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Abstract

Consider the Langevin process, described by a vector (position,momentum) in R? x RY. Let
O be a C? open bounded and connected set of R?. We prove the compactness of the semigroup
of the Langevin process absorbed at the boundary of the domain D := @ x R?. We then obtain
the existence of a unique quasi-stationary distribution (QSD) for the Langevin process on D. We
also provide a spectral interpretation of this QSD and obtain an exponential convergence of the
Langevin process conditioned on non-absorption towards the QSD.
Mathematics Subject Classification. 35P05, 82C31, 47B07, 60H10.
Keywords. Langevin process, Quasi-stationary distribution, Compactness, Spectral decomposi-
tion.

1 Introduction
In statistical physics, the evolution of a molecular system at a given temperature is typically modeled
by the Langevin dynamics

dg: = M~ 'p,dt,
{ (1)

dpr = F(gi)dt —yM~'pidt 4+ \/2v5-1d By,

where d = 3N for a number N of particles, (¢;, p;) € R? x R? denotes the set of positions and momenta
of the particles, M € R%*? is the mass matrix, F' : R — R? is the force acting on the particles, v > 0
is the friction parameter, and 8~! = kT with kp the Boltzmann constant and 7" the temperature of
the system.

Such dynamics are used in particular to compute thermodynamic and dynamic quantities, with
numerous applications in biology, chemistry and materials science. In many practical situations of
interest, the system remains trapped for very long times in subsets of the phase space, called metastable
states, see for example [14, Sections 6.3 and 6.4]. This makes the simulation of these systems over
the times of interest impossible. Typically, these states are defined in terms of positions only, and are
thus cylinders of the form D = O x R for (1). In such a case, it is expected that the process reaches
a local equilibrium distribution within the metastable state before leaving it. This distribution is
called the quasi-stationary distribution (QSD). Proving the existence of this limiting behavior is in
particular important to prove the consistency of accelerated dynamics algorithms, e.g. the parallel
replica method, see for example [18]. It is also the building block to justify the use of jump Markov
processes among the metastable states (kinetic Monte-Carlo or Markov state Models) to model the
evolution over long timescales [24, 23].
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While several works have already studied the properties of QSD for elliptic diffusion processes on a
smooth bounded domain O, to the best of our knowledge there are no available results for the Langevin
dynamics (1), which is not elliptic but only hypoelliptic, and for which the natural domain D = O x R?
is not bounded, even if O is bounded. Building on several analytical results for the Langevin process (1)
obtained in [15], including a Gaussian upper-bound satisfied by the transition density of the Langevin
process, we obtain the compactness of the semigroup of the Langevin process absorbed at the boundary
of D. Applying the Krein-Rutman theorem we then obtain spectral properties on the infinitesimal
generator of the Langevin process on D with Dirichlet boundary conditions, and deduce the existence
and uniqueness of a QSD pu, as well as the fact that it describes the long-time behavior of the process
conditioned on non absorption.

Alternatively, a more probabilistic approach, based on general criteria developed by Champagnat
and Villemonais [2], is employed to obtain similar results in [19, Chapter 4]. As we were finishing this
work, we also became aware of the related work [9], using different techniques based on Lyapounov
functions.

Outline of the article. In Section 2, we state the main results, which are then proven in Section 3.

Notation. Let us introduce here some notation that will be used in the following. We denote
by = (q,p) generic elements in R??, and | - | the Euclidean norm both on R? and on R??. For a
measurable subset A of R?¢, R x R?? or R% x R* x R??,

e |A] is the Lebesgue measure of A,

o for 1 < p < oo, LP(A) is the set of L? scalar-valued functions on A and || - ||L»(4) the associated
norm,

e C(A) (resp. CP(A)) is the set of scalar-valued continuous (resp. continuous and bounded)
functions on A,

o C(A) (resp. C°(A)) is the set of scalar-valued C*° (resp. C°° with compact support) functions
on A.

We denote by || - ||o the sup norm on the Banach space C®(A4). For T a linear bounded operator on
C’(A), we denote its operator norm by:

I llcecay = sup | T'f oo
rect(A), £l <1

2 Main results

This section presents the main results we obtained.

As a motivation, we first recall in Section 2.1 what is known about the QSD of the overdamped
Langevin process.

In order to prepare the presentation of our main results, we state various analytical properties of
the Langevin process and the related kinetic Fokker-Planck equation in Section 2.2. The proofs of
these auxiliary results are detailed in [15].

Our main results, concerning the degenerate case of the Langevin process, are presented in Sec-
tion 2.3. We first state the compactness of the semigroup of the Langevin process absorbed at the
boundary of D. The existence of a unique QSD of the Langevin process in D is then obtained. Be-
sides, this QSD is shown to be the unique solution of an eigenvalue problem related to the infinitesimal
generator of the process (g, pt)i>0 with absorbing boundary conditions. Finally, this QSD attracts
all probability measures on D, at an exponential rate.

Let us conclude this introduction by recalling the definitions of the quasi-stationary and quasi-
limiting distributions, which are the central notions of this work, in a general setting. We refer to [4, 16]
for a complete introduction. Let E be a Polish space endowed with its Borel o-algebra B(E), and
let (X;)i>0 be a time-homogeneous, strong Markov process in F with continuous sample-paths. For
any ¢ € E, we denote by P, the probability measure under which Xy = = almost surely, and for any
probability measure 6 on E, we define

Po() = [ Po()0(da).



Let D be an open subset of ' and 75 be the stopping time defined by
T :=inf{t > 0: X; ¢ D}.

Definition 2.1 (QSD). A probability measure p on D is said to be a QSD on D of the process (Xi)i>0,
if for all A€ B(D) :={AND,A e B(E)}, forallt >0,

Pu(X, € A, o > t) = p(A)P (1o > 1). 2)

When P, (75 > t) > 0, the identity (2) equivalently writes P, (X; € A|tg > t) = p(A).
A closely related notion is that of Quasi-Limiting Distribution (QLD), which is a probability
measure g on D such that there exists a probability measure 6 on D for which

VA € B(D), w(A) = tlg})lo Po(X: € Al1s > ). (3)

A QLD is necessarily a QSD (and the converse is obvious), and we say that p "attracts" 6 when (3)
holds. When a QSD attracts all Dirac masses on D, it is called a Yaglom limit.

Last, when X is initially distributed according to a QSD on D, the exit event from D of the
process (X;)i>o satisfies the following properties, see [4, Theorems 2.2 and 2.6].

Proposition 2.2 (Exit event). Let u be a QSD on D of the process (Xi)i>o0, then there exists Ao > 0
such that

1. 7y follows the exponential law of parameter o, that is to say P,(19 > t) = et for all t >0,
2. if Ao > 0, X;, is independent of 7.

In the former statement, the case A\g = 0 means that 75 = oo, P,-almost surely.

2.1 Elliptic case and the overdamped Langevin process

Quasi-stationary distributions on smooth bounded domains for elliptic diffusion processes, have been
widely studied in the literature. We refer for example to [7, 12, 3, 1]. Let us recall here some of their
important results.

Let B> 0 and F : R? — R satisfying the following assumption.

Assumption (F1). F € C*(R¢,R?).

Let (Q, F, (Fi)e>0, P) be a filtered probability space and (B;)¢>0 a d-dimensional (F;)¢>o-Brownian
motion. Consider the overdamped Langevin process defined by

dg, = F(q,)dt + /28~ 'dB. (4)

Under Assumption (F1), the vector field F is locally Lipschitz continuous and therefore the stochas-
tic differential equation (4) possesses a unique strong solution (q;)o<t<7., defined up to some explosion
time Too € (0,+00]. The overdamped Langevin process admits the following infinitesimal generator:

L=F-V+3 A, (5)
with formal adjoint £~ in L2(dz) given by:
L' = —div(F-)+ A,
Let O be an open set of R? satisfying the following assumption.

Assumption (0O1). O is an open C? bounded connected set of R?.

Let Tp := inf{t > 0 : g, ¢ O} be the first exit time from O of the process (g;)o<i<7... Under
Assumption (O1), the vector field F' is Lipschitz continuous on O and therefore 7o < Too.

It has been shown in [1, 7, 12, 11] that the overdamped Langevin process admits a unique QSD
on O, which moreover satisfies the following properties.

Theorem 2.3 (QSD of the overdamped Langevin process). Under Assumptions (F1) and (O1), there
exists a unique QSD Tt on O of the process (q,)t>0. Furthermore,



(i) there exists 1 € C*(O) NCY(O) such that Ti(dq) = ¥(q)dq, where dq is the Lebesque measure on
RY,

(i) Span(v) is the eigenspace associated with the smallest eigenvalue X of the operator —L" with
homogeneous Dirichlet boundary conditions on 0O,

(iii) there exist C' > 0 and « > 0 such that for all probability measures 6 on O, for all t > 0,
H[Pe(at € '|F3 > t) _ﬁ(')HTV < Ceiata
where || - ||y is the total-variation norm on the space of bounded signed measures on R.

Multiple approaches are used in the literature to obtain the properties above. In the conservative
case F' = —VV, under suitable assumptions on V we have 7o, = oo and the process (g, )¢>o is reversible
with respect to the measure e #V(9dgq. As a consequence, L is symmetric with respect to the canonical
scalar product on L?(e~#V(9)dg) and since the inverse of the operator £ with homogeneous Dirichlet
boundary condition on 9O is compact from L?(e=#V(@dg) to L?(e~#V(@dq), one can obtain a discrete
spectral decomposition of £ with this boundary condition. This then yields the theorem above, see
[12].

In the general case when F is non conservative, the process (q,):>o is not necessarily reversible
but a spectral approach can still be used. In [7] the authors prove the compactness of the semigroup

(?f )i>0 defined on the Banach space
{fecb0):Yqe 0, f(q) =dalq)glq) s.t. g is uniformly continuous on O},

where dy is the Euclidean distance to the boundary 90O, by
—0 _
Pt f cxe€Dw— [Eq [f(qt)jl?a>t] R

using sharp estimates of the Green function of £ shown in [8]. Then, applying Krein-Rutman theorem

—0
to the operator P, , the authors manage to deduce Theorem 2.3.
Last, a more probabilistic approach is developed in [1] where the authors prove that the semi-

group (P, );>o satisfies a gradient estimate, irreducibility conditions and a controlled probability of
absorption near the boundary 0O which also yields Theorem 2.3.

2.2 Analytical properties of the Langevin process

In this section we recall some results from [15] that will be used henceforth. Let v € R, ¢ > 0. Under

Assumption (F1), the stochastic differential equation
dgs = pedt, (6)
dpr = F(q:)dt — yp.dt + 0dB,

possesses a unique strong solution (X; = (q¢,pt))o<t<r.,, defined up to some explosion time 7, €
(0, 4+00]. Notice that, compared to (1), we consider here and henceforth the mass to be identity
without loss of generality (see the change of variables in [13, Equation (3.117)]), so that momentum is
identified with velocity. Besides, we consider the general case v € R and ¢ > 0 not necessarily related
to 7.

The infinitesimal generator of the Langevin process is the operator £, defined for (g,p) € R? x R?

by:
2

o
E:p-VquF(q)-fo'yp-vaL?Ap, (7)

with formal adjoint £* in L?(dx) given by:
2

* . g
LY=—-p-Vq—F(q)-Vp+~divy(p-) + EAP' (8)

Consider now the following strenghtening of Assumption (F1).

Assumption (F2). F € C®(R?,R?) and F is bounded and globally Lipschitz continuous on RZ.



Under Assumption (F2), 7o, = oo almost surely and the Langevin process (6) admits a smooth
transition density p:(z,y) [21, Corollary 7.2], which is positive [10, Corollary 3.3]. In addition, this
density admits an explicit Gaussian upper-bound, see [15, Theorem 2.19].

Theorem 2.4 (Gaussian upper-bound). Under Assumption (F2), the transition density p:(z,y) of the
Langevin process (X;)i>0 satisfying (6) is such that for all a € (0,1), there exists co > 0, depending
only on a, such that for all T >0 and t € (0,T], for all x,y € R34,

pt(xay) < Ct,Tﬁz(fa) (:Ea y)a (9)
— j
where Cyp := a_ld Z;‘io (HF||°°C“(‘1:(H71*)T)\/R) , 7— = max(—~,0) is the negative part of v € R, T is
ol —
the Gamma function and ﬁga)(x,y) is the transition density of the Gaussian process (Zjﬁa),]’)ﬁa))tzo
defined by
g™ = pidt,
(10)

« (0% g
dpi™ = —pi¥at + ﬁdBt.

We now let O C R? satisfy Assumption (O1) and consider the following domain of R?¢,
D:=0 x R4,

where the first coordinate (position) is constrained to remain on the bounded open set O and the
second one (velocity) remains free. This is the natural phase space domain of the Langevin process
absorbed when leaving O.

For q € 90, let n(q) € R? be the unitary outward normal vector to O at ¢ € 0. We introduce
the following partition of 0D:

I'* = {(a,p) € 90 x R*: p-n(q) > 0},
I~ ={(a,p) €90 x R* : p-n(q) < 0},
I’ = {(¢,p) € 90 x R? : p-n(q) = 0}.
Let 75 be the first exit time from D of the Langevin process (X;):>0 in (6), i.e.
To =1inf{t > 0: X; ¢ D}.
Under Assumptions (F1) and (O1), F is Lipschitz continuous on O and therefore 79 < 7.

Remark 2.5. Friedman’s uniqueness result [5, Theorem 5.2.1.] ensures that the trajectories (X)o<i<rs
do not depend on the values of F outside of O. Therefore, whenever we are interested in quantities
which only depend on the absorbed Langevin process, there is mo loss of generality in modifying F
outside of O so that it satisfies Assumption (F'2).

The Langevin process absorbed outside of the domain D has been thoroughly studied in [15].
Some of the results associated to its transition density are reminded below and can be found in [15,
Theorem 2.20, Corollary 2.21].

Theorem 2.6 (Transition density of the absorbed Langevin process). Under Assumptions (F1)
and (O1), there exists a function

(t,2,y) = py(z,y) € C®(R%. x D x D)NC(R%. x D x D)
which satisfies for all t > 0,
o pP(z,y) >0 forallz ¢ THUTY and y ¢ T~ UTO,
e pP(z,y)=0ifx € THUTY or ify e T~ UTY,

and is such that for allt >0, x € D and A € B(D),

Pu(X: € Ao > t) = / pP (z,y)dy.
A



Moreover, for f € C°(D), the functions u,v defined by:

Vt>0, VezeD,  u(tm) :=/Dp?(fc,y)f(y)dy, u(t, ) rZ/Dp?(y,w)f(y)dy,

are in C*(RY. x D) and satisfy:
Vt>0, VzeD, Owu(t, x) = Lu(t, z), Ov(t, ) = Lv(t, x).

Finally, pP (z,y) also satisfies the Gaussian upper-bound (9) where ||F||s is replaced with || F || (p)
m Ct,T-

We conclude this subsection with a time-reversibility result from [15, Section 6.1] linking the
transition densities of the Langevin process (6) and of the process called "adjoint" Langevin process
(Xt = (Gt, Pt))t>0 with infinitesimal generator £ := L* — dry, and satisfying the following SDE:

dqt = 7ﬁtdt7 (11)
dpy = —F(G;)dt + ypdt + odBy.

Let 7o be the first exit time from D of X,, ie. Ty = inf{t > 0 : X, ¢ D}. The transition kernel
P.(X; € -, 75 > t) admits a transition density pP (z,y) which satisfies the following equality, see [15,
Theorem 6.2].

Theorem 2.7 (Time-reversibility). Under Assumptions (F1) and (O1),

Vt>0, Vo,yeD, pP(z,y) =Dl (y,2). (12)

2.3 Compactness and QSD of the Langevin process

In this section we state the main results proven in this work. Let us emphasize the fact that the
results stated in the present section hold for any v € R, 0 > 0 and F satisfying Assumption (F1). The
first result states the compactness of the semigroup (PP):>0, defined below, based on the Gaussian
estimate from Theorem 2.6, which implies that pP € L>°(D x D) N LY(D x D) for all ¢ > 0 (see
Lemma 3.1).

Theorem 2.8 (Semigroup of the absorbed Langevin process). Let Assumptions (O1) and (F1) hold.
For anyt >0, p € [1,400] and f € LP(D), the quantity

PPf:2eDw Ly [Lryse f(X2)] (13)
is well-defined. Besides, let p,q € [1,+00].
(i) The family of operators (PP)i>o is a semigroup on LP(D) and on C*(D).
(ii) For anyt > 0, the operator PP maps LP(D) into LY(D) and into C®(D) continuously.
(iii) For anyt > 0, the operator PP is compact from LP(D) to LP(D), and from C*®(D) to C*(D).
Remark 2.9. As an alternative to our probabilistic approach, we expect that a similar statement
might also be deduced from the subelliptic estimates on the kinetic Fokker-Planck operator recently

obtained by Nier [17] in a very general framework (both on the geometry of the underlying phase space
and on the boundary conditions).

Similarly, one can define the family of operators (P );>o associated to the transition density pP,
given for f € L*°(D) by
PPfzeDmE, []1;5>tf()~(t)} . (14)

Remark 2.10. It follows from Theorem 2.7 and Lemma 3.1 that pP € L*>°(D x D) N LY (D x D)
for all t > 0. Therefore, following the proof of Theorem 2.8 in Section 3.1, one can also obtain that
the family (PtD)tzo defined in (14) satisfies the properties detailed in Theorem 2.8. In particular,
PP :c*(D) — C¥D) and PP : LP(D) — LP(D) for p € [1,+0c] are compact.

Our second result focuses on the spectral radii of (P)i>o and (P)i>o. Let us recall here the
definition of the spectral radius of a bounded operator 7' on the Banach space C’(D), which can be
found in [20, p. 192].



Definition 2.11 (Spectrum and spectral radius). Let T be a bounded real operator on C°(D) and I
the identity operator. Let us call o(T') the spectrum of T which is defined by:

o(T) :={A € C:T — A does not have an inverse that is a bounded linear operator}.
The spectral radius r(T) of T is then defined as:

r(T):= sup [A].
Xeo(T)

We obtain the following result on the operators P” and PP (defined in (13) and (14)) and their
spectral radius.

Theorem 2.12 (Spectral properties of PP and PP). Under Assumptions (F1) and (O1), there exists
Ao > 0 such that for all t >0,

T(PtD) =N, T(PtD) = e~ Cotdn)t,

Besides, there exist unique functions ¢, € C*(D), up to a multiplicative constant, such that for all
t>0,
PPp=e"¢ and PPy =e Cotiniy,

Last, ¢,vp € LY(D)NC>(D) and
e »>00nDUI",¢p=0o0onTTUTY and Lo = —Xo¢ on D,
e y>00n DU, y=00nT~UT? and L*% = =\ on D.

In the following, we choose ¢ and ¢ such that [, ¢(z)dz = [, (x)dz = 1. The proof of this
theorem relies on the application of the Krein-Rutman theorem [22, p. 313] to the compact operators
PP and PP on the Banach space C’(D). We are able to deduce from this result the existence of a
unique QSD on D for the processes (X;)¢>0 and (Xt)tzo-

Theorem 2.13 (Existence and uniqueness of a QSD). Let Assumptions (F1) and (O1) hold. Let u
and [ be the following probability measures on D:

VAEBD).  ud)= [ wedn, i(4) = [ ola)d (15)

Then p (resp. ji) is the unique QSD on D of (X;)i>o0 (resp. (Xi)i>0) and for allt >0,
P.(to >t) =e 0t Pa(fp >t) = e~ PoFdVt, (16)

Moreover, one can characterize the law of X, (resp. Xz,) when Xo ~ p (resp. Xo ~ fi) using the
following theorem.

Theorem 2.14. For allt >0, f € L>(dD),

1 _ —)\ot
/ V(q,0)Eqp) [f (@rp> Pro)Lrp<i] dgdp = ; (@, p)f(@p)|p-n(@)| coo(dg)dp,
D 0 oD
1— e*()\oer’y)t
/ &4, 0)Eqp) [f (@75, 7o) L7y<t) dgdp = —————— (@, p)f(@,p) Ip-n(q)| coo(dg)dp,
D Ao +dy oD

where ogo is the surface measure on 00.

In fact, taking ¢ — oo, one obtain the following description of the first exit event starting from the
QSD on D.

Corollary 2.15 (First exit point starting from the QSD). If Xy ~ u,
1 _ _ _
Xro ™~ 5o lp - ()| ¥ (@, p)oao(dg)dp.

Similarly, if Xo ~ [i,

1
Xo v —— p-n(@)| 6@ 7)dp.
o o r Ip - n(q)| ¢(q, p)oso (dg)dp



Furthermore, the densities of the QSD are the unique classical solutions to an eigenvalue problem.

Theorem 2.16 (Spectral interpretation of the QSD). Under Assumptions (F1) and (O1), there
exists a unique couple (A, n) (resp. (A\*,n*)), up to a multiplicative constant on n (resp. n*) such that
n € C3(D)NC*(DUT™) (resp. n* € C3(D)NC*(DUT ™)) is a non-zero, non-negative classical solution
to the following problem

{En(m) = —\n(x) zxeD, resp. {E*n* (x) = =XN"n"(2) x €D,

n(x) =0 rel™, n*(z) =0 zel™. 17)

Moreover, n € L1(D), A\ = \g and # = ¢ (resp. n* € LY(D), \* = \g and fg; =1).

Remark 2.17. In particular, it follows from the expression of the spectral radii in Theorem 2.12 that
Ao 1s the smallest eigenvalue associated with the operators —L and —L*.

Last, we are able to obtain the following long-time asymptotics of the operator P on the Banach
space L>°(D).

Theorem 2.18 (Long-time asymptotics). Let Assumptions (F1) and (O1) hold. Let o* be defined by

e~ (ota™) . sup |z]. (18)
z€a(PP)\{e 20}

Then o* € (0,400], and for all a € [0,a*), there exists Co, > 0 such that for all t > 0, for all
fel=(D),

Pth _ e—)«;t%“ < CaHfHLOC(D)e_()\OJ’_a)ta (19)
D 00

where the tensor product ¢ ® v is defined by: for any f € L=(D), ¢ @ (f) = ([, ¥ f)é.

Remark 2.19. In particular, for f constant equal to 1, Theorem 2.18 ensures the existence of a
constant C' > 0 such that for all x € D, t > 0,

P.(1s >t) < Ce 0l
This ensures in particular that for any X € [0, Ag),

sup £, [e’\m] < 0.
zeD

Remark 2.20. A similar result can be deduced in the Banach space LP(D) for any p > 1 using the
compactness property of PP in LP(D) obtained in Theorem 2.8.

We deduce from the previous result that the QSD p attracts all probability measures § on D at
an exponential rate.

Theorem 2.21 (Convergence to the QSD in total variation). Under the assumptions of Theorem 2.18,
for all a € [0,a*), there exists C!, > 0 such that, for all t > 0, for any probability measure 6 on D,
Po(1o > t) >0, and

!

Py (X; € - >t) — < -
[P0 (Xe € 170> 1) = pllry < 5

—, (20)

where || - || v denotes the total-variation norm on the space of bounded signed measures on R??.

Remark 2.22. The convergence speed and the prefactor are similar to what is obtained in [19, Chapter
4] using the results by Champagnat and Villemonais in [2].

Remark 2.23. Similar statements for Theorems 2.18 and 2.21 can be obtained for the adjoint
Langevin process (X¢)i>o0 (11) following the exact same proofs and using the equality in Theorem 2.7
satisfied by its transition density pP (z,y).

The proofs of the theorems above are provided in the next Section.



3 Proofs

This section is organized as follows. In Section 3.1, we prove Theorem 2.8 and we prove Theorem 2.12
in Section 3.2. In Section 3.3 we obtain Theorems 2.13, 2.14 and 2.16 and finally, Section 3.4 is devoted
to the proofs of Theorems 2.18 and 2.21.

3.1 Proof of Theorem 2.8

We prove in this section the results of Theorem 2.8 and in particular the compactness of the semi-
group (PP);>0. The crucial ingredient is the Gaussian upper-bound satisfied by the transition density
p? (see Theorem 2.6): for any a € (0,1) and for ¢t > 0, there exists C;; > 0 such that for all z,y € D,

ptD (:Ea y) S Ctﬂf/ﬁga) (:Ea y)a (21)

where ﬁ§“) (x,y) is the transition density of the Gaussian process (qi“),ﬁt“))tzo defined in (10).

Let @1, 5 be the following positive continuous functions on R:

l—e ?”
f 0
bripeRs ] v HPFD (22)
1 if p=0,
Se[2p—3+4e P —e7 2] if 0
Dy:peRm 3 (20 =34 de70 = 7] ?p# ’ (23)
1 if p=0.

One can show, see [15, Section 5.1], that for all t > 0 and a € (0, 1], the vector (g, p\*)) admits

the following law under P,
i~ C(t
@ N ((mq(t)) ( )) 24
(@a)) M\ \mp(t)) e ) (24)

my(t) == q + tp®P1 (1), my(t) == pe 7t

where the mean vector is

and the matrix C(t) is

C(t) = (qu(t)ld cqp(t)fd) |

cap(t)a  cpp(t)la
where I, is the identity matrix in R¢*¢ and

ot o?t?
Cqq(t) := T@Z('}’t)v Cap(t) := T(I)l('}’t)2a Cpp(t) := o t®1(27t). (25)

d
The determinant of the covariance matrix % is det (%) = (f;ot; ¢(7t)) where ¢ is the positive

continuous function defined by

6(1767’)) [7

26
if p=0. (26)
Using the Gaussian upper-bound (21) let us now prove that pP € L>°(D x D) N LY(D x D).

Lemma 3.1 (pP € L*>°(D x D) NLY(D x D)). Let Assumptions (O1) and (F1) hold. For all t >0,

pP is bounded on D x D and
[ pPewiny <o (27)
DxD

Proof. Let t > 0 and o € (0,1). By (21), for all z,y € D,

Ct,t Ct,t
py (z,y) < = :

\/@ﬂ)wdet (C9)  yeen (GHe)’




which ensures that p?” € L°(D x D). To obtain that p? € L1(D x D), we prove that

// ﬁga)(x,y)dxdy < 0.
DxD
(@)

Let us first integrate D, ((¢,p), (¢’,p)) with respect to p,p’ € R? using Fubini-Tonelli’s theorem.

Since ﬁga) ((q,p), (¢',p")) is the transition density of the Gaussian process (Zjéa) , f)ﬁa))tzo, one can obtain

an explicit expression of [, ﬁff”’((q, p), (¢, p"))dp’ which corresponds to the marginal density of @SQ)

under P, ). Since, under P, ),

« Cqq(t Cqq(t o2t
?]\g ) NNd (q+tp(1)1(’yt)a L()Id) ) L() = —(I)Q(/yt)a
« «Q 3a
so that
d/2 3o ’ 2
~(a) ’oor ’_ (3) — 5o |d' —q—tp®:1 (11) ]
b ((¢.p), (¢, p"))dp" = e 2PEn0n
/[Rd ! (2102438, (1)) Y/
where ®; and @, are defined in (22) and (23). Then,
d/2 . , 2
~(a) ;oo / (32) —sope—|d' —q—tp®:1 (11)]
b ((¢:p), (¢',p))dpdp” = e 2777r20n) dp
/[Rd /[Rd o (@p) (27023 (1)) ? Jra
_ 1
il (yt)d”
Consequently,
~(a) (s
p; (z,y)dedy = o———,
[, 0y =
which concludes the proof. o

Remark 3.2. This ensures in particular that pP € LI(D x D) for any q € [1,+00] and t > 0.
Let us now prove Theorem 2.8.

Proof of Theorem 2.8. 1t follows from Remark 3.2 that for all ¢ > 0,

// p?(x,y)dedy < 0.
DxD

Therefore, by Theorems V1.22 and VI.23 in [20], the operator PP is a compact operator from L?(D)
to L2(D).
Let s > 0. In Step 1, we show that P? maps LP(D), p € [1,+0o0), continuously into L>(D).

S

In Step 2, we show that PP maps L°°(D) continuously into LY(D), ¢ € [1,+00). In Step 3, we
show that PP maps L>°(D) continuously into C®(D), and that PP satisfies a semigroup property. We
conclude the proof in Step 4.

Step 1. Let s > 0, p > 1. Let us prove that P” maps L?(D) continuously into L>°(D). Recall that

S

by Lemma 3.1, HpSDHLoo(DXD) < +o0. Therefore if p = 1, then for any f € L!(D) we have

1P fllLepy < P2 It (oxp) I fllL1 (D)

while if p € (1, +00), then for any f € LP(D) and x € D, letting g € (1,400) be such that 1/p+1/¢ =1,
we get by Hélder’s inequality

|PPf(2)| < IpP (@, ) lLaoy |l fllLeco)
_ - 1/q
< (IPP 1= P75 > ) I F i)

g—1
< ||psD||Lgc(D><D)HfHLP(D),

1

which yields | PP fllve(p) < P2 llL% (o pyll.fllLr(p)-
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Step 2. Let s > 0, ¢ > 1. Let us prove that PP maps L°°(D) continuously into LI(D). Let
f e L>(D). For x € D, one has that

‘/pswy dy

< [P 7-6 > S) HfHLoo(D)
< P(5 > )iy

Therefore, using Lemma 3.1 we get || PP fliq(p) < ||P£||i/1%DxD)HfHLoo(D).

PP f(x)

Step 3. We first deduce from the Markov property that

PR (@) = Eu [f(Xegs)lrystns]) = Eo [Lryse PP f(X0)] = PP PP,

which together with the obvious observation that PP f = f, shows that (P);>0 is a semigroup on
LP(D) for any p € [1,+o0] by Steps 1 and 2. Let s > 0 and f € L*°(D). Since for all x € D,

Pst(w):/Dpf/z(x,y)Pﬁzf(y)dy,

and Ps’:/)2 maps L°°(D) into L*(D) by Step 2, then it is an immediate application of the dominated
convergence theorem along with the continuity and boundedness of € D — pf/Q(ac, y) in Theorem 2.6
that PP f € C*(D). Besides, one has obviously

1P Flles @y = 1P flloo < [1f 1|20y

so that PP” maps L>(D) into C*(D) continuously. Notice that (P/);> is thus also a semigroup on
c*(D).
Step 4. In order to study compactness, we shall use repeatedly the fact that the composition of a

continuous operator with a compact operator is a compact operator.

Let p € [1,+00] and t > 0. Writing PP = Pt[/)3Pt/3Pt/3, using the continuity of the mappings

Py LP(D) — L*(D) and P, : L?(D) — L?(D), and the compactness of P}, : L*(D) — L*(D), we
obtain that PP is a compact operator from L?(D) to LP(D). -
Similarly, writing PP = LPt/QPt/Q, where ¢ is the injection from C®(D) to L>°(D), using the

continuity of the operators ¢ and P/, : L>°(D) — C*(D), as well as the compactness of the operator
P, /2 : L°(D) — L°°(D) that we have just proven, we conclude that PP is a compact operator from

c*(D) to C*(D). O

3.2 Proof of Theorem 2.12

Using the compactness properties obtained in Theorem 2.8 and Remark 2.10, we apply the Krein-
Rutman theorem to the operators P and PP defined in (13) and (14). In order to do that let us
first recall an important property satisfied by the spectral radius of a bounded operator, see [20, p.
192, Theorem VI.6].

Proposition 3.3 (Gelfand’s formula). Let T be a bounded real operator on C®(D). One has that
nil/n
H(T) = T [IT"llgls

The Krein-Rutman theorem, recalled below, basically states that under some conditions on the
bounded operator T', the spectral radius »(7T') is also an eigenvalue of the operator T. The following
version of the Krein-Rutman theorem can be found in [22, p. 313].

Theorem 3.4 (Krein-Rutman). Let K C_Cb(ﬁ) be a convex cone such that the set {f —g: f,g € K}
is dense in C°(D). Let T : C®(D) + C(D) be a compact operator such that T(K) C K, and assume
that its spectral radius r(T) is strictly positive. Then, r(T) is an eigenvalue of T with an eigenvector

w in K\ {0} such that T(u) = r(T)u.

11



Let K be the following convex cone of C*(D),
K:={fec’D): f>0}. (28)

The density of {f —¢g: f,g € K} in C*(D) is immediate. Our goal now is to apply the Krein-Rutman
theorem above to the compact operators PP and PP, for t > 0, on the cone K. In order to do that
we need to prove the positivity of the spectral radii 7(P?) and r(PP) for t > 0.

Proposition 3.5 (Spectral radius positivity). Under Assumptions (F1) and (O1), for all t > 0,
r(PP) >0 and r(PP) > 0.

Proof. Let t > 0. We prove here that r(PP) > 0 which relies merely on the positivity of its transition
density pP(-,-) on D x D, see Theorem 2.6. Besides, the positivity of the transition density p Dy DY)
easily follows from the equahty in Theorem 2.7, therefore the exact same proof applies to PD and
ensures that (PP) > 0. As a result, we omit here the case of PP to avoid repetition.

Following Proposition 3.3, it is sufﬁcient to prove that there exists a constant 8 > 0 such that

for all n > 1, [|(PP)"|[| e,
ie. |C] > 0. It follows from Theorem 2.6 that PP admits a smooth transition density p, which is
positive on C' x C. Therefore, there exists a > 0 such that for all z,y € C, pP(x,y) > . Besides, for

n>1,
l[P)

> B. Let C C D be a compact set with positive Lebesgue measure,

D n
cv (D) 2 H(Pt ) ]lDHoo

Moreover, for all x € C,

H (PP)" HDH > (PP)" 1p(x)

oo

:/ pe (2, y1) - P Yn—1, Yn)dy1 - . . dyn

2/ P (#,91) - P (Yn—1, Yn)dy1 - . . dyy

> (alC])".

which concludes the proof. O

Consequently, for all n > 1,
> a|C] > 0,

c¥(D)

We now apply Theorem 3.4 to the operators P and PP on the cone K to obtain that 7(P”) and
r(PP) are eigenvalues of their respective operators. In addition, these eigenvalues are shown to be
simple. The following proof is inspired from unpublished lecture notes by P. Collet.

Proposition 3.6 (Consequence of the Krein-Rutman theorem). Let Assumptions (F1) and (O1)
hold. For all t > 0, r(PP) (resp. 7(PP)) is a simple eigenvalue of the operator PP (resp. PP ) with
eigenspace generated by an element ¢; (resp. ;) of K NLY(D) such that ¢y > 0 (resp. 1y > 0) on D.
Furthermore, r(PP) = r(PP)e~ %,

Proof. Let t > 0. The compactness of P” and P on C’(D) follows from Theorem 2.8 and Re-
mark 2.10. Besides, the cone K defined in (28) evidently satisfies the assumptions of Theorem 3.4.
Therefore, by Theorem 3.4 and Proposition 3.5 we obtain the existence of ¢, 1; € K \ {0} such that

PtD¢t = T(PtD)¢t7 PtDl/ft = T(ptD)wt- (29)

Step 1. Let us prove that ~
r(PP) =r(PP)e " (30)

by computing the integral f Uiz )PP ¢y (x)dx in two different ways. On the one hand, by (29),

/% P i ( )dw—TPD/lﬂt )t (x)dx (31)

12



On the other hand, using Fubini-Tonelli’s theorem, Theorem 2.7 and (29) again,

/m m)mfwjﬁ VB4 ()
= 1(PP) [ oufwyin(a)da. (32)

Let us now prove that fD or(z) e (x)dz € (0,00). First, for x € D, r(PP)¢i(z) = PPoi(z) =
Jp PP (z,y)¢:(y)dy > 0 since ¢, € K \ {0} and pf >0 on D x D by Theorem 2.6. Therefore, ¢, > 0
on D. Likewise ¥y > 0 on D so that fD ¢¢(x)(x)de > 0. Second, using the boundedness of ¢;
along with the double integral estimate from Lemma 3.1 in the left equality in (29), one obtains that
¢¢ € LY(D). Using Theorem 2.7 one also has that 1, € L!(D). In particular, since ¢; and 1); are in
L>°(D), this yields that [, ¢;(2)1(z)dz < oo. As a result, the equalities (31) and (32) yield (30).

Step 2. Let us prove that every real-valued eigenvector of PP associated with the eigenvalue r(PP)
has a constant sign. Assume that there exists h; € C®(D) such that PPh, = r(PP)h; and h, changes
sign on D. Then, by the positivity of p” one has for z € D,

r(PP)|h(z)| = |PP hy(2)]
= ‘/ py (z,y)he(y)dy
D
< / pP () (v)|dy = PP|e)(2).
D
As a result, since ¥; > 0 on D, by Theorem 2.7 one has that
#?/wt|m mx</¢t Dy |(z)dz
& /D B4y (@) ha(@)]de
—r(PP) /D o(@) a2,

by (30), which leads to a contradiction. Therefore, h; has a constant sign on D.

Step 3. Let h; be a real-valued eigenvector of PP associated with the eigenvalue r(PL), let us prove
that h; € Span(¢:). Up to changing h; to —hs, we can assume that h; € K by Step 2. Let us define

forx € D, () (
. @) 5o () = _ lz)
hele) = fD Vi(y)he(y)dy’ i) fD De(y)de(y)dy’
so that

A%@W@MZL@@W@MZL (33)

Notice that, &t — hy is an eigenvector of FtD with eigenvalue r(PP), therefore it has a constant sign.
By (33), one concludes that necessarily ¢ — hy = 0 on D since ¢y > 0 on D. Hence h; € Span(¢;)
and r(PP) is a simple eigenvalue.

Step 4. Applying this time Step 2 and Step 3 to the operator PtD , one also obtains that r(ﬁtD ) is
also a simple eigenvalue. This concludes the proof of Proposition 3.6. o

To prove Theorem 2.12; we finally need the following technical lemma.

Lemma 3.7 (High velocity exit event). Under Assumptions (F1) and (O1),

vt >0, sup Py py (179 > 1) — 0.
qeO |p|—o0

Proof. Let t > 0 and a € (0,1). The Gaussian upper-bound (21) ensures the existence of Cy; > 0
such that for all 2,y € D, pP(z,y) < Ct,tﬁﬁ“) (x,y), where ﬁ§“) (x,y) is the transition density of the
process (A( ),f)f ))tzo defined in (10).
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Furthermore, for = (¢,p) € D, the law of ) is Gaussian with mean q+tp®1(yt) and covariance
matrix U—(I)Q(’}/t)ld, where ®; are ®, are deﬁned in (22) and (23). Therefore,

(304)”1/2 _ 3at?®q (vt)? 2

e 20‘2t3<b2('yt)‘p f‘1>1(wqt)
(2ma2t3 Dy (yt)) %/

/ 5 ((0,p), (¢, p))dp =
Rd

Let 6 := sup, ,/co l¢ — ¢'| (which is finite since O is bounded), then for ¢ > 0 and ¢,¢' € O, if
Ip| > % (®; is positive),

(3a)d/2 _3(‘“2@1(’Yf)2 |p‘2

a7z e 802t3®5(vt)
(2ma2t3 Dy (1))

[ 3@ @ <
R
As a consequence,

sup Py ) (10 > 1) Sup// pt ((¢,p). (¢, p"))dp'dq’
qeO qeO R4

SsupCtt// 5 (g, p), (¢, p'))dp'dq’
qe0

d/2 at?dq 2 2
(8a)!2|O] it G0ty 0,
" 2no2t30, (yt)) Y |0

< Ciy

which concludes the proof. O
We are now in position to prove Theorem 2.12.

Proof of Theorem 2.12. For t > 0, let ¢; (resp. ;) be an eigenvector of PP (resp. PP) in K \ {0}
associated with the eigenvalue T(PD) (resp. r(PP)) and such that ¢; > 0 (resp ¥y > 0) on D, whose
existence is ensured by Proposition 3.6. We will prove Theorem 2.12 for ¢; and PP, but the exact
same reasoning with the operator ptD instead yields the proof for ¢; and PtD .

Step 1. Let us start by proving that Span(¢;,t > 0) is a one-dimensional space generated by a
function ¢ € K. This is the case if one can prove that for all s,t > 0, ¢5 € Span(¢;).
For s,t > 0, PP¢; = r(PP)¢,. Furthermore, by the semigroup property satisfied by (P?),>0,
PPPP s = PPPP¢s = r(P)P ;.

Since r(PP) is a simple eigenvalue of PP by Proposition 3.6 then PP ¢, € Span(¢,), i.e. there exists
oy, s > 0 such that Pthﬁs =, sPs.
Let us prove that a; , = r(PP). Consider the integral [, PP ¢4(2)1:(x)dz. One has that

/qu Jibe /qx e

Furthermore, Theorem 2.7 and Proposition 3.6 also ensure that

/D PP pg(x)ihy(x)dx = e /D ¢s(x)PPoy(z)dz = r(PP) /D s (2)1hy () d

Since ¢s, ¢, are positive on D and belong to C*(D)NLY(D) then [}, ¢s(z)¢(x)dz € (0,00). Therefore,
the equalities above ensure that oy s = r(PP). In parmcular this yields that ¢ € Span(¢;) since r(PP)
is a simple eigenvalue for P. Let us now denote by ¢ € K a function generating Span(¢;,t > 0).

Step 2. Let us now show that there exists A9 > 0 such that for all t > 0, r(PP) = e~ o*. For s,t > 0,
PE ¢ =r(PH,)¢. Besides,
t+5¢ PDPD¢
= T(PtD)T(PsD)(b-

Therefore, (PR ,) = r(PP)r(PP) since ¢ > 0. Since |HPSD|ch

S

(D)<1foralls>0 then r(PP) < 1.

As a result, for all s,¢ > 0, r(Pf,) < r(PP). Consequently, the function v : ¢ > 0 +— log(r(PP)) is a
decreasing function which satisfies the Cauchy equation:

VS,t>O, Vi4s = Ut + Vs.
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Classical results for Cauchy equations ensure that v; is linear. This implies that there exists Ag > 0
such that for all ¢ > 0, 7(PP) = e~ 20!,

Step 3. Let us prove that A\g > 0. Assume that \g = 0, then for all (¢,p) € D, t > 0,

PPo(q,p) = E(gp) [Lry>10(Xe)] = 6(q, p).

Hence, sup,cp ¢(¢,p) < ||l supyeo Prgp)(To > t) — 0 by Lemma 3.7. As a consequence,

|p|—o0
¢ € CP(D) attains its maximum |@||o at some zo € D. Then, ||¢]loc = ¢(70) < [|P]lccPuo (o > 1)
Hence, P, (75 > t) = 1, which leads to a contradiction since P, (X; € R??\ D) > 0.

Step 4. Let us finally prove the properties on ¢ stated in Theorem 2.12. First, ¢ € C*(D) N L' (D)
by Proposition 3.6. In addition, ¢ > 0 on DU~ and ¢ = 0 on I'* UT? using Theorem 2.6 and the
fact that PP ¢ = e=0!¢. Last, letting u(t, z) = P ¢(x) in Theorem 2.6, we get that u € C*(R*. x D)
and dyu = Lu, but since u(t, ) also writes e **¢(x), we conclude that ¢ € C>(D) and L¢ = — Ao
on D. O

3.3 Proof of Theorem 2.13 and Theorem 2.16

Let us now prove the existence of a unique QSD on the domain D for the processes (X)¢>o in (6)
and (Xt)tZO in (11)

Proof of Theorem 2.13. We prove this theorem for the process (X¢):>0 and notice that the exact same
proof with the process (X;)¢>o instead of (X;):>o yields the result for (X;):>o with the function ¢
instead of .

Step 1. Let us prove that the measure p defined in (15) is a QSD on D of the Langevin process
(Xt)e>o0- )
Let t > 0, A € B(D). Integrating the equality Py = e~(Ao+dM%) over A, one obtains that

/ PPy(z)dz = e~ Potdnt / Y(x)dz. (34)
A A

Furthermore, using Fubini-Tonelli’s theorem along with Theorem 2.7, one has that

/ PtDw(x)dz = eid’yt/ Y(@)P (Xt € A, 1 > t)da.
A D

Therefore, reinjecting into (34) we obtain since p(dz) = ¢ (x)dx that
Pu(X: € A9 > t) = e Ml pu(A),

which gives in particular for A = D that P, (79 > t) = e~ ! and thus p is a QSD on D for the process
(Xt)¢>0 by Definition 2.1.

Step 2. Let /i be a QSD on D for the process (X¢);>0. Let us prove that i = u, where u is defined
in (15). We start by proving that /i admits a density with respect to the Lebesgue measure on D and
that its density is an eigenvector of the semigroup (P):~¢. By Definition 2.1, for all A € B(D) and
t>0,
HD[L(Xt € A,Ta > t) = [P[L(TB > t)ﬂ(A) (35)
Moreover, by Proposition 2.2 and the positivity of the transition density pP on D x D stated in
Theorem 2.6, there exists A € [0,00) such that Py (mp > t) = e~ 2ot
Let A € B(D) with zero Lebesgue measure, then for all z € D, P,(X; € A,79 > t) = 0 by
Theorem 2.6. As a result, Py(X: € A,79 > t) = 0 and ji(A) = 0 by (35). Therefore, by Radon-

Nikodym’s theorem, fi admits a measurable non-negative density ¢ with respect to the Lebesgue
measure on D. Therefore, by (35), for all t >0, A € B(D),

/ P(z)Po(Xy € A, 79 > t)da = efj‘ot/ P(y)dy. (36)
D A
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By Fubini-Tonelli’s theorem,

/w XteAra>tdx—//w 1P (2, )14 (y)dydz

:/DJlA(y) (/D ﬂ(x)pf)(w,y)dz> dy.

As a result, it follows from (36) that for almost every y € D,

/ P(@)pP (z,y)dz = P(y)e o,
D

Then, Theorem 2.7 ensures that

/ ’LZ](‘T)f)tD (y,x)dx = @(y)e_(j\o-i-dv)t’
D
which can be rewritten as: for almost every y € D,
PPi(y) = i(y)e ot (37)

Since ¢ € L(D) and PP : L(D) — C*(D) by Remark 2.10, then 1 can be chosen in C*(D) by (37)
and in particular (37) holds for all y € D.

Step 3. Let us prove that A\g = Ag. In order to do that let us compute the integral In PPy(z)¢(z)dz
in two different ways. On the one hand, it follows from (37) that

/PD x)dr =e” ()‘°+d'y)t/ 1/1

On the other hand, using Fubini-Tonelli’'s theorem, Theorem 2.7 and Theorem 2.12,
| Pi@ola)as = [ G@)PP o
D D
= Ot [ J(a)o(a)da
D

Since ¢ > 0, ¢ > 0 on D and 4 satisfies [,, ¥(z)dz = 1, then [, ¥ (z)p(z)dz > 0 and Ag = Ao.

Step 4. For t > 0, r(PP) = e~ (ot j5 a simple eigenvalue of PP (seen as an operator on C’(D))
with eigenvector ¢ by Theorem 2.12. As a result, since [, ¢ (z)dz = [, ¥ (z)dz = 1, then ¢ = ¢ and
thus g = pu. o

Let us now prove Theorem 2.14.

Proof of Theorem 2.14. We shall only prove the first equality, the reasoning is exactly similar for the
second equality regarding the QSD of the adjoint process (Xt)t20~ It is also sufficient to prove the result
for f € C*(OD), the extension to f € L>°(0D) being straightforward using a dominated convergence
argument. Besides, Tietze extension’s theorem guarantees that f € C®(9D) can be extended to a
continuous bounded function on R?*?. Such a function can then be approached by a smooth and
compactly supported function on R2?. Therefore, it is enough to look at the case f € C°(D) and
conclude with a dominated convergence argument.

Let ® be a non-negative C? function in Ry such that ®(0) = 1,®(p) = 0 for p > 1 and for all
p=0,2(p) €10,1].

Since O is C? there exists § > 0 small enough such that the Euclidean distance to the boundary
00, dist(-,00), is C% on the set O5 := {q € O : dist(-,00) < §}. Let dy be defined as the distance
function dist(-, 00) on Os and extended to a C? function on O.

For k > 1, we define the function

gr : (@,p) € D f(q,p)®(kda(q)) € C2(D). (38)

For ¢ > 0, let us compute the limit when & — oo of the following integral in two different ways,

/ V(q,)E (q,p) 9k (Gront, Pront)] dgdp.
D
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Step 1: For (¢q,p) € D,

[E(q,p) [gk(q'r@/\tap'ra/\t)] = [E(q,p) [f(Q'ravp‘ra)]l'ragt] + [E(q,p) [gk(Qtvpt)]l'ra>t] .

Notice that the sequence (gx)r>1 is uniformly bounded by | f|l« and that gx(g,p) converges to 0
everywhere in D. Therefore, by the dominated convergence theorem, since 1 is in L!(D),

[ 000 o) eoi] > 0.
D e d

o0

As a result,

/D (9, P)E (q.p) (93 (@ronts Prone)] dgdp —> / (@, ) Eqp) [f (@ry Pro)Lrp<e] dadp. (39)
o JD

Step 2: Second, by the It6 formula, we have that

t
[E(q,p) [gk(qTa/\tapTa/\t)] = gk(q,p) + [E(q,p) |:/ Egk(QSaps)]lTa>sd5 . (40)
0

By definition of gx (38) and £ (7), for all (¢,p) € O x RY,

Lgr(q:p) = kp - Vada(q)®' (kda(q)) f(q,p) + ®(kda(q))Lf (g, p)- (41)

Besides, by definition of @,
®(kda(q)) < Ljo,1/x1(da(q))-
As a result, integrating in the first term in the right-hand side of (40) against ¢ ,

‘/ w(q,p)gk(q,p)dqdp‘ < ||f||oo/ Y(q,p)10,1/k(da(q))dgdp. (42)
D D

Furthermore, considering the second term in the right-hand side of the equality (41) one has since

feceD),
t
‘ [ e [ / @(kda@s))zf(qs,psmwds} dqdp\
D 0
t
< ||£’f”oo/ w(Qap)[E(q,p) |:/ 1[0,1/k] (da(QS))ﬂ-T@>sd5:| dgqdp
D 0

t
= ”[’fHOO/ /Dw(Qap)[E(q,p) []]-[O,l/k] (da(qS))Lps} dqdpds
0

1— — Aot
— el [ (.00 (dole) (43)

since ¢ is the QSD on D of (g, pt)i>0. It remains to estimate the integral against ¢ of the first term
in the right-hand side of the equality (41)

/ (g, p)E¢qp) [/ kp - Vda(qs)® (kda(qs)) f(qs, ps)lry>sds| dgdp

7A0t

=/, V@pkp Vdo(a)® "(kda(q))f (g, p)dgdp. (44)
Let us study the limit when £ goes to infinity of
/D »(a,p)kp - Vqdo(q)®' (kda(q)) f (¢, p)dgdp.
Recall that ® has support in [0,1]. Besides, dy is C? on O and coincides with the Euclidean

distance to the boundary on Os. Therefore, for & > 1/§, one can apply the following change of
variable involving the Weingarten map W5 and detailed for example in [6, Lemma 14.16],

/D (g, p)kp - Vqda(q)®' (kda(q)) f (g, p)dgdp

1/k
- /6 Ny (@ — (@), p)kp - Vqda(@ — An(@))® (kda(q — An(@))) (@ — A (@), p) det(I + AWz)d Ao (d7)dp.
(45)
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Moreover, by the change of variable s — Ak,
1/k

| (@ — An(q),p)kp - Vqda(q — An(q))®' (kda (7 — An(@))) f (T — An(@), p) det(I + AWZ)dA

= /O (@ = sn(@)/k.p)p- Vqdo(q — sn(@)/k)®' (kda(q — sn(@)/k)) f(@ — sn(q)/k, p) det(I + sWg/k)ds
(46)

All the terms inside the integral are bounded. Therefore, using the dominated convergence theorem
one easily shows that

/O (@ — sn(@)/k, p)p - Vqdo(@ — sn(q)/k) 2" (kdo(q — sn(@)/k)) f (@ — sn(@)/k. p) det(I + sWg/k)ds

— (@) f@P)p- Vado(@) / & (kdo (7 — sn(@)/k))ds + ok). (47)

k—o0

Besides, for § € 00, V,ds(q) = —n(g). In addition, for s € (0, 1),
kdo(T— sn@/k) — Vado(@) - (<sn(@) = s

As a result,

/0 &' (kdp (g — sn(q)/k))ds b A ' (s)ds = ®(1) — ®(0) = —1.

Then, one concludes from (45),(46),(47) that

| vlantn- T dol@)® (o) r)ade = [ 6@ @ n@asoliny.  (48)

Consequently, it follows from (40),(41),(42),(43),(44) and (48) that

1 . e*)\ot _ _ _ _
/ (4 P)Eap) [91(arons: Pron) dadp — —— 8Dw(q,p)f(q,p)p-n(q)Uao(dq)dp- (49)
Finally, it follows from (39) and (49) that
1 _ e*AUt _ _ _ _
/D (a0 P)E(g.p) [f (@ry, Pry)Lry <] dgdp =  Jop ¥(@ p)f(@p)p- n(@)oso(dq)dp
which concludes the proof since 1 = 0 on I'™ and positive on I'" by Theorem 2.12. O

Let us conclude this subsection by proving Theorem 2.16. This will provide a spectral interpretation
of the QSD on D of the Langevin process, similarly to the spectral interpretation obtained in the
overdamped Langevin case, cf. Theorem 2.3.

Proof of Theorem 2.16. The couple (Ag, ¢), defined in Theorem 2.12, is clearly a solution to the left
eigenvalue problem in (17). Let us prove that such a couple (Ao, ¢) is unique, up to a multiplicative
constant for ¢. Since the reasoning for the right eigenvalue problem with solution (\g, %) is the same,
with the process (X;);>0 instead of (X;)>o, it will not be detailed.

Let A € R and n € C?(D) N C*D UTT) be a non-zero and non-negative classical solution of the
left eigenvalue problem in (17). Let

Tve = inf{t > 0: X; ¢ Vi },
where Vi, == {(¢,p) € D : |p| < k,do(q) > +} and we recall that dy refers to the distance to 0O.

Applying Ito’s formula to the process (e**n(Xs))s>o0 at the stopping time ¢ A Tve, one gets, for x € D,
P.-almost surely, for all ¢ > 0,

t
e/\(MTV’S)U(Xt/\Tv,g) =n(z) + U/ HSSTvkc eASVpn(XS) -dBs, (50)
0
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since £Ln + An = 0 on D. Moreover, V,n is bounded on the compact Vi since n € C? (D). Therefore,
the stochastic integral in the right-hand side of the equality (50) is a martingale and its expectation
vanishes. Hence,

E, [e/\(MTV’“C)U(Xt/\TV,g«)] = 77(;5),

which can be rewritten as
n(@) = ME, [n(xt)nwx} E, [emﬁn(xrvﬁ)an . (51)

Now we would like to let k& — oo. Let us prove the following limit, P -almost surely,

lim 7ve =79
k—oo F ’

using the same reasoning as in [15, Section 3.1].
The sequence (TVkC) k>1 is an increasing sequence of random variables, therefore it converges almost
surely to supy>; Tve. Besides, using the continuity of the trajectories of (Xt)t>0, one gets for all r > 0,

{SupTch > r} = {Ek >1:iTye > T}
k>1

1
=<3k >1: sup |pu| <k, inf do(qu)> —
u€[0,7] u€(0,7] k

=< sup |pu| < oo, inf da(g,) >0
u€[0,r] u€l0,r]

=4 sup |pu| <o0,T9>T .
u€[0,r]

For all r > 0, we have that sup,c , [pu| < oo, almost surely. Therefore, sup;>, 7ve > r if and
only if 79 > r, that is to say supy>; Tve = 7o almost surely. As a result, one gets limg 00 Tve = 7o
almost surely. Besides, since (Tvkc)kzl is an increasing sequence, then for all s > 0, almost surely,

ﬂrvkc>s kjo ]l‘ra>s-
As a result, by continuity of the trajectories of (X¢);>0, Pz-almost surely,

]lTVkCStTI(XTVC) — ﬂragtn(XTa)'

k" k—oo

Moreover n(X,,) = 0 almost surely on the event {7y < t} since X,, € I't P -almost surely by [15,
Assertion (ii) of Proposition 2.8]. Therefore, taking the limit k¥ — oo in (51), one gets by the dominated
convergence theorem that

vVt >0, VexeD, E. [U(Xt)]l7—5>t} = e_”n(fﬁ), (52)

which ensures in particular that necessarily A > 0. This also writes

vt >0, VxeD, / p (z,y)n(y)dy = e Mn(z).
D

Using the boundedness of 1 along with (ii) in Theorem 2.8, we deduce that n € L!(D). Now let
n=mn/ fD 7, then using Theorem 2.7 one obtains that

V¢ >0, VzeD, / YDy (y, @)y = e~ A (z).
D
Integrating over D we obtain that Py (79 > t) = e~(A 9! with #(dz) = 7j(x)dz. Then, integrating
over any A € B(D), we obtain that # is a QSD on D of the process (X;)i>0. Consequently, the
is

uniqueness of such a QSD, by Theorem 2.13, ensures that 7 = i where [i is defined in Theorem 2.13.
In addition, it implies that A = Ao, which concludes the proof. O
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3.4 Proof of Theorems 2.18 and 2.21

This section is devoted to the study of the long-time convergence of the semigroup (P );~o. Note
that a similar study could be performed for the semigroup (PtD )t>0, using the duality between the
two semigroups as stated in Theorem 2.7.

We start this subsection by ensuring the existence of a spectral gap for the operator PP. In the
next statement, we denote by C®(D, C) the space of complex-valued continuous bounded functions on
D.

Lemma 3.8 (Spectral gap). Under Assumptions (F1) and (O1), for allt > 0, the opemtorftD admits
a unique complex eigenvalue with modulus equal to r(PP) = e~ and eigenvector in C*(D,C).

Proof. Assume that there exists an eigenvector hy € C*(D,C) of PP with eigenvalue z € C\ {e”*'}
such that |z| = e=*t. Let ¢ € C®(D) be the eigenvector of P} from Theorem 2.12.

First, let us prove that [, h¢(2)y(z)dz = 0 by computing the integral [}, h¢(z)PP(z)dz in two
different ways. On the one hand, by Theorem 2.12,

/D () PP (s = o0 [y (o)is(o)da,

D

On the other hand, by Theorem 2.7,

/ hy(x) PPy (x)dz = efd'yt/ PPhy(z)ip(z)da
D

D

et /D he(@)(z)dz.

Therefore, since z # e~ *ot, fD hi(x)y(x)dx = 0, and in particular

/ Re(he(2))(x)dx :/ Im(hi(2))(xz)da = 0. (53)
D

D

Besides, one has for z € D,

r(PP) ()] =[PP hy(x)]

= ‘/Dp?(w,y)ht(y)dy’
< /D PP (2, y) [he(y)|dy = PP il (),

by the triangle inequality since the equality case requires that Re(h:) and Im(h;) have constant signs
on D, which would imply h; = 0 from (53) since ) > 0 on D. As a result,

r(PP) /D (@) (@) |dz < / ()PP |hy ()

—ed"’t/PD ) |hy ()| dz

—r(PP) [ wla)lhu(@)lds
D
which leads to a contradiction, therefore such an eigenvalue does not exist. O

We are now able to prove Theorem 2.18.

Proof of Theorem 2.18. Step 1: We shall first prove (19) for f € C*(D) then use a regularization
argument of the semigroup (P );>0 in the next step to conclude.
Let us define the following vector space of C®(D),

Span(t))* {f ec’D / f(x)p(x)dx = o}

On the one hand, it is clear that this is a closed subset of C®(D), and thus a Banach space. On the
other hand, it follows from Theorems 2.7 and 2.12 that Span(¢)* is stable by P. As a consequence,
we may consider in the sequel the operator P{° |Span ()L -
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The compactness of P ensures the compactness of PP |Span(w)L as well. Therefore, any non-
zero element of the spectrum o (PP |span(y)2) is an eigenvalue of PP[g, a0+ and the eigenvalues can
only accumulate at 0. Therefore, if the spectral radius r(P{ |span(y)+) > 0, then it is an eigenvalue
of PPlspan(y)> by Definition 2.11. Moreover, Lemma 3.8 ensures that r(PP|gpanpr) < 7(PP)
since r(PP) is a simple eigenvalue associated to a positive function ¢ which thus does not belong to
Span(y)*.

In any case, we thus have r(PP|gpan(p2) < r(P), so that there exists a* € (0,+00] such that
(PP |span(y)~) = e~*0=2" Tn addition, for a € [0,a*), by Proposition 3.3 there exists Ny > 1 such
that for all N > Np,

PR lspanci - ll ey < e~ 077,
where we have used the semigroup property to write (PP |span(p)2)™ = P& |span(p)*-
Noticing that for all f € C*(D), f — -22% (f) € Span(¢)* since ¢ @ (f) = (fp ¥ f)¢, one gets for

- Ip v
N > Ny and f € C*(D),

Dp_ —aNPRY H :H D( o )H —(,\0+a)NH Ry H
HPNf ) =R (- )| = =)

Let t > Ny, then [t| > Ny, and we have that

o0

RORRE

PP PE, (f oBY <f>) H

o pov
<[t (r- 5550)]
S —(Xo+a)t] ‘ — M H
e I e

< e~ Ooraltgrota || f ?@;;i (f)H
D o0

< e_()\o-i-a)te)\o-i-a (1 + }¢||Q52) ||fHoo ’
D

which concludes the proof of (19) when f € C*(D), since the behavior of the left-hand side for t < N
can easily be bounded appropriately.

Step 2: Let us extend (19) for f € L°°(D). It follows from Theorem 2.8 that for any s > 0 and any
f eL>®(D), PPf e D). Therefore, by Step 1, for all a € [0,a*), there exists C,, > 0 such that

for all t > 0, € € (0,t) and f € L>®°(D),
PD
’ Pt[ie(PeDf) _ e—)\o(t—e) O® 1/1( € f) H < Ca||P6Dfllooe—()\o+oz)(t—e)_
oo o

Furthermore, PP (PP f) = PPf, |[PP flls < |If|lL=(p) and by the Fubini permutation along with
Theorem 2.7 since f, 1 € L>°(D),

9@ U(PP ) =g [ wPPf =i [ PPy — 0 u(h).
As aresult, for all « € [0, a*), there exists C,, > 0 such that for all ¢ > 0, e € (0,¢) and f € L>°(D),

‘ PR Y(f)

Pth o ertiH < CaHfHLOO(D)ef(A0+a)(t76),
which yields the proof of Step 2. O

Jp#¥

We conclude this section with a proof of the long-time convergence, in total variation, of the
distribution of the Langevin process conditioned to remain in D, towards its QSD on D.
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Proof of Theorem 2.21. We first recall that for any probability measure § on D and t > 0,

Py (X € o> ) —pllpy = sup
FEL= (D), fllree(py <1

Eo [f(Xt)|Ta>t]/Dfdu‘.

Let us fix a € [0, &*) and show that there exists C’, such that for any initial distribution 6, t > 0 and

0 t)lrg>t ! ot
’W_/wa’ < fD¢d9e | fllLee (D)

First, let us prove that

do
[Pg(’ra > t) > {f;rs e~ ot

For x € D, t > 0 one has
Pu(ro > 1) :/ py (2,y)dy
D

= /D ptD(w,y)Mdy

o(y)
_ Jppl (@ y)dly)dy _ g(z)e !
a oo 6l
by Theorem 2.12. Therefore,
Po(1o > t) = / 0(dz)Py (1o > t) > {%ﬁdeert_ (54)
D o

As a result, it follows from Theorem 2.18 and the inequality (54), the existence of C, > 0 such that
for all t > 0,

[Eé(f(Xt)]lTa>t) . /D fi/f‘ _ fD ([Em(f(Xt)]l‘ra>t) - (fD fi/f) [PG(TB > t)) e(dx)

[Pg(Ta >t) [Pg(Ta >t)
< / m(f(xt)nw)e%t%aﬁ(z)]ﬂd |
x
~Jp [P@(Ta > t)
‘e_/\ot‘ff’ (Zif — Po(75 > t)‘

4| [ ur .

D Po(To > 1)

C C e—(/\o-‘roz)t

< @ —(Ao-‘ra)t o o o
S Bl S 1) t)e Il fllLes(py + I fllL () Polra > 1)

2C,  _ o

@ oo o0 D

=T 506° | flILee oyl 2]l
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