N
N

N

HAL

open science

Analyticity angle for non-commutative diffusion
semigroups
Christoph Kriegler

» To cite this version:

Christoph Kriegler. Analyticity angle for non-commutative diffusion semigroups. Journal of the
London Mathematical Society, 2010. hal-03123937

HAL Id: hal-03123937
https://hal.science/hal-03123937

Submitted on 28 Jan 2021

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.science/hal-03123937
https://hal.archives-ouvertes.fr

ANALYTICITY ANGLE FOR NON-COMMUTATIVE DIFFUSION
SEMIGROUPS

CHRISTOPH KRIEGLER

ABSTRACT. Under certain hypotheses, diffusion semigroups on commutative LP-spaces are
lp—2]

2/p—1"
that semigroups on non-commutative LP-spaces have the same extension under suitable
conditions. These conditions even lead to a new result in the commutative case. Further,

some examples are considered.

known to have an analytic extension for |arg z| < 7 —arctan In this paper it is shown

2000 Mathematics Subject Classification : 47D07, 46L52.

1. INTRODUCTION

The spectral theory of (generators of) diffusion semigroups (7;) on commutative (i.e.
classical) LP-spaces has been studied in a series of articles [1, 23, 22, 31, 17, 18]. Here
we follow Stein’s classical work [28] and mean by the term diffusion the fact that T; is
contractive as an operator L? — LP for all p € [1, 00] and self-adjoint on L? (see 4.1 for the
exact definition). Such a semigroup has an analytic extension on L? to the right half plane.
Then it follows from a version of Stein’s complex interpolation [32] that there is an analytic
extension on LP to a sector in the complex plane, symmetric to the real axis and with half
opening angle

s | 1 1

2 p 2
In [22], it is shown with a different method that this angle can be enlarged.

Theorem 1.1. [22, cor 3.2] Let (7;):>0 be a diffusion semigroup on some o-finite measure
space, i.e.

(1) | T;: L» - LP|| <1forallt>0and 1 <p < oo,

(2) T; is self-adjoint on L.

(3) t — T; is strongly continuous on L for p < oo and w*-continuous for p = co.
Assume further that T;f > 0 for any f € L™, f > 0. Then T} has an analytic contractive
extension on L to the sector

-2
(1.1) {ZE(C*: |arg z| <g—arctan2|3p—T‘1}.
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2 CHRISTOPH KRIEGLER

This result is optimal. In fact, there is already a strikingly simple example on a two-
dimensional space with this angle (see example 4.3).
Generators of diffusion semigroups have a bounded H* functional calculus on LP for any
1 < p < co. This follows from [7]. In [19] the H* calculus angle of these operators was
improved, using theorem 1.1. In the more recent past, besides vector valued spaces LP(2, X)
(see for example [11]), the attention turned to diffusion semigroups on non-commutative
spaces LP(M) associated to a von Neumann algebra ([16], see also [14, 15]).

In this article, we consider non-commutative semigroups which are families (7}) of opera-
tors acting on LP(M, 1) for all 1 < p < co. Under reasonable hypotheses, we obtain the same
sector (1.1) as in the commutative case. Our method works for hyperfinite von Neumann
algebras M and for semi-commutative semigroups on L*(Q2)®@N, where N is a QWEP von
Neumann algebra.

Our assumptions are as follows. The operators T, are completely contractive. In the
commutative case, an operator T : L>® — L is completely contractive iff it is contractive,
so that our assumption then reduces to the classical setting. The positivity assumption
in theorem 1.1 is replaced by a certain property (P), see definition 5.1. If for example
the semigroup consists of complete positive operators, this property is satisfied. In the
commutative case, an operator T : L™ — L satisfies (P) if and only if 7" is contractive and
extends to a self-adjoint operator on L? (proposition 6.1). In particular, we get theorem 1.1
without the positivity assumption, see corollary 6.2.

Note that our method (and also that of [22]) does not use the semigroup property in
an extensive way. Theorem 5.6 gives a result on the numerical range for a single operator
T instead of a semigroup. Furthermore, one could state theorem 5.6 for an operator act-
ing on LP for a single value of p, by replacing (P) by some condition for an operator LP — LP.

In section 2, we introduce non-commutative LP-spaces and mention their properties that
we need and give some examples. In section 3, completely positive and completely bounded
maps are developed as far as needed in the article. The diffusion semigroups are then defined
in section 4 and a basic guiding example is discussed. Section 5 contains the main theorems,
and sections 6 and 7 are devoted to examples of diffusion semigroups to which our method
applies.

2. BACKGROUND ON VON NEUMANN ALGEBRAS AND NON-COMMUTATIVE LP-SPACES

Throughout the paper, we denote M a von Neumann algebra (see e.g. [29] for the def-
inition) and assume that there is a semifinite, normal, faithful (s.n.f.) trace 7 on M. The
following examples for (M, 7) will frequently occur.

Ezxamples of von Neumann algebras and definitions.

1. For every n € N, we have the algebra of matrices M, = B(I?) = C"™ ", equipped with
the common trace 7 = tr. Note that every finite dimensional von Neumann algebra has a
representation as a direct sum

M=M,&...6M

nKg



with 7(z1 @ ... ® 2x) = S0, Mg tr(xy,) for some K € N and \; > 0. Further,
K
|21 @ ... ©zkllm = sup |lzxl m,, -
k=1

2. M is called hyperfinite if there exists a net of finite dimensional *-subalgebras A, which
are directed by inclusion, such that | J A, is w*-dense in M. If 7 is a s.n.f. trace then one
can always choose A, such that 7|4, is finite [25, chap 3].

Let us show this under the additional assumption that the net can be chosen as a sequence
(Ap)n- This is the case in most examples. Let (qgx)r be a sequence of orthogonal projections
in M such that 7(gx) < oo, Im(gx) C Im(gxgs1) and g — 1 in the strong operator topology.
Such a sequence exists since 7 is semifinite. Put now py = g, — qx—1 and A}, = @, .,, PrAnDx-
Then (A,),, has the desired properties, i.e. 7|4, is finite. -

3. Let (€2, u) be a o-finite measure space. Then M = L*>®(Q) = L*(2, ) is a von Neumann
algebra with the s.n.f. trace 7(f) = [ fdu. M is hyperfinite: Indeed, we explicitly give a
net of finite dimensional x-subalgebras. We call a finite collection {A;,..., A,} of pairwise
disjoint measurable subsets of {2 such that 0 < p(Ay) < 0o a semi-partition. Let A4 be the set
of all semi-partitions. A is directed by {Ay,..., A} < {Bi,..., By} iff any Ay is the union
of some of the Bys. For o = {Ay,..., A} € A, put M, == {D> 7, cxxa, : & € C} C M.
Clearly, 7|y, is finite and for any x € L*>(Q) and y € LY(Q), [z,ydp — [ xydu, which is
the w*-density.

4. If M € B(H) and N C B(K) is a further von Neumann algebra with s.n.f. trace o, then
N®M defined as the w*-closure of N ® M in B(K ®, H) is again a von Neumann algebra.
(c®@7)(r®y):=o(x)r(y) can be extended to a s.n.f. trace on N®M. We will use this fact
for the cases N = M,, asin 1 and N = L>(Q2) as in 3. L>°(Q)®M can be naturally identified
with the space of w*-measurable, essentially bounded functions Q@ — M, see [3, p. 40-41].

For 1 < p < oo, the non-commutative LP-spaces LP(M) = LP(M, 7) are defined as follows.
If S, is the set of all positive x € M (i.e. = z* and o(z) C [0,00)) such that 7(z) < oo
and S is its linear span, then LP(M) is the completion of S with respect to the norm
|||, = 7(|z|P)*/P. Tt can also be described as a space of unbounded operators = affiliated
to M in a certain sense such that 7(|z[P)/? < oo, where the domain of 7 is extended to
all of L*(M). One sets L>®(M) = M. As for the commutative (i.e. usual) LP-spaces, one
has: LP(M) = L%(M) via the duality (z,y) — 7(zy), for 1 < p < oo and i%—% = 1.
We denote this duality from now on by (x,y). The Holder inequality holds in the form
||l Lo(ary = sup{|{z,v)| = |yllzemry < 1}. The space L*(M) is a Hilbert space with respect
to the scalar product (z,y) — (x,y*). For 1 < p,q < oo, (LP(M), LY(M)) is, in the sense of
complex interpolation [2], a compatible couple of spaces such that (LP(M), L9(M))g = L™ (M)
with | =9+ 122,

See [30, 27| for further reference on non-commutative LP-spaces. Examples which will
appear are:

Ezxamples of non-commutative LP-spaces.
1. For (M,7) = (M,,tr), we write S? = LP(M,). More generally, if H is a Hilbert space
and tr the usual trace on B(H), then SP(H) = LP(B(H),tr). If H = [?, then we write
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SP = SP(H).

2. If M is finite dimensional and (M,7) = (M,,,, A\ tr) & ... & (M,,, A\ tr), then for z =

11 ® .. Sk, ||zl Tenn = 2k Aellzellg-

3. If (2, ) is a o-finite measure space and M = L*>°(Q), then LP(Q2) = LP(M), 1 < p < 0.

4. It M = L*(QQ) and N is a further von Neumann algebra with s.n.f. trace o, then

LP(M®N) is naturally isometric to the Bochner space LP(§2, LP(N)) for 1 < p < oc.
Finally, the following notion of a dual element will play an eminent role.

Definition 2.1. Let 1 < p < oo and ¢ = ;7 the conjugate number. Let « € LP(M). Then

r has a polar decomposition = u|z| with v € M unitary and |z| = (2*2)"/2. The dual
element of z is defined as T = |z|P~ u*.

Lemma 2.2. The above defined 7 is the unique element in L(M) with:
(1) (@.5) = |l
(2) N[l = 1115

Further, the (in non trivial cases nonlinear) mapping

N {LP(M) — LI(M)

T — T
1S norm-continuous.

Proof. Tt is plain that 7 satisfies the claimed properties. On the other hand, it is well known
that LP(M) is uniformly smooth, which implies uniqueness. To see the continuity of x — =,

let x,x1,29,... € LP(M) such that z,, — x. We can exclude the trivial case = 0. Since

|Znlly = llzn]|%’® is bounded, the Banach-Alaoglu theorem gives a weak limit point of (Z;,),.

We show that any such limit point y equals Z, which implies that 7 is the weak limit of ,,.
Since LP(M) is uniformly convex and ||z,||, — ||Z|l,, it will follow that ||z,, — Z||, — O.
Let y = w-limy, ©,,,. We have

(2.9 = lim{e, 57 =l 520 + (& — 0y, ) = [+ 0.

This shows that y satisfies (1) of the lemma, and that ||y|[; > [|z||>"". On the other hand,
U\qu < limsupy, |, [l; = |IZ]lg = |lz][5~", so that y satisfies (2). By uniqueness of Z, y E
z.

3. OPERATORS BETWEEN NON-COMMUTATIVE LP-SPACES

For n € Nand 1 < p < oo, we denote by S?(LP(M)) the space S? @ LP(M) = {(xi;)ij
i,j =1,...,n, x;; € L»(M)} equipped with the norm of LP(M, ® M, tr®T) [25, chap 1].
Let T : LP(M) — LP(N) be a linear mapping, where N is a further von Neumann algebra
with s.n.f. trace o. Following [25, lem 1.7], we call T' completely bounded if

(3.1) 1T || := sup [ Tsp @ T+ (wij)ij = (Twiz)isll Bese ey, snLe(ny) < 0O

and completely contractive if this quantity is less than 1. Clearly, |T|| < ||T||e. If T :
LP(M) — LP(N) is completely bounded for p = 1 and p = oo, then by complex interpolation,

|T : LY(M) — LYN) |l < ||T : LN(M) — LY(N)| 4T - M — N e
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for any 1 < ¢ < oco. T : LP(M) — LP(N) is called positive if Tz > 0 for all x > 0. T is called
completely positive, if Is» @ T € B(SE(LP(M)), SP(LP(N))) = B(LP(M, @ M), LP(M, @ N))
is positive for all n € N. In the case M = N = M,, Choi showed in [4] the following
characterization:
N
(3.2) T : M, — M, completely positive <= Jay,...,ay € M,,: Tx = ZaZxak.
k=1
Assume that T € B(LP(M), LP(N))) for some 1 < p < oo and that T is w*-continuous
if p = oo. In view of the duality LP(M) = LI(M) for 1 < p < 00, ¢ = ]%, the operator
T': LYN) — LI(M) is defined. If p = oo, we denote T" : L*(M) — L*(M) the pre-adjoint
operator.
Lemma 3.1. Let N,o,p,q,T be as above.
(1) If T : LP(M) — LP(N) is (completely) positive, then 7" : LI(N) — LI(M) is
(completely) positive also.

(2) If T is completely bounded, then 7" is also completely bounded, with the same cb-
norm.

Proof. T is positive if and only if o((T'a)b) > 0 for all positive a € LP(M) and b € LI(N).
On the other hand, o((T'a)b) = 7(a(71"b)), so that the positivity part follows. The complete
positivity part is then a consequence of (Is» ® T')" = Igs @ T". This also gives the complete
boundedness statement, in view of (3.1). O

4. NON-COMMUTATIVE DIFFUSION SEMIGROUPS
Let T': M — M be a w*-continuous operator with ||7'||a;—as < 1. Assume that
(4.1) for o,y € M 0 LM(M), {Tx, ") = (&, (Ty)").

We call a T" with this property self-adjoint. Then by the Holder inequality, T'| yrnr1(ar) extends
to a contraction Ty : L'(M) — L'(M) and by complex interpolation, also to T}, with

T, : LP(M) — LP(M)]| <1 (1 <p<o0).

Since T is w*-continuous, (4.1) yields that Ty = T’(-*)*. Clearly, Ty : L*(M) — L*(M) is
self-adjoint in the classical sense. If T': M — M is in addition completely contractive, then
by lemma 3.1, Ty = T'(-*)* : LY(M) — L'(M) is also completely contractive, and hence T,
also.

The following notion of a (non-commutative) diffusion semigroup has been defined in [16]
and generalizes Stein’s setting in [28].

Definition 4.1. Let (7;);>0 be a family of completely contractive operators of the above
type. (13) is called a diffusion semigroup (on M) if

(4.2) To = Iy and T, T, = Ty, for t,s > 0.
(4.3) T,z — z as t — 0 in the w" topology.
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Clearly, for 1 < p < o0, (T,) is a semigroup on LP(M) and by [8, prop 1.23], (4.3) implies
that (73,) is strongly continuous. Examples of such diffusion semigroups are given in [16,
chap 8,9,10] and will be discussed in section 6.

It is shown in [16, chap 5] - using the functional calculus for self-adjoint operators and
a version of Stein’s complex interpolation - that for (7;,), there exists an analytic and

11

contractive extension to a sector S(3 — 7[5 — 3[), where we put

S(w) ={z € C\{0} : |argz| < w}.

This means that there exists an analytic function S(§ — 7r|}—17 — 1) = B(LP(M)), z — S,

such that S; = T; ), for t > 0 and [|S;|| pr(m)) < 1. The major question of this article is:

Given a diffusion semigroup (7;) on M and 1 < p < oo, what is the optimal w, > 0 such
that T}, has an analytic and contractive extension to S(w,)?

This question and related ones have been studied in the commutative case in [1, 22, 23,
31, 17, 18, 5, 6].
In the rest of this section, let us work out the candidate for w,. First recall the following
characterization.

Proposition 4.2. Let (7},) be a cy-semigroup on LP(M) for some 1 < p < oco. Denote A,
its generator. Fix some w € (0, 7). Then the following are equivalent.

(1) —(Apr,7) € S(§5 —w) for all z € D(A,).
(2) (Ti,) has an analytic and contractive extension to S(w).

The first condition is obviously verified if
(I —Tip)x, ) € S(g —w) for all x € LP(M) and t > 0.
Proof. See for example [10, thm 5.9] d

The following easy example already gives a good insight into what we can expect.

Example 4.3. Let M be the commutative 2-dimensional von Neumann algebra [5° with
trace 7((a,b)) = a + b. We consider T} = e with

-1 1
A:( 1 _1>:—e®e,

where e = (1, —1). Then A" = —2A""! = (=2)""1 A for n > 2. Hence

1 o= (=2t)" L/ 1+e? 1—e?
n-tu-y > A= (1T ).

n=1

Since this matrix is self-adjoint and |1 + Je | + [1 — Je™*| = 1 for all ¢ > 0, (T}) is
indeed a diffusion semigroup. Now fix some 1 < p < oo and let x = (a,b) € 5. Then
% = (a,b) = (ala*~?,b[b[P~?) and

—(Az,7) = (a — b)(@— D).
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To answer our angle question, in view of the preceding proposition, we are supposed to
determine the smallest sector containing this quantity for arbitrary a,b € C. The solution is
the following proposition which appears in [22, lem 2.2].

Ip—2]
2y/p—17

(a = b)(@—1b) = |af’ + b — ab[bP~* — bala]’~ € S(w,).

Proposition 4.4. Let 1 < p < o0, a,b € C. Then for w, = arctan

Further, this result is optimal, i.e. the statement is false for any w < wy,.

~ —_—

Proof. The fact that z = (a — b)(@ — b) € ¥(w,) has been shown in [22, lem 2.2]. We show
the optimality for the convenience of the reader. Let b = 1 and a = e’ with r # 1. Then
z2=1P4+1—re® —rP~le® 50 that

Imz = —rsing + " sin ¢,
Rez=1r"+1—1rcos¢ — "' cos ¢,

whence

(Imz)2 - (rP1 — 1)2(1 — cos? ¢)

Re z P +1—rcosd —rP~1lcosd)?

.. . . . . . rP—21
Maximizing this expression in ¢, i.e. choosing cos¢ = %

Imz\> (=)

Rez)  (r2—1)(r2?=2—1)
(r—2)
4(p—1)

< 1 gives

The limit for r — 1 of this expression is , S0 that |arg z| — 2'\79/;2%1. O

From now on, write

¥, = S(arctan Z‘f’/ffll), % = S(Z — arctan 2\\17/;2%1)‘

In view of the above, X, is our candidate for the sector which supports the numerical
range of —A,, and we are looking for diffusion semigroups (73) such that:

(4.4)
For every 1 < p < oo, T}, has an analytic and contractive extension ¥, — B(LP(M)).

5. THE ANGLE THEOREM
We begin with some notation. If A, B,C, D € B(LP(M)), we denote

(é g):Lp(M2®M)—>LP(M2®M),(ﬁ Z)H(é((‘g g%).

For p = 2, this operator is self-adjoint if and only if A, B, C, D are all self-adjoint.
The key notion to establish the theorem for the analytic extension of a diffusion semigroup
is the following one.
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Definition 5.1. Let T" : M — M be a w*-continuous operator. Denote T, : M —
M, T.(z) = T(x*)*. Then we say that T satisfies (P) if there exist Sy, Sy : M — M such that

_ (S T,

is completely positive, completely contractive and self-adjoint.

Note that a completely positive linear mapping between von Neumann algebras is com-
pletely contractive iff the image of the unity has norm less than 1 [24, prop 3.6].
Hence we can replace the complete contractivity in definition 5.1 by the assumption

(3 )]

Remark 5.2. 1. A T satisfying (P) is necessarily completely contractive and self-adjoint.
Indeed, W is self-adjoint iff S7, S5 and T are. Further, it is well-known that the complete
positivity of W implies that T is completely contractive.

2. On the other hand, if T is completely contractive, self-adjoint and in addition com-
pletely positive, then it satisfies (P). Just take S; = S = T, and note that T, = T. Then

W = ; ; ) is again completely positive, completely contractive on Ms(M) and self-

adjoint.

3. Assume that (M,7) = (M,,tr). It is well-known that 7" : M,, — M,, is completely
contractive if and only if there exist ay,...,an and by, ..., by such that Tz = Z,ivzl arxhy

and
N N
1> arap <1, 1) bibell < 1.
k=1 k=1

Tz ), agrb is self-adjoint if and only if ), apxby = >, ajxby for all . On the other
hand, T satisfies (P) if and only if

N
(5.2) day,...,an, by, ..., by € M, self-adjoint : Tz = Zakxbk, Zaz <1, sz <1
k k

k=1
Indeed, if (5.2) is satisfied, then put S1z = >, array and Sex = ), byab,. Then
S, T
( oy )zzzw

with ¢, = ( %"” l? ) . Property (P) follows, since ¢y, is self-adjoint and > 2 < 1.
k

Conversely, if (P) is satisfied, then by the complete positivity of W and (3.2), there exist
c1,...,cN € My, such that Wa = >, cixcy. Since W is self-adjoint, ), cizer, = >, cpacy,



and consequently,

B Ck + Cp, Ck + ¢, cr — ¢, cr — ¢,
Wx—Z(—Q )x( 5 )—i—;( 5 x 5 .

k

We have ||[W(1)|] < 1, so replacing (ci,...,cn) by ((e1 + ¢§)/2,...,(en + ¢§)/2, (1 —
)/ (2),...,(eny —cy)/(2i)), one can assume that the ¢}s are self-adjoint and || Y, ;|| < 1.
ZZE Z: . By definition of W, Tx =Y, ayxbg. Further, || Y, aill, [| 32, b3l <
| >, cill, so that ay, by match (5.2).

Write ¢, =

4. The property (P) is connected to the definition of decomposable maps. T : M — M

is by definition decomposable (||T||gec < 1) if S; and Sy exist such that W = ( ?} g )
* 2

is completely positive (and contractive) [26, p. 130]. One has ||T'||4ec < 1 for all complete
contractions T : M — M iff M is hyperfinite [12]. In general, the assumptions ||T||gec < 1
and T self-adjoint do not imply (P), see the example below. However, we will see in section
6 that this holds true in some special cases.

Example 5.3. Parts 1 and 2 of the preceding remark lead to the question if the property (P)
is equivalent to complete contractivity and self-adjointness. But in general, (P) is strictly
stronger. Indeed, there is a self-adjoint and complete contractive T" which does not satisfy
(P). The author is grateful to Eric Ricard for showing him the following example. The
operator space theory used here goes beyond what is explained in section 2, see for example
26, 9].

Let n € N and (E;)o<ij<n be the canonical basis of M, ;. Define T': M,y — M, by

Tx = il Ei()[L’EZ'O + il EOixEOi-

Then T is self-adjoint and by writing

n

To = (n'*Eg)z(n"*Eq) + ) _(n"* Ey)x(n'/*Ey),

i=1 =1

one sees that ||T||la < +/n (cf. 5.2.3 above). Now assume that a1, ...,ay,b1, ...,y € M,
are self-adjoint such that Tz = 22\121 arrb,. We will show that

(5.3) I a1 B2 = m,
k k
El

so that for n > 2, the self-adjoint completely contractive operator \/ﬁT does not satisfy (P).

We denote Ry and Cy the row and column operator space of dimension N [26, p. 21].
Further, Ry N Cy is equipped with the operator space structure

IGig) || = max{|[ (i) | s x| (i) agon ¥
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and Ry + Cl is the operator space dual of Ry N Cy [26, p. 55,194]. Then for any operator
space X and any z1,...,xny € X,

N
1Y er @ ap: X*— Ry N Cnlla = maX{H > a2 Za;;;xknl/?} .
k k

k=1

Let
N

N
a:Zak®ek:l12V—>Mn+1, ﬂ:Zek@)bk : S}lﬂ —>l]2v.
k=1 k=1
Here, (e1.)1<k<n is the canonical basis of 1%, aj, @ e}, maps z to (z, €k>z§‘vak and e ® b, maps
x to tr(xbg)ex. Then

lo: Ry + Cn — Myl = || Zﬁ”lm,
k

18+ Shyy — Ry N Cxllew = || Y ;]| and
k

afr = Tx for any x € M, ;.

Let us denote C,, o R, C M, 41 the subspace spanned by {E;, Ep; : 1 < i < n}. In the
same manner, we regard this space as R, ®; C,, C S}LH. IfJ:R,® C, — C), & R, is
the identity, then o3 is obtained by projecting canonically S}, to R, @, C,,, then applying
J and finally injecting C,, &, R, into M, ;. Denote & = pa and B = [j, where p is
the natural projection of M, onto C,, C C,, o R, C M,y1 and j is the embedding of
R, C R, ® C, C S}, into S} ;. Then one obtains the following commuting diagram

RNQCNgRN‘f“CN

!

R, Ch

Id
with
[a: Ry +Cn — Culla < || Zaillwa
k

18 Ry — Ry 0 Culla < IS 0212
k

According to the factorization I;z = a3 we have n < || 3] as||é|| as. But the Hilbert-Schmidt
norm of any 7 : lfm — lfm equals the cb-norm of v : R,,,;, — C,, [26, p. 21], so

n S ”B : Rn — CN”cb H@ : RN — Canb
<|If: Ry — CxN Ryl ||&: Ry + Cxn — Chlles

S DA K DI
k k

This shows (5.3).
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Now the matrix version of the main theorem reads as follows.

Theorem 5.4. Let n € N and T : M,, — M, satisfy (P). Fix some p € (1,00). Then for
any x € SP,
(I -=T)z,7) € ).
Proof. Use remark 5.2 and write Tz = ;" | ayxby, with ag, by as in (5.2). Decompose
x = udv,

with u,v € M, unitaries and d a diagonal matrix with non-negative diagonal entries dy, . .., d,.
Then 7 = v*dP~'u*. For simplifying the calculation, we write g, = u*a,u and hj, = vb,v*.

(I =T)z,2) = tr(d” = > gedhypd”™")

= i dg - Z gk,rsdshk,srdfil-
r=1

k,r,s

Write ¢.s := >, Grrshisr- Since g, and hy are self-adjoint, ¢,; = €. Thus, the above
expression equals

> - % > endydt - % > ead,dr!

7,8

:% {Z B = o) + ) (1= enl) + D> (Rlersl + dBler| — cradod™ — mdrd{jl)} |

-~

The expression in round brackets of the last double sum is a term (a — b)(a — b) as in
proposition 4.4, putting

a = dy|cys|V? and b = d3|cr5]1/p—’CTs’.
T8

Since X, is closed under addition,

> ders| + dcrs| = crododd T — Erad, d2 T €5,

r,s

Moreover, it now suffices to show that
(5.4) 1= el 20, 1= Jen| > 0.

First we use Cauchy-Schwarz:

<Z|m|>2 = <Z|§kjghr> < (Z§|g|) (Z%}hl) .

s

We estimate the first factor:

Z Z |(u*ap),s)® = Z Z(u*aku)sr(u*aku)m = Z(u*aiu)w <1,

k
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where we use the assumption Y, ai < 1in the last inequality. In the same way, one estimates
the second factor, which gives the first estimate in (5.4). The second estimate in (5.4) follows
at once, since |c.s| = |cs|. O

Our next goal is to extend the theorem to hyperfinite von Neumann algebras instead of M,
by a limit process. The following lemma contains the necessary information how the property
(P) and the dual element behave when passing from a “small” von Neumann algebra N to
a “big” von Neumann algebra A and vice versa.

Lemma 5.5. Let (IV, o) and (N, ) be two von Neumann algebras with s.n.f. trace. Assume
that there exist J: N — N and Q : N' — N with the following properties:

(1) J and @ are completely positive,
(2) J and @ are (completely) contractive,

)
(3) QJ = Iy,
(4) (Jz,y) = (z,Qy) for all z € L}(N)N N and y € L*(N) N N.
Then J and @Q extend to complete contractions J, : LP(N) — LP(N) and Q, : LP(N) —
LP(N) for any 1 < p < co. Furthermore, the following holds.
(1) f T : N — N satisfies (P), then also QT'J : N — N does. For all 1 < p < oo and

v € LP(N), ((Tnrwy = Tp) Jp(2), Jp(2)) = (L) = QpTpJp) 2, T).
(2) If T : N — N satisfies (P), then also JTQ : N' — N does. For all 1 < p < oo and

r € LN, (Inw) — T2 %) = (o) — JTpQ0) Jp(), Jyl()-

Proof. The completely contractive extensions J, and @), follow from assumption 4 by Holder’s
inequality and complex interpolation, as in the beginning of section 4. N L
(1) Let W be an extension of T" according to the definition of (P). Then W = QW J is
an appropriate extension of QQ7T'.J, where Q =1 I, ® @ and J =1 My ® J. Indeed, since
J and () are completely positive, also J and Q are, and therefore W is. As J and Q
are completely contractive, j @, and thus W are contractive. By (5.1), W is completely
contractive. It is plain to check the self-adjointness of W. Just note that by the positivity
of Q, Q(z*) = [Q(2)]*, so Qs is the adjoint of J; in the Hilbert space sense.

For the second part, note that by approximation, (Q,z,y) = (z, Jy) forany x € LP(N), y €
Li(N)and 1 < p,q < oo conjugated exponents. Also assumption 3 extends to QpJ, = Irr(w)

forall 1 < p < co. Now the assertion follows if we know that m = J, () for any z € LP(N).
We check the two determining properties of the dual element.

(Jo(7), Jp(2)) = (QeJ(T), ) = (Z,2) = [|l=]]}.
Further,
1 @2 = 712 = Iz l2 = 11,8 = 1Tl

Here, we have used that J, (and J,) is an isometry. This follows from Q4J; = I1¢(ny and the
contractwlty of J,.

(2) Put W = JWQ. The rest of the proof is very similar to that of (1). O
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Theorem 5.6. Let M be a hyperfinite von Neumann algebra and 7" : M — M satisfy (P).
Then for all 1 < p < oo and x € LP(M),

<([LP(M) — Tp)IL’,/Z’\> € Ep.

Proof. 1st case: M finite dimensional. Then there exist K € N, A\,...,A\x > 0 and
ni,...,ng € N such that (M, 7) has a representation as a direct sum

(M, 7) = (My,, M tr) & ... & (M, Ag tr).

We want to apply (2) of lemma 5.5.

Assume for a moment that Ai, ..., \x € N. Take N = M and N = M,, withm = Zszl YR
endowed with the standard trace tr. Put

i 0

T
J:M— M, J@z1@ra®...dxg)=

Tk

0 TK

Here, the multiplicity of the zj s on the diagonal of the big matrix is A;. Let @ : M,, — M
be defined by (Jx,y) = (x,Qy). J is completely positive by its simple structure, and then @
also is by lemma 3.1. J is a contraction, since ||J(z)|| = maxy ||zx|| = ||z]]. @ is a contraction,
since ||| 1) = Dy, )‘k”kaS}Lk = [|J(2)||s1,. Finally, the identity QJ = Iy is easy to check,
so that the assumptions of lemma 5.5 are satisfied, and

(o — T, 7y = (Ing,, — JTQ)Jx, Jz) "€ 5,
Assume now that A\, € Q. Then let ¢ € N be the common denominator of the \s. Put
m =ty , \gny and N = M, with the trace ¢t ~!-tr. Use the same J as before, the multiplicity
of the aj.s being now tA,. We appeal again to lemma 5.5 (2). Note that the theorem 5.4 is
also valid with the modified trace ¢t~ - tr.
The general case A\, € R follows by rational approximation.
2nd case: M is hyperfinite. There exists a net M, of finite dimensional subalgebras of the
kind as in the 1st case. Further, for every «, there exists J, : M, — M satisfying the
assumptions of lemma 5.5. For every 1 < p < oo and every « € LP(M), Jy,Qapt % 2 in
LP(M) (25, thm 3.4 and rem] and [29, p. 332]). Now (1) of lemma 5.5 yields that Q,7TJ,
is an operator as in the 1st case of the proof. Therefore for any x € LP(M), by lemma 5.5

—

((Trary = Tp)z, %) = Hm((I = Tp) JapQap; (JapQap®))

= 11g1<([ - Qa,prJam)Qa,px? (Qa,p‘r)>
€ 2.
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The following theorem now answers our question in section 4. In addition, the contractivity
in (4.4) can be extended to complete contractivity.

Theorem 5.7. Let M be a hyperfinite von Neumann algebra with s.n.f. trace 7 and (7;) a
diffusion semigroup on (M, 7). Assume that for all t > 0, T} satisfies (P) (for example, T} is
completely positive). Then for all 1 < p < oo, t — T}, has an analytic extension

E;, — B(LP(M)), z+— T,
The operators 7., , are in addition completely contractive.

Proof. Proposition 4.2 together with theorem 5.6 gives the analytic extension and the con-
tractivity. To show the complete contractivity, let n € N and consider the space N = M,,@ M
with trace tr ®7. Then Tt = Iy, ® T} gives a diffusion semigroup on N. Further, Tt inherits
property (P) from T} : Indeed, if W : My ® M — My ® M is an “extension” of T; as in the
definition of (P), then In, @ W : M, @ (Ma®@ M) = My®@ (M, @ M) — M, ® (My® M) is one
of T}. Let ¥, — B(LP(N)), z T., be the analytic contractive extension of T;,. We claim

that 7., = I s» @ T, ,, where T, ;, is the analytic extension of T} ,. Indeed, by the equivalence
o~f the norms ||(xi;)illse ey = D245 |@ijll e (ar), one sees that Igp ® T is analytic. Since
T.,=Isp®T., apriori for z > 0, the claim follows from the uniqueness theorem for analytic
functions. Now the theorem follows from (3.1). O

6. SPECIFIC EXAMPLES

We will now give some examples of diffusion semigroups (73) on hyperfinite von Neumann
algebras which match the conditions of theorem 5.7. Recall that if for any ¢t > 0, T; is
completely positive, then T; satisfies (P) and theorem 5.7 can be applied. In two specific
cases to follow, the complete positivity is unnecessary.

6.1. Commutative case. We assume that (M,7) = (L*(f2),u) is a commutative von
Neumann algebra. Then our definition 4.1 of a diffusion semigroup reduces to the classical
one given in [28].

For any operator T : L®(Q) — L>®(Q) or T : L'(Q) — LY(Q), |T|| = ||T||e- This is false
in general for operators 7" : LP(2) — LP(Q2) with 1 < p < oco. The property (P) has now a
simple characterization.

Proposition 6.1. A w*-continuous operator 7" : L>®(Q) — L>(Q) satisfies (P) if and only
if T' is contractive and self-adjoint.

Proof. The “only if” part follows from remark 5.2. For the “if” part, we assume that L>°(Q) =
[7° for some n € N. The general case can be deduced by an approximation argument as in
theorem 5.6, using the semi-partitions of (€2, u) explained in section 2.

We identify 7" and T, with matrices (¢;;) and (¢;;). Since (¢;;) is self-adjoint, (¢;;) and (|t;;|)
are self-adjoint also. Hence

o Ut ) N L ag sy g0
W= () e ) s =

is self-adjoint.
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We show that W is completely positive. Let J [o° — M, be the embedding into the
diagonal, J = Ip;, ® J : Ma(I%°) — My(M,) and P : My(M,,) — My(I°) its adjoint. Further,
let (,bij € C such that tij = ’tlj‘(bl] Denote Q55 = ( |t23|¢wEw |tO|E ) S Mg(Mn),

ij | i
where (E;;);; is the canonical basis in M,,. Then z — ), awa:am is completely positive by
Choi’s theorem (3.2). On the other hand, this mapping equals JW P. Indeed,

Z( V [tijldij Eij 0 ) ( ZUE;; iﬂgz; ) (Cb_m It Eji 0 )
T 0 \tij| Eij x x 0 \tij| Eji
_ Z < |%|wa VEj; tz’jEz‘jl“m;Eﬁ )

tZ]EZ].T )E ‘tZJ|EZJZU( )Eﬂ

]Z

Z |tw|I(11 E” t 1'(12)Eu‘
T 21)E E“

U JJj |tl] ‘xJJ

= JWPx.

Then W = P(JW P)J is also completely positive.
As [|T']| is given by sup; >~ [t;;|, which does only depend on the absolute values of ¢;;, we

(o h)

contractive. O

have ||(|t;;])|| = ||7]|. This implies <||(Jt;;])]] < 1, and thus, W is completely

As a corollary, we obtain [22, cor 3.2], but without the assumption of positivity.

Corollary 6.2. Let (7};) be a diffusion semigroup on L*°(f2), i.e. the T}, form consistent
contractive cyp-semigroups on LP(2) for 1 < p < oo (w*-continuous on L*(2)) such that T} 5
are self-adjoint. Then for 1 < p < oo, t +— T, has an analytic and contractive extension to

2¢/p—1
Proof. Recall that L*(2) is a hyperfinite von Neumann algebra. By proposition 6.1, T}
satisfies (P) for all t > 0, so that we can appeal to theorem 5.7. O

Remark 6.3. In [19], [22, cor 3.2] is used to improve the angle of the H*-calculus of
generators of commutative diffusion semigroups consisting of positive operators. With the
above corollary, [19] gives the same angle improvement without the positivity assumption.

-2
¥, = {z e C\{0}: |argz| < g —arctanM}.

6.2. Schur Multipliers. A further example of non-commutative diffusion semigroups are
the Schur multiplier semigroups, considered in [16, chap 8]. The underlying von Neumann
algebra is M = B(I*(N)) = B(I?), with the usual trace tr. We identify B(I*(N)) with some
subspace of CN*N in the usual way. Let (¢;;);; € CV*N. The Schur multiplier T associated
with (¢;;);; is defined in the following way: If = (2;);; € B(I?) then

(6.1) T = (tijri)ij-

Of course, it is not sure that Tx € B(I?) nor that T € B(M). The following proposition
characterizes, when the latter is the case. For a proof, see [24, cor 8.8].
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Proposition 6.4. Let T" be given by (6.1). The following are equivalent.

e There exists a Hilbert space H and sequences (;);, (y;); C H such that sup; ||z;|| <
1, sup; |lyi|| <1 and t;; = (i, y;)u-

e The Schur multiplier 7" is a bounded operator on M and ||T|| < 1.

e The Schur multiplier 7" is a completely bounded operator on M and |||, < 1.

Assume now that the conditions of the above proposition are satisfied. Then for x,y €
S'NB(P?), (Tx,y*) = tr(Twy*) = 3275 tijriTig. Therefore, T'is self-adjoint if and only if
ti; € Rforalli,5 € N,

Lemma 6.5. A Schur multiplier T : B(I?) — B(I?) satisfies (P) if and only if T is contractive
and self-adjoint.

Proof. Only the “if” part has to be shown. Let (x;);, (y;); C H be the sequences given as in
proposition 6.4. By the self-adjointness of T, we know that (x;,y;)» € R. We may suppose
that (v;,z;)m, (Yi,yj)mw € R.
Indeed, if this is not the case, let (e), be an orthonormal basis of H and consider the
R-linear mapping
H —H®H
J:qe, e, @0
e, —0de,
For x € H, write x = zg +4xy, where 2 and z are in the real span of the €/ s. In the same
manner, write y = yr + ty;. Then

(@, y)m = (r,yr)a +(xr,yr)g + ¥z, yr)w — (TR, Y1) H,

so if (x,y)y € R, then (J(2z), J(y))yon = (x,y)u. Replace now z; and y; by J(z;) and J(y;).
Then, we still have ¢;; = (J(z;), J(y;)), and in addition (z;, z;)m, (v, y;)m € R.

The operator W as in definition 5.1 that we will give in a moment acts on the space
M, ® B(I*). We wish to consider Schur multipliers on this space and do this in virtue
of the natural identification My ® B(I?) = B(I*(N x {1,2})). Note that T, is the Schur
multiplier associated with ({y;,x;)m);j. Further, by proposition 6.4, the Schur multipliers
Sy and Sy associated with ((x;,x;)m)i; and ((y;,y;))i; are completely contractive. We put
W= ?,1 g . This is a Schur multiplier on M, @ B(I?) = B(I*(N x {1,2})) associated

* 2
with the matrix
({z(ary» 2G0) 1) i menx 1,23
L, k=

=1
where z(p) = { b_o" Therefore, W is completely positive [24, ex 8.7]. The (complete)
Yi, -

contractivity of W is clear from proposition 6.4. Finally, as (z(), 2gu)n € R, W is self-
adjoint. ]

Now assume that (73) is a diffusion semigroup on M such that for any ¢ > 0, T; is a
Schur multiplier associated to some (t§§))ij € CY™N_ For example, if H is a Hilbert space

and (ag)keny and (Ok)ken are sequences in H, then the Schur multipliers 7} associated with
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(e~thei=Aill),. form such a diffusion semigroup [16, prop 8.17]. Then the above lemma and
theorem 5.7 show that for any 1 < p < 0o, (T},)i>0 admits an analytic extension

¥, = B(LF), 2+ T,

Further, by the uniqueness of analytic vector valued functions, 77, , is again a Schur multiplier
for any z € 3.

7. SEMI-COMMUTATIVE DIFFUSION SEMIGROUPS

At the end, we give an example of a diffusion semigroup on a von Neumann algebra without
the assumption of hyperfiniteness. Let (€2, 1) be a measure space and (N, o) a von Neumann
algebra with s.n.f. trace. Suppose we are given a diffusion semigroup (7}) on L>(£2). By the
w*-continuity of any 7}, we can define the contractions

TN =T, @Iy : L®(Q)@N — L=(Q)@N.

(TN) is a diffusion semigroup on L®(Q)®N, and called semi-commutative diffusion semi-
group.

Now assume that N has the QWEP property. This means that /N is the quotient of a C*-
algebra having the weak expectation property (WEP) introduced in [20, 21]. Tt is unknown
whether every von Neumann algebra has this property.

Recall the following notion of an ultraproduct of Banach spaces. Let (X, )aecs be a family
of Banach spaces and U an ultrafilter on I. We will only need the case X, = X, a fixed
Banach space. Consider the quotient space

I°(I; Xo) = {(a)a € HXO‘ s sup ||za|| < 00} /{(%a)a: IF €U x4 =0 for all a € F}

and the subspace

oUs Xa) = {(a)a € (1 Xa) : lim [Jza|| = 0}

Then [[,, Xo = 1°(I; Xa)/co(U; X4 ) is called an ultraproduct, see also [26, p. 59].
We will need a property of LP(N, o) which appears in [13].

Proposition 7.1. Let N be a von Neumann algebra with QWEP having a s.n.f. trace o.
Then there exists a Hilbert space H, an ultrafilter & on some index set I and an isometric
embedding J : LP(N) — [],, S*(H).

The following proposition follows from [13, thm 2.10]. We include a simple proof for the
convenience of the reader.

Proposition 7.2. Let 1 < p < oo, LP(£2) be some commutative LP-space and T' € B(LP(Q2))
be completely bounded. Let N be a von Neumann algebra with QWEP with a s.n.f. trace
o. Then T ® Iy, initially defined on LP(Q2) ® LP(N), extends to LP(€2, LP(NN)) and

| TS oo 2 LA LP(N)) — L2, LN < T
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Proof. By (3.1), for every n € N,
1T ® Isp : LP(,57) — LP(Q, )| < | T|eb-
As in [25, prop 2.4], we deduce via a density argument that | T®/Igrsy : LP(Q2, SP(H)) —
LP(Q, SP(H))|| < [|T[es-
Let H,U,I,J be as in proposition 7.1. We denote (z,), and (f,), elements of the ultra-
product spaces [[,, S?(H) and [],, LP(€2, S?(H)). Consider the ultraproduct mapping

S]] rr@,s7(H) — [T L7, 57(H), (fada = (T@Lsnin)(fa))a-

Note that the space LP(, [[,, SP(H)) is isometrically embedded in [[,, LP(Q2, SP(H)), via a
mapping taking a step function ), fi ® (Tg.a)a to the element (>, fi ® Tko)a. With this
embedding, S(LP(Q,[[, S?(H))) C LP(QL ], SP(H)), and S = S|1e(,, so(m) i again a
contraction, since ||T'||, < 1. Now use proposition 7.1 to restrict S to LP(, LP(N)). This
restriction equals T'®1»(ny, which is thus a contraction, as desired. 0]

Corollary 7.3. Let (TY) = (T;®1Iy) be a semi-commutative diffusion semigroup as above.
Then for 1 < p < o0, t +— 7}]\; has an analytic and completely contractive extension to X

Proof. By proposition 6.1, T; satisfies (P) and theorem 5.7 gives the completely contractive
analytic extension z — T, on Y. Now appeal to proposition 7.2 to get the contractive
operators T ,&@I»(n). It is clear that the latter form an analytic extension of 7}1\; Replacing
T; by Iy, ® Ty in this argument gives the completely contractive result. O

Remark 7.4. There is even a more general version of proposition 7.2, [13, thm 2.10]. From
this, we deduce that if M is a hyperfinite von Neumann algebra with s.n.f. trace 7 and
T :LP(M)— LP(M) is completely contractive, then T®Ip(yy : LP(M®N) — LP(M®N) is
completely contractive.

With this generalization, one also gets the following result: If (T}) is a diffusion semigroup
on a hyperfinite von Neumann algebra such that T} satisfies (P) for all ¢ > 0, then TN =
T,®1Iy forms a diffusion semigroup and has an analytic and completely contractive extension
to 2.

Corollary 7.3 allows us to generalize proposition 4.4, which was our starting observation,
to the non-commutative case.

Corollary 7.5. Let (IV,0) be a QWEP von Neumann algebra and a,b € LP(N). Then
(a—b,a—b) = [lal]z+ ]} — tr(bla’ ua) — tr(alb]’"up) € 5.
Here, a = u,|a| and b = u|b| are the polar decompositions.
Proof. Let (T;) be the diffusion semigroup on I$° as in example 4.3, i.e. T; = e with
-1 1
4= ( R ) |

Consider the semi-commutative semigroup (7;®Ix) with (bounded) generator 4, = A ®
Ip(ny on LP(13° ® N) and define the element x in this space by « = (a, b). Its dual element
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-~

is given by Z = (@, b). By corollary 7.3 and proposition 4.2,

~

(a—b,a—0b) =—(Ayz,T) € L,
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