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ABSTRACT

Quasi-regularity has been proved to be a sufficient condition for
simple-connectedness preservation during the digitization process of
2D continuous objects. The original definition of quasi-regularity re-
lies on set-based morphological operations of erosion and dilation.
With this definition, quasi-regularity is algorithmically difficult to
assess. In this paper, we propose a tractable framework for quasi-
regularity verification, especially designed for polygons. Our ap-
proach mainly relies on the computation and analysis of the medial
axis of these objects, and determines their potential quasi-regularity,
and thus their ability to undergo a digitization without alteration of
their topological properties. The framework is applied in the context
of topology-preserving rigid motions of digital objects.

Index Terms— Quasi-regularity, polygonal objects, medial
axis, topology preservation, rigid motion.

1. INTRODUCTION

A digital object X C Z? is often the result of a digitization process,
namely sampling or quantification, applied on a continuous object
X C R?. Because of this process, the resulting object may have
different properties than those of the original continuous one. This
article addresses topological properties of objects in the case of the
Gauss digitization D [1]. In this context, some studies were pro-
posed for providing topological guarantees by D. Pavlidis, in the
1980s, can be considered as the pioneer of the topology-preserving
conditions of digitized objects. More precisely, he introduced in [2]
the notion of r-regularity, and established the topological links be-
tween a continuous shape and its digitized counterpart. However, he
was interested in the “smooth” objects, i.e. with boundaries having
differentiable properties. Later, Stelldinger and Terzic presented in
[3] a generalization of r-regularity, named r-halfregularity, which
includes objects with non-differentiable boundaries. It was shown
that the r-halfregularity allows a topologically correct digitization
using an additional repairing step. Recently, a morphology-based
notion, called quasi-r-regularity, was proposed in [4] and further
formalized in 2D in [5]]. A preliminary extension in 3D was pre-
sented in [6]. This notion provides sufficient conditions for simple-
connectedness preservation by D. It was presented together with a
rigid motion model that allows to preserve topology and some geo-
metrical properties of digitized objects.

However, no algorithmic framework was given for quasi-
regularity verification. Based on the relations between the quasi-
regularity and the notion of medial axis, we propose hereafter
such framework, dedicated to polygonal objects, frequently used in
image analysis or computer graphics. An application for topology-
preserving rigid motion of digital objects is also proposed.

Fig. 1: From left to right: an object X C R?; its Gauss digitization,
X = X N Z?; and the digital object X represented by pixels. X and
X are not topologically equivalent (X is connected but X is not).

2. PRELIMINARIES

2.1. Gauss digitization

Let X C R", n > 2. Digitization can be defined as a process of
transforming X into a discrete set. In this work, we consider the
Gauss digitization [1I], which is the intersection of X with Z":

X=Xnz" 1)
The obtained object X C Z" is called a digital object. 1t is a subset
of Z™ (finite if X is bounded). In 2D and from an imaging point
of view, X C Z? can be seen as a set of pixels, i.e. unit squares
corresponding to the Voronoi cells of Z? in R?. The structure of X
can be defined in various topological frameworks which are mainly
equivalent [[7] to that of digital topology [8]. Due to the approxima-
tions induced by the digitization process from R? to Z2, the (digital)
topology of X is often not equivalent to the (continuous) topology of
X. As illustrated in Fig.[T} when a 2D connected object is digitized,
its connectedness is not always preserved.

2.2. Quasi-regularity

We now recall the notion of quasi-r-regularity [S|] for objects whose
boundaries are not necessarily differentiable.

Definition 1 (Quasi-r-regularity [5]) Lerr > 0. Let X C R% be a
bounded, simply connected object (i.e. connected without hole). X
is quasi-r-regular if it satisfies the following four properties:

(i) X © By is non-empty and connected
(i1) X © B, is connected
(i) X C X © B, ®B,
(v) XCXOB-®B, 5

where X = R? \ X, @, S are the dilation and erosion operators
[9]; and By C R2? is the Euclidean ball of centre Og2 and radius t.



In practice, the value » = 1 is used for considering quasi-r-regularity
(then called quasi-regularity, for short). Quasi-regularity was proved
to be a sufficient condition for preserving the simple connectedness
of continuous object by the Gauss digitization.

Proposition 2 ([S]) Let X C R? be a bounded, simply connected
object. If X is quasi-regular;, then X = X N7Z* and X = X N 7>
are both 4-connected.

The used notion of 4-connectedness usually considered in digital
topology [8]] is the equivalence relation derived from the 4-adjacency
in Z? (p,q € Z? are 4-adjacent if ||p — q|| = 1).

Note that from Prop. [2} it derives that X and X are not only sim-
ply connected, but also well-composed [[10].

Quasi-regularity is then a sufficient condition for guaranteeing
the topological preservation of a simply connected object when it
undergoes a digitization process from R? to Z2.

2.3. Medial axis

Let X C R? be a closed, bounded set such that the boundary 60X
of X is a 1-manifold. We note B(y, r) the Euclidean ball of center
y € R? and radius 7 € Ry. Letz € X. We set r(x) € Ry as the
radius of the maximal Euclidean ball of center x, included in X :
r(x) = max{r | B(z,r) C X} (2)

Blum defined the medial axis M (X) of X as the set of points in X
having more than one closest point on its boundary 0.X [L1]:

M(X)={z € X | |B(z,r(z))NdX| > 1} 3)
Alternatively, the medial axis of X can be defined as the locus of the
centers of the maximal balls included in X:

M(X)={re X |By e X,B(z,r(z)) C Bly,r(y))} @
The slight difference between these two definitions lies in the case
of non-differentiable points of X. For such points, the maximal
Euclidean ball has a null radius. As a consequence, these points
belong to the medial axis w.r.t Eq. (@) but not w.r.t Eq. (). However,
both medial axes are equal up to closure.

From the very definition of medial axis, we have M(X) C X

and:
U Bl r@) )

zeEM(X)

X:

In other words, X can be reconstructed from M (X ). We now define
from M (X) the A-level medial axis, noted M (X), as:

Mu(X) ={z e M(X) | r(z) = A} (©)
In particular, we have A1 < A2 = M, (X) € My, (X), and
Mo (X) = M(X). We can also define:
M2(X) = {z € M(X) | M < 7(2) < Ao} @)
We state two important results that will be used in the sequel.
Proposition 3 ([12]) X and M (X)) have the same homotopy type.

In [12]], the property is established for X open. Here, it remains valid
for X closed, since we assume that X is a manifold. From now on,
we denote X —~ Y if X and Y have the same homotopy type.

Proposition 4 ([9]) Let By be the Euclidean ball of centre Og2 and
radius A > 0. We have:

XoBi= |J Br@) -) 8)
zEM ) (X)
X®By= |J Blxr)+2N )

reEM(X)
M(X © By) = My (X) (10)

3. QUASI-REGULARITY WITH MEDIAL AXIS

The above notions are valid for general objects of R%. From now on,
we focus on polygonal objects. Our purpose is to assess the quasi-
regularity of such objects, in order to know if they may preserve their
topological properties when undergoing a Gauss digitization. Such
verification is indeed difficult based on Def. |I|, in particular since
conditions (#7¢) and (iv) require to compute the erosions and dila-
tions of sets and to compare them with respect to inclusion. To tackle
this issue, we propose to rely on the medial axis as a way to model
these polygonal objects. Using this paradigm, we present hereafter
a way of assessing the quasi-regularity of a polygonal object, thus
leading to a tractable algorithm (Sec. [d).

Property 5 Let X C R? bea bounded, simply connected polygon.
IfM(X) ~ M1(X) and M(X) ~ M1(X) then conditions (7)
and (i4) of Def.[I|hold.

Proof Let us suppose that M(X) —~ Mi(X). We have X —~
M(X) (Prop.[3), M(X) —~ Mi(X) by hypothesis, M1 (X) =
M(X & B1) (Eq. (I0)), and M(X © B1) ~ X & By (Prop.[3).
Since X is non-empty and simply connected by hypothesis, it fol-
lows that X © By is non-empty and connected; then (¢) holds. If we
assume M(X) —~ M;(X), the same reasoning holds for X chosen
sufficiently largeﬂ and connected. [J

In the sequel, Y can be either X or X. Let us consider the object
Y o B1 =Y © B1 & Bi, namely the opening of Y by B;. From
Prop.[4] it is plain that:

YoBi= |J Bar@)CY (11)
zeM1(Y)

Let us define the top-hat of Y as T, (Y) = Y \ (Y o Bi). From
Egs. () and (TT), we have:

Ts,(Y)C |J B r(@) (12)
zEMB(Y)

Let M C ME(Y) be a connected component of M(Y"). From
Prop. [5| there exists a unique point y € M such that r(y) = 1.
Since Y has a polygonal shape, the set M contains k terminal points
(k > 1), namely points z; (1 < ¢ < k) such that r(z;) = 0. These
points are convex vertices of the polygon Y.

We set C(M) C R? as the convex hull of B(y,1) U {z}F;.
Then, we have:

U B, r(x)) € c(m) (13)
zeM
In particular, if we assume that (P) V1 < i < k, |ly — 2|2 < V2,
it follows that C(M) C B(y, v/2). Since y € Y © By, we have:
(P)= |J Bla,r(x)) CYOBi® B (14)

rzeM
From Egs. (T2) and (T4), we then obtain the following result.

Proposition 6 Let X C R? be a bounded, simply connected poly-
gon. Let us suppose that M(X) ~ M1(X), M(X) ~ M1(X)
and that for each connected component of M§(X) and M(X),
property (P) holds. Then, X is quasi-regular.

In order to handle the medial axes for both a polygonal object X and
its (infinite) complement X, we will consider only a part of X bounded,
but “sufficiently large” with respect to X, so that the notions and properties
related to quasi-regularity remain unaltered. For instance one can intersect
X with a square centered on X with a size as large as required by the user,
which will correspond in general to the finite support of a digital image.
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Fig. 2: Examples of quasi-regular and non-quasi-regular polygons.
First column: the polygon X; C R? surrounded by a black polyg-
onal line and its Gauss digitization X; = X; N Z? (grey pixels).
X, and X; have the same topology; this is not the case for X»
and X2 (resp. X3 and X3). Second column: quasi-regularity anal-
ysis based on Def. |1} in blue: X; © B (condition ()), in green:
X; © B1 © B, /5 (condition (44i)). Only X is quasi-regular, it sat-
isfies (¢) and (i42); Xo satisfies neither (¢) nor (4i7); X3 satisfies
(%) but not (¢iz). Third column: quasi-regularity analysis based on
Prop. @ in blue: M1 (X), in green: MG(X), in red: some balls
B(y,/2) for certain points y with 7(y) = 1. X1 satisfies Prop. @
X> does not (M (Xz2) is not connected); X3 does not ((P) is not
satisfied).

Proposition [6] provides sufficient conditions for establishing the
quasi-regularity of a polygonal object X; see Fig.[2} They are not
necessary conditions because X may be quasi-regular even if (P) is
not satisfied for some of the connected components of M (X) or
MG(X). Such cases, however, correspond to tortuous shapes of X,
which are rarely seen in usual applications. In other words, Prop. [f]
provides us with a reasonable way of determining that a polygonal
object is quasi-regular.

4. QUASI-REGULARITY VERIFICATION METHOD

Based on Prop.[6] we present hereafter a method to assess the quasi-
regularity of a polygonal object X C R? using the medial axes
M(Y) (with Y € {X,X}). From Prop. @ it consists of verify-
ing the following two conditions:

(a) M(Y) ~ M;(Y)
(b) (P) holds for each connected component of M§(Y").

The process is summarized in Alg. [T}

By construction, the medial axis of a polygon is represented by
a planar graph structure [13|], where vertices are incident to edges
whose embeddings in R? are either straight segments or arcs of
parabolas. The radius function r(-) along the straight segments and

Algorithm 1: Quasi-regularity verification

Input: A simply connected polygonal object X C R2
Output: A Boolean indicating whether X is quasi-regular
1 forY € {X, X} do
if not (M(Y) ~ M1(Y)) then return false
foreach connected component M € M}(Y) do
Lety € M st. r(y) =1
foreach z; € M s.t. r(z;) = 0do
| if||ly — z||3 > 2 then return false

N I SRV I N

7 return true

along the half-arcs of parabolas is monotonic. In this work, we use
the package Segment Delaunay Graphs, proposed in CGAL [14] for
exact computation of the medial axis of polygons. It allows us to
extract the analytic expression for each graph edge as well as the as-
sociated radius function r(-). This is useful for computing M1 (Y)
from M(Y') and finding the unique point y of each connected com-
ponent M of M§(Y'). From the graph structure of M(Y'), we can
also extract the k vertices z;, 1 < i < k, for each M.

In order to verify (a) the homotopy-type preservation between
M(Y') and M (Y) (Line 2 of Alg.[T), we rely on the Euler charac-
teristics x = bop — b1 where b (resp. b1) is the number of connected
components (resp. cycles) of the graph. On the one hand, M (X) is
simply connected, i.e. x(M (X)) =1 — 0 = 1. On the other hand,
M(X) is connected with one cycle, i.e. x(M(X)) =1—1=0.
By construction, any part Z of M(Y") satisfies bo(Z) > bo(M(Y))
and b1(Z) < bi(M(Y)), thus x(Z) > x(M(Y)), and we have
X(Z) = x(M(Y)) iff by and by are the same for both, i.e. Z and
M(Y') have the same homotopy type. It is then sufficient to check
X, which can be computed as x = |V| — |E|, where V and E are
the sets of vertices and edges of (the graph structure of) the medial
axis, respectively.

In order to verify (b), i.e. that the property (P) holds for every
connected component M C Mé(Y), it is sufficient to evaluate the
square of the Euclidean distance between the point y € MNM1 (Y
and any of the points z; € MNMJ(Y), as stated in Line 6 of Alg.

Computing the medial axes has a complexity of O(nlog®n),
with 7 is the number of vertices of the polygon [15]. Checking (a)
has a complexity O(m), with m the number of vertices of the me-
dial axes, which is in the same order as n. Thus it can be also written
as O(n). As checking (b) has a complexity O(n), the overall com-
plexity is then O(nlog® n).

5. APPLICATION CASES

Quasi-regularity characterized in Def. [T] provides a theoretical way
of guaranteeing the preservation of homotopy type between a con-
tinuous object X C R? and its digital analogue X = D(X) C Z?
obtained by Gauss digitization D. From a practical point of view,
Prop. [f] and the induced Alg. [I] provide an algorithmic way of as-
sessing the quasi-regularity of X C R? whenever X is a (simply
connected) polygonal object.

We can then consider quasi-regularity as a topological tool
which is useful when a polygonal object has to be digitized. This is
especially the case during rasterization procedures [16], which are
frequent and crucial tasks, e.g. in computer graphics applications or
digital image construction.

Beyond such polygon-to-pixel applications, quasi-regularity can
be also useful for pixel-to-pixel applications, in particular when con-



sidering digital geometric transformations. Indeed, defining “cor-
rect” geometric transformations from Z?2 to Z? is not a trivial task.
Even for simple transformations, such as rigid motions (i.e. rotations
composed with translations), this correctness is hard to reach, espe-
cially with regard to topology preservation [[17,[18].

The notion of quasi-regularity can allow us to tackle this issue
by handling such polygon-to-pixel procedures via pixel-to-polygon-
to-pixel strategies. Given a digital object X C Z? and a (continuous)
rigid motion R : R? — R?, a common problem is to determine a
digital object X5y C Z? that fits at best the object 93(X) = {9 (z) |
x € X} which is a subset of R? but most of the time not of Z>.

A possible solution relies on two steps: (1) defining a polygon
P(X) which is a relevant representation of X and (2) digitizing the
image of this of polygon P(X) after the rigid motion. More formally,
Wwe may compute:

Xor = D(R(P(X))) (15)

Step (1) is a pixel-to-polygon process, whereas Step (2) is a polygon-
to-pixel one (actually a rasterization process).

The choice of P(X) from X is of course, not unique. In our
experiments, we considered that a “good” polygonalization should
be reversible (i.e. D(P(X)) = X), preserve the topology (a simply
connected digital object should lead to a simple polygon) and should
lead to a polygon with rational-coordinate vertices.

Since we have X —~ P(X) by construction and P(X) —~
R(P (X)) by definition, it is sufficient to guarantee that 5R(P (X))
(or equivalently, P(X)) is quasi-regular to ensure that Eq. (T3) de-
fines a homotopy-type preserving digital transformation between the
digital objects X and Xgo.

6. EXPERIMENTS

In our experiments, we mainly dealt with the digital rigid motion
problem of Eq. (I3). Without loss of generality we considered rigid
motions R with rational values for their translation part and rotation
angles built from Pythagorean triples [[19]. This choice was not pe-
nalizing, due to the high density of such rigid motions. In addition, it
allowed us to maximize the parts of the experiments carried out with
exact calculation (and thus without numerical errors). Regarding
the polygonalization, we considered the approach based on [} [20].
For the digitization step, we used a ray-tracing based approach [21]],
namely the crossing number algorithm [22], to compute the Gauss
digitization of the transformed polygon.

Some experimental results are illustrated in Fig. [3] Three com-
plex digital objects X are represented by polygons P(X) satisfying
the required properties (reversibility, topology). These polygons are
then proved quasi-regular thanks to Alg. [T} via their medial axis
analysis. Their images by rigid motion can then be computed from
Eq. (T3) with guarantees of homotopy-type preservation.

Reversely, Fig. [] illustrates the possible topological conse-
quences of non-quasi-regularity. One can observe two polygonal
objects that are not quasi-regular. The digital objects induced by
their Gauss digitization present topological properties that vary de-
pending on the rigid motion applied beforehand, emphasizing the
non-necassary preservation of the homotopy type.

7. CONCLUSION AND PERSPECTIVES

In this article, we proposed an algorithmically tractable way of veri-
fying the quasi-regularity of continuous objects consisting of simple
polygons, based on the analysis of their medial axes. This allows,
in particular, to guarantee topological preservation properties when

Fig. 3: Left: input digital objects X C Z2. Middle: polygonal
representations P(X) in black, and the induced medial axes, that
allow to prove the quasi-regularity from Alg. [I] Right: resulting
digital objects Xg obtained from Eq. (I3) for various rigid motions
2R : R? — R2. The homotopy-type of Xg; is then equal to that of X.

W

Fig. 4: Left: polygonal objects P (in black) which do not satisfy
Prop. @ In blue, M;(P). In green, M{(P). In red, the points
where (P) is not satisfied or where disconnections occur. Middle:
digital objects X obtained by Gauss digitization of P with the same
homotopy-type as P. Right: digital objects X obtained by Gauss
digitization of P (up to a topology-preserving rigid motion) with a
different homotopy-type than P.

carrying out non-trivial operations such as rasterization or digital
geometric transformations. Perspective works will consist of eval-
uating quasi-regularity for more complex objects, e.g. hierarchies of
nested polygons. Longer term research will also deal with potential
extensions of this approach to higher dimensions.
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