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Asymptotic of the eigenvalues of Toeplitz matrices with even
symbol

Philippe Rambour*

Abstract

In this paper we consider an interval [0, 2] C]0, 7| and f a periodic and even function
in C*([0,27]) such that f(6) € [f(61), f(f2)] < 6 € [#1,02]. Then we obtain a higher
order asymptotic formula for all the eigenvalues of the Toeplitz matrix T (f) as N — +oo
which belong to [f(61), f(62)].

Mathematical Subject Classification (2020)
Primary 47L80 ; Secondary 47A08, 47A10, 47A15, 47G30.

Keywords Toeplitz matrices, operator eigenvalues.

1 Introduction and statement of the main results

If T = R/27Z and h € L'(T) we denote by T (h) the Toeplitz matrix of order N with symbol
h. It is the (N +1) X (N + 1) matrix such that, for N > k,1 > 0, (In(h))gy141 = h(k —1)

where h(u) is the Fourier coefficient of order u of h ([16, 9]). For a real valued function &
the matrix T (h) is a Hermitian Toeplitz matrix. We here consider a symmetric Toeplitz
matrix, which is equivalent to assuming that the symbol h is an even function and we denote
by )\5\1,) < )\S\?) <. < )\%VH) the eigenvalues of Ty (h). This paper adresses the asymptotic
behavior of the eigenvalues of T (h) as N goes to infinity. This is a topic which has attracted
mathematicians and physicists for a long time. Toeplitz matrices and their relatives emerge in
particular in statistic [10, 5] and in statistical physics [3, 4].It is known from a long time that
Toeplitz matrices are useful for providing Green’s kernels for studying the solutions of certain
differential equations ([27, 23]), and also for discretizing differential operators with finite dif-
ferences [19]. Finally, these matrices are used in more recent fields, such as Ising models [11]
and iso-geometric analysis [15]. The questions about the asymptotic behavior of their spectral
characteristics, especially their determinants, eigenvalues, and eigenvectors, are always at the
heart of the matter. We refer to the papers [11] for an extensive list of references. According to
the first Szegé limit theorem (see [16]) the eigenvalues of T (h) are asymptotically distributed
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as the value of h; see [16] for L symbols, [31] for L' symbols, and [29, 30] for more general
situations. In the Hermitian case extensive works has been done on the search for eigenvalues
(or the extreme eigenvalues) of Toeplitz matrices [32, 16, 26, 25, 20, 22, 21] and more recently,
for instance, [6, 7, 2, 14, 13, 8].In [6] the authors give an asymptotic expansion of order 2
for the eigenvalues of a Toeplitz matrice with smooth simple-loop symbol, the results of this
article are the closest to ours, but the techniques are different. [7] is a good reminder of the
various results obtained on the eigenvalues of Toeplitz matrices with polynomial symbol. In
[2] M. Barrera, A. Béttcher, S. M. Grudsky and E. A. Maximenko show that the eigenvalues
of the matrix Ty (4(1 — cos#)?) cannot have an asymptotic expansion to order 4. For banded
Toeplitz matrices or block symmetric Toeplitz matrices, the reader is referred to [14, 13]. Here
we consider real symbol. For complex symbols an alternative to our results is given in [12]
The results of Theorem 1 are consistent with those of Theorem 2.3 of [6]. But the method
of proof is different and the statement concern functions which are outside the framework of
[6]. On the other hand Theorem 1 indicates that the problem of the eigenvalues of Toeplitz
matrices is a local problem, related to the variation of the function which is the symbol of the
matrix.
Here we denote by AT ([0,27]) (resp. A~ ([0,27])) the set of even differentiable periodic func-
tions of period 2, such that f/(6) > 0 (resp. f'(6) < 0) for all § in ]0, 7[.
More generally [601,02] C|0, 7| we say that f € AY ([61,602]) (vesp. f € A~ ([61,62]) if f is a
differentiable, 27 periodic, and even function such that f/(#) > 0 (resp. f’(6) < 0) for all
0 € [01,6:] and also f(0) € [f(61), f(62)] <= 0 € [01,02] (vesp. [f(0) € [f(62), f(01)]
0 c [91, 92])
For v > 0 we denote by W" the Weighted Wiener algebra of all functions ¢ : T — C which
admits the representation v(t) Z »(j tJ whose Fourier coefficients satisfy

JEZ

I/l =Y 1G] (41 +1)” < oo

JEZL
Now for f € AT ([01,02]) we define the functions

I gl f(el)_f(eﬂ)
H (.67 = (1 —cosf) — (1 —cos@”)

for (¢,0") € [0,7]?
and

2 ln ( ) 27r1n )
p(0) = PV/ ) PV/ o~ H@ =gt for 6 € [0, 00

Lastly for an interval [a, b] C [0, 62] and N an integer we denote by k, n and kj y the integers
such that : kq N = mm{k:|N+2 € [a,b]}, kp v = max{k‘]N+2 € [a,b]}. We have also to define
the two functions

and
lt) = £/ () + 57 (Dol

Now we can state our main result and an easy consequence.



Theorem 1 Let f in C*[0,27] be such that f € AT ([01,602]) for an interval [61,02] CJO,7[.
Then for all interval [a,b] Clb1,02] and for a sufficiently large integer N we have the two
following statements.

1. For all eigenvalue X of Tn(f) in [f(a), f(b)] we have a single integer k in [ko, N, ko, N]

such that A = 5\5\]?) + 0 (m), uniformly in A with

km km
AW Z g km N “a (m) n €2 (m)
NoPAN +2 (N+2)  (N+2)2
2. For all k € [kq N, ky n] the matriz Tn(f) has a single eigenvalue X in [f(601), f(62)] such

that A = 5\55) +0 <ﬁ) uniformly in k.
Remark 1 Similar results to Theorem 1 holds for the case where f in A~ ([01,602]) for an
interval [01,02]) C|O, .
(k)

Remark 2 In Theorem 1 the eigenvalue \ = 5\5\];) + O((NJIFQ)Q) is not necessarily Ay’ .

Remark 3 If we consider the functions 1, : 0 — (1 — cos0)“c(0) where a > 2 and ¢ a even
positive function such that ¢ € C*[0,27] and asin (1 — cos)*Lc(f) + (1 — cos )2 (0) > 0
for all 6 € [0, 7] we can remark that Theorem 1 provides all the eigenvalues of the functions
of Yo in [Ne,m — €] for all € > 0, that is an extension of the main results of [8].

Remark 4 Revisiting the proof of Theorem 1, one can show that under the assumption f

in C3(]0,27]) we obtain an analogous version of this Theorem with the formula A = )\El\;) +

(@] ((}\?ié\g2> , with

k) km Cl(NLIQ)

AN _f(N+2) (N +2)

where the function ¢y is as in Theorem 1.

Our result can also be compared with that of Trench [28] where it is proved that for this
class of symbols the eigenvalues are all distinct.
To conclude we can remark that a tiny modification of the proof of Theorem (1) allows us to
obtain the following Theorem which is in fact Theorem 2-3 in [2].

Theorem 2 Let f in C*[0,27] be such that f € A" ([0,27]), f”(0) > 0 and f"(r) <0, then
for a sufficiently large N we have

km

A%)_f( - )+Cl € +CQ<N+2> +O<(1>

N+2 (N+2) (N +2)2 N +2)3

uniformly in k =1,2,--- | N and with ¢1 and co defined as previously:
Lastly we have to recall the following definition

Definition 1 We denote by H is the set of all functions ¢ in L?(T) whose Fourier coefficients
satisfy ¢(j) = 0 for all j < 0.

Lastly in the rest of this paper we denote by x the function 6 — €%,



2 Proof of Theorem 1

2.1 Prelimiaries

In this proof we have to use the following Theorem which provides an inversion formula for a
family of Toeplitz matrices.

Theorem 3 Let Pyy1 a trigonometric polynomial with degree N + 1 and without zeros on
the united disc D. Let w = rYo, 0 < r < 1, |xo| = 1 and also f. = gige, with g1 =
xo(1 — wx)(Pyy1)~! and g2 = (1 — wy) (m)il. Then for all polynomial P in Py =
vect{1,x, -, XV} we have

To(5) 7 (P) = . <;) - (%i (i}, Ho ) s <<I>N7T+ (; ))) .

with
(?N = %XNJ'J:
QN = %X_(N—i_l)’
H@N(\I/) = TF_(CI)N\I/)
i (0) = o (@x0)

for U e HT, (resp. U € (H+)J‘) and where w4 (resp. w_) are the orthogonal projection on
H* (resp. (HT)").

The reader can see [24] for the statement and the proof of Theorem 3. In the appendix of
this article we briefly recall how to use it to calculate ((TN)*I( fo)) (L) where the symbol fy
is defined by fo = xo0 (1 — xox) (1 — XoX) | P Pyl The equation (27) gives the expression of

(Tn)~( fo)) ) We use this expression to obtam the equation (4) which is a fundamental

tool of our proof

Always to obtain (4) we have to use the fundamental property of the predictor polynomials
which is the property (1). Before stating this property, we need of course to recall the definition
of the predictor polynomial and its main property.

Definition 2 The predictor polynomial of degree M of a regular function h is the trigono-
metric polynomial Ky defined by

M
KM Z k+1 1Xk
k=0 M(h))l 1

Property 1 For all integers j, such that —M < 57 < M we have

o —

(7 ) ) =00

Property 2 Ky(e) # 0 for all § € R.

We have also the useful property



Finally, consider the scalar product defined on Py by (P|Q) = 027r P(0)Q(6)h(0)do and let’s

denote ®g, ®q,--- , Pps the orthogonal polynomials for this scalar product. Then the predictor
polynomials of degree 0,1,---, M are closely related to these orthogonal polynomials by the
relation

(1
Kj(z) =2 <z) Vi,0<j<M and Vz#0.

The reader can consult [18] for the predictor polynomials.

We can now begin the demonstration of the theorem.

This demonstration is divided into three parts. In the first part we obtain the equation (9)
whose solutions are of the form f~!()\) where the reals A are the eigenvalues of f belonging
to [01,02]. In the second part we obtain an integral expression for the py functions involved
in this equation, which gives us the uniform convergence of the py in [f1,62] to a continuous
function p. The py are therefore uniformly bounded, allowing us to locate the solutions of
(9). In the third part, we study the smoothness of the function p, and use Taylor’s theorem
in (9) to obtain the asymptotic formula stated in Theorem.

2.2 Equation for the eigenvalues

Using the assumptions we can write f(0) = f1(1 — cosf) where f; is a differentiable function
strictly increasing on [0,2]. For all A in [f(81), f(f2)] we put 8y = f~1(\) and X = f; (),
that means ) = arccos(1 — ), and 6, € [0, 7].

Remark 5 In the next of the proof we denote by Iy, g, the set [f(61), f(02)].

For X\ € Iy, g, we have
fO) = A= fi(1l —cosf) — A= ((1 —cosf) — (1 —cosby)) Hx(0)
where H)y : 0 — H(0,0)) is a regular function on [—m,7|. We can write

1

(1 —cosf) — (1 —cosfy) = (1—cosf) — XN == (|1 —x|* —2X\). (1)

[\ )

If xx = e* we have y) = (1 — X) +iy/1 — (N — 1)2 and we can write the equation (1) as

(1~ cos6) — (1~ cosf) = ~ a1 = )1 — a0 (2)

Denote by Pyy1. the predictor polynomial of Hy. The property (1) allows to write the
equation

Tiv (1 - cos0) — (1 — cos 03)) Hy) = Ty (—;@(1 (- m)ujjvjlw) B

For a fixed integer N we denote by T1 n,x the quantity ((Tn(f) — AMn)™"), |-
Since Tn(f) — Ay is a Toeplitz matrix we have

det (TN_l(f) — /\IN—I)
det (Tn(f) — Mn)

Ty Ny =



and, since the eigenvalues of (Tv_1(f)) are not in {)\(1),‘--/\51\;) . -‘)\E\I,VH)} = Spec(Tn(f))
(see [17, 1]), we have
1

=0.
Ty N

A€ Spec(In(f))

Using equation (3) and the inversion formula of Toeplitz matrices see in Theorem (3) we obtain
the entry (Tﬁl(f))(1 - Then with the results (see the equation (27) in the appendix) we can

write
L 1- Xi(NH)TN(XA) (4)
Tin (1 - Xi(NH)TN(XA)) By Ny — Bina
with _
() = DA L) Pria bo)
PriipnOon) Prsia ()’
and

1

Pyniia(xn) |2
ey 515
|Pn1,2(0)]

“(1=x3) L Bowy =
Prni1a(Xx) ( Y o

Bi Ny = |Pn+1,2(0)

For 0 € [0, 62] the quantities By n  and By are defined (see Property 2) if <1 — Xi(NH)

TN(X)\)) By ny—
By nx = 0 this equality means that det (Tn_1(f) — A n—1) = 0 and X is an eigenvalue of
Tn-1(f) so it cannot be an eigenvalue of T (f).

Hence we can write

X € (Spec (T () N Igyo,) <= X3V = 15(01), A € Iy, g, (5)

Since the function H) is even, the constant 7 (6y) can be rewritten as

e (0y) = <PN+1,)\(X>\)>2

Pnyia(Xn)

PN+1,f(9)(6fw)

Py 17(0)(e) '
pn defined and continuous on [0, 5] such that 7y (0)) = e~ (6X). Then equation (5) can be
written

As the function 6y — is continuous from Iy, g, to {z||z| = 1} we have a function

A€ (Spec (T(N) N 1F6). F0) = 6= XTI ke poan 3. (0

More precisely if My = maxgeg, 6,) |on(0)| and if 01 < a < b < 62 we can write, according to
the construction of x

_ pN(Ox) + kT (N +2)a— My (N+2)b+ My

X € (Spec (T (£) N [F(0), FB)]) = 6 = XA THT e (P20 2 IS 2SR T2,

and

pn(0)) +km km
0y =

N+2 N+2

€ 0] = A (Spee (n () Na = 25 F0) + 25 )]



Lastly it is clear that we have now to solve the equation

,ON(Q) + km

b= (N +2) )

Now we have to make a more precise study of the function py. If s > 0, then every
function f € A(T,s) without zeros on T admits a Wiener-Hopf factorization, that is, there
exist function fy and f_ such that f(e?) = fy(e"?)e?f_(¢) with some v € Z the index of
the factorization. The function f; (resp. f_) belongs to set A(T,s); (resp. A(T,s)_) where

A(T,5): = {f € W*|f(e") Zf e

and

A(Ts)- = {f e W) Zf e }.

Here we have clearly |Py11.(e?)> = Pyy1.(e? )PN+17)\(6_Z ) and

1 1 1 1
(IPN+1,A(619)!2>+ Pria(e®?) (IPN+1,A(€”)I2> Priaia(e™)

with index zero. Now it is well known that in the Wiener-Hopf factorization <+“>
[Pn 1, (e9)] +

can be written in the form

1 _ 1 1 1 log (fp i)
<A>+ = exp ilog<+> PV/T dAasti dz

|PNn i (e?)[? |Pniaa(e?)2) 2mi z— el

that can be rewritten as

1
1 1 1 2w log (7\% ; A(eiu)p) 12 1
ex *10 ()+PV/ +L d + / 10 () du
Pl B\ Pvn @) Tami " g fan 42 in S\ Py ia(e™)P

60 .
That provides %(_29)) = ¢PNaA0) with

L 1
1 2 7 log | p— ey 1 2 7 log ( oz
pnA(0) = pv/ <|PN+1,)\( ) >du— 4P.V./ (\PNHA( )] >du
0 0

a7 tan “T_e s tan "‘59

and finally pn(0x) = pna(0)), and pn(0) = pn f@e)(0). The same methods give, for G\ =
(H)\)+

Ga(e?) = (Hy(0) = ex 310w (I (o) + v [ PRGN a0)

ew_ew
and ) )
1 T log (H ™ log (H(
p,\(e):P.V./ log (Hx(u)) A() PV/ og ( >\ )du,
4dr 0 tan Y5~ tan ¥~

p(0x) = pa(01), or p(0) = py(e)(0).



2.3 Limit of the sequence (py)ven)

Now we need to relate the two functions py and p and for this we have to obtain the following
property

Property 3 When N goes to the infinity |pn(0) — p(6)| = O(lrf,QN) uniformly in 0 € [0y, 62].
Lemmas 1 to 5 are devoted to the prove of this property.

Lemma 1 For all \ € Iy, g, the function 0 — Hy(0) is in C3([0,2x]) and for all j € {0,1,2,3}
we have a real K; not depending on A such that HH;\Q)HOO < K;.

Remark 6 We recall that the hypothesis X # f(0), f(7) corresponds to the fact that the
mazximum and minimum of the function f cannot be eigenvalues of Tn(f). The values f(0)
and f(m) are therefore never considered in the proof of Theorem 1.

Proof of the lemma 1: Ift =1—cosf and ¢ty = 1—-cosf) we have to prove that the function
Hyy:t— %{i(m is in C3(]0,27]) and that for all integer j, 0 < j < 3 there exists a real

K1, such that, for all A in Ig, g, [|H}||oc < K1j. Clearly | Hixlso < [|F0]loo. Now for t # t,

_ Y@= 1)~ (A1) — A1)
(t—1)?

(£ 00 + @ =07 @) (¢ = ) = (A7 00 = 1) + 22 1 (02)
(t —t)?

with a1 and a9 between ¢ and t). That provides

(2)
o HiM) = S,

o 1H  lloo < 21/ -

Now we have, for t # t)

Pt —)? =2 (f7 00— ) = (1) — Aik)

(2) gy
Hy\(t) = (t—ty)3
(A0 + A7(@a)(t = 1)) (= 1) = 2(d1a(0) = daa(1))
- (t —ty))3
with
dia(t) = FV (=) + FE () (E = 12)? + fl(g)(a‘*)(]j_;A)B
do (1) = fl)(tx(t —t\) + fo)(tA)(t_;A)Q + fl(g)(%)(t_(ih)g’

and as, a4, as between t and t). That provides

(3)
o HZ() = 0



o 1EZ)loe < 21 -

Finally we can write, for ¢ # ¢,

o B0 =3 (FP 00 - 002 -2 (A0 - 8) - (A0 - A1)
Hl,A(t) = ERY!
(t—1tx)
(£7 00 + A (as) (=) ) (= 12)° = 3 (daa(t) = 2dua (1))
a (t —tx)* '
with
daa(®) = 1P )= 0 + 1000 — 1)+ £ ) L)
dan(®) = 10t (e = 1)+ 20— 0 + 10 1) LS 4 00 L0
and ag, ar,ag between t and ty. This last equalities give us
R OVE TRICV
* HH ”oo < 15”le<>07
which end the proof. O

Remark 7 Ifh is a function is L*([0, 2rr] we denote by ||h||42 the quadratic norm (fo% |h((t )]2dt>

Lemma 2 We have a real Sg not depending on k and A such that

. S So Gy So
‘GA(k)‘ <%, ‘GT k)‘ <25, for k>0, and ‘a(k ‘ 25 for kA0,
Proof :  We can observe that, for 0 < 5 < 3 (74 (log H))) (J = ( (log H,\ ) Hence,
with the lemma 1, we have, for 0 < j < 3,
| (s (log HA) [lg.2 < | (log H)Y g, < T (10)

If mg is the minimum of H on [0, 27] x [#1, 6] it is clear that for all j € {0,1,2,3} T} is only
depending on the constants mg, Ko, K1, Ko, K3, of Lemma 1. Hence Tj is no depending from
A

On the other hand since log Hy € C3 ([0, 27]) we have, for all n > 0

— [(log Hy)P g2 _ Ty
oz B ()| < 1008 Tz o T
and 3
N (IOgH)\) 2 T;
(g Hy) V)| < 1008 H Zlu o 53,

N



Hence

1
| exp (74 (log H))) [l < exp | T3 Z:O 3| =M (11)
n>

and )
1
| (7 (log D)W |loo < Ty —5 = M.

n>0

Now if we put 7 (log Hy) = F) we can write
3
(exp —FA)(g) = <—F)(\3) + 3F)(\1)F)E2) — (F)(\l)) ) exp —F},

and
3
(exp F/\)(?’) = (—P)Eg) + 3P)E1)F)(\2) — (F/Sl)) ) expy -

According to (10) we have the inequalities

3 3
1 exp Fallg < 1FP gl exp Falloo < ToMy,

IFMY EP exp Fyllgz < 1F o]l exp ool [FX g2 < My MoTo,
1 1 .
I(F) exp Fallge < [(FX)IE | exp Falloo < M3M;

This means that || (exp F,\)(S) |l2, is bounded by a constant S; not depending on A and n .
This result implies

[ (exp—F)D g2 _ S

n3 n3

lexp —F)\(n)| <
and 5
I (exp F)® [lg2 _ S

lexp Fi\(n)| < 3 3

for all n > 0, that is the first part of the lemma.
On the other hand for n > 0 we have

gf(n)‘ - ‘}; Gr(h+ n)g(—h)
<mZe L L),
and
@E(_n)‘ — ‘};}é}(kz)g(—(k +n))
<mZenis Lt )

and with (11) we can write |C%A(O)] < 5|l exp(my (log Hy)|lso < % that provides the third
inequality of the lemma. O

10



—

Lemma 3 If B\ = G%(k) we have, for a sufficient large N
(T (H))g1 = BoaBea + Riova
with |Rg, N x| < m where M is not depending on \ and k.

Proof :  Using the inversion formula given in the appendix of this paper we obtain, for
H), =G)\Gy, Gy € HT.

I k +00 I k
X\ X \ g X\ g X"
(TN(HA))Z—‘,-I k+1 — <7T+ (G>\> |a> <sz:; (Hq)N’AHq)N,)\) 7T+¢N,)\7T+ (G)\) |7T+(bN,>\7r+ <G/\> >a
_ G Ny Pry — — A~ (N+D)
Pry = = d Pyy=
N G)\X , an N, G,\X )

Hey (V) =7_(®n W) for Ve Ht,
H$N7A(\I/) = 7T+((i)N,>\\I/) for U e (]HIJF)J-.

For [ = 0 this formula becomes

1 k +oo 1 k
(T ()i = (s <GJ é>—<§ (H:I‘)N,AH@N,A) T Dy ATy <GA> 7y By <(’§A> ).

In the next of the proof we use the following notation :
G
G = 2 ™

From Lemma 2 we have a positive constant Sy such that

S S
Burl <22 Vue N and |yal < 2o Vue Z*.
u u

With these notations we obtain
1 Xk > -
<7T+ (G)\> |GYA = Bo Bk

_ 1 o _ ) N
TPy AT <G) =7y (PnpBonr) =Bor D F-oax" V7,
A v>N+1

metyans (X ) Z/BM T xR

v>N+1—k+w

Hence we obtain
[rne ()], <50,
q,

11



and

HTqu)N,\W+< )H% <SI((N+1-k)2,

G

where 57 no depending on A and N On the other hand for v = Z awXx” a function in HT
w>0
we have, with the continuity of the projection 7_,

Hoy, (¢) = Z o ( Z 7_v7/\X—v+w+N+l>

w>0 v>N+14w

that provides

1Hay, (@)ll2 <Y law] ( > |V—v,A|>

w>0 v>N+14w
1/2

< (S 5 \v-ml>2

w>0 \v>N-+1+4+w
< Sollvll2 (N +1)73/2

that means |[Hg, , || < So(N + 1)73/2, Clearly we have also 1Hg I < So(N+ 1)=3/2 and we
can write ’

H Z <H<I’N AHCI)N A) 7T+‘I>N AT+ (GA> H Sg(]io—i— 1)_3)2 (N + 1)—2

And finally we can write
(TN(HA))iiH = BopBia+ O ((N+1)*(N+1-k)7?)
with O (N +1)"2(N +1—k)"%) = 255(N + 1)"*(N + 1 — k)~? uniformly in A that is the

expected result with M = 2H?2. O

Remark 8 As the coefficient Sy x is real the form of Tn(xx) allows to assume that Sy = 1
is the rest of our demonstration.

Lemma 4 We have || In (lpm%”g) —In(H)) [lo = O (3z) uniformly in A.

Proof : Using Lemma 3, we obtain

N
P — o < M(N +1)2 .
1PN -+1.0 HO +1)7Py s N+1 5+ Z |Be.Al
k:O k=N+1

Hence
1 M+ Sy

P — |l < ——= 12
| PN12 G,\HO— CESIEL (12)

12



where M and (. as in Lemma 3 and Sy is the real not depending onN and from A which
has been introduced in Lemma 2. Always with M and Sy no depending from A and the norm

HPNH,)\ - C’%Ho is bounded by O (ﬁ) Now since ||[¥®||p < || ¥]|o]|®|lo we have

~al, = feven - gl sl < lPes - gl mrs el «
HPNH,)\ A NHAT G, PN+1,\ s0 NHAT Gy Prniiallo A
Then, according to (13) we have
1
“llesll, < lPvena - gl s loler] 14
HPN_H’)\HO H Ml = |17 VLA Galloll Pyyqallo Mo (14)
That provides
1 1
1= |Pesaa =gl e [,)< e | 15
HPN_._L)\HO(( N+LA Gy llo A 0o/ A 0 ( )

According the lemma 2 we have a real A; such that for all A in |f(61, f(02] HG)‘ Ho < A
Hence with 12 we obtain that for N sufﬁciently large we have

- Jrvn e, & o

and

HPN+MH <24, (17)

Merging (12) and (17 )we obtain

1 _ _ M + Sy
e < e~ el I -l <34 (v vp)
H [Prriaf? o = INPni1al2 Pyiina Pyyin 0 NV +1)?
(18)
hence H | PN+1 Py H = NL uniformly in A\. Now observe that

1 \PN+11 N Hy
() | = [ (14 EEE DY)
H (!PN+LA!2> g H) 0
that is also

|PN+U\2 B H 1 "o\
In(1 |5 — H — .
H n ( + ) ( T Allo ”HA llo

Now we have, according to Lemma (1),

1 H 1 1 1 K
< (L) i< &
Hy llo 7122;)”2 27 H>(\2) 1 m3

with mg as in Lemma 2 and K no depending on A and N. That gives us, according to (18)

o (10 ZEEER Y < (o () 1,) ()

13



Since mg and K are not depending on A we can conclude

1 __H
1 [Pnt1,al? A 1
n(—— —1H”:W 1 44;447": 1
HH(IPNH,AP) 0 ) ‘0 n( ! Hy ) o=\

uniformly in A. O
Since the Cauchy singular operator is bounded on the Wiener classes A(T, s), s > 0, we have
lon — pllo = O(ﬁ) and [pn(A) — p(N)| = O(NQ) uniformly in A\.That ends the proof of
Property 3

2.4 Derivation and solutions of the equation for the eigenvalues

To do this we need the two following lemmas.

Lemma 5 The function p is in C*([01,02)).

Proof :  We prove the result for the function
2m
In (H(t,0
LGHPV/ Eiﬁﬁﬁﬁ
o tan (%)

the proof is quite the same for the function

First we write 1(0) = I; 9 + I ¢ with

2
0 tan (T)

t.

; _fﬂ%wam log (H(0,6))
2,0 — 1—0
0 tan ( 5 )
A simple calculus provides us I; g = 0. On the other hand we can observe that the function W :

(t 0) log(H(t,9)) tlo@gg (6,9)) can be write log(H (t, 6))—log(H(9 0))
t "

try of the function H : § — H(6,0") we can say that the function 9 > H(t,0) is in C3 ([0, 02))
for all ¢ in [0,27]. Hence if ¥ is the function defined by ¥y : 6 — log(H (¢, e)z_leog(H(e ) the
function %(t, 0) is defined for all # # t and is equal to

t—0
2 .
T (50)" Thanks to the symme

(t — 6) ((log H)y(t,0) — (log H)1(6,6) — (log H)y(8,6)) + ((log H)(t,0) — (log H)(6,6)))
(t—0) ’

where we have denoted by (log H)} the quantity (log H) and by (log H)j the quantity M
We see that for ¢t = 6 the function 8512)1 is equal to éa loe(9,) . Since the functions log H,

at?
8(108%1{) : 8(1%‘%9[{), and & El)g%H are continuous on [0,27] x [#1,62] we obtain that the function

14



(t,0) — is defined and continuous on [0, 27T] [01, 62], that completes this demonstration

for the ex1stence of pM. For p®? the function 2 892 L(t,0) is defined for all ¢ # 6 and is equal to

(t = 0)2Wi(t,0) + 2(t — 0)Us(t,0) +2T4(t,0)
(t—0)°

where,

U(t, 0) = (log H)gs (t,0) — (log H)3 (6,0) — (log H)ga (6,0) — (log H)i4(6,0),
Us(t, 0) = (log H)p(t,0) — (log H);(6,0) — (log H);(6,0),
Wy(t,0) = (log H)(t,0) — (log H)(0,0),

and for t = 6 we see that

0*W,y
oo = (o8 H)(2,(8.6) + (log )3 (6,6) + (log H){3)(6.6).
Then the same arguments as previously allow us to conclude. O

To begin stating Theorem 1 we have to remark that with Property 3 we have a real M > 0
such that —M < pn(6) < M for all integer N and all 6 € [61, 02].

Now if X € [f(a), f(b)] is an eigenvalue of Ty (f) we know that there is a real 8y € [a, b] such
that ) is a solution of (??) that implies a — NAJQ < 1\17912 <bf + N%H’ and we can conclude
k € [ko, y, ko, ] for N sufficiently large.

Reciprocally if N is sufficiently large we have for all k € [kqn,kp n] two reals 6 and 6
in [61,62] such that 6, < k}{, +]¥ and M ¢; that provides a solution to the equation

N+2
g — en(O)tkn
- N+2
Now we can easily obtain the formula announced in the statement of Theorem 1. For A an

eigenvalue in |f(601), f(62)[ we have following the equation (9) A = f <IWJ§V”712(0*)) that is also

A= f <k7r;i(29*) By ) with A2 = O <ﬁ) uniformly in A according to Property 3

+ 5 Wt2) =
and where ) isa solution of the equation (9). Putting d = {75 +2 we have by Taylor’s theorem,

2

+ lf(?’) <d + h1p(0’\) T RN:A) <P(9,\) + RN,,\>3
6 )

N +2 N +2

with 0 < h; < 1. That provides

- 10 (22} (425) b0 (1 23) (23) 20 ().
(19)

where the quantityO (ﬁ) is bounded uniformly in A. On the other hand, with the

equation (9) 6, = kw;i(g“ +1 ]151’232 and we can write, always by Taylor’s theorem,

N+2 T 2f <(d+h2 N+2 N +2
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with 0 < he < 1, that implies

NG 1
= LA A ) 21
p(0) p(d)+p(d)N+2+O<(N+2)2 1)
with the rest is bounded by N2 leg) where S is a constant no depending from A. Merging the

equation (19) and (21) we obtain

f'(dp(d) | f(d)p'(d)p(d) | 1f"(d)p*(d)

A=+ (N+2)2 2 (N+2)?

+ RN,d, (22)

with Ry g = O (ﬁ) uniformly in A. To achieve the proof we have to be sure that the

eigenvalues found are distincts as announced. To do this we need the following two lemmas.

Lemma 6 Fork, k+1in|f(61), f(62)] we have AT =3 > 0 and A = 3FH) | = o(L).

Proof :  This lemma follows directly from (22). O

Lemma 7 For a fized k the equation (9) has one and only one solution in [0y, 6s].

Proof :  Assume An and Xy two solutions of (9) for a same integer k. By (22) we have
Av — Ny| = o(m). By [1] we know that we have an eigenvalue Ayy; of the matrix

Tn11(f) with the bound Ay < Ay41 < Ny that implies Ay — Ay 41| = o(ﬁ). By (22) we

have [Ay — Ayi1 | > O(%), that is a contradiction with the previous estimation. O

3 Proof of Theorem 2

First we can observe that we can define the function H on [0, 7] x [0, 7] with H(0,0) = .f"(0)
and H(m,m) = f"(m, 7). Hence for all X\ € I, we have

fO)—=A= fi(1 —cosf) — A= ((1 —cosf) — (1 —cosby)) Hr(0)

where Hy : 6 — H(6,0,) is a regular function on [—m,x]. for all A € [0, 7]. With the same
notations as in the proof of Theorem 1 we can still write

det (TN_l(f) — )\IN—I)
det (Tn(f) — Mn)

Ty Ny =

We have also

1
A € Spec(Tn(f)) — =0.
Ty N
and, always with the equation (27), we can write
_2(N+1
1 1- XA( - )TN<X>\)

= , (23)
Tin (1 - )Zi(NH)TN(X/\)) By Ny — Bina
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with _
P 0a) Pria(a)
Priin O Prsia ()’

and By ny.x, B v\ as previously. Hence we can write

™ (0)) =

N+2)

A€ (Spec(Tn() NTox) == X2V = 75(6)), A € Io 1. (24)

Since the function H) is even, the constant 7 (6y) can be rewritten as

(0y) = (PN—I-L)\(X)\))Z.

Pnyia(Xa)

On the other hand the function § s XSO 40 ontinuous from [0,27] to {z||z| = 1}
Pyy1,5000(Xn)

hence we have a function py defined and continuous on [0, 7] such that 7y (6y) = €2V (),
Then equation (24) can be written

A€ (Spec (TN N 1F6). F0) = 6= NITET ke pon 3. (29

Hence for k in {0,---,2N + 3} we have to find the solution in [0, 7] of the equation
(N +2)0—pn(0) =k (26)

But in the particular case where #; = 0 and 6> = 7 it is easy to verify that the function py is
in fact an odd 2m-periodic function.
Now we denote bi Fiy the function § — (N +2)0 — pn(0). For 1 < k < N + 1 we have

Fn(0) =0 < 7k, Fx(m) = (N + 2)7 > 7k.

Hence the equation (26) has at less one solution in [0,7] for all k € {0,--- N + 1}. In the

0)+km 0)+k'm
0= 7’”\(’](\,12) and 6 = 7’”\25\&2)

different for k # k’. Since f is strictly increasing on [0, 7] we have found N + 1 eigenvalues of
Tn(f) in [f(0), f(7)], and we will not obtain other eigenvalues outside the set {0,--- N + 1}.
The rest of the proof is the same as the proof of Theorem 1.

other hand it is obvious that the solution of the equations are

4 Appendix

4.1 Inversion formula for Toeplitz matrices.

For the proof of Theorem 1 we have to know Ty ( f)l_% First we use Theorem 3 to obtain
Tn(fr)r1 with fr = xa(l — rax)(1 - T)Z)\X)mu and now g1 = xx(1 — T)Z/\X)ﬁ,
g2 = (1L =m0

We have to observe that TN(fT)l_j that is also (T (f,)~1(1)|1). Write (T (f,)"H(1)[1) =
xo — Yo. Theorem 3 provides

. ( ( 1 ) | 1 > ‘ 1 ‘2
= (7T _— —_— = R — .
0 g ) 'a! =% Pyn11(0)

17



To obtain gy we need the terms 7 <<i>N7r+ (g%)) and w4 (<I>N7r+ ({%)) We have , if w = ry),

~ ]_ _— 92 N 1
(8 (5)) = P (o) oG,

- P 1
O1 = PasiaOn [ 2] ) v g 2y,
Pni1(w)

= 1 1
T+ (I)N7T+ >> :Ci —,
g1 1 —wx

! D a— PN+1,)\(%) - N+1 -2
O = Puaial0)s | 228 ) o1 - a2),

with

Likewise we can write

with

Hence

We have now to use the following lemma

1
1—wy
Py (2)Prviia(2)
Pyt (W) Pyt (w)

It is Lemma 1 of [24]. We obtain

Lemma 8

is an eigenvector of Hy He for the eigenvalue TNm(w)wz(N“) with

, with [w> N2y (W) < 1 for r — 1 and N sufficiently large.

TN,r(w) =

1 1
— NP2y (W) T — w?

Yo = 01?{1

_1
Py i1

If now we consider the function f; defined by the product f; = §1g2 with g1 = x0(1—XoX)
and gy = (1 — ;zox)ﬁ, then for a fixed N lim, 1 (Tn fr)11 = (T f)11. Indeed

(TNfr)_l (TNf) = (TNfr)_l (TNfT) + (TNfr)_l (TN(fl - fr)) .

And lim,_1 (Tn(f — fr)) = 0 that implies lim,_,; (TNfT)_1 (Tnf) = In. Hence we can con-
clude that

(1 - Xi(N+2)TN<XA)) By Ny — Bi,na

(TN(f))lji = 1 — XAZ(N+2)TN(]—X)\ ) (27)

Pyi1a(Xo)Pr+1a(X0)
P11 (x0)Pn+1,a(xa)

I 2
with Bl,N,/\ = C’lC{(l - )Zi)il, BZ,N,)\ = X)\) : , and TN(XA) =

Pn11,2(0)
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