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Motivation

Problem

1. Topological preservation by digitization process

2. Rigid motion in discrete space of Z2: topological and geometrical

properties of the transformed objects
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Motivation

Problem

1. Topological preservation by digitization process

2. Rigid motion in discrete space of Z2: topological and geometrical

properties of the transformed objects

Contributions

1. A class of objects, called quasi-regular, that allows the connectivity

preservation by digitization

2. Exact method for verifying quasi-regular polygonal objects via the

notion of medial axis

3. A framework of rigid motion in Z2 using polygonal representation of

digital object together with the quasi-regularity for the topological

and geometrical preservation
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Gauss digitization

Definition [Klette and Rosenfeld, 2004]

Let X ⊂ Rn, n ≥ 2. The Gauss digitization is defined as the

intersection of X with Zn:

X = X ∩ Zd

Digital topology of X is often non-coherent with the continuous topology

of X.
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Well-composed sets

Definition [Latecki et al., 1995]

A digital set X ⊂ Z2 is well-composed if each 8-connected component

of X and of its complement X is also 4-connected.
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r-regularity

Definition [Pavlidis, 1982]

A finite and connected subset X ⊂ R2 is r -regular if for each boundary

point of X, there exist two tangent open balls of radius r , lying entirely

in X and its complement X, respectively.
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r-regularity

Definition [Pavlidis, 1982]

A finite and connected subset X ⊂ R2 is r -regular if for each boundary

point of X, there exist two tangent open balls of radius r , lying entirely

in X and its complement X, respectively.

Proposition [Latecki et al., 1998]

If a finite and connected set X ⊂ R2 is r -regular, with r ≥
√

2
2 , then

X = X ∩ Z2 is a well-composed digital set.
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r-regularity

Definition (in mathematical morphology)

Let X ⊂ R2 be a bounded, simply connected object (i.e., connected

without hole). X is r -regular if it satisfies the following four properties:

(i) X	 Br is non-empty and connected

(ii) X	 Br is connected

(iii) X ⊆ X	 Br ⊕ Br

(iv) X ⊆ X	 Br ⊕ Br

where X = R2 \X; ⊕,	 are the dilation and erosion operators; and

Bt ⊂ R2 is the Euclidean ball of centre 0R2 and radius t.

By definition, polygonal objects are not r -regular for any r > 0.
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Generalization of r-regularity: quasi-r-regularity

Definition [Ngo et al., 2018]

Let X ⊂ R2 be a bounded, simply connected object (i.e., connected

without hole). X is r -regular if it satisfies the following four properties:

(i) X	 Br is non-empty and connected

(ii) X	 Br is connected

(iii) X ⊆ X	 Br ⊕ Br
√

2

(iv) X ⊆ X	 Br ⊕ Br
√

2
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Quasi-r-regular object and digitization

Proposition [Ngo et al., 2018]

Let X ⊂ R2 be a bounded, simply connected object. If X is

quasi-1-regular, then X = X ∩ Z2 and X = X ∩ Z2 are both

4-connected. In particular, X is then well-composed.

Verify the quasi-1-regularity of polygonal objects? ⇒ Medial axis
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Medial axis

Definition [Blum, 1967]

Let X ⊂ R2 be a closed, bounded set such that the boundary ∂X of X

is a 1-manifold. The medial axis of X is defined as the locus of the

centers of the maximal balls included in X:

M(X) = {x ∈ X | @y ∈ X,B(x , r(x)) ⊂ B(y , r(y))}

where B(y , r) ⊆ X is the ball of center y and radius r ∈ R+.
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Medial axis

Definition [Blum, 1967]

Let X ⊂ R2 be a closed, bounded set such that the boundary ∂X of X

is a 1-manifold. The medial axis of X is defined as the locus of the

centers of the maximal balls included in X:

M(X) = {x ∈ X | @y ∈ X,B(x , r(x)) ⊂ B(y , r(y))}

where B(y , r) ⊆ X is the ball of center y and radius r ∈ R+.

By definition, we have M(X) ⊆ X and

X =
⋃

x∈M(X)

B(x , r(x))
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Medial axis

Definition [Blum, 1967]

Let X ⊂ R2 be a closed, bounded set such that the boundary ∂X of X

is a 1-manifold. The medial axis of X is defined as the locus of the

centers of the maximal balls included in X:

M(X) = {x ∈ X | @y ∈ X,B(x , r(x)) ⊂ B(y , r(y))}

where B(y , r) ⊆ X is the ball of center y and radius r ∈ R+.

We define the λ-level medial axis, noted Mλ(X), by

Mλ(X) = {x ∈M(X) | r(x) ≥ λ}

In particular, λ1 ≤ λ2 ⇒Mλ2 (X) ⊆Mλ1 (X), and M0(X) =M(X).

We also define

Mλ2

λ1
(X) = {x ∈M(X) | λ1 ≤ r(x) ≤ λ2}
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Properties of medial axis

Proposition [Lieutier, 2004]

X and M(X) have the same homotopy type, and noted X_M(X).

Proposition [Serra, 1983]

Let Bλ be the ball of center 0R2 and of radius λ ≥ 0. We have

X	 Bλ =
⋃

x∈Mλ(X)

B(x , r(x)− λ)

X⊕ Bλ =
⋃

x∈M(X)

B(x , r(x) + λ)

M(X	 Bλ) =Mλ(X)

We now verify the quasi-1-regularity of polygonal objects via the notion

of medial axis.
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Verification of quasi-1-regularity

Property

Let X ⊂ R2 be a bounded, simply connected polygon. If

M(X) _M1(X) and M(X) _M1(X) then

(i) X	 B1 is non-empty and connected

(ii) X	 B1 is connected
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Verification of quasi-1-regularity

Let Y ∈ {X,X} and M ⊆M1
0(Y ) a connected component of M1

0(Y ).

M contains a set of k points, noted zi (1 ≤ i ≤ k), with r(zi ) = 0 (they

are convex vertices of the polygon Y ), and a point y with r(y) = 1.

Let (P) : ∀1 ≤ i ≤ k , ‖y − zi‖2 ≤
√

2. We have

(P)⇒
⋃
x∈M

B(x , r(x)) ⊆ Y 	 B1 ⊕ B√
2
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Verification of quasi-1-regularity

Let Y ∈ {X,X} and M ⊆M1
0(Y ) a connected component of M1

0(Y ).

M contains a set of k points, noted zi (1 ≤ i ≤ k), with r(zi ) = 0 (they

are convex vertices of the polygon Y ), and a point y with r(y) = 1.

Let (P) : ∀1 ≤ i ≤ k , ‖y − zi‖2 ≤
√

2. We have

(P)⇒
⋃
x∈M

B(x , r(x)) ⊆ Y 	 B1 ⊕ B√
2

Proposition

Let X ⊂ R2 be a bounded, simply connected polygon. Let us suppose

that M(X) _M1(X), M(X) _M1(X) and that for each connected

component of M1
0(X ) and M1

0(X ), property (P) holds. Then, X is

quasi-1-regular.
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Quasi-1-regularity verification method

The method consists in verifying the following two conditions:

1. M(X) _M1(X) and M(X) _M1(X)

2. (P) holds for each connected component of M1
0(X) and M1

0(X).

CGAL is used for computing the medial axis of the polygons.P. Ngo - N. Passat - Y. Kenmochi Quasi-regularity based on medial axis analysis
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Rigid motion in R2

Definition

A rigid motion is a bijection defined for any x = (x , y) ∈ R2, as

T (x) =

(
cos θ − sin θ

sin θ cos θ

)(
x

y

)
+

(
a

b

)

where a, b ∈ R and θ ∈ [0, 2π[.
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Rigid motion in Z2

Definition

A digital rigid motion on Z2 is defined for any p = (p, q) ∈ Z2 as

T (p) = D ◦ T (p) =

(
[p cos θ − q sin θ + a]

[p sin θ + q cos θ + b]

)

where D : R2 → Z2 is digitization (a rounding function).
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Problems induced by rigid motion on Z2

Topological and geometrical alteration by point-wise rigid motion on Z2.
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Digital rigid motion preserving topology and geometry

Proposed method

Approach via polygonization:

• polygonal representation of digital object for the overall shape

preservation of the object by the transformation

• quasi-1-regularity for topology preservation by the digitization

• exact calculation considering rational rigid motions

Polygonization (Re)digitizationRigid motion 

P. Ngo - N. Passat - Y. Kenmochi Quasi-regularity based on medial axis analysis



Motivation Background notions Quasi-regularity and its verification Application: Rigid motions on Z2 Conclusion

Digital rigid motion preserving topology and geometry

Proposed method

Approach via polygonization:

• polygonal representation of digital object for the overall shape

preservation of the object by the transformation

• quasi-1-regularity for topology preservation by the digitization

• exact calculation considering rational rigid motions

Polygonization (Re)digitizationRigid motion 

P. Ngo - N. Passat - Y. Kenmochi Quasi-regularity based on medial axis analysis



Motivation Background notions Quasi-regularity and its verification Application: Rigid motions on Z2 Conclusion

Experimental results
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Experimental results
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Conclusion

Present work

1. Exact method for verifying quasi-1-regularity of polygonal objects

using medial axis

2. Application in rigid motion in Z2 for preservation of both topology

and geometry

Perspectives

• Polygonization methods for digital objects

• Repairing non-quasi-regular objects using medial axis

• Multi-resolution approaches for the limit case of quasi-1-regularity

• Extension of the proposed method in 3D
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Thank you for your attention !

Any question ?
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Polygonization methods

Polygonal representation

The properties to satisfy for the calculation of the polygonal

representation P(X) of X:

• reversibility: P(X) ∩ Z2 = X

• polygon’s vertices with rational coordinates (for exact calculus)

For a given X ⊂ Z2, different results can be obtained from different

polygonization techniques

• Convex objects: convex hull + half-plane representation

• Non convex objects: methods based on object contour

(decomposition into convex parts, tree of concavities, . . . )
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