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Thermal Stability of Superconductors

Jacob Szeftel' [f] Nicolas Sandeau?, Michel Abou Ghantous®, and Muhammad El-Saba*
YENS Cachan, LPQM, 61 avenue du Président Wilson, 94230 Cachan, France
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A stability criterion is worked out for the superconducting phase. The validity of a prerequisite,
established previously for persistent currents, is thereby confirmed. Temperature dependence is
given for the specific heat and concentration of superconducting electrons in the vicinity of the
critical temperature T,. The isotope effect, mediated by electron-phonon interaction and hyperfine
coupling, is analyzed. Several experiments, intended at validating this analysis, are presented,
including one giving access to the specific heat of high-7T. compounds.

PACS numbers: 74.25.Bt

I. INTRODUCTION

In the mainstream viewS the thermal properties
of superconductors are discussed within the framework
of the phenomenological equation by Ginzburg and
Landai® (GL) and the BCS theory®. However, since
this work is aimed at accounting for the stability of
the superconducting state with respect to the normal
one, we shall develope an alternative approach, based on
thermodynamics®, the properties of the Fermi gas? and
recent results®?, claimed to be valid for all superconduc-
tors, including low and high T, materials.

The outline is as follows : the specific heat of the super-
conducting phase is calculated in section 2, which enables
us to assess its binding energy and thereby to confirm
and refine a necessary condition, established previously
for the existence of persistent currents®; section 3 is con-
cerned with the inter-electron coupling, mediated by the
electron-phonon and hyperfine interactions; new experi-
ments, dedicated at validating this analysis, are discussed
in section 4 and the results are summarised in the con-
clusion.

II. BINDING ENERGY

As in our previous work® 13| the present analysis will
proceed within the framework of the two-fluid model, for
which the conduction electrons comprise bound and inde-
pendent electrons, in respective temperature dependent
concentration c¢s(T), ¢, (T). They are organized, respec-
tively, as a many bound electron? (MBE) state, charac-
terised by its chemical potential y(cs), and a Fermi gas”
of Fermi energy Er(T,c¢y,). The Helmholz free energy of
independent electrons per unit volume F;, and Fr on the
one hand, and the eigenenergy per unit volume & (c;) of
bound electrons and p on the other hand, are related*,
respectively, by Fp = gf: and p = g—f:. At last, ac-
cording to Gibbs and Duhem’s law®, the two-fluid model
fulfild® at thermal equilibrium

Ep(T, cn(T)) = ples(T)),

co = ¢s(T) +en(T), (1)

with ¢y being the total concentration of conduction elec-
trons. Solutions of Eq. are given for T'= 0,7, in Fig
Besides, Eq. has been shown® to read for T = T.. (see

B in Figll)
Ep(Te,co) = u(ecs =0) =¢e./2 (2)

with e, being the energy of a bound electron pair?. Note
that Eq. is consistent with the superconducting tran-
sition, occuring at 7T, being of second order®, whereas it
has been shown? to be of first order at 7' < T, if the
sample is flown through by a finite current. Then the
binding energy of the superconducting state Ey(T < T)
has been worked® out as

with Cs(T),Cn(T) = @p(EF)T, being the elec-
tronic specific heat of a superconductor, flown through
by a vanishing current? and that of a degenerate Fermi
gas? (kp,p(Er) stand for Boltzmann’s constant and
the one-electron density of states at the Fermi en-
ergy). Due to Eq.7 a stable superconducting phase
< By > 0 requires C5(T) > C,(T), which is confirmed
experimentally™™?, namely C,(T.) ~ 3C,,(T.).

The bound and independent electrons contribute, re-
spectively,

Eu(ce) = Ji* pCu)du
En(T,en) = [ ep(e)f(e = Ep,T)de

to the total electronic energy £ = &, + £. The symbols
€, f(e— Ep,T) refer to the one-electron energy and Fermi-
Dirac distribution, while €, €, designate the lower and
upper limits of the conduction band. Then, thanks to
Eq.(l) (= de, + dey = dEp — dp = 0), C4(T) = % is
inferred to read

n —E -n _
Fap T o8, T oEs

Cs=%31 oT ' dT

with ¢, = cn(T),¢s = ¢s(T), Er = Ep (T,c,(T)). Be-
cause the independent electrons make up a degenerate
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FIG. 1. Schematic plots of Er(T = 0,cn), Er(Te,cn),
Ep(T > Te,cn) and p(cs) as solid, dashed-dotted, dotted
and dashed lines, respectively; Wi has been taken to be con-
stant for simplicity; the origin Fr = p = 0 is set at the
bottom of the conduction band; the crossing points A, B of
Er(0,cn), Er(Te, cn), respectively, with p(cs), exemplify sta-
ble solutions of Eq.; the tiny differences Er (T, cn) — p(co —
¢n) have been hugely magnified for the reader’s convenience.

Fermi gas (= T << Tr = Er/kp), the following
expressions can be obtained owing to the Sommerfeld
expansion™ up to T2

nkpT)?
98 = Bpp+ (20 + Epp") T2TE
k 2
Se=(p+Eed) T ()
kT Ocp _ mk
ggf; :p-‘rp//( 2‘ ) 9 d@T_p/( SB)T

. 2
with p = p(Er),p' = 7#-(Er),p" = ng (EF). Then

Eq[]is finally recast into

 (mkp)? dEp o'
Cu(T) = 70T ( 1+ T (6)
Applying Eqlflat T = T.. yields
-~ dEp .. p'
e =) (1+ R 2

Hence it is in order to work out the expressions of
dE dE
Due to ¢, (T > T.) = ¢o, 2Z£ is deduced to read

a7

dEp gen (nkg)” o'

W(T>Tc)=—§§ — =T , (8
9B p

which is integrated with respect to T to yield

Ep(T =0,c0) — Ep(T,co) =

Then consistency with Fig[l] requires p'(Er) > 0 so that
C goes toward B for T N\, T.. Assuming p(e) = py(€) x
Ve = pls(e) > 0, Ve, with py(e€) being the density of states
of three-dimensional free electrons, leads to

 EBp(T>T,) # (T>2

1 — -
Er(0,co) Tr

12

A numerical application with a typical value Tp =
3 x 10*K yields Tr(300K) — Tr(0) ~ 3K << Tp =
e (T >T.)| << 1.

Taking advantage of Eq the expression of df—TF(T <
T.) is obtained to read

Ocp dcn 9cp
des = %‘jj dp = —de, dar B(T)

with 5(T) = gg’; + %C/:' The Sommerfeld expansion (see
Eq.(5)) leads to
dEp .. p/ (kpp'T.)?
=Pyl = B0 )
ar ¢ )p 3pB(Te) (D

Thus, looking back at Eq[7] it is realized that the
observed™ relation Cy(T,) ~ 3C,(T.) requires o > 0 =
B(T.) < 0, which had been already identified® as a nec-
essary condition for the superconducting state to be at
thermal equilibrium. At last, o reads in case of p = py

71'2 T 2 3EF
S 1
“T 19 <TF) P be, ( +

OFEfr

Due to % << 1 and P ~ 1, getting o = 2 requires

B(T.) =~ 0= %fF BOT{L ~ 0, so that the stability criterion
of the superconducting state reads finally

OEp Ocg\
dc, Ou

(O)a p/(EF(chcO))>O . (12)

Because of %%(Tc,co) ~ % > 0, Eq. is seen to be
consistent with gT"(cs) < 0, established previously as a

prerequisite for persistent currents® and the Josephson

effect™. At last, note that there is “2(T < T.) >> 1
but inversely 0 < —4E(T > T,) << 1.

In order to grasp the significance of the constraint ex-
pressed by Eq.7 let us elaborate the case for which
Eq.(12) is not fulfilled (= Cs(T < T.) < Cy(T)). Ac-
cordingly the hatched area in Figll] is equal to the dif-
ference in free energy at T = 0 between the supercon-
ducting phase and the normal one, and thence also equal
to Ep(0) > 0 because the entropy of the normal state
vanishes® at T = 0. However applying Eq. with
Cs(T < T,) < C,(T) yields Ey(0) < 0, which con-
tradicts the above opposite conclusion Ep(0) > 0, and
thereby entails that the MBE state, associated with A
in Figll] is not observable at thermal equilibrium in case

of unfulfilled Eq., even though it is definitely a MBE



eigenstatel®L8 of the Hubbard Hamiltonian, accounting

for the motion of correlated electrons, and its energy is
indeed lower than that of the Fermi gas &, (T = 0, ¢o).

Since energy and free energy are equal® at T = 0, E,(0)
reads

cs(0)
B0 = [ (Br(0.c0 = ) = ule) de

In order to work out an upper bound for FE(0),
Ep(T, co—cs) — p(cs) will be approximated by its Taylor
expansion at first order with respect to ¢s — ¢s(7'), which
yields

m

Ep(T,co — cs) 57 (es(T) —¢s) » (13)

— ples) =
with v = en(T)) + g—c“s(cs(T)). Since it has been
shown? that EF(T, co — ¢s5) — plcs) < 1075V, Eq.(13)
turns out to be very accurate. Likewise, due to ¢s(T") >
cs > 0 (see Figll)) and v > 0 being a necessary condition®
for A in Fig[l| to correspond to a stable equilibrium,

Eq. entails
Ep(T,co — ¢s) — ples) < Ep(T, co) — p(0)
Then by taking advantage of Eqgs.(2[l9)), we get

e

OEF(

(rkpT.)* o'

EF(T7 CO)_ 6 p )

1(0) < Er(0,c0)—Er (T, co) =

with p’ > 0 as required by Eq.. At last, assuming
p(€) = pys(e), the searched upper bound per electron is

obtained to read
72 (T, \?
< | Z<
12 <TF>

T.=12K,Tr ~ 3 x 10*K)
Moreover, that latter result

Ey(0)
coEr (T, co)

Applying this formula to Al (

. E,(0) _
gives m < 10 8.

had enabled us to realize™ that the formula E,(0) =
poH.(0)%/2, albeit ubiquitous in textbooks™™ (H (T <
T.), po refer to the critical magnetic field and the mag-
netic permeability of vacuum, respectively), underesti-
mates Ey(0) by ten orders of magnitude.

Since fulfilling Eq.(12) is tantamount to B(7.) = 0,

which entails “2r (T — T ) — oo and thence Cj (T —
T, ) — oo, it must be checked that &(T fo
remains still finite for T — T.7. To that end let us Work

out the Taylor expansion of u(cs), Er(T, cn) up to the
second order around 7'=0,cs =0

p(cs) = p(0) + S

EF(Ty Cn) = EF(TmCO) - = ch
k 2

+4 65) %(TE—T2)

OEfr
’ e,

Then taking advantage of Eqs. D

for which we have used ¢, = ¢p — ¢s,¢s = ¢5(T)

/
1 _r
= G = — 5.

(:> EF(T Cn
(= B(T2) = 3¢

and Eq.

= p(cs), Ep(Te,co) = p(0))
0) + % = 0) results into

p (T2 —1T17)
3 (p%ifg(m - ,’,%)

xT.—T

co(T = T;) = nkg

It should be noticed that the GL equation predicts®
rather ¢s(T = T, ) x T, — T.

Likewise, let us calculate similarly the Taylor expan-
sion of B(T') x 6CF + 3‘1 up to the first order around
T=T.cs=0

BT = T;) o (540) ~ GEE (T o)) e =

BT T ) VT —T=ET > T7) x VT =T

whence E(T — T,) is concluded to remain indeed finite.

At last, we shall work out the expression of jy (T —
T ), the maximum current density js, conveyed by
bound electrons which was shown” to read

)

it = een (T 2 (B (1,00 en(T) ~ pea(T)

with e, m standing for the charge and effective mass of
the electron, while ¢, (T') = 2¢4(T)) designates the corre-
sponding value of cs, i.e. js(cm) = jar. Hence jps reads”
finally

<T>= <§ <T>)“’
r= \/ac” ) + 605 (CS(T))

It ensues from [(7T.) = 0 that the leading term of the
Taylor expansion of r around T' = T, ¢; = 0 reads

5 a

P (T — T7) x \/eu(T) = 1 o (T, — T)1 =
M(T =T )xT.-T ’

which is to be compared with the maximum persistent
current density” j. (T — T, ) oc /T, — T with T, < T...

III. ISOTOPE EFFECT

Substituting, in a superconducting material, an atomic
species of mass M by an isotope, is well-knownt™
to alter T,.. This isotope effect was ascribed to the
electron-phonon coupling, on the basis of the observed
relation TC\/M = constant. The ensueing theoretical
treatmenti™ capitalised:® on Froehlich’s perturbation®
calculation of the self-energy of an independent elec-
tron induced by the electron-phonon coupling. However
since the BCS picture® has subsequently ascertained the
paramount role of inter-electron coupling, we shall rather
focus hereafter on the effective phonon-mediated interac-
tion between two electrons.

Thus let us consider independent electrons of spin o =
+1/2, moving in a three-dimensional crystal, containing



N sites. The dispersion of the one-electron band reads
(k) with e(k), k being the electron, spin-independent (=
e(—k) = €(k)) energy and a vector of the Brillouin zone,
respectively. Their motion is governed, in momentum
space, by the Hamiltonian Hy

Hd = Ze(k)czﬁck,g y

k,o

with the sum over k£ to be carried out over the whole Bril-
louin zone. Then the cza, Ck,o's are Fermi-like creation

and annihilation operators? on the Bloch state |k, o)

|k70> :C;ci_,a |0> ) ‘0> :Ck70|k70'> )
with |0) being the no electron state. Let us introduce
now the electron-phonon™“ coupling h._4

Re—p = % Z c;:’ack/,g (a;‘ + a_q) )

kKo

with ¢ =k — k and g4 x (cqu)_l/2 being the coupling
constant characterising the electron-phonon interaction.
Likewise, w, is the phonon frequency, while the a&ﬂ aq’s
are Bose-like creation and annihilation operators? on the
ng € N phonon state |ng)

a; Ing) = /ng+1lng+1) , aqlng) = /nglng—1).
Because of (k|he— ¢\k> = 0,Vk, k' with |k) =

c$+c g 0), k) = et +c . \0) we shall deal with
he,qg as a perturbation with respect to Hg, in order to
reckon (k |kb ) with |k}) denoting |k’) perturbed at second
order?Y, Accordingly, we first introduce the unperturbed
electron-phonon eigenstates

z [7q) + |1—q) O R
k;> =k ® , /> =k o -4 @
with ng, = n_; = n. Their respective energies read

E(k) = 2e(k) + nhiwg, E(k") = 2¢(k’) + nfuw,. Then we

reckon

(R|8) = g ((Flhe-ol o1 ) {1 Ihe—ol ")
 (Flhe-ol o) (o Ihesl K'))

pr=c et 100 © (B Ing+1) + ¥ g — 1)

%\n_q—Fl)—i-D—‘/’fmq—l)

13’2> and further project it onto ‘E>, which yields

)

- = C$,+ka,f 0) @

with Dy = €, —€pr £ hwy. The searched x 0 = N
is then inferred to read

(k [k2)

2n(T)+1) gg
Tk = 2 2 )
((er = ew)? = (y)?)
hwg -1
with n(T) = (eFsT — 1 being the thermal average
of ni,. Moreover it can be checked that zy 1 = xp k.

4

Thus, for ¢ not close to the Brillouin zone center (the
most likely occurence), there is xg s > 0, whereas
2,k < 0 can be found only for ¢ =~ 0. Likewise, though
the hereabove expression is redolent of one derived by
Froehlich!?, their respective significances are unrelated,
since Froehlich interpreted the self-energy of one electron
and one phonon bound together in terms of virtual tran-
sitions between various electron-phonon states, whereas
x5 refers to the dot product of two-electron-states.

Projecting the hermitian BCS Hamiltonian®®8 ff
onto the basis {|k2) , |k5)} yields

xT U ’
=2 (e 25+ e

%2
Hkg,k; <1+ kk/)

Ty k/U xi k!
Hyp iy =2 e + —F7— + w2 €k

Qfl}vk/ <€k + Ek’) ,

whence it can be concluded within the thermodynamic
limit (N — oo) that the diagonal matrix elements
Hj, ; remains unaltered by the electron-phonon coupling,
whereas U is slightly renormalised to U+2xy i (€5 + €xr).
Anyhow, since, as noted above, x5 > 0 is the most
likely case, it is hard to figure out how the phonon-
mediated isotope effect could lessen U, as concluded by
Froehlich?,

Because, in some materials, the observed isotope effect
does not comply with T,v/M = constant, it has been as-
cribed tentatively?! to the hyperfine?? interaction, cou-
pling the nuclear and electron spin, provided the electron
wave-function includes some s-like character. We shall
derive the corresponding zy i, by proceeding similarly
as above for the electron-phonon one and keeping the
same notations.

The Hamiltonian reads for nuclear spins = 1/2 in mo-
mentum space

H;, = \/*E Ck+C K, I +Ck Ck/+.[+ ,

kK’

with A being the hyperfine constant, + referring to the
two spin directions and ¢ = k + k’. Likewise, the
I+ = U“”i%’& with o, o, being Pauli’s matrices** char-
acterising the nuclear spin, operate on nuclear spin states
|£). Note that the term o o, has been dropped because
it turned out to contribute nothing to xj ;. The unper-
turbed eigenstates read

~ [+)g+1-) ~ [+)g+1-)
kY = |k ®M7 Y=\ —4 "9
F) =1 e =t )=)e——
Their respective energies are E(k) = 2¢(k), E(k') =
2¢(k’). Then xy i, (k|k5 ) read in this case
— A?

kaC, - _4(6k' Ck)

(h i) = 25 (Rl 0) (i |nl K7 )

o= C;+Ck,,+ 0) @ | =), + ¢y et [0y @ [4),



Except for having the opposite sign, z ;- has the same
properties as in case of the electron-phonon coupling,
which causes U to be renormalised to a slightly lesser
value.

IV. EXPERIMENTAL OUTLOOK

Three experiments, enabling one to assess the validity
of this analysis, will be discussed below. The first one ad-
dresses the determination of 37“, which plays a key role

for the existence of persistent currents® and the stability
of the superconducting phase (see Eq.(12] . As shown
elsewhere”, the partial pressure p(T' < T.), exerted by
the conduction electrons, and their associated compress-
ibility coefficient®? x(T) read

p=cpEr(c,) — Fu(cy) + CS“(CjB —&s(cs) =

dv :(28Ep+628u>

, (14)
X = Vdp n dc S dcg

with ¢, = ¢p(T),cs = ¢s(T) and V being the sam-
ple volume. For T' — T,., there is ¢s — 0, so that
it might be impossible to measure the contribution of
bound electrons o ¢? g" (0) to x in Eq. . Such a hur-
dle might be dodged by making the kind of differential
measurement to be described now. A square-wave cur-

vent [(t +t,) = I(t),Vt, such that I (te [%,0]) =

0,1 (t € [O, %P = I, (I. stands for the critical current),
is flown through the sample, so that the sample switches
periodically from superconducting to normal. Then us-
ing a lock-in detection procedure for the x measurement
might enable one to discriminate c? 6 against c2 %]ff ,
despite ¢s (T' — T,.) << ¢y, & ¢ and thence to check the
validity of Eq..

The validity of Eq. can be assessed by shining UV
light of variable frequency w onto the sample and mea-
suring the electron work function” w(7T < T,.) by observ-
ing two distinct photoemission thresholds wy = hw; =
Ep(T),wy = hwe = 2u(T), associated respectively with
single electron and electron pair excitation. Observing
wy = 2w would validate Eq.(T). Besides7 if ¢(T) is
known from skin-depth measurements'™, y(c,) could be
charted. Note also that, if such an experiment were to
be carried out in a material, exhibiting a superconduct-
ing gap E,, a large decrease of Ep from Ep(T,) down to

Er(0) = p(co) = € — E4 should be expected (e, desig-
nates the bottom of the conduction band).

For T > 10K, the electron specific heat is
overwhelmed” by the lattice contribution Cy, so that
there are no accurate experimental data“* for Cs(T).
Such a difficulty might be overcome by using again the
differential technique, described above. A constant heat
power W is fed into a thermally insulated sample, while
its time-dependent temperature T'(¢) is monitored. Thus
T(t) can be obtained owing to

with T = % Feeding again the square-wave current,
mentioned above, into the sample, while using the same
lock-in detection technique, could enable one to extract
Cs(T) — C,(T) from the measured signal T'(t), despite
Cy >> Cy,C,. Note? that Cyp,Cp, unlike Cs, do not
depend on the current I and C, can always be mea-

sured at low T and then extrapolated” up to T, thanks
to Co(T) = 51 p(Ep)T.

V. CONCLUSION

A criterion, warranting the stability of the super-
conducting phase, has been worked out and found to
agree with a prerequisite g—i < 0, established previ-
ously for persistent currents®, thermal equilibrium? and
the Josephson effect’®. The temperature dependence at
T — T, has been given for the specific heat, concentra-
tion and maximum current density, conveyed by super-
conducting electrons. At last, an original derivation of
the isotope effect has been given.

Due to the inequality Us 8“ < 0, shown elsewhere?, the

necessary condition 2 66 < 0 entails U >0, i.e. arepulsive
inter-electron force, such as the Coulomb one, is needed
for superconductivity to occur, if the Hubbard model is
taken to describe the correlated electron motion. Note
that, in the mainstream interpretation?®28 of the prop-
erties of high-T, materials, such a repulsive force is also
believed to be instrumental above T, but not below T,
due to the BCS assumption U < 0, although the na-
ture of the inter-electron coupling remains unaltered at
T.. Thence, the BCS model is found not to be consis-
tent with persistent currents®, thermal equilibrium® and
a stable superconducting phase, as shown hereabove, due
toU <0= “ - > 0.
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