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The time constant for Bernoulli percolation is
Lipschitz continuous strictly above p.

Raphaél Cerf® Barbara Dembin *

Dedicated to the memory of Vladas Sidoravicius?

Abstract: We consider the standard model of i.i.d. first passage per-
colation on Z? given a distribution G' on [0,+oc] (+oo is allowed). When
G([0,40]) < pe(d), it is known that the time constant pg exists. We are in-
terested in the regularity properties of the map G — pg. We first study the
specific case of distributions of the form G, = pd1 + (1 — p)ds for p > p.(d).
In this case, the travel time between two points is equal to the length of the
shortest path between the two points in a bond percolation of parameter p. We
show that the function p — pg, is Lipschitz continuous on every interval [po, 1],
where pg > p.(d).

AMS 2010 subject classifications: primary 60K35, secondary 82B43.
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1 Introduction

The model of first passage percolation was first introduced by Hammersley
and Welsh [13] as a model for the spread of a fluid in a porous medium. Let
d > 2. We consider the graph (Z¢,E?) having for vertices Z? and for edges E?
the set of the pairs of nearest neighbours in Z¢ for the Euclidean norm. To each
edge e € E¢, we assign a random variable #(e) with values in R* such that the
family (¢(e), e € E?) is independent and identically distributed with distribution
G. The random variable ¢(e) may be interpreted as the time needed for the fluid
to cross the edge e. We define a random pseudo-metric 7" on this graph: for any
pair of vertices x, y € Z¢, the random variable T'(x,y) is the shortest time to
go from z to y. We are interested in the asymptotic behavior of the quantity
T(0, ) when ||z|| goes to infinity. Under some assumptions on the distribution
G, one can prove that

lim lT(O, nx) = pa(z),

n—o00 N,
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1. A few years ago, Vladas told R.C.: "Sometimes, you have to do a full multiscale analysis
only to get rid of a logarithm." This work is just a proof that he was absolutely right.



where pg(z) is a deterministic constant depending only on the distribution G
and the point . This result was proved by Cox and Durrett in [5] in dimension
2 under some integrability conditions on G, they also proved that p¢ is a semi-
norm. Kesten extended this result to dimensions d > 2 in [14], and he proved
that pe is a norm if and only if G({0}) < p.(d). The constant puc(z) may be
seen as the inverse of the speed of spread of the fluid in the direction of x. It is
usually called the time constant.

It is possible to extend this model by doing first passage percolation in a
random environment. We consider an i.i.d. supercritical bond percolation on
the graph (Z¢,E?). Every edge e € E? is open with probability p > p.(d),
where p.(d) denotes the critical parameter for this percolation. We know that
there exists almost surely a unique infinite open cluster C, [12]. We can define
the model of first passage percolation on the infinite cluster C,. To do so, we
consider a probability measure G on [0, +o0] such that G([0,00[) = p. In this
setting, the p-closed edges correspond to the edges with an infinite value while
the infinite cluster made of the edges with finite passage times corresponds to
the infinite cluster C, of a supercritical Bernoulli percolation of parameter p.
The existence of a time constant for such distributions was first obtained in the
context of a stationary integrable ergodic field by Garet and Marchand in [9]
and was later shown for an independent field without any integrability condition
by Cerf and Théret in [3].

The question of the continuity of the map G — g was first addressed in
dimension 2 with the article of Cox [4]. He showed the continuity of this map
under the following hypothesis of uniform integrability: if G,, converges weakly
towards G and if there exists an integrable law F' such that, for all n € N,
F stochastically dominates G, then ug, converges towards pg. In [6], Cox
and Kesten proved the continuity of this map in dimension 2 without any in-
tegrability condition. Their idea was to consider a geodesic for the truncated
passage times min(t(e), M) for some M > 0, and then to avoid the clusters
of G(]0, M)-closed edges crossed by the geodesic, that is the clusters of edges
with a passage time larger than some M > 0. The clusters of G([0, M[)-closed
edges intersecting the geodesic are then bypassed with a bypass included in
their boundaries. Note that, by construction, the edges in the boundaries of
G([0, M)-closed clusters have a passage time smaller than M. Thanks to com-
binatorial considerations, Cox and Kesten were able to obtain a precise control
on the length of these bypasses. This idea was later extended to all the di-
mensions d > 2 by Kesten in [14], by taking a M large enough such that the
percolation of the edges with a passage time larger than M is highly subcriti-
cal: for such a M, the size of the clusters of p-closed edges can be controlled.
However, this idea does not work any more when we allow passage times to
take infinite values. In [11], Garet, Marchand, Procaccia and Théret proved the
continuity of the map G — g for general laws on [0, +00] without any moment
condition. More precisely, they proved the following. Let (G, )nen and G be
probability measures on [0, +oo] such that G,, converges weakly towards G, that
is, for all continuous bounded functions f : [0, +00] — [0, +00[, we have

lim fdG, = / fdG.
=00 J10,4-00] [0,+00]

This convergence will be simply denoted by G, 4 aq. Equivalently, we have



that G,, % G if and only if for any t € [0, +00] such that z — G([x,+0]) is
continuous at t, we have

lim Gy ([t, +00]) = G([t, +09]) .

n—-+4oo

If moreover G, ([0, +00[) > p.(d) for all n € N, and G([0, +00[) > p.(d), then

lim sup |ug, (x) — pe(z)] =0,
N0 pegd—1
where S~ is the unit sphere of R? for the Euclidean norm.

The regularity result on ug yields also some information on the limit shape,
namely, on the way the limit shape changes under small perturbations. As
mentioned in [2] before Theorem 2.7: " If one could derive strong results in this
direction, perhaps the establishment of various conjectures about the limit shape
(e.g., curvature) could be made easier, or reduced to finding some special class
of distributions for which the properties are explicitly derivable.” To be able to
deduce a result on the stability of the curvature under small perturbations, we
would need to obtain a regularity result on the second derivative of G +— pug.
Therefore, there is still a lot of work to do in that direction. Our goal here
is to improve the existing regularity result. We wish to go beyond the mere
continuity and to obtain a Lipschitz property. We consider first the specific
case of distributions of the form

Gp=ph + (1 —p)ds, p>pc(d).

Let G, be the subgraph of Z? whose edges are open for the Bernoulli percolation
of parameter p. The travel time for the law G}, between two points  and y in 7
coincides with the chemical distance between x and y, that is the graph distance
between z and y in G,. Namely, we define the chemical distance D9% (x,y) as the
length of the shortest p-open path joining x and y. As a corollary of the work of
Garet, Marchand, Procaccia and Théret in [11], we see that the map p — pg, is
continuous over |p.(d), 1]. In [8], Dembin obtained a better regularity property.

Theorem 1.1 (Theorem 1 in [8]). Let po > p.(d). There exists a constant kg
depending only on d and pg, such that

Vp,q € [po, 1] sup |uc, (¢) = pe, (2)] < kolg —plllog lg — pll.
reSa—

To prove this theorem, Dembin used a renormalization process in which she

controlled the scale of the renormalization. The renormalization was responsible

for the presence of a logarithmic term. In this paper, we improve this result by

proving that the function p — g, is in fact Lipschitz continuous.

Theorem 1.2. Let py > p.(d). There exists a constant ko depending only on d
and pg, such that

Vp, q € [po, 1] sup |ua, (%) — pa, (2)| < Kolg —p| -
reSd—1

To fix the issues that were encountered in [8], we use a new approach. Our aim
is to understand how the chemical distance in Bernoulli percolation depends



upon the percolation parameter p. The key part of the proof lies in a multiscale
modification of an arbitrary path. Let us fix two parameters p,q such that
g > p > p(d). We couple two percolation configurations at level p and ¢ in
such way that a p-open edge is also g-open. We consider the geodesic v joining
0 and = € Z¢ for the bond percolation of parameter q. Some of the edges in
~ are p-closed, we want to build upon this path a p-open path. To do so, we
need to bypass the p-closed edges in 4. Roughly speaking, the idea is to prove
that, for ||z|| large enough, with high probability, the average size of a bypass
is smaller than a constant C' and that the number of edges to bypass in  is
at most (¢ — p)||x||. Therefore, with high probability the total length of the
bypasses is less than C'(q — p)||z||. Whereas in [8], all the edges were bypassed
at the same scale, here we use a multiscale renormalization and each edge is
bypassed at the appropriate scale. The crucial point is to perform each bypass
at an adequate scale and to pay the right price for it. By properly choosing the
different scales of the renormalization process, we can build a family of shells
(shell(e))ecy made of good boxes at scale 1 such that the total cardinality of
the shells 3 |shell(e)| is at most C'|z|| with high probability. These shells
of good boxes will possess all the desired properties to build p-open bypasses of
edges in 7. The shells are built without revealing the p-states of the edges in
so that they are independent of the p-states of the edges in . In the end, we
will not use all the shells but only the shells associated to p-closed edges in . In
the coupling, the probability that a g-open edge is p-closed is ¢ — p. Therefore,
we expect that the total length of the bypasses

Z | Shen(e)“le is p-closed

ecy

is at most C(q — p)||z|.

We did not manage to prove this result by using a simple renormalization
process. In remark 4.6, we explain the technical difficulties that we encountered
and why we think that a multiscale renormalization is necessary.

We tried to extend theorem 1.2 to general distributions, but we did not
obtain a satisfactory result. We only managed to prove the result stated next.
Its formulation is quite heavy, and a main problem is that this result does not
yield the mere continuity of the map G — ug, so we will only give a sketch of
its proof in section 5.2.

Let p1 < pe(d), po > pe(d), M >0, g9 > 0 and € — J(¢) be a non-decreasing
function. We define €, ,, 0,5 @S

G distribution on [0,400] : G({0}) < py,
Cpopr Moco.s = G(]0,+0]) > po, Ve <eg G(]0,¢]) < d(e),
G([0, M]) = (1 = *F)G([0, +oo])
where dp = dg(po) is a positive constant depending on py and d. For F a distri-

bution on [0, +00], we denote by F the distribution F conditioned to [0, +oc],
defined by

vz eRY  F([0,2]) = m

and by F* the pseudo inverse of F, defined by

vie0,1] F (t)=inf{zeR: F(x)>t}.



The map G' — pq is Lipschitz continuous on €, p, M.c,,5 it the following sense.
There exists a constant x depending on the parameters of the class €, p, a1,c,6
such that

VEGE Cppanes s liale) - uela)] < s F({+och) - G({+o0))
reSd—1
—1

+sup [F () -G (1))
t€(0,1]

In order to understand better where this class of distributions comes from, let
us consider two distributions G and F on [0, +o00[ and the standard coupling of
these two distributions, in which a uniform random variable on [0, 1] is associated
to each edge. Let us consider the geodesic v for the distribution G between
0 and z € Z%. The time Tr(0,z) to go from 0 to z for the distribution F is
bounded from above by

T (0,2) + [ya| sup [FH(t) — G (t)].
te(0,1]

Conversely, the same inequality holds for T (0,2). We seek a class € of dis-
tributions on which the size of 7 is uniformly bounded from above, i.e., for
which there exists a constant C' such that, for all distributions G in €, we have
[va] < C|lz|| with high probability when ||z| goes to infinity. The inequality
|7a| < C||z|| ensures that

T T
| G(Owr) F(O"r)l <C sup |F_1(t) _ G_1<t)|.
(||l t€[0,1]

When we consider distributions that may take infinite values, we add another
difficulty. For some edges in 7y the passage time for the law F' may be infinite.
To overcome this issue, we apply the same strategy as in the proof of theorem 1.2:
we bypass these edges with edges of passage time smaller than some constant M
for the law F'. The number of edges that we need to bypass is of order at most
|F'({+00}) — G({+00})||7c| and the average size of a bypass is constant. This
accounts for the term |F({4+00}) — G({+0o0})| in the statement of the result.

We do not claim that the constraints on the distributions given by the class €
are optimal. However, for each condition, we can exhibit a family of distributions
for which it is unclear whether we can obtain a uniform control on the size of
the geodesic:

— The family ((pe — 1/n)d0 4+ (1 — pe + 1/n)drr), -, for some large M > 0
accounts for the condition G({0}) < p;.

— The family (pcél/n +(1 fpc)éM)n>1 for some large M > 0 accounts for the
condition Ve < g¢, G(]0,¢]) < d(e).

— The family ((pc +1/n)d1 + (1 —pe — 1/71)(5<,O)n>1 accounts for the condition
G([0, +o0]) > po. -

— The family (pcél +(1- pc)én)n>1 accounts for the condition

G([0, M]) = (1 = 60/2)G([0, +00]) -

At p., we know that the size of a geodesic is super linear in dimension 2 [7] and
the nature of the problem is very different.



Here is the structure of the paper. In section 2, we introduce some definitions
and preliminary results. The section 3 presents the multiscale renormalization
process and the construction of the shells. In this section, we explain how we
modify a g-open path to turn it into a p-open path with a control on the length
of the bypasses. In section 4, we derive probabilistic estimates on the total size
of the shells. Finally, in section 5, we prove theorem 1.2 and sketch the proof
for the result for general distributions.

2 Definitions and preliminary results

Let d > 2. Let @ = (71,...,74) € R, we define

d
Z:}:? and  ||z|leo = max |z;] .
=1 -

d
Izl =) laal, el =
i=1

Let A and B be two finite subsets of Z?, we define the distance d(A, B) between
the sets A and B as

d(A,B):inf{Hafle,aeA,beB}.

We extend this definition to sets of edges A, B C E?. Let A (respectively E) be
the set of the endpoints of the edges in A (respectively B), we set

d(A,B) =d(4,B).

Let G C Z% and z,y € G. We say that the sequence v = (v, ..., v,) is a
*-path from z to y in G if vy =z, v, =y and for all i € {1,...,n}, v; € G and
[lvi — vi—1]loo = 1. We say that x and y are #-connected in G if such a path
exists. Let G be a subgraph of (Z¢,E%) and let z,y € G. A path ~ from z to y
in G is a sequence v = (vg, €1, ..., €n,vy,) such that vy = z, v,, = y and for all
1€ {1,...,n}, the edge ¢; = (v;_1,v;) belongs to G. The length of such a path
is n and it is denoted by |y|. We say that « and y are connected in G if such a
path exists. We define the chemical distance between = and y in G by

DY (x,y) = inf{ |r| : r is a path from z to y in g}.

If # and y are not connected in G, then we have DY(z,y) = oo. In what follows,
the graph G will be the subgraph G, of Z? whose edges are open for the Bernoulli
percolation of parameter p > p.(d). To get around the fact that the chemical
distance can take infinite values, we introduce a regularized chemical distance.
We denote by C, the unique infinite connected component of G,. Let C be a
subset of C,, we define 7 as the vertex of C which minimizes ||z — Z€||1, with a
deterministic rule to break ties. Typically, we will take for C the infinite cluster
of a configuration of Bernoulli percolation with a parameter smaller than p so
that C C C, C G, and therefore

D% (3€,5°) < D°(a°,5°) < 0.

We can define the regularized time constant as in [10] or as a special case of [3].



Proposition 2.1. Let p > p.(d). There exists a deterministic function p, :
7% — [0, +00] such that, for every po € (p.(d),p,

DC (0C0 . 7zCro
Vo € 74 lim (070, nz™) = up(x) a.s. and in L*.
n—o0 n

It is important to check that y, does not depend on C,,, the infinite cluster we
use to regularize the chemical distance. This is done in lemma 2.11 in [11]. As
a corollary, we obtain the monotonicity of the map p — p,, see lemma 2.12 in
[11].

Corollary 2.2. For all p.(d) < p < g, we have
v € 74 pp() > pg(z).

The following lemma is an improvement of the result of Antal and Pisztora in [1]
controlling the probability that two connected points have a too large chemical
distance. In the original result, the constants depend on p, the adaptation of
the proof is written in lemma 4.2. in [8].

Lemma 2.3. Let pg > pc(d). There exist 8 = B(po) > 1, A= A\(po) and
B = B(pg) > 0 such that, for all p > po,

veezt  P(B|lz|ly < D%(0,z) < +00) < Aexp(—B|z|1).

3 Renormalization

In this section, we present the multiscale renormalization process, the con-
struction of the shells and the method to build bypasses. Let ¢ > p > pg > p.(d)
be fixed. We consider two configurations of Bernoulli percolation on the edges
of Z¢, one with parameter p and one with parameter q.

3.1 Definition of the renormalization process

For a positive integer N, we define the N-box

and the family of translated N-boxes:
Viez?  By(i)=iN + By.

The lattice Z? is the disjoint union of this family: Z¢ = U;czaBn(i). We
introduce also larger boxes that will help us to link N-boxes together. We
define

Viez?  Bj(i) =iN + Bsy.

Let B be a box. A connected cluster C' of the configuration restricted to B is
said to be crossing, if for any pair of opposite faces of B, there is an open path
in C' connecting them. We define the diameter of a cluster C as

diam(C) := zngl;%}é‘Hx = Ylloo -



We construct the multiscale renormalization process by induction. Let (Ix)gen-
with {1 > 3 be an increasing sequence of integers which will be specified later.
This sequence will define the successive scales. For a positive integer k, we
define N}, as

Np=1ly---l.

We also define the box By, of side length [ at scale k that is made of sites
at scale k. More precisely, for i € Z%, we define

By y1(1) = By, (i) and By () =B, ().

Thus, we have |B,,(i)| = I{,, and |By,, (i)| = N{,,. The definition of what
a good box is will differ at scale 1 and at larger scales. We first have to define
what a good box is at scale 1. To do so, we list the properties that a good
box should have to ensure that we can build a suitable modification of a path.
We have to keep in mind that all the properties must occur with probability
converging to 1 when Ny = Iy goes to infinity. Let 5 = S(pg) be the constant
defined in lemma 2.3.

Definition 3.1. Let § > 0 be a constant that will be defined later. We say that
the site © is (p,q)-good at the scale 1 if the following events occur:
(i) There exists a unique p-cluster C in By (i) with diameter larger than Ni;
(ii) This p-cluster C is crossing for each of the 3¢ Ny-boxes included in By, (4);
(iii) For all v,y € By (3), if © and y belong to C, then DY%(x,y) < 128Ny;
(i) If~ is a q-open path in By (i) such that |y| > N, then v and the p-cluster
C in Bly (%) have a vertex in common.

The cluster C is called the crossing p-cluster of the (p,q)-good site i. We say
that the box By, (%) is (p,q)-good at scale 1 if the site i is (p,q)-good at scale 1.

We introduce next the notion of a cluster of bad sites.

Definition 3.2. Let k > 1. Let us assume that we have already defined what a
(p, q)-good box is at scale k. For a (p,q)-bad site j € Z¢ at scale k, we denote by
C®)(4) the connected cluster of the (p, q)-bad sites at scale k which contains j (if
j is a (p,q)-good site, then C %) (3) is empty). Equivalently, the cluster C*) ()
is the set of the vertices of Z% which are connected to j by a path visiting only
sites which are bad at scale k.

We define now by induction what is a good site at scale k.

Definition 3.3. Let k > 1. Let us assume that we have already defined what a
(p,q)-good site is for scales from 1 to k. Let i € Z¢. We say that the site i is
(p,q)-good at scale k + 1 if

Vje B;c+1(i) |C(k)(j)| < gyt -

We say that the box By, (%) is (p, q)-good at scale k+1 if the site i is (p, q)-good
at scale k + 1.

To abbreviate, we will often say good site instead of (p, ¢)-good site. On the
grid Z?, we use the standard definition of closest neighbour, i.e., we say that x



and y are neighbours if ||z — y|l; = 1. Let C be a connected set of sites of Z9,
we define its exterior vertex boundary

o] i€ Z%\ O :1i has a neighbour in C and is connected
v to infinity by a path in Z%\ C '

The set 9,C is not Z%-connected in general, however it is *-connected (see for
instance lemma 2 in [16]). Besides, we have

19,C] < 2d|C).

We adopt the convention that 9,C®*) (i) = {i} when i is a good site at scale k.
We shall define a multiscale site percolation process given by the states of the
boxes at the different scales. Note that, on a given scale, the states of the boxes
are not independent but there is a short range dependence.

3.2 Construction of the detours

We will consider different couplings between the percolation processes with
parameters p and gq. These couplings are variants of the usual coupling built
with the help of i.i.d. random variables uniformly distributed on [0,1]. For
the time being, we do not specify which coupling we use. The most important
property of the coupling is that a p-open edge is always g-open. Let us consider
a g-open path v between 0 and a point z € Z%. Some edges in v might be
p-closed and our goal is to bypass these p-closed edges. To each edge e in v we
will associate a shell made of good boxes at scale 1 such that the edge e lies in
the interior of the shell. The properties of the good boxes will guarantee that
the edge e can be bypassed by a p-open path lying in the internal boundary of
its associated shell. To control the lengths of the bypasses, we shall bound from
above the total size of the required shells, depending on the bad sites that
crosses. Let us first rigorously define what a shell is. Let C' be a *-connected
set. We define the interior int(C') of C' by

int(C) = {i €2\ C: by a Z?-path in Z¢ \ C

i is not connected to infinity }

Definition 3.4. Let e € E?. A set C of x-connected good bozes at scale 1 is a
shell for e if it satisfies

0,int(C)=C and ec |J (By()NEY).
i€int(C)

The condition 9, int(C') = C says that C' is indeed a sort of shell. The second
condition says that e is in the interior of the shell.

For k > 1 and a path v, we denote by ng(v) the number of bad boxes at
scale k that « crosses, i.e.,

n(y) =|{ie 79, iis bad at scale k and v N By, (i) # 0} .

The following proposition builds shells for edges in a path v and bounds from
above the sum of the squares of the sizes of these shells in function of the number



of the bad sites that ~ visits at every scale. Note that we do not build shells
for edges around the extremities of v. Due to technical details, for the edges at
the extremities of v, we cannot guarantee that we can build shells such that v
enters and exits each shell at least once.

Proposition 3.5 (Construction of the shells). Let p.(d) < p < q. Let v € Z%.
Let us assume that 0,z € C;. We consider a q-open path v between 0 and x. Let
M = M () be the smallest positive integer such that nps(y) = 0. We set

¥ =7\ (Bany, U (z + Bany,)) -

(If M is too large or infinite, then 7 is empty). To each edge e € 7, we can
associate a shell shell(e) such that we have

i€shell(e)

d( U BNl(i%{O,m}) > Ny,

(shell(e))

M—-1
s < () BINEN 3 )N N0 )
ecy k=3

Proof of proposition 3.5. Let v be a g-open path joining 0 and z and let M and
7 be defined as in the statement of the proposition. Let e € 7. For k > 1, we
denote by ey the site of Z? such that the box By, (e;) contains the smallest
extremity of e in the lexicographic order. Let us assume that there exists an
integer k € {2,..., M —1} such that es, ..., e are (p, g)-bad at their respective
scales but eg41 is (p, ¢)-good at the scale k + 1 (if e3 is good then k = 2). We
define B’, Ay, Ay and Ay by

B={icZ: |i-el<1}, A= [J CPHUB,

i€o, B’
A= J By) and K,= ] By ().
i€EA icAg

The sets B’ and Ay, are made of sites at scale k. The set /~\k is made of sites at
scale k — 1. The set Ay is made of sites belonging to the initial lattice Z?. Since
ery1 1s a good site at scale k + 1 and 9,B’ C ﬁ;ﬁ_‘_l(ekﬂ), we have

Vied,B  |[CW@E)| <y,
and, using the fact that |0, B’| < 2d|B’|, we obtain
Ak < 2dlgyr +1)|B'] <3 dly

Moreover, we claim that the set 0,Aj is made of good sites at scale k. Let
i€ 0,A). Since
o.M C | 0,000,

led, B’

10



there exists 1 € 9, B’ such that i € 9,C*)(1) and so i is indeed a good site at
scale k.

Let us assume that Iy > (143 + 2d). By construction of B’ and since e € Ay,
we have

d({e},Z4\ Ay) > Ny > Ny > (148 + 2d)N; . (1)

The set Ay is included in the box Bg(lk+1+2)(ek) of sites at scale k. Thus, we
have

d({e},0pAx) < sup d(z,Z*\ Bag,,,+2)n,)

E€Bo(1y 4 +2) Ny,
= d(0,Z"\ By, ;1 +2)n, (0)) < (ley1 +2)Ng = N1 + 2N .

Moreover, as e € ¥, we have d({e},{0,2}) > 2Ny and using the fact that
e € A, we have

d({@}, {07 $}> < d<{€}7 aka> + d(aka, {07 l‘}) < d<{€}7 aka> + d(xka {07 .’E}) )

thus B
d(Aka {O,IL’}) > 2JVM - Nk+1 — 2Nk .

We define next iteratively a sequence of sets Ak,1~\k, e ,Al,Xl. Let j > 2.

CU-D(i), i€ d,A,

Figure 1 — Construction of A;_;

Let us assume that we have already defined Ay, Kk, oA, INX]-. We define A;_4,
A1 (see Figure 1) and A;_; by

Aj_y = U C’(j_l)(i)UIN\j7 /~\j71: U B, (i)
iGSUKj ieA;

and

K= |J Bw,. ().

i€A; 4

Let us prove by decreasing induction that, for 1 < j < k, the following holds:
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(i) We have |A;| < 34(3d)F+1=91,, (N /N
(ii) The set 0,A; is made of good sites at scale j.

(iii) We have d(A;, {0,2}) > 2Ny — 2N, — Y70 V).

These properties are true for k. Let us now assume that these properties hold
for some integer 2 < j < k. Let i € ,A; be a site such that CU~D (i) # §.
There exists 1 € 1~\j such that i is a neighbour of 1. Let 1 (respectively i) be
such that 1 € B;(1) (respectively i € B;(i)). Since i ¢ /~\j and 1 € /~\j, then we
have i ¢ A; and 1 € A;. Since the sites i and 1 are neighbours, it follows that

i € 0yA;. Thanks to (i¢), the site i is a good site at scale j and so we have
|CU=D(i)| < 1; and

Ay 1] < (2dl; + D)|Ay| < 3dIH A

Iterating this inequality, we obtain property (7):

) N d+1
Aol £ 3160 ()

Nj,1
Let i’ € 0yA;j_1. There exists I’ € 6v1~\j such that i’ € avC(j_l)(l’) and so i’ is

a good site at scale j — 1 and the property (77) holds.
We have A; C Aj_; and

AR5, 001 < min d(R,.p) +dy. {0.0)). @

We claim that

Vye N1 d(Ay,y) S Nj+ 1. 3)

Figure 2 — Representation of y, z and m, m’

12



Let y € O,A;_1. Let z such that z € A;_; and ||y — z|lc = 1. Let m € Z4
such that z € By,_, (m) (see figure 2). Since y € 9,A;_1, there exists m’ € 9, A,

such that m € CU~Y(m’). Thanks to property (ii) of the induction hypothesis,
we have |CU~=1 (m?)| < ;. It follows that

d(Aj,y) <d(Ry,2) +d(z,y) < [CY D (m")|N; o +1 <N, 1 +1< N+ 1.
Combining inequalities (2) and (3), we obtain

d(Xj, {O,CU}) < Nj + 14+ d(@vﬂj,l, {0,,@})
— Nj +1 +d(K]‘,1,{0,ZL’}) —1

< Nj +d(Aj-1,{0,2}). (4)
Combining inequalities (4) and property (iii) of the induction hypothesis, it
follows that

k+1
d(A;-1,{0,2}) > d(A;,{0,2}) = N; > 2Ny — 2N — Y N, (5)

=3
The property (iii) follows and this concludes the induction. We set finally
shell(e) = 0, A .
Thanks to property (i), we get

N, d+1
| shell(e)| < 2d3%(3d)* L1 (N’1“> . (6)

Since Ay C A1, we deduce from inequality (1) that

dlfey, | Bm()] =48 +2a)N,.
ic€shell(e)

Moreover, property (#ii) for I = 1, together with the facts that k¥ < M — 1 and
Iy > M + 2 (since the sequence (I;)r>1 is increasing), imply that

d(Xl,{O,{L‘}) 2 2NM —2NM,1 - (M— 1)NM,1 —NM
=y —M—-1)Npy—1 > Ny—1 > Ny.

Therefore, the path v enters and exits d,A; at least once. For e € 7, we denote
by k(e) > 2 the largest integer k such that es,..., e, are (p,q)-bad at their
respective scales (if e3 is good, then we set k(e) = 2). By construction, we have
that k(e) < M(y). For k > 3, the number of edges e € 7 such that k(e) = k
is at most ng(v)|Bx, NE? = ng(y)dNZ. The number of edges in 7 such that
k(e) = 2 is at most |y|. Finally, using inequality (6), we have

M—1 d+1
> Ishell(e)] < Y [{e €7 k(e) = k}| 2d3%(3d) 141 (N’“>
k=2

< N
ecy

M-1
< 2d3° ((3d)2|7N3Néi +> nk(V)Nk+1ngd(3d)kd>
k=3
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and similarly

, M-1 . B ] . Ny d+1\ 2
> Ishell(e)|* < > |{e €7 k(e) = k}| [ 2d3%(3d)¥ 141 e
ecy k=2

M—-1
< ay <<3d>4,,y|N;N;d S nk<v>zv§+lzv2d<3d>%d) .
k=3

This concludes the proof. O

Note that in the proof of proposition 3.5, even if the site e; or es is good,
we do not bypass the edges of its box at that scale because we have to make
sure that the bypass we build do not use the edge e. To avoid this problem, we
build shell(e) in such a way that it is far enough from the edge e.

Once the shells are built, we build the bypasses. Given a set E of edges in
~v we would like to bypass, we control the total length of the bypasses with the
help of the total size of the shells associated to the edges in E.

Proposition 3.6 (Construction of the bypasses). Let p.(d) < p < q. Let
x € Z%. Let us assume that 0,2 € Cq. We consider a q-open path ~y between 0
and x. Let M be the smallest positive integer such that npy(y) = 0 and let 5
and (shell(e))cey be defined as in proposition 3.5. Let E be a subset of 5. There
exists a path ' between 0 and x such that v N E = (), the edges in ~' \ v are
p-open and

Y\l < 128N; ) |shell(e)] .

eck

We will need the following lemma to prove proposition 3.6. To guarantee that
we bypass an edge e without using e with the renormalization scheme, we build
our bypass far enough from the edge e. The following lemma enables us to build
a p-open path between two points in a *-connected set Z of good boxes at scale
1 in such a way that it avoids a given set of vertices A. When applying this
lemma, we will take for the set A the set of the endpoints of the edges we wish
to bypass. The lemma provides a control on the length of the bypass depending
on |Z|.

Lemma 3.7. [Adaptation of lemma 3.2 in [8]] Let A be a subset of Z¢. Let T
be a finite x-connected set such that

d (A, U B, (i)) > (148 + 2d) N, .

i€l

Suppose that all the sites in T are (p,q)-good at scale 1. Let j,k € T, v € By, (j)
be in the p-crossing cluster of By,(j) and y € Bl (k) be in the p-crossing
cluster of By, (k). There exists a p-open path joining x and y of length at most
128N1|Z| that does not visit any point of A.

Proof of lemma 3.7. Since T is a x-connected set of sites, there exists a self-
avoiding *-connected path (i;)1<;<, C Z such that i; = j, i, = k. Necessarily, we
have r < |Z|. As all the sites in 7 are good at scale 1, all the sites in (i;)1<i<, are
good at scale 1. We define z1 = z and x,, = y. Forl € {2,...,r — 1}, we choose
a point x; in the p-crossing cluster of the box By, (i;). The point z (respectively
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y) is at distance at most 2dN; from By, (j) (respectively By, (k)), therefore the
points z and y are at distance at least 148N, from A. For [ € {2,...,r — 1},
the point x; belongs to By, (i;) and so it is at distance at least 148N; from
the set A. For I € {1,...,7 — 1}, both points x; and z;;; belong to Bj (i;).
Using property (#ii) of a p-good box, we can build a p-open path v(I) from z; to
2741 of length at most 128N;. As the points x; and z;y; are both at distance
at least 148Ny from A, the path v(I) does not go through a vertex in A. By
concatenating the paths y(1),...,v(r—1) in this order, we obtain a p-open path
joining x to y of length at most 125N7|Z| that does not visit any point in A. [

D:&)C’i,lgigr

. :Ae,e€e E
o

E

Figure 3 — Construction of Cy,...,C,

Proof of proposition 3.6. Let (shell(e))ccs be the family of the shells built in
proposition 3.5. For any e € F, we denote

A, = int(shell(e)), A. = Bn,(i).

icA.
We write
ks
Ua=Ua
ecE k=1
where C1,...,C, are disjoint connected components of sites, ordered in such a

way that C} is the first component visited by ~, Cs is the second and so on (see
Figure 3). We set, for k € {1,...,r},

Cv=J Bn@), Ci= |J Bwn(3).

ieCy, i€9,Cy

Thanks to the second inequality of proposition 3.5, for every e € E, we have
d({0,z}, Ac) > Ny and thus, for every k € {1,...,r}, we have also d({0, 2}, C}) >
N;. This implies that + enters and exits each connected component Cj at
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least once. Let us introduce some further notations (see Figure 4). We write
v = (x0,...,2Tn). We define

Tin(1) =min{j >1: z; € 9,C1 },

Tout(1) = max{j > Tin(1) 1 x5 € 0,C4 } .

Let k € {1,...,r}. Suppose that 7;,(1),...,Tin (k) and 7ut(1), ..., Tout(k) are
defined. We define then

Tin(k+1) =min{ j > 755 (k) : ; € 0,Cs1 },

Tout(k +1) = max{j > Tin(k+1): zj € 0,Cry1 } .

Let us fix k € {1,...,7}. Let By, (k) be the Ni-box in 9,C} containing -, (&),
Bout(k) be the Ni-box in 9,C}, containing x ). Since By, (k) (respectively
B,ui(k)) is a good box, it contains a unique crossing cluster C;, (respectively
Cout)- Moreover, we have |y N By, (k)| > Ny (respectively |y N B.,.(k)| > Ni),
thus by property (iv) of a good box, there exists a vertex y;, (k) in yNB,,, (k)NCyy,
(respectively Yoyt (k) in v N B, (k) N Cout). We select such a vertex according
to some deterministic rule. Thanks to the first inequality of proposition 3.5, we

By (k)
X / Yout (k)

Bout(k) \‘j/ xraut(k)

Bl (k) / ;
Bin(k) — 1 '.

Trin(h) | \ A K Yiink (k)

A )
yzn(k) \ _______
D: 0y C
Figure 4 — Construction of i (k), 1 <k <r

have

Vee B d({e},0,Ck) > d({e},0vAc) > (148 + 2d) Ny,
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whence
d(F,0,Cf) > (148 + 2d) N .

We apply lemma 3.7 by taking the extremities of the edges of E for the set A and
0, Cy, for the set Z: there exists a p-open path vk (k) joining v, (k) and Yoyt (k)
of length at most 128N;|9,Cx| which does not visit any edge in E. For k in
{1,...,7—1}, we denote by v(k) the portion of v between y,,: (k) and y;, (k+1).
Let v(0) (respectively (7)) be the portion of vy from y to y;, (1) (respectively
from Yout(r) to z). We obtain a path 4 joining y and z by concatenating the
paths (0), Yiink (1), 7(1), . . ., Yiink (), ¥(r) in this order. We can extract from
+" a self-avoiding path +”. By construction, the edges in 4" \ v are p-open. Let
us estimate the number of edges in 7" \ . Since

Y\~ C U Yiink (k) ,

k=1
then
WA <D ik (R)] < 128N10,C| < 128Ny > | shell(e)] .
k=1 k=1 eckE
This yields the desired result. O

4 Control of the probability of being a bad box

In this section, we prove that the probability of being a (p, ¢)-bad Ni-box
at scale 1 decays exponentially fast with N;. The main difficulty is to get an
exponential decay which is uniform in p. For that purpose, we introduce a
parameter pg > p.(d) and we obtain an exponential decay which is uniform for
all p > pg. We recall that (p, ¢)-good boxes at scale 1 were defined in definition
3.1.

Theorem 4.1. Let py > p.(d). There exist positive constants B(po), No(po),
d0(po) and C(po) such that

Vp>py VN >Ny Vg€ [p,p+do]
P(By is (p,q)-bad at scale 1) < exp(—C(pg)N).

Proof. We prove here only the exponential decay for the property (iv), as the
exponential decay for the other properties (i), (i¢), (iii) were already proven in
[8]. We refer also to the proof of lemma 3.5 in [11]. For given parameters p, q
satisfying p.(d) < po < p < ¢ < 1, we denote by P, , the probability associated
to two coupled Bernoulli percolations of parameters p, ¢g. As usual, the coupling
is such that the edges are independent and every p-open edge is also g-open.
We define Ay as the event that there exists a p-crossing cluster C in B), and
a g-open path v C B/ such that |y| = N and v does not intersect C. The
following inequality was proven in [11]:

P, .(Ax) < Ppp(Ax) exp <N log (1 + q;p» .
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The quantity P, ,(An) decays exponentially with N, as it satisfies property (i%)
but not (i) (see lemma 3.5. in [11]). Thus there exist positive constants %1 (pg)
and £2(po) depending on py and Ny such that

VN =1 Ppp(An) < k1(po) exp(—r2(po)N) -

Now there exists a constant d; > 0 depending only on pg such that, if the
parameters ¢ and p are such that pg < p < g and g — p < dg, then

5 _
ka(po) > log <1+0> > log <1+q p) ,
Po Po

and so
P,.4(Bn is a (p, ¢)-bad box) < A(pg) exp(—B(po)N),

with A(po) = k1(po) and B(po) = ka(po) — log(l + (¢ — p)/po) . The result
follows. O

We prove in the following theorem that it is possible to tune the scales I,
k > 1, in such a way that the probability of being a bad site at scale k > 1
decays at least exponentially fast with Ni. We recall that good sites at scale
k > 2 were defined in definition 3.3.

Theorem 4.2. Let py > p.(d). Once py is fived, we choose B(pg) > 0 given
by theorem 4.1. There exist positive constants 3(po), do(po), C(po), R and ly
such that, for any non-decreasing sequence of scales (Ii)r>1 satisfying l1 > lo,
we have

Vp>py Vg€ [p,p+d] Vk>1

N,
P(0 is (p,q)-bad at scale k) < exp <_C(p0)(2R)dl(€k1)> .

Proof. Let pg > p.(d). We start with scale 1. Let No(po), do(po), B(po) associ-
ated to pg as in theorem 4.1. Let R be the smallest integer larger than 525. We
choose I; > max(Ny, (2R)?) large enough to ensure that

I
< I
dlog?fC(po)Zle (7)
and

V> log 2 + dlog(3l) < d(log 7)I. (8)

For i € Z% the event {iis good at scale 1} depends only on the edges in
Bagpn, (i). Thus, for i,j € Z%, if ||i — j||oo > R > 528, the events

{i is good at scale 1} and {j is good at scale 1}

are independent. Thanks to theorem 4.1, there exist positive constants C(pp),
No(po) and do(po) such that

Vg e [p,p+d] VN >Ny  P(By is (p,q)-bad) < exp(—C(po)N).
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Let now k > 1 be fixed and suppose that the first k scales [y, ...,[; have been
chosen, and that the following inequality holds:

N,
P(0 is (p, ¢)-bad at scale k) < exp (—C(po)wfkl)> , (9)

and that two sites i,j at scale k are independent whenever ||i — j||o > R. For
the scale k + 1, we have

P(0 is (p, g)-bad at scale k + 1)
P (ai € B}, (0): |CP(i)] > z,m)
< Z Z Z P(Vjei+T jisbad at scale k) ,

i€B)  ,(0) m>lk41 F€Animals(m)

where Animals(m) is the set of *-connected sets of cardinality m containing the
site 0. We have the following bound (see for instance Grimmett [12], p85):

| Animals(m)| < 79™ .
Using the translation invariance of the model, we obtain

P(0 is (p, ¢)-bad at scale k + 1)
< |Bj41(0)] Z Z P(VjeTl jisbad atscale k) .

m>lg41 I'€Animals(m)

To bound from above the previous probability, we will use the fact that distant
sites at scale k are independent. The following lemma allows us to extract from
T" a subset I'y in which sites are at mutual distances larger or equal than R.

Lemma 4.3. Let T be a finite subset of Z¢. There exists a subset Ty of I such
that |To| > |T|/R? and

Vijelo i#j = [i—jle=R.
Proof. The following collection of sets forms a partition of Z<:
i+ RZ%, i€ Bpg.
Therefore the set I' can be partitioned as follows:

r=|J (i+RzNT) .
1€EBR

Since |Br| = RY, then there exists iy such that the set Ty = (io + RZ%) N T
satisfies the conditions stated in the lemma. O

Let T be a fixed lattice animal. Let I'g be a subset of I' that satisfies the
conditions stated in lemma 4.3. Let i # j € I'g. By the induction hypothesis, the
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events {i is good at scale k} and {j is good at scale k} are independent. Using
the inequality of the induction hypothesis, we have thus

P(0 is (p, ¢)-bad at scale k + 1)
< (3lps1)? Z Z P(VjeT jisbad at scale k)

m>lk1 I'€Animals(m)

3lk+1 Z Z P(VjeTy jisbad at scale k)

m>lky1 T'€Animals(m)

Nk m
< Bler)? ) > )eXP <_O(p0)(2R)d(’f—1)Rd>

m>lk1 I'€Animals(m

m N m
< @l)® D T exp <C(po)(2R)dl(€k_1)Rd)~

m>lp 1

Since [; > (2R)% and I} < --- < Iy, then Ny > (2R)%. Using (7), we see that

N, m
dm k
Vm >1 74" exp ( C(p0)4(2 G Rd) <1 (10)

and

l\J\H

3Ng 1
exp (C(pO)‘l(QR)d(k_l)Rd) < 537 3d 7=

It follows that
P(0 is (p, q)-bad at scale k + 1)
3Nk m
< (3lpt1)? Z exp <C(p0)4(2]-"i)d(’f—1)Rd>

m>lg 41

2(3lk+1)d exp (‘C(pO)

3N}, lk+1> (1)

4(2R)d(k71) Rd
The condition (8) on /; and the fact that I; < --- <l imply that
log2 + dlog(3lk+1) < d(log 7)lk41 - (12)

Thanks to inequalities (10) and (12), we obtain

N

Finally, combining inequalities (11) and (13), we obtain

N,
P(0 is (p, g)-bad at scale k + 1) < exp (—C’(po) (2]];;;]9) .
This yields the inequality at rank k + 1.
For i € Z%, the event {i is good at scale k + 1} depends on the states of the
sites in

B (i) = {1€Z%: 1= jlloe < 2ps,j € Biyy () }-

Indeed, for j € Bj_ (i), in order to determine whether |C*(j)| < l;41 or not,
we only need to reveal the states of the sites in Byyq(i). By the induction
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hypothesis, two sites 1, m at scale k are independent whenever ||l — m||. > R.
Now, if ||i — j|jeo > R, then

V1€ Brii(i) VmeBrii(G)  |1-mlle > Rljss — 8lpss > R

and the events {i is good at scale k + 1} and {j is good at scale k + 1} are in-
dependent. This concludes the induction. O

For k > 1, we define the trace v(*) of v on the lattice at scale k as
FB ={iez?: By, ()Nny£0} .
The following lemma gives a deterministic control on the length of this trace.

Lemma 4.4. [lemma 3.4 in [11]] For any path ~ in Z2, we have

1
VE > 1 |7<’€>|§3d<1+ bl + ) .
Ni

The following proposition shows that we can choose adequately the sequence
(Ng)k>1 in order to control the quantity that appears in proposition 3.5.

Proposition 4.5. Let pg > p.(d). Once pg is fized, we choose B(po) given by
theorem 4.1. There exist positive constants lo(po), 1o, do(po), A1(po) such that,
if we define the sequence of scales (Iy)k>1 by setting N1 = ly and

Vk > 1 Niy1 = NP®

and we define M = M(vy) as the smallest integer such that np(y) = 0, then we
have

Vp>po Vg€ Ilp,p+do] Yn>ng
There exists a path v starting
from O such that |y| < n and L
M < exp <—A Do n642+1) .
Zk:g nk(’}/)N]g+1N,§d(3d)2k >n 1( )
or Ny > nl/3d

P

Proof of proposition 4.5. Let py > pc(d). Let dg(po), C(po), lp be the constants
given by theorem 4.2. We can assume that lo > 2(3d)? (if this is not the case,
we replace g by max(lp,2(3d)?)). Let p > po and ¢ € [p,p + do]. Let (Ng)k>1
be the sequence defined in the statement of the proposition. We have I; > [
and I; > 2(3d)2. We set

1
Vk>1 Ok = — 317 -
N Nt
We have then
M(y)—1 M(y)—1 2%k oo o\ k 00 k
kA2 ardds (3d) (3d) 1
> BdPNZ NS = Y N <> o <> 5) <1
k=3 k=3 k=3 k=3
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We choose ng large enough so that N; < n(l)/gd. Let n > ng. Let M be the

largest integer such that Ng7 < nl/34, Therefore Nifiq = (Ngp)2? < n2/3 < n.
We have

There exists a path v starting from 0 such that |y] <n
( and 22/[:(;)_1 nie(7)(3d)?**NZ, | N3* > n or Npy(y) > nl/3d )
There exists a path v starting from 0 such that |y| < n and
<P DL )@V N > ST (3PN N
or M(y) > M
There exists a path 7 starting from 0 such that |y| < n and
<P T k(BN N > ST (3d)PENE N

and M(y) <M

P There exists a path v starting from 0
such that |y| <n and M(y) > M

i There exists a path v starting from 0
< P
T = such that |y| < n and ng(y) > dxn

P ( There exists a path v starting from 0 > (14)

such that |y| < n and ngp(y) #0

Let k € {3,...,M(v) — 1}. To control the probability that there exists a path
~ such that ng(v) exceeds dxn, a natural strategy would be to sum over all the
possible traces 7(¥) of v at scale k. However, this would lead to a combinatorial
term that grows too fast with n. Instead of summing over all possible traces ~(*)
at scale k, we sum over all possible traces y(¥+2) at scale k + 2 (summing over
all possible traces y(*T1) at scale k + 1 also leads to a too large combinatorial
term). Let T" be a set of sites at scale k 4+ 2, we denote by Ly the set of the
sites at scale k which are contained in T', i.e.,

rp=U U Bl

i€l jeB, . (1)

Let 7 be a path starting from 0 such that |y| < n. With the previous notation,
we have that
) ¢ 7(k+2)(k)

We can therefore bound from above the number of bad sites ny(y) at scale k
that v crosses by the number of bad sites at scale k contained in ’y(k"’?)(k). We
denote this number by nZ“(’y(k“)), namely,

nﬁ”(’Y(kH)) = Hl € 7(k+2)(k) :1is bad at scale k}‘ .

We denote by |z| the greatest integer smaller than or equal to the real number
z. Using lemma 4.4 together with the fact that Ni o < n, we obtain

1 2n n
(k+2)) < 3d <1 + bl+1 ) < 3¢ (1 + > <gHl__—
|fy < Niyo ) — N2
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We have thus
There exists a path  starting from 0
such that |y| <n and ng(y) > dkn

There exists a path « starting from 0
such that |y| < n, nfT2(y++2)) > §yn

< p U There exists a path v starting from 0 such
- ™ that |y| <n, nfT2(T) > &n, y**+2 T
I'€é Animals ( LJN:ﬁJ )
< P There exists a path v starting from 0 such
= Z that [y| <n, ng(L))) > dxn and k42 T
'€ Animals ( L%i:i;’J )
< > P(ni(L ) > 0rn) - (15)
T'€Animals ( L?}\‘]i:i:J )

Let T" be a fixed *-connected set of sites at scale k + 2 containing 0 and of size
|39t n/Ni12]. We have

Sd“'an

L] < (hsalirIT] < et |
k+2

On the event {ny(L;)) > dxn}, using the same arguments as in lemma 4.3, we
can extract a subset I' of L) such that ny (T') > én/R% and

Vijel i#j = |li-jle>R>3.

This implies that the events {i is good at scale k} and {j is good at scale k}
are independent for i # j € I'. From the proof of lemma 4.3 and the way T' is
constructed, we see that there are at most R? choices for the set I'. Let us set

p =P(0 is bad at scale k).

Let (X;);>1 be a sequence of i.i.d. Bernoulli random variables with parameter p.
From the previous discussion, we have

P (nk(E(k)) > 6kn>
<P (nk(f) > i’;ﬁ})

ad+1
(leralirn)® h\’kJr;J

oxn
d k
< R'P > Xi> =5
i=1
(lk+2lk+1)dh\?+l"J
< Rd]l]) o X, > M(lk—i-?lk—&-l)d \‘3d+1nJ
- pt * = 3(3Rlt1lp42)" Niyo

(16)
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Let us set

6/ — 516Nk‘+2 _ ]_ <X
3(3Rlk41li+2)?  B(BR)INI G NE  NZHH 27

—_

Using theorem 4.2, we have

5/ 1 ex C(po Nk
b SBRINGINE N P\ R )
Since Nj41 = N3¢, we have

5 1

Y

eXp( C(po) Ny )
3(3R)dN, (D FodH (2R)d(k=1)

_ 1 ox C(Po)l( )
- 3(3R)dl§)2d)k(4d2(d71)+6d+1) p (QR)d(kq) )
We can choose [y large enough depending on d, 8 and pg such that
5/

Yk > 1 — >8.
p
As ¢’ > p, we can use the Cramér-Chernoff inequality, we obtain
ad+ly,
ol
P X; > 6" (Ipaol
; > 8" (lg+alkt1) {Nka
3dtin 5’ 1-4
< UL ' log — + (1 —4")1 :
_exp( (Ikvalkgt) {Nsz( ngJr( )Ogl—p)>

Using the convexity of the function x — —log(1l — x), we have
Yz € [0,1/2] —log(1 — z) < 2(log 2)x

Since §’ < 1/2, we have

!

1
—(1-14")log -

< —log(1—9d") <2(log2)d’ .

We have also Ny42 < n2/3, whence

34+1n 3dn
> .
{NHz J T N2
As ¢'/p > 8, we have

3d+in & 1-0
exp <_(lk+2lk+1)d {N J (5/1 og 3 +(1—14")log 1y ))

3d+1n , ,
(kr2les)? N (3(log 2)d" — 2(log 2)d")

<o (~
( 3lk+21k+1

Ok
'n| < .
Ni 2 (log 2)6 n) < exp < (log2) — SR )
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Coming back to (16), we have then

)
]P’(nk@(k)) > 5kn) < R%exp <(log 2) ?)den> .

Finally, inequality (15) and the previous inequality yield

There exists a path v starting from 0
such that |y| < n and ng(y) > dxn

Ok
< d — "
< E R%exp ( (log 2) SRdn>

'€ Animals (L%’l;ﬁﬂ )

3dtly,

< RY(7%) Nrtz exp <—(log 2) ?fﬂfdn> . (17)

Since d > 2, we have
2
Nipo = Ni¥ > NJ92 = N2 NPUNG, = Ny /o > 1o/, -
We can assume that [ satisfies furthermore

d(log 7) 39+1 < log?2
lo - 6R4

If it is not the case we take a larger . We have then

There exists a path  starting from 0
such that |y| < n and ng(y) > dxn

< R%exp (_logZ ) . (18)

n
6RINZ, N

By construction, Ng7, | = (Ng7)2 > n'/3¢ and so N7r > nt/6%* We are going
to bound from above the number of bad Ny;-boxes that 7 crosses by the number
of bad Ny;-boxes in the box By,. Using theorem 4.2, we have

There exists a path v starting from 0
such that |y| < n and ng(y) # 0

<p There exists i € Z% such that BNW(i) C By,
- and the box By__(i) is bad

dn+1 \? Nyp
<(—= - M
- (QNM—i— 1) P ( Clpo) (QR)d(M—l))

4 nl/6d>
< (4n+1)%exp <—C(p0)(2R)d(Ml)> . (19)

s
Since N7 = l((fd) < n'/34 there exist positive constants C' and C’ depending
on [y, d and pgy such that

M <Cloglogn and  (2R)*™-1 < (logn)°".
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Thus, there exist positive constants C; and Cy depending on d and pg such that,
for all n > ng,

There exists a path  starting from 0 /(642 +1)
< - .
( such that |y| < n and nyz(y) #0 < Ciexp ( Con )

(20)

We recall that Ny 1 < N7 and Ny = Np/3' < N22% Since Ny < nl/3,

combining inequalities (14), (18) and (20), we obtain that for iy > ly, for n > ny,

P There exists a path 7 starting from 0 such that |y| <n
and 224:(;’)71 ni(V)NE N (3d)? > n or Ny > nl/34

M—1
10g2 2
< E d e -~ 1/(6d2+1)
< R%exp < G ng—H gdH n) + 1 eXp( Con )

w

k=
M—

log 2 n 2
= i P ( 6 R4 n2/3d+(3d+1)/6d2) +Croxp (702711/(6[1 H))
k=3

log 2
< RC(loglogn) exp (g]g%dnl/?') + C exp <f02n1/(6d2+1)> .

[

This yields the desired result. O

Remark 4.6. Let us briefly sketch our tentative to prove that the average bypass
is at most a constant by using a simple renormalization process. Let v be the
q-geodesic between 0 and nx. Following the proof of proposition 3.6, the best
control we can hope for is

S| shell(e)] < S eVEP.

e€y 3€Z4:C (D) () Ny#0D

Since we have no control on the dependence between vy and the states of the boxes,
we must control the sum in the right hand side uniformly over all paths starting
from O of length at least n. Let r be a fized path starting from 0 of length at least
n. Since |CM(0)]? does not have an exponential moment, for every constant
co, the following probability does not necessarily decay exponentially with n:

Pl ICO@P > cn
i€Z4:C D) (d)Nr#£D

Hence, we do not have a sufficient control on this probability in order to coun-
terbalance the combinatorial term coming from the possible choices for the path
r.

5 Conclusion

In this section, we prove the main theorem 1.2 and sketch the proof to extend
this result in the case of general distributions.
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5.1 Bernoulli case: Proof of theorem 1.2

Let pg > pc(d).Let B(po) given by theorem 4.1. Let dp(po) be given by
theorem 4.2. Let p,q be such that pg < p < ¢ < p+ do(po). Let z € Z4\ {0}.
Let (Ng)r>1 be a sequence, ng and M (v) as given by proposition 4.5. Let us
denote
(3d)*N3N3* +d

Po -

Let n > ng. Let us assume that 0 and nz belong to Cp,. This implies that 0 and
nx belong also to C;. We denote by 7 a geodesic between 0 and nz in Cg, i.e., 7y
is a g-open path such that |y| = D (0, nz). If there are several possible choices
for 7, we choose one according to some deterministic rule. Using proposition
4.5, we have

A\ = 32944283

]P’( ( PO NI po) — DC (OCPO nx ”0) > 25N18)\(q — )||a:H1n)
<

IP) OECpo,n$€Cp0,|’Y| <Bn||xH17
D¢ (0,nz) — D% (0,nx) > 25N 8\(q — p)||=|[in

+ (1 =P(0 € Cpy, nx € Cpy)) + P (Bn|z||s < D(0,nx) < co)
0 € Cpy, nx € Cpy, || < Bnlz|1,
<P D¢ (0,nz) — D% (0,nx) > 25N18\(q — p)||=||in,
T i (DNEL N B < Bullel, Nasgy) < n'/*
+ (1 = P(0 € Cpy, nx € Cp,)) + P (Bn|zfl1 < D(0,nz) < 0)
+ exp(—Ant/ 6L+ (21)
Using the FKG inequality, we have

P(0 € Cp,, nx € Cp,) > P(0 €Cp,)? >0. (22)
Using lemma 2.3, we have
P (Bn|jz]; < D% (0,nz) < 00) < Aexp(—Bn). (23)
We set
¥ =\ (Byni/sa U (Byp1/3a + nx)) .
Note that on the event {Nys(,) < n'/3?}, we have 5 C 7. On the event

M(y)-1

> (NN NBA)™ < Ballal, [y] < Bnllzll ¢
k=3

using proposition 3.5, we obtain

M(v)—1
> Ishell(e)|* < 3*4d® | (3d)*|7INFNG + Y nk(y) N7 Ni(3d)*Hd
ecy k=3

< 324d?B||z||1 ((3d)*NINZ* + d) n < A||z|[1pon .
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Hence

0 € Cpy, 1 € Cpo, || < B,
P DC (0,na) — D (0,na) > 25N BA(q — p) |z n,
SO () N2 NP4 3d) < Bnl|z]|1, Nagey) < nl/3d

0 € Cpy, na € Cpy, [yl < Blzls,
< P | D% (0,nz) — D% (0,nx) > 25N1B8X(q — p)||z|in, | . (24)
Dee | shell(e)|> < Apolz[1n, Nas¢y) < nt/3?

We would like to introduce a coupling of the percolation processes with param-
eters ¢ and p such that, if an edge is p-open, then it is g-open, and we would like
that the random path + and the shells associated to the edges in ~ are in some
sense independent from the p-state of the edges in 7. This is not the case when
we use the classical coupling with a unique uniform random variable associated
to each edge. For a fixed path r, given a family of shells associated with the
edges of r and a subset E of 7, we do not use the p-state of the edges in r to
build the bypasses of the edges in F, because the existence of p-open bypasses
for the edges in F does not depend on the p-states of the edges in r. Indeed,
a bypass is a p-open path of edges which connects two vertices of r but which
does not go through an edge of r. To clarify the computations, we introduce
three sources of randomness in order to ensure that the choice of v and its shells
are independent from the p-states of the edges in 7. To each edge we associate
three independent Bernoulli random variables V', W and Z of respective param-
eters ¢, p/q and p/q. The random variables ZV and ZW are Bernoulli random
variables of parameter p and we have

]P’(ZV:O|V:1):IP(Z:O|V:1):IP(Z:0):1—§:—.

The g¢-states of the edges is given by the family (V.).cga. Once we know the
g-states of the edges, we find a geodesic 7. The p-states of the edges outside v
is given by the family (V.Z.).cge, while the p-states of the edges belonging to
7y is given by the family (V.W,).cga. More precisely, on the event {y = r}, an
edge e € 7 is p-open if W, = 1, whereas an edge e in E?\ 7 is p-open if V. Z, = 1.
We denote by £ the set of the p-closed edges in 7. The event {7y = r} depends
only on the family (V;).cga, the event {shell(e) = S.} depends on the families
of random variables (V;).cge and (Z.).cge. Finally the event {£€ = E} depends
on the random variables (W.)cc7. We sum over all possible realizations of -,
(shell(e))eey and &:

0 € Cpo, nx € Cpo, [ < Pz,
P | DS (0,nz) — D% (0,nz) > 25N18\(q — p)||z|lin,
deey shell(e)|? < Apo||z[1n, Nary) < nt/3
vy=r,E=E,Vecr shellle)=S5.
= > > > P D%(0,nz) —|r| > 25N BA(q —p)|z]in,

r path Se,e€r  ECT NM(’y) S n1 3d
rl<Bnlzls 5, - |S.|?
<Apollzllin
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By proposition 3.6, we can build a path r’ such that r’ does not contain any
edge of E, the edges in 7’ \ r are p-open and

[\ 7] < 126N, Z |Se] .

eclE

We recall that we work on the event { Ny, < n/34}. At this stage, the edges
in
' N (Bup1/sa U (Bypi/za + nx))

are not necessarily p-open. We denote by y (respectively z) the first intersection
of ' with dBy,,1/34 (respectively the last intersection of ' with dBy,,1/34 + nzx).
Let C,(w) denotes the p-open cluster of w € Z%. From the previous construction,
we see that C,(y) and Cj(2) have cardinality at least n—8n'/3?. Using the result
of Kesten and Zhang in [15], we get

P(y ¢ Cp) < P(n—4n'/3* < |Cp(y)| < o0)

< Y B-sn < (G, )] < o)
y€OB, 1/34

S |8B4n1/3d |01 GXp(—an(d_l)/d) . (26)

Therefore, with probability at least 1 — 2|0By,1/34|C1 exp(—Conl4=1/4) the
vertices y and z belong to C,. Applying lemma 2.3, we have

P(3y € OByy1/54, Bllylli < D (0,y) < o0)

< Y Pyl < D(0,y) < 00) < |0Byy1/54|Aexp(—2Bnt/3) .
y€834n1/3d
(27)

Thus with probability at least 1 — 2|0By,1/34|A exp(—2Bn/3%), we can join 0
and y (respectively z and nz) by a p-open path 7/t (respectively r!®st) of
length at most 4dBn'/3¢. By concatenating r/7*!, the portion of r’ between y
and z, and 75! in this order, we obtain a p-open path 7" that joins 0 and nz
such that

‘7’/’\7"| < |rfirst| + |7,last| + |7"I\T‘ < Sdﬂnl/3d+125Nl Z ‘Se|~ (28)
ecE

Therefore, combining inequalities (25), (26), (27) and (28), we get for n large
enough

0 € Cpo, n € Cpy, 7] < |1,
P | D¢ (0,nx) — D% (0,nz) > 25N18A(q — p)||z|1n,
Ze@ |shell(e)|? < Apo||z|1n, Ny < nl/3d
— 1, E=E,Veer shelle) =5
< T X Sr(amys ")
= > —
r path Se,ee™ ECT 12N1 ZEEE |Se‘ - 24N1(q p)AHI”ﬂ’L

IrI<Bnllzlly 3=, 5 1Se|?
<Apollzllin

+2|8B 1730 | (C1 exp(—Conl@=V/4) - Aexp(—2Bn'/3)) . (29)
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Using the definition of our coupling, we get

Z Z ZP(’)/_T’,E'_E,VCG; shell(e)—Se)
> _

r path Se,ecF ECF Yocee |9el = 2Mg = p)lzllsn

[rI<Bnllzlli 5.~ S |?<Apollz|1n

eer

=r,Veer shell(e) =5, >
< P T
3 YD I (it R

r path Se,e€T

r[<Bnllzll 3, - |Se 2
<Apollzlin
= Z Z IP’('y =r,VYeer shell(e) = Se)
r path Se,e€T
[rI<Bnllzll 3, 7 1S
<Apollz|lin
x P (Z(l — We)[Sel = 2M\(q —p)||$||1n> - (30)
eEerT

In the last step, we used the fact that the random variables (W,,e € 7) are
independent from the event {7 = r} and the shells (shell(e), e € 7). Let us set

U=> (1-W.)S.|.
eEer
We have
q—p
EU) = TZISeI < Mg —p)[lz[lin (31)
eEer
and
Var (U) < Var(1 — W) ; 152 < /\%OH:CHm. (32)

Using the Markov inequality and inequalities (31) and (32), we get

P (Z(l — We)[Sel = 2M(q —p)||$||1n> < P(|U - E(U)| = Mg - p)llz[1n)

Var(U) < Po
(Mg =p)llzlin)® ~ 4Mg—p)*zllin
(33)

Finally, combining inequalities (21), (22), (23), (29), (30) and (33), we deduce
the existence of a real number p(pg, p,q) > 0 such that, for n large enough,

P ( DS (6‘3?07?[;’56?0) — DG (6% : EC) < 25N18)(q —p)llxllm) > p(po, 1, q) -

Let 6 > 0. Thanks to the convergence of the regularized times given by propo-
sition 2.1, we can also choose n large enough such that

Cp (0Cro 77:Cro

n 3 ’
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Cq (0Cro 75:Cro
]P’(D (O o, nx )Sﬂq($)+5>21p(poép7q)
n

The intersection of the three previous events has positive probability. On this
intersection, we have

Mp(x) —6< Mq(x) + 04+ 25N18Xq —p)|lz|1 .

This inequality occurs with positive probability, yet all the quantities in it are
deterministic. By taking the limit when § goes to 0, we get

pp(@) < pig(x) +25N1 8N (g — p) ||l -

Thus for all p > po and p < ¢ < p + dp, there exists a positive constant C’(pg)
such that

Ve eZb  py(z) — pg(z) < C'(po)(q —p)|zls -

We recall that the map p ~ p, is non-increasing. We consider now the case
q>p—+ 6. We write ¢ —p =kdp +r with k € Nand 0 < r < §y. We obtain

E
—

Mp(m) - Mq(@ = Hp+iso (z) — Hp+(i4+1)d0 (z) + /Jqfr(x) - Mq(x)

i\

k—1

< > C'(po)bollzll + C' (po)rllzlly = C' (po) (kdo + 7)l|||2
=0

= C'(po)(q —p)llz|1 - (34)

By homogeneity, (34) also holds for all z € Q?. Let us recall that for all 7,y € R?
and p > p.(d), we have (see for instance theorem 1 in [3])

() = 1p(y)] < pp(er)l|z =yl - (35)

Moreover, by compactness of S9~1, there exists a finite set (y1,...,¥m) of ra-
tional points of S¥~1 such that

sitc J{zes ilm-ali <@a-n }.
=1

Let z € S%~! and y; such that ||y; — z||; < (¢ —p), using inequality (35), we get

ltp () — pg(2)| < |pp(@) — pap (Vi) | + 11p (Yi) — bg (i)l + g (yi) — pq(2)]
< pp(en)llyi — xll1 + C"(po)(q — p) + pglen)lyi — |1
< (2pap, (e1) + C’'(po)) (¢ — ),

where we use the monotonicity of the map p — 1, in the last inequality. Finally,
for any p,q € [po. 1],

Sty () = 12| < (g (1) +C' (o)) la = 7]

This yields the result.
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5.2 General distributions case

In this section, we sketch the proof for the general distributions case. The
following proposition relies on a result of Kesten (proposition (5.8) in [14]).

Proposition 5.1. Let p1 < p.(d), po > pe(d), M >0, €9 > 0 and € — () be
a non-decreasing function such that §(eg) < 1—py. Let €p, p, Meo,6 be the class
of functions defined in the statement of the result. There exist positive constants
A, B and C depending on these parameters such that, for any distribution G in

onﬁphMﬁoﬁf

There exists a path r starting from 0

Vnz1 P < such that |r| > n and Ta(r) < Cn

) < Aexp(—DBn).
Proof of proposition 5.1. Let H be the distribution such that H({0}) = py, for
every € < g9, we have H(]0,e]) = d(¢) and H({eo}) = 1 — H([0,g0[). Using
proposition 5.8 in [14], there exist positive constants A, B and C depending on
the distribution H such that

Vn>1

There exists a path r starting from 0
such that |r| > n and Ty (r) < Cn

) < Aexp(—Bn).

By construction, any distribution G in €, p, ar,,,5 stochastically dominates H.
Let n > 1. Using the stochastic domination, we have

There exists a path r starting from 0
such that |r| > n and Te(r) < Cn

<P There exists a path r starting from 0

< ( such that |r| > n and Ty (r) < Cn ) < Aexp(—DBn).

This yields the result. O

The proof of the result for general distributions uses the same strategy as
the proof of theorem 1.2, so we will only sketch the arguments.

Proof. Let p1 < pe(d), po > pe(d) M > 0, ¢ > 0 and € — d(e) be a function.
Let G and F be two distributions on [0, +0o[ in €, p, M.co,6- Let D < g € [po, 1].
We define G, and Fj as

Gp=pG+(1-p)ds and F,=qF + (1 —-q)0.
We write ¢ —p = kdo/2 +r with kK € Nand 0 < r < dyp/2. We have

lur, (x) — pa, (2)]
k—1
< i, (@) = 16, (@) + D 116y 41502 () = HG s 2 (@)] - (36)
i=0
Let i € {0,...,k—1}. We introduce next a coupling between G,;s,/2 and
Gpi(i+1)50/2- To each edge e € E?, we associate three random variables: one

uniform random variable U(e) on [0,1], two Bernoulli random variables V (e)
and W (e) of parameters p + (i + 1)d9/2 and dp/2. We set

_ [ GTHU(e) i V(e)=1
tGp+(¢+1)50/2 (6) - +00 otherwise
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and
. (e) = G Y (U(e)) if V(e)W(e)=1
Gp+isg/2\¢) = foo otherwise, ’

With this coupling, we have

d
Ve e E tGp+i§0/2 (6) > tGp+<i+1)50/2 (6)7

thus ug,, s ,, stochastically dominates g

Since G € € pi.M,c0,6
we have G(rO, M]) > 1 —dp/2 and therefore

p+(i+1)8g /2"

G (i+1)50/2([0, 00[) — Gppis, s2([0, M])

5 5 b
Sp+(i+1)20—(p+i20> (1—20) <.

Let n > 1. Let us assume that 0 and nz belong to Cp, v, the infinite clus-
ter made of edges e such that tGPO(e) < M. Let v be a geodesic between 0
and nz for the passage times (IG,, ;15> (€))ecrs. For some edges e € 7, we
have t¢, .5 .,(e) = co. We would like to bypass these edges using only edges
e € E¢ such that tgpﬂéo/z(e) < M. We control the length of the bypasses using
the same strategy as in the Bernoulli case. Up to choosing a smaller dy, we can

assume that
0 1) 1)
Grins2000) = (19 ) (1= %) 2m (1-F) > (@),

We say that the edge e is G145, /2([0, M])-open (respectively G, (i+1s,/2([0, 00[)-
open) if tg,, ;. ,,(€) < M (respectively t,, . s »(€) < o0). The shells are now
made of (Gpyis,/2([0, M]), Gpi(it1)s,/2([0, 00[))-good boxes. Let (shell(e))ecey
be a family of shells as in proposition 3.5. We can build v and 7" as in the
Bernoulli case, where 4" is a path between 0 and nx whose edges have finite
passage times for the distribution G145,/2. With this coupling, the passage
times coincide for the two distributions on 4" N~. Thus, we have

TG, iny2(V")
<TGy si0e V™) + T s s (VD) + T e (YY) + Ty (Y \ )
<4dMBn' P4 T s 2 (V) + 12BNIM Y [shell(e) [Ty e)—o -
e€y
We need then to control the length of v. We have

G (i+1)5,/2([0, M]) > po -

Since 0 and nx belong to Cp, ar, then 0 and nx also belong to Cp,y (i41)s,/2,m, the
infinite cluster made of edges e such that tg < M. Using lemma 2.3,
we obtain that, with high probability,

p+(i+1)80/2 (6)

Drrenior2m (0, nz) < fnllz|,
which implies further that

TGp+(1,+1)(50/2 (’Y) < MBon”l .
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Since G4 (i+1)5,/2 belongs to €, 1, 11.c0,56, We have, with high probability,

M
1 < G Bnlell

where C' is the constant defined in proposition 5.1 corresponding to the class
Cpo.p1.M,eo,6- As in the Bernoulli case, we have, with high probability,

o o A o)l

0
> Ishell(e)[ Ly e)—o < 5
ecy
In the same way than in the Bernoulli case, we conclude that there exists a
positive constant x that depends on py, po, €0, M, § and d such that

do
sup |/‘Gp+7150/2 (33) T HG i (i41)50/2 (m)| < 55 .
reSd-1

Therefore
k—1 60
Z "quiéoﬂ (z) = MGP+(i+1)5O/2(x)| Sk k? :
i=0

The last step of the proof consists in controlling the quantity |ur, (z)—pa,_, (%)
We use again the same strategy. We introduce a specific coupling. To each edge
e € E?, we associate three random variables: a uniform random variable U (e)
on [0, 1], two Bernoulli random variables V' (e) and W (e) of parameters ¢ and r.
We set

_ [ FTI(U(e) if V(e)=1
trale) = { +oo otherwise
and
o= 200 v

We consider the geodesic y between 0 and na for the passage times (tr, (€))ccga-
For some edges e € 7, we have tg,_, (e) = co. We shall bypass these edges using
only edges e € E? such that tg, ,(e) < M. We build 7" as before. The main
difference is that, for edges in 7"/ N+, the passage times for the distributions F
and G,4_, do not coincide any more. For e € 4" N+, we have

ltr,(e) —to, . ()l = [FT'(U(e) = G (U(e))] < S [F7H(t) — GTH()] -

Thus, we obtain

Tg, . (0,n7) < Tg, . (v") < Ta,_.(v" N y) + Ta,_, (Y \7)
<Tp,(v)+ 1l sup |F7Y(t) = G (t) + 128N M > [ shell(e) [Ty (e)—o ,
telo, ecy

where the shells are made of (G4—, ([0, M]), F,(]0, o0[))-good boxes. We can
show as above that there exists a positive constant s’ depending on the param-
eters of the class € such that

sup (i, (z) = pr, (2)) < & ( sup |[F71(t) = G ()] + 7“) .

resSd—1 t€0,1]
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To prove the converse inequality, we consider the geodesic m between 0 and nz
for the law G,_,. Given the coupling, any edge in 7 has finite passage time for
the law F,. Therefore, we have

Tr,(0,nz) < Tp, (1) < Tg, ,(7) + |7 sup [F71(t) -G 1()].  (37)
t€[0,1]

We obtain the converse inequality and therefore

sup |pa,_, (€)= pr, (2)] < & < sup |[F~H(t) — G~ (t)| + 7“) - (38)
reSd—1 te(0,1]

Finally, combining inequalities (36) and (38), we get

sup |up, (7) — pig, ()| < max(s, k') (Iq —pl+ sup [F7H(t) — Gl(t)l> -
zeSd—1 te(0,1]

This yields the result. O
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