue), while both algorithms face the same randomness, in both
measurement noise and drift, and initialization of positions. Parameters are σm = σd = 1.

Claim 8. The sequence αt converges to α∞ := limt→+∞ αt = 1
2

(
σd

√
4σ2

m +
(

n
n−1σd

)2
+ n

n−1σ
2
d

)
.

Moreover, limt→+∞ ρ
(t)
? = ρ?.

Note that in the centralized setting, once we have an optimal algorithm A, we can derive another optimal
algorithm B but simply shifting all agents, at each round t, by a fixed quantity λt. Indeed, such shifts do not
influence the relative positions between the agents. Conversely, we prove in Appendix B.2 that all (optimal)
deterministic algorithms in the centralized setting, are in fact, shifts of one another, though, we stress that
shifts λt are not necessarily the same for all rounds t. In particular, Algorithm W? can be obtained by

adding the shift λt = 1
nρ

(t)
?

∑n
i=1 Y

(t)
i to the agents in Algorithm 1 (see Appendix B.3). Figure 1 depicts the

trajectory of the center of mass of the group, whenW? is used, and when the “meet at the center” algorithm
is used, while facing the same randomness instantiations.

Game theory. Finally, we investigate the game theoretic setting, in which each agents aims to minimize
its own deviation from the center of mass, and identify the specific role played by W? also in this setting.

Definition 9. We say that a profile of algorithms (Ai)i∈I for the agents is a strong Nash equilibrium if for

every i ∈ I, and for every round t, no algorithm A′i for Agent i yields a smaller cost C(t)i , if each other agent j
keeps using Aj .

The proof of the following theorem is deferred to Appendix A.3.

Theorem 10. AlgorithmW? is a (symmetric) strong Nash-equilibrium. Moreover, if all agents are restricted
to execute weighted-average algorithms, then W? is the only strong Nash equilibrium.

1.4 Related works

Kalman filter and noisy self-organizing systems. The Kalman filter algorithm is a prolific tool com-
monly used in control theory and statistics, with numerous technological applications [1]. This algorithm
receives a sequence of noisy measurements, and produces estimates of unknown variables, by estimating a
joint probability distribution over the variables for each time step. In this paper, we used the Kalman filter
to investigate the centralized setting, where all relative measurements are gathered at one master agent
that processes them and instructs agents how to move. Fusing relative measurements of multiple agents is
often referred to in the literature as distributed Kalman filter, see surveys in [4, 21, 22]. However, there, the
typical setting is that each agent invokes a separate Kalman filter to process its measurements, and then the
resulted outputs are integrated using communication. Moreover, works in that domain often assume that
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observations are attained by static observers (i.e., the agents are residing on a fixed underlying graph) and
that the measured target is external to the system. In contrast, here we consider a self-organizing system,
with mobile agents that measure a target (center of mass) that is a function of their positions.

The study of flocking was originally based on computer simulations, rather than on rigorous analysis
[7, 2, 27]. In recent years, more attention has been given to such self-organizing processes by control
theoreticians [20, 18], physicists [28], and computer scientists [5]. Instead of considering all components
of flocking (typically assumed to be attraction, repulsion, and alignment), here we focus on the alignment
component, and the ability to reach cohesion while avoiding excessive communication.

Another related self-organization problem is clock synchronization, where the goal is to maintain a com-
mon notion of time in the absence of a global source of real time. The main difficulty is handling the fact
that clocks count time at slightly different rates and that messages arrive with some delays. Variants of this
problem were studied in wireless network contexts, mostly by control theoreticians [24, 26, 25]. A common
technique uses oscillating models [19, 14]. A recent trend in the engineering community is to study the clock
synchronization problem from a signal processing perspective, while adopting tools from information theory
[31]. However, so far this perspective hardly received any attention by distributed computing theoreticians.

Distributed computing studies on stochastic systems with noisy communication. The problems
of consensus and clock synchronization were also extensively studied in the discipline of theoretical distributed
computing [8, 16, 11]. However, the corresponding works almost exclusively assume that, although the
processes themselves may be faulty, the communication is nevertheless reliable, that is, not subject to noise.
Moreover, the typical setting is adversarial, and, for example, very few studies in this discipline consider the
clock synchronisation problem with random delays [17, 10].

In recent years, more attention has been given in the distributed computing discipline to study stochastic
processes under noisy communication. Following [9], such processes were studied in [3, 6, 12], under the
assumption that each message is a bit that can be flipped with some small probability. A model concerning
a group of individuals that aim to estimate an external signal relying on noisy real-valued measurements was
studied in [15]. Despite the differences between models, similarly to our paper, the findings in [15] emphasize
the effectiveness of performing a weighted-average between the current opinion of the individual and the
sample it receives. Nevertheless, we note that in the context of the model in [15], this result is less surprising
since it does not involve any drift, and since each individual communicates with only one individual at a
round.

2 Preliminaries: An Introduction to the Kalman filter algorithm

We follow the notations of [30]. Denote by N (µ,Σ) the multivariate normal distribution with mean vector
µ ∈ Rn and co-variance matrix Σ ∈ Rn×n, and by I the identity matrix.

2.1 Definition of the discrete linear filtering problem

Time proceeds in discrete rounds. The problem is to estimate a vector xt ∈ Rn at each round t. Informally,
in each round t, a vector of measurements for xt is given as input, and the output is an estimation x̂t of xt.
The vector xt is updated by some known linear transformation that is subject to noise. Then next round
starts with new measurements for the updated vector xt+1, and so forth.

Formally, consider round t. Given matrices At, Bt, Ht, Qt and Rt ∈ Rn×n, the measurement vector zt is
given by

zt = Htxt + vt, (8)

where vt is a normally distributed noise, vt ∼ N (0, Rt). The update at the end of the t’th round is given
by:

xt+1 = Atxt +Btut + wt, (9)

where ut is an arbitrary quantity, which is called here move, known by the Kalman filter, and wt is another
noise factor, called here drift, which is distributed by wt ∼ N (0, Qt). The definition of ut can depend on
the estimation of the Kalman filter at round t. The noise vectors wt and vt that perturb the process and the
measurements are assumed to be independent of each-other, and independent across rounds.

7



2.2 The Kalman filter estimator

We define x̂t the estimate of xt after the measurements at round t were obtained (Eq. (8)) and before the
update of round t occurs (Eq. (9)). Let Pt denote the error co-variance matrix associated with this estimate.
Specifically,

Pt = E
[
(xt − x̂t)(xt − x̂t)>

]
.

We add the superscript “-” to these notations (for example P -
t ), to denote the same quantities before the

measurement obtained at round t. So, in a sense, round t can be divided into the following four consecutive
time steps: (a) the filter produces an estimation x̂-t of xt, (b) a new measurement vector of xt is obtained,
(c) the filter produces an estimation x̂t of xt given the new measurement, and (d) xt is updated to xt+1.

Measurement update. In order to produce (c), the filter incorporates the measurement in (b) to the
estimation in (a). Specifically, the filter first computes a quantity called the “Kalman gain”:

Kt = P -
tH
>
t

(
HtP

-
tH
>
t +Rt

)−1
. (10)

Then, it produces the following estimate, as required in step (c):

x̂t = x̂-t +Kt (zt −Htx̂
-
t) . (11)

The new error co-variance matrix can then be written as:

Pt = (I −KtHt)P
-
t . (12)

Time update. The estimation for (a) for the following round is then given by:

x̂-t+1 = Atx̂t +Btut. (13)

Finally, the new error co-variance matrix that will be used in the Kalman gain corresponding to the t+ 1’th
round (Eq. (10)) is:

P -
t+1 = AtPtA

>
t +Qt. (14)

2.3 Optimality

For the system described in Section 2.1, the Kalman filer produces two estimates at each round. We are
mainly interested in the first of these estimates, x̂-t, that is, the one corresponding to step (a), which is
established before the t’th measurement. We shall use the well-known fact that these estimates are optimal,
in the sense that they minimize the expected mean square distance to xt. To state this more formally, we
need to define a general estimator for such a system.

Definition 11. Consider the system described in Section 2.1. An estimator at round t is given a sequence
of measurements (zs)s≤t−1 and a sequence of moves (us)s≤t−1, and produces an estimation x̃t for xt. Note
that with this definition, the Kalman filter restricted to the outputs x̂-t is an estimator.

Definition 12. An estimator at round t is said to be optimal if for every sequence of t − 1 measure-
ments (zs)s≤t−1 and every sequence of t− 1 moves (us)s≤t−1, it minimizes

E

(
n∑
i=1

(xt,i − x̃t,i)2
∣∣∣∣ (zs, us)s≤t−1

)
.

where the expectation is taken with respect to the noise in the measurements and the drifts, the initialization
of positions, and the coins tosses by the estimator (in case it is probabilistic). It is said to be optimal w.r.t
the ith coordinate if it minimizes E

(
(xt,i − x̃t,i)2 | (zs, us)s≤t−1

)
.

The following is a well-known result, see e.g., [1].
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Theorem 13. For every round t, the estimator x̂-t, given by the Kalman filter, is optimal. Moreover, this
is the only deterministic optimal estimator.

At this point, we note that optimality (as stated in Definition 12) implies optimality for each coordinate.

Corollary 14. For every round t, and for every i ∈ {1, . . . , n}, the estimator x̂-t,i, produced by the Kalman
filter, is optimal w.r.t the ith coordinate. Moreover, this is the only deterministic optimal estimator w.r.t
this coordinate.

Proof. Fix i ∈ {1, . . . , n}. Consider an alternative estimator x̃t,i 6= x̂-t,i at round t, and a sequence (zs, us)s≤t−1
of measurements and updates. If E((xt,i − x̃t,i)

2 | (zs, us)s≤t−1) ≤ E((xt,i − x̂-t,i)
2 | (zs, us)s≤t−1), then

E((xt,i − x̃t,i)
2 +

∑n
i=2(xt,i − x̂-t,i)

2 | (zs, us)s≤t−1) ≤ E(
∑n
i=1(xt,i − x̂-t,i)

2 | (zs, us)s≤t−1), contradicting
Theorem 13.

Next, we show that if one wishes to choose the move ut−1 in order to minimize xt, then, whenever
possible, the best choice is to set ut−1 such that the Kalman filter would produce x̂-t = 0 (see Eq. (13)).

Proposition 15. Fix i ∈ {1, . . . , n} and an integer t ≥ 1, and consider a sequence of moves (us)s≤t−2, and
a sequence of measurements (zs)s≤t−1. If there exists a move ut−1 at round t−1 such that the Kalman filter
produces x̂-t,i = 0 on input (zs, us)s≤t−1, then for every other move u′t−1,

E
(
x2t,i | (zs)s≤t−1, (us)s≤t−2, u′t−1

)
≥ E

(
x2t,i | (zs)s≤t−1, (us)s≤t−1

)
with equality if and only if the corresponding estimate x̂-t,i

′ produced by the Kalman filter is equal to 0.

Proof. Consider a round t, and a history Ht = {(zs)s≤t−1, (us)s≤t−2} of t− 1 measurements and t− 2 moves
(if t = 1, then we consider that (us)s≤t−2 is an empty sequence). We assume that there exists a move ut−1
at round t− 1 such that the Kalman filter produces x̂-t,i = 0 on input (zs, us)s≤t−1. Consider an alternative
move u′t−1 at round t − 1, and denote by x̂-t,i

′ the estimation produced by the Kalman filter estimator on
input (Ht, u′t−1). Our goal is to show that

E
(
x2t,i | Ht, u′t−1

)
≥ E

(
x2t,i | Ht, ut−1

)
, (15)

with equality in Eq. (15) if and only if x̂-t,i
′ = 0.

Let c be the ith coordinate of the vector Bt(ut−1 − u′t−1). By Eq. (9), c is the difference between the
position of Agent i in the beginning of round t if it moves by ut−1 instead of moving by u′t−1 (conditioning
on having the same drift at the end of round t− 1). As a consequence, we have

E
(
x2t,i | Ht, u′t−1

)
= E

(
(xt,i − c)2 | Ht, ut−1

)
, (16)

and, by Eq. (13),
x̂-t,i
′ = x̂-t,i − c. (17)

First, let us consider the case where x̂-t,i = x̂-t,i
′ = 0. In this case, by Eq. (17), c = 0, and so, by Eq. (16),

E
(
x2t,i | Ht, u′t−1

)
= E

(
x2t,i | Ht, ut−1

)
.

Next, let us consider the case that x̂-t,i
′ 6= 0. By Eq. (17), c 6= x̂-t,i. We thus have

E
(
x2t,i | Ht, u′t−1

)
= E

(
(xt,i − c)2 | Ht, ut−1

)
(Eq. (16))

> E
(
(xt,i − x̂-t,i)2 | Ht, ut−1

)
(by Corollary 14 and because c 6= x̂-t,i)

= E
(
x2t,i | Ht, ut−1

)
, (because x̂-t,i = 0)

which concludes the proof.

3 Solving the Alignment problem

Letting 1 be the matrix whose all coefficients are equal to 1, we denote

M(a, b) = b1+ (a− b)I,

the matrix having diagonal coefficients equal to a, and other coefficients equal to b.

9



3.1 Rephrasing the alignment problem as a linear filtering problem

First, we write our equations in matrical form to allow us to apply the Kalman filter straightforwardly. Let

θ
(t)

=
(
θ
(t)

1 , . . . , θ
(t)

n

)
, dθ(t) =

(
dθ

(t)
1 , . . . , dθ(t)n

)
and Y (t) =

(
Y

(t)
1 , . . . , Y (t)

n

)
,

and
N (t)
m =

(
N

(t)
m,1, . . . , N

(t)
m,n

)
and N

(t)
d =

(
N

(t)
d,1, . . . , N

(t)
d,n

)
.

Measurement rule. We recall the equation giving the measurement of Agent i at time t:

Y
(t)
i = θ

(t)

i +N
(t)
m,i.

We simply rewrite this equation using vectors:

Y (t) = θ
(t)

+N (t)
m , (18)

where, by definition, N
(t)
m ∼ N

(
0, σ2

mI
)
.

Update rule. We recall the update equation of the stretch, which follows from Eq. (25):

θ
(t+1)

i = θ
(t)

i − dθ
(t)
i −N

(t)
d,i +

(
〈θ(t+1)
−i 〉 − 〈θ(t)−i〉

)
= θ

(t)

i − dθ
(t)
i −N

(t)
d,i +

1

n− 1

∑
j=1
j 6=i

(
dθ

(t)
j +N

(t)
d,j

)
. (19)

We define the matrix

Mn =M
(
−1,

1

n− 1

)
.

Let Ñ
(t)
d = MnN

(t)
d . It follows from these definitions and Eq.(19) that

θ
(t+1)

= θ
(t)

+Mndθ
(t) + Ñ

(t)
d . (20)

By definition, N
(t)
d ∼ N

(
0, σ2

dI
)
, so by Claim 26, Ñ

(t)
d ∼ N (0, Q) where

Q = σ2
d ·MnIM

>
n = σ2

dM
2
n.

At this point, we note that Equations (18) and (20) correspond to Equations (8) and (9), with At = I,

Bt = Mn, Ht = I, vt = N
(t)
m , wt = Ñ

(t)
d , Rt = σ2

mI and Qt = Q = σ2
dM

2
n.

Let θ̂-t, θ̂t denote the estimates of the stretch produces by the Kalman filter, before and after the mea-
surement at round t, respectively.

Definition 16. We say that an algorithm for the alignment problem is Kalman-perfect if it always produces
a sequence of moves (dθ(t))t≥0, such that for every integer t ≥ 1, the estimates θ̂-t by the Kalman filter
corresponding to this process is equal to 0.

The following proposition follows directly from Proposition 15.

Proposition 17. If there exists a Kalman-perfect algorithm for the alignment problem, then this algorithm is
optimal in the centralized setting (in the sense of Definition 1. Moreover, any other optimal (deterministic)
algorithm is Kalman-perfect.

3.2 Applying the Kalman filter

Recall that we denote Kt as the Kalman gain at round t, and by P -
t and Pt the error co-variance matrices

before and after the measurement at round t, respectively. Recall also that at round 0, i.e., at the initialization
stage, the agents are normally distributed around 0. For technical reasons, we define the Kalman filter
estimate at round 0 to be zero, that is, θ̂-0 = 0.

10



Measurement update. In our case, the Kalman gain (Eq. (10)) writes

Kt = P -
t

(
P -
t + σ2

mI
)−1

.

We have the following expression for the estimate (Eq. (11)):

θ̂t = θ̂-t +Kt

(
Y (t) − θ̂-t

)
.

Eventually, the update equation for the error co-variance is (Eq. (12)):

Pt = (I −Kt)P
-
t .

Time update. We have (Eq. (13))

θ̂-t+1 = θ̂t +Mndθ
(t),

and (Eq. (14))
P -
t+1 = Pt + σ2

d ·M2
n.

3.3 Computing the Kalman gain and the error co-variance matrix

Recall the sequences (αt)t≥0 and (ρ
(t)
? )t≥0 introduced in Definitions 4 and 5.

Lemma 18. For every t ∈ N,

P -
t =M

(
αt,
−αt
n− 1

)
= −αtMn and Kt =

−n−1n αtMn

n
n−1σ

2
m + αt

= −ρ(t)? Mn.

Proof. We prove the first part of the claim by induction, and prove that for every round t, the second part
of the claim (regarding Kt) follows from the first part (regarding P -

t ).
By Claim 26,

P -
0 = σ2

0M
2
n.

By Claim 27,

M2
n =M

(
n

n− 1
,− n

(n− 1)2

)
=
−n
n− 1

Mn.

Therefore,

P -
0 = − n

n− 1
σ2
0Mn,

and so the first part of the claim holds at round 0 since α0 = n
n−1σ

2
0 .

Now, let us assume that the first part of the claim holds for some t ∈ N. It follows that

P -
t + σ2

mI =M
(
αt + σ2

m,
−αt
n− 1

)
.

By Claim 28, since σm > 0, we have

(
P -
t + σ2

mI
)−1

=
M
(
αt + σ2

m − (n− 2) · αt

n−1 ,
αt

n−1

)
(
αt + σ2

m + αt

n−1

)(
αt + σ2

m − (n− 1) · αt

n−1

) =
M
(
αt

n−1 + σ2
m,

αt

n−1

)
σ2
m

(
n
n−1αt + σ2

m

) .

By Claim 27 again, we can compute the “Kalman gain”:

Kt = P -
t

(
P -
t + σ2

mI
)−1

=
M
(
α2

t

n−1 + σ2
mαt − (n− 1) · α2

t

(n−1)2 ,
−α2

t

(n−1)2 −
σ2
mαt

n−1 +
α2

t

n−1 − (n− 2) · α2
t

(n−1)2

)
σ2
m

(
n
n−1αt + σ2

m

)
=
M
(
σ2
mαt,

−σ2
mαt

n−1

)
σ2
m

(
n
n−1αt + σ2

m

)
=

−αtMn
n
n−1αt + σ2

m

,
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This proves that the second part of the claim holds at round t.
Next, we compute the error co-variance matrix after the measurement:

Pt = (I −Kt) · P -
t =
M
(
αt

n−1 + σ2
m,

αt

n−1

)
n
n−1αt + σ2

m

· P -
t

=
M
(
α2

t

n−1 + σ2
mαt − (n− 1) · α2

t

(n−1)2 ,−
α2

t

(n−1)2 −
σ2
mαt

n−1 +
α2

t

n−1 − (n− 2) · α2
t

(n−1)2

)
n
n−1αt + σ2

m

=
M
(
σ2
mαt,

−σ2
mαt

n−1

)
n
n−1αt + σ2

m

= −
n−1
n σ2

mαt

αt + n−1
n σ2

m

Mn.

Eventually, we compute the error co-variance matrix at round t+ 1, before the measurement:

P -
t+1 = Pt + σ2

dM
2
n = Pt −

n

n− 1
σ2
dMn.

Plugging in the expression of Pt, we get

P -
t+1 = −

n−1
n σ2

mαt

αt + n−1
n σ2

m

Mn −
n

n− 1
σ2
dMn

= −
( n−1

n σ2
mαt

n−1
n σ2

m + αt
+

n

n− 1
σ2
d

)
Mn

= −αt+1Mn,

which concludes the induction proof.

3.4 Meet at the center

Our next goal is to prove that Algorithm 1 is optimal. We then explain why this algorithm is called “meet
at the center”.

Theorem 19. Algorithm 1 is optimal in the centralized setting.

Proof. Our goal is to prove that Algorithm 1 is Kalman-perfect, that is, for every integer t ≥ 1, the Kalman
filter associated with the moves produced by Algorithm 1 gives the estimate θ̂-t = 0. This would conclude
the proof of the theorem, by Proposition 17.

For this purpose, assume that all agents run Algorithm 1. We prove by induction that for every integer t ≥
0, the Kalman filter produces the estimate θ̂-t = 0.

The base case, where t = 0, holds since we assumed that the Kalman filter estimates zero at round zero,
i.e., θ̂-0 = 0. Next, let us assume that θ̂-t = 0 for some integer t ≥ 0. We have by definition,

θ̂-t+1 = θ̂t +Mndθ
(t), (21)

and
θ̂t = θ̂-t +Kt

(
Y (t) − θ̂-t

)
= KtY

(t), (22)

where the second equality in Eq. (22) is by induction hypothesis.
By Lemma 18,

Kt = −ρ(t)? Mn.

Note that, by definition of Algorithm 1,

dθ(t) = −n− 1

n
ρ
(t)
? MnY

(t) =
n− 1

n
θ̂t.

12



Finally, by the aforementioned equations, we rewrite Eq. (21) as:

θ̂-t+1 =

(
I +

n− 1

n
Mn

)
θ̂t =

(
I +

n− 1

n
Mn

)
KtY

(t) = −
(
Mn +

n− 1

n
M2
n

)
ρ
(t)
? Y (t).

Since M2
n = −n

n−1Mn, we have θ̂-t+1 = 0. This concludes the induction, and completes the proof of the
theorem.

Next, we wish to explain why we refer to Algorithm 1 as the “meet at the center” algorithm. Let i ∈
{1, . . . , n}. Since θ̂t,i is produced by the Kalman filter, it is the optimal estimate of the stretch θ

(t)

i of agent
i, given the previous measurements and moves. Next, recall that 〈θt〉 denotes the center of mass of all

agents, and that 〈θt〉− θ(t)i = n−1
n θ

(t)

i . Therefore, dθ
(t)
i = n−1

n θ̂t,i is the optimal estimate of 〈θt〉− θ(t)i (given

the previous measurements and moves). Consequently, instructing Agent i to move by dθ
(t)
i , would make

this agent be located as close as possible to the center of mass. This observation justifies that Algorithm 1
consists in “meet at the center”.

3.5 The weighted-average algorithm W? is optimal in the centralized setting

Our next goal is to prove Theorem 7.

Theorem 7 (restated). The weighted-average algorithm W? is optimal in the centralized setting.

Proof. (The proof follows the same line of arguments as the proof of Theorem 19.) Our goal is to prove
that Algorithm W? is Kalman-perfect, that is, for every integer t ≥ 1, the Kalman filter associated with the
moves produced by Algorithm W? gives the estimate θ̂-t = 0. This would conclude the proof of the theorem,
by Proposition 17.

For this purpose, assume that all agents run Algorithm W?. We prove by induction that for every
integer t ≥ 0, the Kalman filter produces the estimate θ̂-t = 0.

The base case, where t = 0, holds since we assumed that the Kalman filter estimates zero at round zero,
i.e., θ̂-0 = 0. Next, let us assume that θ̂-t = 0 for some integer t ≥ 0, and consider t+1. We have by definition,

θ̂-t+1 = θ̂t +Mndθ
(t), (23)

and
θ̂t = θ̂-t +Kt

(
Y (t) − θ̂-t

)
= KtY

(t), (24)

where the second equality in Eq. (24) is by induction hypothesis. By Lemma 18, Kt = −ρ(t)? Mn. Hence,
Eq. (23) rewrites

θ̂-t+1 = Mn

(
−ρ(t)? Y (t) + dθ(t)

)
.

Finally, by the definition of W?, we have dθ(t) = ρ
(t)
? Y (t), so θ̂-t+1 = 0, concluding the induction step.

4 Discussion and Future Work

In our setting, the cost of an individual is defined as its expected distance from the average position of other
agents at steady state. Minimizing this quantity is equivalent to minimizing the expected distance from the
average position of all agents (see Footnote 2). Another interesting measure is the expected diameter of the
group, defined as the maximal distance between two agents, at steady state. It would not come as a surprise
if Algorithm W? would turn out to be optimal also with respect to this measure, however, analyzing its
expected diameter would require handling further dependencies between agents, and therefore remains for
future work.

Finally, we conclude with a philosophical remark concerning the dichotomy between conformity and in-
dividuality. When individuals have a priory conflicted preferences it is natural to assume that the individual
responsiveness to the group would be moderated [29]. Without such preferences, when the goal is to purely
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conform, existing models in collective behavior typically assume that whenever an individual receives a mea-
surement of the group’s average it tries to align itself with it as much as it can [13, 27]. However, we show
here that due to noise, each individual should actually moderate its social responsiveness, by weighing its
current direction in a non-trivial manner. This insight suggests that the dichotomy between conformity and
individuality (manifested here as persistency) might be more subtle than commonly perceived.

Acknowledgment. We would like to thank Yongcan Cao for helpful discussion regarding related work on
distributed Kalman filter.
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A More Results Regarding Weighted-average Algorithms

A.1 An optimal weighted-average algorithm (at steady state)

Our goal in this section is to prove Theorems 2 and 3. We start with the following observation.

Lemma 20. For any t, and whatever the positions of the agents, we have

n∑
i=1

θ
(t)

i = 0.

Proof.

n∑
i=1

θ
(t)

i =

n∑
i=1

(
〈θ(t)−i〉 − θ

(t)
i

)
=

1

n− 1

n∑
i=1

n∑
j=1
j 6=i

θ
(t)
i −

n∑
i=1

θ
(t)
i =

1

n− 1
· (n− 1)

n∑
i=1

θ
(t)
i −

n∑
i=1

θ
(t)
i = 0.

Next, we compute how the stretch θ
(t)

i of Agent i changes when all agents perform weighted-average
moves with constant responsiveness parameterρ.

Lemma 21. Assume that all agents execute W(ρ), for some 0 ≤ ρ ≤ 1. Let

E(t)j = ρN
(t)
m,j +N

(t)
d,j .

Then for every i ∈ {1, ..., n} and every t ∈ N,

θ
(t+1)

i =

(
1− n

n− 1
ρ

)
θ
(t)

i +
1

n− 1

n∑
j=1
j 6=i

E(t)j −E
(t)
i .

Proof. The stretch of Agent i at the t+ 1st round is given by:

θ
(t+1)

i = 〈θ(t+1)
−i 〉 − θ(t+1)

i by definition

= 〈θ(t+1)
−i 〉 −

(
θ
(t)
i + dθ

(t)
i +N

(t)
d,i

)
by (2)

=
(
〈θ(t+1)
−i 〉 − 〈θ(t)−i〉

)
+
(
〈θ(t)−i〉 − θ

(t)
i

)
− dθ(t)i −N

(t)
d,i

=
(
〈θ(t+1)
−i 〉 − 〈θ(t)−i〉

)
+ θ

(t)

i − dθ
(t)
i −N

(t)
d,i .

(25)

Let us break down the first term:

〈θ(t+1)
−i 〉 − 〈θ(t)−i〉 =

1

n− 1

n∑
j=1
j 6=i

(
dθ

(t)
j +N

(t)
d,j

)
=

1

n− 1

n∑
j=1
j 6=i

(
ρ
(
θ
(t)

j +N
(t)
m,j

)
+N

(t)
d,j

)
,

where the second equality is because dθ
(t)
j = ρY

(t)
j = ρ

(
θ
(t)

j +N
(t)
m,j

)
. By Lemma 20,

∑n
j=1
j 6=i

θ
(t)

j = −θ(t)i , so

we can rewrite the last equation as

〈θ(t+1)
−i 〉 − 〈θ(t)−i〉 =

−ρ
n− 1

θ
(t)

i +
1

n− 1

n∑
j=1
j 6=i

(
ρN

(t)
m,j +N

(t)
d,j

)
=
−ρ
n− 1

θ
(t)

i +
1

n− 1

n∑
j=1
j 6=i

E(t)j . (26)

Plugging Eq. (26) into Eq. (25) gives

θ
(t+1)

i =

(
1− ρ

n− 1

)
θ
(t)

i +
1

n− 1

n∑
j=1
j 6=i

E(t)j −dθ
(t)
i −N

(t)
d,i . (27)

By assumption, dθ
(t)
i = ρY

(t)
i = ρ

(
θ
(t)

i +N
(t)
m,i

)
. Plugging this expression into Eq. (27) gives the result.
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Now we can prove that the stretch of each agent is normally distributed at every round, and compute its
variance.

Lemma 22. Assume that all agents execute W(ρ), for some ≤ ρ ≤ 1. Then, for every i ∈ {1, ..., n} and

every t ∈ N, the stretch θ
(t)

i is normally distributed. Moreover, E
(
θ
(t)

i

)
= 0, and

Var
(
θ
(t+1)

i

)
=

(
1− n

n− 1
ρ

)2

Var
(
θ
(t)

i

)
+

n

n− 1
(ρ2σ2

m + σ2
d).

Proof. We prove that the stretch is normally distributed with mean 0 by induction on t. By construction,

for every i, θ
(0)

i is normally distributed with mean 0. Let us assume that θ
(t)

i is normally distributed with
mean 0 for some round t, and consider round t+ 1. Recall that Lemma 21 gives

θ
(t+1)

i =

(
1− n

n− 1
ρ

)
θ
(t)

i +
1

n− 1

n∑
j=1
j 6=i

E(t)j −E
(t)
i . (28)

Since by definition, for every j, E(t)j is normally distributed around 0, and by induction θ
(t)

i is normally

distributed around 0, then θ
(t+1)

i is also normally distributed around 0. This concludes the induction.

Moreover, note that Var
(
E(t)j

)
= ρ2σ2

m + σ2
d, so

Var

 1

n− 1

n∑
j=1
j 6=i

E(t)j −E
(t)
i

 =
1

(n− 1)2

n∑
j=1
j 6=i

Var
(
E(t)j

)
+ Var

(
E(t)i

)
=

n

n− 1

(
ρ2σ2

m + σ2
d

)
.

Hence, by Eq. (28),

Var
(
θ
(t+1)

i

)
=

(
1− n

n− 1
ρ

)2

Var
(
θ
(t)

i

)
+

n

n− 1

(
ρ2σ2

m + σ2
d

)
,

which concludes the proof.

Before proving Theorem 2, we need a small technical result, which we prove next for the sake of com-
pleteness.

Claim 23. Let a, b ≥ 0. Consider the sequence {un}∞n=0 defined by letting u0 ∈ R and for every integer n,
un+1 = aun + b. If a < 1, then {un}∞n=0 converges and limn→+∞ un = b/(1− a). If a = 1, and b > 0, then
limn→+∞ un = +∞.

Proof. First, consider the case that a < 1. Let λ = b/(a− 1). Consider the sequence defined by vn = un+λ.
We have

vn+1 = un+1 + λ = aun + b+ λ = aun + (a− 1)λ+ λ = aun + aλ = a(un + λ) = avn.

Since 0 ≤ a < 1, limn→+∞ vn = 0, and so limn→+∞ un = −λ = b/(1− a).
Now, if a = 1, then we have for every n ∈ N, un = u0 + nb. If b > 0 then limn→+∞ un = +∞.

The next theorem follows directly from Lemma 22 and Claim 23.

Theorem 2 (restated). Assume that all agents execute W(ρ), for a fixed 0 ≤ ρ ≤ 1. Then for every

i ∈ {1, ..., n} and every t ∈ N, the stretch θ
(t)

i is normally distributed, and

lim
t→+∞

Var
(
θ
(t)

i

)
=

n
n−1 (ρ2σ2

m + σ2
d)

1− (1− n
n−1ρ)2

,

with the convention that limt→+∞Var
(
θ
(t)

i

)
= +∞ if the denominator 1− (1− n

n−1ρ)2 = 0.
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Proof. We apply Lemma 22. Hence, by Claim 23, Var
(
θ
(t)

i

)
converges to the limit as stated. Note that the

variance is infinite if 1) the responsiveness is equal to 0, in which case the drift adds up endlessly, or 2) the
responsiveness is equal to 1 and n = 2, in which case the agents “swap” at each round, producing the same
result.

Theorem 3 (restated). The weighted-average algorithm that optimizes group variance among all weighted-
average algorithms W(ρ) (that use the same responsiveness parameter ρ at all rounds) is W(ρ?), where

ρ? =
σd

√
4σ2

m +
(

n
n−1σd

)2
− n

n−1σ
2
d

2σ2
m

.

Proof. Consider the function

Var(ρ) =
n
n−1 (ρ2σ2

m + σ2
d)

1− (1− n
n−1ρ)2

.

Note that this function evaluates to +∞ when ρ = 0, or when ρ = 1 and n = 2. This function can be
rewritten as

Var(ρ) =
ρ2σ2

m + σ2
d

2ρ− n
n−1ρ

2
.

One can compute the derivative in a straightforward manner:

Var′(ρ) =
2ρσ2

m

(
2ρ− n

n−1ρ
2
)
− (ρ2σ2

m + σ2
d)
(

2− 2 n
n−1ρ

)
(

2ρ− n
n−1ρ

2
)2 .

We have that

Var′(ρ) = 0 ⇐⇒ 2ρσ2
m

(
2ρ− n

n− 1
ρ2
)
− (ρ2σ2

m + σ2
d)

(
2− 2

n

n− 1
ρ

)
= 0

⇐⇒ ρ2σ2
m

(
2− n

n− 1
ρ

)
− (ρ2σ2

m + σ2
d)

(
1− n

n− 1
ρ

)
= 0

⇐⇒ ρ2σ2
m − σ2

d

(
1− n

n− 1
ρ

)
= 0.

This equation has a unique solution in the interval [0, 1]:

Var′(ρ) = 0, ρ ∈ [0, 1] ⇐⇒ ρ =
σd

√
4σ2

m +
(

n
n−1σd

)2
− n

n−1σ
2
d

2σ2
m

.

We check that this corresponds to a minimum to conclude the proof.

A.2 The asymptotic behavior of W?

The goal of this section is to prove Claim 8.

Claim 8 (restated). The sequence αt converges to α∞ := lim
t→+∞

αt = 1
2

(
σd

√
4σ2

m +
(

n
n−1σd

)2
+ n

n−1σ
2
d

)
.

Moreover, limt→+∞ ρ
(t)
? = ρ?.

Proof. For a, b > 0, define fa,b : R+ → R+ such that fa,b(x) = a x
x+a + b. Solving fa,b(`) = ` on R+ gives

` = 1
2

(√
b
√

4a+ b+ b
)

. For every x ∈ R+:

fa,b(x)− fa,b(`) = a

(
x

x+ a
− `

`+ a

)
= a · x(`+ a)− `(x+ a)

(x+ a)(`+ a)
= a2

x− `
(x+ a)(`+ a)

.
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Thus, and since x ≥ 0,

|fa,b(x)− fa,b(`)| =
∣∣∣∣a2 x− `

(x+ a)(`+ a)

∣∣∣∣ ≤ a2

a(a+ `)
|x− `| = a

a+ `
|x− `|. (29)

Claim 24. Let (ut)t∈N be a sequence defined by u0 ∈ R+ and for every integer t, ut+1 = fa,b(ut). Then,
(ut) converges, and limt→∞ ut = `.

Proof. Let k = a
a+` . Since a, b > 0 then ` > 0, and so k < 1. Let us show by induction that for every t,

|ut − `| ≤ kt · |u0 − `|. This equality is trivial for t = 0. Assuming that it holds for some t ∈ N, we have

|ut+1 − `| = |fa,b(ut)− fa,b(`)| (by definition of ut and `)

≤ k · |ut − `| (by Eq.(29))

≤ kt+1 · |u0 − `|, (by induction hypothesis)

concluding the induction. Since k < 1, it implies that limt→∞ |ut − `| = 0, and so limt→∞ ut = `.

Applying Claim 24 to (αt)t∈N with a = n−1
n σ2

m and b = n
n−1σ

2
d gives limt→∞ αt = α∞, as stated.

Next, we show that limt→∞ ρ
(t)
? = ρ?. By letting t tend to +∞ in Definition 4, we obtain

α∞ =
n−1
n σ2

mα∞
n−1
n σ2

m + α∞
+

n

n− 1
σ2
d. (30)

Doing the same in Definition 5, we get

lim
t→+∞

ρ
(t)
? =

n−1
n α∞

n−1
n σ2

m + α∞
=

1

σ2
m

n−1
n σ2

mα∞
n−1
n σ2

m + α∞
.

By Eq. (30), this gives

lim
t→+∞

ρ
(t)
? =

1

σ2
m

(
α∞ −

n

n− 1
σ2
d

)
.

Plugging in the expression of α∞ mentioned in the Lemma, we find that

lim
t→+∞

ρ
(t)
? =

σd

√
4σ2

m +
(

n
n−1σd

)2
− n

n−1σ
2
d

2σ2
m

= ρ?,

which establishes the proof.

A.3 Game-theoretic considerations

Theorem 10 (restated). Algorithm W? is a (symmetric) strong Nash-equilibrium. Moreover, if all agents
are restricted to execute weighted-average algorithms, then W? is the only strong Nash equilibrium.

Proof. The fact that Algorithm W? is a (symmetric) strong Nash-equilibrium is a direct consequence of
Theorem 7 and our definition of optimality (Definition 1).

Let us now prove the uniqueness result. Consider the case that the agents all use some weighted-average
algorithm W(ρ(t)), and that this is a strong Nash equilibrium. We shall show that it implies that, for every

round t, ρ(t) = ρ
(t)
? .

Fix i ∈ I. First, let us investigate the best response for Agent i to the behavior of others. Let

Ñ (t) = −N (t)
d,i +

1

n− 1

n∑
j=1
j 6=i

(
ρ(t)N

(t)
m,j +N

(t)
d,j

)
.
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By Lemma 21,

θ
(t+1)

i =

(
1− ρ(t)

n− 1

)
θ
(t)

i +
1

n− 1

n∑
j=1
j 6=i

(
ρ(t)N

(t)
m,j +N

(t)
d,j

)
−N (t)

d,i − dθ
(t)
i

=

(
1− ρ(t)

n− 1

)
θ
(t)

i + Ñ (t) − dθ(t)i .

Note that Ñ (t) is normally distributed, with mean 0, and that

Var
(
Ñ (t)

)
=

1

n− 1

(
ρ(t)

2
σ2
m + σ2

d

)
+ σ2

d.

These equations show that the evolution of the stretch of Agent i can be written as in Eq. (9), with the ut

variables being the moves dθ
(t)
i of the agent. More precisely, in this case, we have At =

(
1− ρ(t)

n−1

)
, Bt = −1,

Qt = 1
n−1

(
ρ(t)

2
σ2
m + σ2

d

)
+ σ2

d, Ht = 1, and Rt = σ2
m. (Note that all these are scalars, since the filtering

problem corresponding to Agent i is one dimensional.) This implies that this agent faces a discrete linear
filtering problem, that we tackle using the Kalman filter algorithm.

For every round t, and for every sequence of moves (dθ
(s)
i )s≤t, we can compute the variance of the

Kalman filter estimate, before and after the t’th measurement, as well as the corresponding Kalman gain
(see Section 2.2). By definition of the Alignment problem, we have

P -
0 = nσ2

0/(n− 1).

Following the definitions in Section 2.2, we have

Kt =
P -
t

P -
t + σ2

m

, (31)

and

P -
t+1 =

(
1− ρ(t)

n− 1

)2
P -
tσ

2
m

P -
t + σ2

m

+
1

n− 1

(
ρ(t)

2
σ2
m + σ2

d

)
+ σ2

d. (32)

Claim 25. Fix i, and assume that all agents j 6= i execute W(ρ(t)). The Kalman filter corresponding to θ
(t)

i

produces θ̂-t = 0 for every round t, if and only if Agent i chooses dθ
(t)
i =

(
1− ρ(t)

n−1

)
P -

t

P -
t+σ

2
m
Y

(t)
i for every

round t.

Proof. We prove the claim by induction on t. Specifically, our goal is to prove that for every round t, the
Kalman filter produces θ̂-s = 0 for every round s ≤ t, if and only if, Agent i chooses

dθ
(s)
i =

(
1− ρ(s)

n− 1

)
P -
s

P -
s + σ2

m

Y
(s)
i

for every round s ≤ t− 1. This is trivially true for t = 0, since, it is assumed that the Kalman filter always
produces θ̂-0 = 0. Now, let us assume that this holds for some round t, and consider round t+ 1.

As a consequence of the definition of the Kalman filter, by plugging in Eq. (11) in Eq. (13), we have

θ̂-t+1 =

(
1− ρ(t)

n− 1

)(
θ̂-t +Kt

(
Y

(t)
i − θ̂-t

))
− dθ(t)i . (33)

The Kalman filter produces θ̂-s = 0 for every round s ≤ t+ 1, if and only if, (1) it produces θ̂-s = 0 for every

round s ≤ t and (2) it produces θ̂-t+1 = 0. By Eq. (33), this occurs if and only if (1) it produces θ̂-s = 0 for
every round s ≤ t and (2) (

1− ρ(t)

n− 1

)
KtY

(t)
i − dθ(t)i = 0. (34)
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By the induction hypothesis, and the computation of the Kalman gain Kt in Eq. (31), these two conditions

hold if and only if Agent i chooses dθ
(s)
i =

(
1− ρ(s)

n−1

)
P -

s

P -
s+σ

2
m
Y

(s)
i for every round s ≤ t, which concludes the

induction proof.

By the assumption that this is a strong Nash equilibrium, Algorithm W(ρ(t)) is a best response for
Agent i. According to Claim 25, and by proposition 15 this implies that

dθ
(t)
i =

(
1− ρ(t)

n− 1

)
P -
t

P -
t + σ2

m

Y
(t)
i (35)

for every round t. Because Agent i was assumed to follow Algorithm W(ρ(t)), dθ
(t)
i = ρ(t)Y

(t)
i for every

round t. Therefore, Eq. (35) rewrites

ρ(t) =

(
1− ρ(t)

n− 1

)
P -
t

P -
t + σ2

m

, (36)

which, by rearranging yields:

ρ(t) =
P -
t

n
n−1P

-
t + σ2

m

. (37)

We can use Eq. (36) to simplify the first term in Eq. (32), to get

P -
t+1 =

(
1− ρ(t)

n− 1

)
ρ(t)σ2

m +
1

n− 1

(
ρ(t)

2
σ2
m + σ2

d

)
+ σ2

d = ρ(t)σ2
m +

n

n− 1
σ2
d.

Replacing ρ(t) in the last equation by its expression in Eq. (37) gives

P -
t+1 =

σ2
mP

-
t

n
n−1P

-
t + σ2

m

+
n

n− 1
σ2
d. (38)

Note that P -
0 = α0 = nσ2

0/(n − 1). Eq. (38) has the same recursion rule as in Definition 4, so we actually
have for every round t, P -

t = αt. Moreover, Eq. (37) matches Definition 5, so we actually have for every

round t, ρ(t) = ρ
(t)
? , which concludes the proof.

B More proofs related to the Centralized Setting

B.1 Useful linear algebra claims

We first recall the following well-known property,

Claim 26. If X ∼ N (µ,Σ), then for every c ∈ Rn and B ∈ Rn×n,

c+BX ∼ N
(
c+Bµ,BΣB>

)
.

In addition, we give two useful results about matrices of the form M(a, b).

Claim 27. For every a, b, a′, b′ ∈ R,

M(a, b)M(a′, b′) =M(aa′ + (n− 1)bb′, ab′ + a′b+ (n− 2)bb′).

In particular, M(a, b)M(a′, b′) =M(a′, b′)M(a, b).

Claim 28. For every a, b ∈ R such that a 6= b and a 6= −(n− 1)b, the matrix M(a, b) is invertible, and

M(a, b)−1 =
M (a+ (n− 2)b,−b)
(a− b)(a+ (n− 1)b)

.
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Proof. Note that 12 = n1. Let A =M(a, b). We have

A2 = (b1 + (a− b)I)2

= b212 + 2b(a− b)1+ (a− b)2I
= (nb+ 2(a− b))(b1) + (a− b)2I
= (2a+ (n− 2)b)(b1+ (a− b)I)− (nb+ 2(a− b))(a− b)I + (a− b)2I
= (2a+ (n− 2)b)A+ (a− b)(−nb− 2(a− b) + (a− b))I
= (2a+ (n− 2)b)A− (a− b)(a+ (n− 1)b)I.

Hence
A(A− (2a+ (n− 2)b)I) = −(a− b)(a+ (n− 1)b)I,

from which we conclude (provided that a 6= b and a 6= (n− 1)b),

A−1 =
(2a+ (n− 2)b)I −A
(a− b)(a+ (n− 1)b)

.

B.2 All optimal algorithms are shifts of one another

In this section, we characterize all optimal (deterministic) algorithms for the Alignment problem in the
centralized setting. We show that each of these algorithms can be obtained from W?, by shifting all the
agents by the same quantity λt, though we stress that shifts λt are not necessarily the same for all rounds t.

Theorem 29. A deterministic algorithm is optimal in the centralized setting if and only if for every round t,

there exists λt such that for every i ∈ {1, . . . , n}, dθ(t)i = ρ
(t)
? Y

(t)
i + λt.

Proof. We have already established that the (deterministic) weighted-average algorithm W? is a Kalman-
perfect algorithm. Therefore, by Proposition 17, any other deterministic algorithm is optimal in the cen-
tralized setting if and only if it is Kalman-perfect. In other words, it is optimal if and only if it produces a
sequence of moves such that for every round t, the Kalman-filter estimator operating on the corresponding
process yields

θ̂-t+1 = 0 ⇐⇒ θ̂t +Mndθ
(t) = 0

⇐⇒ KtY
(t) +Mndθ

(t) = 0

⇐⇒ −ρ(t)? MnY
(t) +Mndθ

(t) = 0

⇐⇒ Mn

(
−ρ(t)? Y (t) + dθ(t)

)
= 0

⇐⇒ −ρ(t)? Y (t) + dθ(t) ∈ ker(Mn).

Writing 1 to denote the vector whose coefficients are all equal to 1, we observe that 1 ∈ ker(Mn). Since
rank(Mn) = n− 1, dim(ker(Mn)) = 1, so for every round t,

−ρ(t)? Y (t) + dθ(t) ∈ ker(Mn) ⇐⇒ ∃λt ∈ R, − ρ(t)? Y (t) + dθ(t) = λt · 1

⇐⇒ ∃λt ∈ R, dθ(t) = λt · 1 + ρ
(t)
? Y (t).

This concludes the proof.

B.3 Computing the shifts between W? and Algorithm 1

In this section, we consider one execution of the process when W? is used, and one execution when Algo-
rithm 1 (meet at the center) is used. The variables involved in the execution of W? are denoted with [·]W? ,
while the variables involved in the execution of Algorithm 1 are denoted with [·]MatC.
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We assume that the randomness is the same for both algorithms, that is, the initialization of agents is
the same, and for every round t, and every i ∈ I, we have[

N
(t)
m,i

]
W?

=
[
N

(t)
m,i

]
MatC

,
[
N

(t)
d,i

]
W?

=
[
N

(t)
d,i

]
MatC

and
[
θ
(0)

i

]
W?

=
[
θ
(0)

i

]
MatC

.

Claim 30. For every round t, and for every i ∈ {1, . . . , n},

•
[
θ
(t)

i

]
W?

=
[
θ
(t)

i

]
MatC

,

•
[
dθ

(t)
i

]
W?
−
[
dθ

(t)
i

]
MatC

= 1
nρ

(t)
?

∑n
i=1

[
Y

(t)
i

]
W?

= 1
nρ

(t)
?

∑n
i=1

[
Y

(t)
i

]
MatC

.

Proof. The proof proceeds by induction. More precisely, we prove the first item in the claim by induction
on t. For any round t, we prove that the second item follows from the first one. Then, in the induction step,
when proving that the first item regarding time t+ 1 holds, we use the second item regarding the previous
time t.

The base case for the first item in the claim, i.e.,
[
θ
(0)

i

]
W?

=
[
θ
(0)

i

]
MatC

for every i ∈ I, holds by

assumption. Next, let us assume that for some round t, we have for every i ∈ I,[
θ
(t)

i

]
W?

=
[
θ
(t)

i

]
MatC

.

Since the measurement noises are equal, then by the induction hypothesis, the measurement are also equal,
that is, for every i ∈ I,[

Y
(t)
i

]
W?

=
[
θ
(t)

i +N
(t)
m,i

]
W?

=
[
θ
(t)

i +N
(t)
m,i

]
MatC

=
[
Y

(t)
i

]
MatC

= Y
(t)
i .

Thus,

[
dθ

(t)
i

]
W?
−
[
dθ

(t)
i

]
MatC

= ρ
(t)
? Y

(t)
i − n− 1

n
ρ
(t)
?

Y (t)
i − 1

n− 1

∑
j 6=i

Y
(t)
j

 (by definition)

=
1

n
ρ
(t)
? Y

(t)
i +

1

n
ρ
(t)
?

∑
j 6=i

Y
(t)
j

=
1

n
ρ
(t)
?

n∑
i=1

Y
(t)
i := λt.

Finally,

[
θ
(t+1)

i

]
W?

=

θ(t)i − dθ(t)i −N (t)
d,i +

1

n− 1

∑
j 6=i

(
dθ

(t)
j +N

(t)
d,j

)
W?

(by Eq. (19))

=
[
θ
(t)

i −N
(t)
d,i

]
MatC

−
[
dθ

(t)
i

]
W?

+
1

n− 1

∑
j 6=i

[
dθ

(t)
j

]
W?

+
[
N

(t)
d,j

]
MatC

(1st item of the claim)

=

θ(t)i − (dθ
(t)
i + λt)−N (t)

d,i +
1

n− 1

∑
j 6=i

dθ
(t)
j + λt +N

(t)
d,j


MatC

(2nd item of the claim)

=

θ(t)i − dθ(t)i −N (t)
d,i +

1

n− 1

∑
j 6=i

dθ
(t)
j +N

(t)
d,j


MatC

=
[
θ
(t+1)

i

]
MatC

. (by Eq. (19))

This concludes the induction step, and establishes the proof.
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