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VISIBILITY OF KOBAYASHI GEODESICS IN CONVEX DOMAINS
AND RELATED PROPERTIES

FILIPPO BRACCI†, NIKOLAI NIKOLOV††, AND PASCAL J. THOMAS

Abstract. Let D ⊂ Cn be a bounded domain. A pair of distinct boundary points {p, q}
of D has the visibility property provided there exist a compact subset Kp,q ⊂ D and open
neighborhoods Up of p and Uq of q, such that the real geodesics for the Kobayashi metric
of D which join points in Up and Uq intersect Kp,q. Every Gromov hyperbolic convex
domain enjoys the visibility property for any couple of boundary points. The Goldilocks
domains introduced by Bharali and Zimmer and the log-type domains of Liu and Wang
also enjoy the visibility property.

In this paper we relate the growth of the Kobayashi distance near the boundary with
visibility and provide new families of convex domains where that property holds. We
use the same methods to provide refinements of localization results for the Kobayashi
distance, and give a localized sufficient condition for visibility. We also exploit visibility
to study the boundary behavior of biholomorphic maps.
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1. Introduction

A bounded domain in D ⊂ Cn has the visibility property if the real geodesics for the
Kobayashi distance kD “bend inside” when connecting points close to the (Euclidean)
boundary ∂D (precise definitions are given below).

Gromov hyperbolic geodesic spaces have the visibility property when considering the
Gromov boundary in the Gromov topology. Therefore, in case (D, kD) is Gromov hy-
perbolic and the Euclidean boundary ∂D is homeomorphic to the Gromov boundary, D
enjoys the visibility property as defined above. In fact, we show that if (D, kD) is Gromov
hyperbolic, then it has the visibility property if and only if the identity map extends as a
continuous surjective map from the Gromov closure of D to D (see Theorem 3.3).

Therefore, in light of [BB], C2-smooth bounded strongly pseudoconvex domains enjoy
the visibility property. While, by [BGZ], the Euclidean end compactification of a convex
domain which is Gromov hyperbolic with respect to the Kobayashi distance is naturally
homeomorphic to the Gromov compactification. Thus, the visibility property holds for
Gromov hyperbolic bounded convex domains. It is known by A. Zimmer [Z1] that bounded
smooth convex domains are Gromov hyperbolic with respect to the Kobayashi distance if
and only if they are of finite D’Angelo type, so that finite type smooth bounded convex
domains enjoy the visibility property.

In a recent paper, M. Fiacchi [Fia] showed that in C2, bounded smooth pseudoconvex
domains of finite D’Angelo type are Gromov hyperbolic and the Gromov boundary is
homeomorphic to the Euclidean boundary, hence, even for those domains the visibility
property holds.

However, there exist convex domains for which the visibility property holds but they
are not Gromov hyperbolic (see [BZ]). We provide a class of domains enjoying the visi-
bility property without involving any uniform quantitative assumption about the contact
between ∂D and its complex tangent plane, in particular D not being Goldilocks (see
[BZ, Definition 1.1] or Definition 2.7 below) nor satisfying the weaker hypotheses of [BM,
Theorem 1.5].

Theorem 1.1. Let D ⊂ Cn be a bounded convex domain with C∞ boundary. If all but
finitely many points p ∈ ∂D are of finite D’Angelo type, then D has the visibility property.

Visibility condition, although weaker than Gromov hyperbolicity, allows the study of
the boundary behavior of (holomorphic) isometries (see, e.g., [BG, BZ, CHL, Kar, Me]). In
Section 3 we explain the underlying philosophy in the case of Gromov hyperbolic domains,
showing that any biholomorphism from a bounded domain D1 to a bounded domain D2

which has the visibility property extends continuously to the boundary provided, for
instance, D1 is either strongly pseudoconvex with C2 boundary, or smooth finite type
and convex or pseudoconvex and of finite type in C2. Next, based on such arguments,
we localize the result (getting rid of Gromov’s hyperbolicity condition) and prove the
following:
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Theorem 1.2. Let D and D′ be bounded, complete hyperbolic domains, and assume
that D has a Stein neighborhood basis and D′ has the visibility property. Suppose there
exists p ∈ ∂D such that ∂D is C3-smooth and strongly pseudoconvex at p. If F is a
biholomorphism from D to D′ then F admits a non-tangential limit at p.

As it follows from the proof, the same result holds providedD is any complete hyperbolic
domain such that it has a geodesic ray γ landing at a point p ∈ ∂D, where ∂D is C1-
smooth, so that any non-tangential sequence in D converging to p stays at finite hyperbolic
distance from γ.

To find sufficient conditions for the visibility property, it is possible to forego the global
hypothesis of convexity, and find analogues with suitably localized hypotheses. A point
p on the boundary of a domain D is a locally C-strictly convex point if there exists an
open neighborhood U of p and a biholomorphism Ψ : U → Ψ(U) so that Ψ(U ∩ D) is
convex and every complex affine line L which contains Ψ(p) and verifies L∩Ψ(U ∩D) = ∅
has the property that L ∩ Ψ(U ∩D) = {p} (see Definition 6.12). In Section 6 we prove
Theorem 6.13, which has the following consequence:

Theorem 1.3. Let D be a complete hyperbolic bounded domain with Dini-smooth bound-
ary and assume all boundary points are locally C-strictly convex. Then D has the visibility
property.

Local visibility implies localization properties of the Kobayashi distance, which sub-
stantially generalize [LW, Theorem 1.4 and Theorem 3.9].

Theorem 1.4. Let D be a domain in Cn, p ∈ ∂D, and U a neighborhood of p such that
D∩U is convex and enjoys the visibility property. Then for any neighborhood V of p such
that V ⊂⊂ U , there exists C > 0 such that for any z, w ∈ V ,

kD∩U(z, w) ≤ kD(z, w) + C.

The plan of the paper is the following. In Section 2 we introduce some preliminary
notations and results. In Section 3 we consider Gromov hyperbolic domains and visible
domains and prove Theorem 1.2. In Section 4 we recall the connection between visibility
and the Gromov product, relate it to precise growth of the Kobayashi distance on convex
domains, and extend some results of [Z3] to slightly larger classes of domains, obtaining
Corollary 4.2. In Section 5, we prove Theorem 1.1 and give a family of examples of smooth
bounded convex domains with (non isolated) boundary points of infinite type which do
(and do not) satisfy the visibility property. Finally, in Section 6, we investigate how to
“localize” the previous results replacing the convexity assumption with local conditions
near the boundary and prove Theorem 1.3 and Theorem 1.4.

2. Definitions and Preliminaries

In this section, D ⊂ Cn is a domain (connected open set). The domain is called C-
convex if any non-empty intersection with a complex line is simply connected. We say D



4 F. BRACCI, N. NIKOLOV, AND P. J. THOMAS

is of finite type if the order of contact of any analytic disc in Cn \D with D is finite. For
convex domains, it is enough to consider the order of contact of complex lines [McN], and
this holds also for C-convex domains [NPZ, Proposition 6].

Definition 2.1. Let x, y, z ∈ D and X ∈ Cn. The Kobayashi-Royden (pseudo)metric κD
and the Kobayashi (pseudo)distance kD of D are defined as:

κD(z;X) = inf{|α| : ∃ϕ ∈ O(D, D) : ϕ(0) = z, αϕ′(0) = X},

(2.1) kD(x, y) = inf
γ

∫ 1

0

κD(γ(t); γ′(t))dt,

where the infimum is taken over all piecewise C1 curves γ : [0, 1]→ D with γ(0) = x and
γ(1) = y.

A geodesic for kD is a curve σ : I −→ D, where I is an interval in R, such that for
any s, t ∈ I, kD(σ(s), σ(t)) = |s− t|. Moreover:

- If x, y ∈ D, I = [0, L] and σ(0) = x, σ(L) = y, then L = kD(x, y) and we say that
σ is a geodesic joining x and y.

- If I = (−∞,+∞), we say that σ is a geodesic line.
- If I = [0,∞), we say that σ is a geodesic ray.

A geodesic ray σ lands if there exists p ∈ D such that limt→∞ σ(t) = p.

The domain D is complete hyperbolic if it is Kobayashi hyperbolic and if kD is a
complete distance, or equivalently, the balls for the Kobayashi distance are relatively
compact. Bounded convex domains are well known to be complete hyperbolic.

If a domainD is complete hyperbolic, by the Hopf-Rinow Theorem, (D, kD) is a geodesic
space, namely, any two points in D can be joined by a geodesic.

It is also a fact that when a geodesic exists, it realizes the minimum in (2.1) [Ven,
Theorem 3.1].

Definition 2.2. Let D be a complete hyperbolic domain in Cn. Let p, q ∈ ∂D, p 6= q.
We say that the pair {p, q} has visible geodesics if there exist neighborhoods U, V of p, q
respectively such that U ∩ V = ∅, and a compact set K ⊂ D such that for any geodesic
γ : [0, L]→ D with γ(0) ∈ U , γ(1) ∈ V , then γ([0, L]) ∩K 6= ∅.

We say that D has the visibility property if any pair {p, q} ⊂ ∂D, p 6= q, has visible
geodesics.

Note that the pair {p, q} has visible geodesics if and only if there exists a compact set
K ⊂ D such that for any sequences (pk)k, (qk)k ⊂ D, with pk → p, qk → q, then for k
large enough any geodesic joining pk to qk intersects K.

Our definition of visibility requires that D is complete hyperbolic in order for the
condition of existence of geodesics joining any two points of D to be non vacuous. In [BZ,
BM], the authors defined the notion of visibility for not necessarily complete hyperbolic
domains by using “almost-geodesics”, proving that any two points of a bounded domain
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can be joined by a (1, ε)-almost-geodesic. In fact, there is another reason for considering
almost-geodesics instead of just geodesics even in complete hyperbolic domains: in general,
almost-geodesics are easier to find than geodesics. However, in this paper we mainly
consider convex domains, which are complete hyperbolic and, for the sake of simplicity,
we decided to deal only with geodesics. The interested reader can check that the following
arguments work as well considering almost-geodesics instead of geodesics and the general
notion of visibility as in [BZ, BM].

We now recall a notion related to Gromov hyperbolicity.

Definition 2.3. Let D be a domain. Choose a base point o ∈ D. Let x, y ∈ D. The
Gromov product of x and y with respect to o is

(2.2) (x|y)o :=
1

2
[kD(x, o) + kD(o, y)− kD(x, y)].

One is usually interested in understanding whether such a Gromov product converges
to infinity or not when x, y tend to the boundary. For this aim, the choice of the base
point o is completely irrelevant since |(x|y)o − (x|y)o′ | ≤ kD(o, o′).

Visibility implies that the Gromov product of sequences tending to different boundary
points is bounded from above.

Proposition 2.4. Let D be a complete hyperbolic domain in Cn, and p, q ∈ ∂D. If the
pair {p, q} has visible geodesics then for any base point o ∈ D,

(2.3) lim sup
(x,y)→(p,q)

(x|y)o <∞.

Proof. By hypothesis, there exists a compact set K such that, whenever x, y ∈ D are so
that x is sufficiently close to p and y to q, every geodesic γ joining x and y intersects K.

In particular, for any such x, y and geodesic γ, there is a point z ∈ K belonging to γ.
Hence,

kD(x, y) = kD(x, z) + kD(z, y) ≥ kD(x, o) + kD(o, y)− 2kD(o, z)

≥ kD(x, o) + kD(o, y)− 2 max
ζ∈K

kD(o, ζ),

and we are done. �

The converse of the previous result holds under global assumptions (compare with [Mai,
Proposition 5.1(2)]):

Proposition 2.5. Let D be a bounded complete hyperbolic domain in Cn. Then D has
the visibility property if and only if lim sup(x,y)→(p,q)(x|y)o <∞ for any p, q ∈ ∂D, p 6= q.

Proof. One implication follows from Proposition 2.4.
The converse follows the lines of the proof of [Z3, Theorem 6.1]. Suppose the pair {p, q}

does not have visible geodesics. So there exist a sequence {xk} converging to p, a sequence
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{yk} converging to q and a sequence of geodesics γk joining xk to yk so that the image of
γk eventually avoids every compactum in D.

Let zk in γk be such that ‖xk− zk‖ = ‖zk− yk‖. By compactness of D, we can assume,
up to subsequences, that {zk} converges to a point p1 ∈ D such that ‖p− p1‖ = ‖p1− q‖.
Since γk eventually avoids any compactum in D, it follows that p1 /∈ D, hence p1 ∈ ∂D.
Therefore, since by hypothesis there exists C > 0 such that 2(xk|zk)o + 2(yk|zk)o < C for
all k, we have

kD(xk, o) + kD(yk, o) ≥ kD(xk, yk) = kD(xk, zk) + kD(zk, yk)

= −2(xk|zk)o − 2(yk|zk)o + kD(xk, o) + kD(yk, o) + 2kD(zk, o)

≥ kD(xk, o) + 2kD(zk, o) + kD(yk, o)− C.
Therefore, kD(zk, o) ≤ C, which, by the completeness of (D, kD), implies that p1 ∈ D, a
contradiction. �

As customary, for a point z ∈ D, we let

δD(z) := inf{‖z − w‖ : w ∈ Cn \D},
be the (Euclidean) distance of z from the boundary of D.

Since the Kobayashi distance is always larger than the Carathéodory distance, the
estimate in [N2, (2)] (coming from the proof of [Blo, Theorem 5.4]) yields that for x, y ∈ D,

(2.4) kD(x, y) ≥ 1

2

∣∣∣∣log
δD(y)

δD(x)

∣∣∣∣ .
The previous estimate is pretty good when x goes to the boundary and y stays compactly
in D. However, when both x, y go to the boundary, it does not give much informa-
tion. In fact, in many cases when x and y converge to different boundary points, the
Kobayashi distance between the two explodes (this is the case for instance if D is strongly
(pseudo)convex with C2 boundary, see, e.g., [Aba, Corollary 2.3.55]).

In a convex domain, by (2.4), condition (2.3) implies the following “log-estimate”

(2.5) lim sup
(x,y)→(p,q)

(
1

2
log

1

δD(x)
+

1

2
log

1

δD(y)
− kD(x, y)

)
<∞.

We fix some terminology to describe upper estimates that are counterparts to (2.4).

Definition 2.6. We say that:

(1) D has α-growth if there exist some α > 0, β > 0 and x0 ∈ D such that

sup
z∈D

(
kD(x0, z)−

β

δD(z)α

)
<∞.

(2) D has α-log-growth if there exist some α > 0 and x0 ∈ D such that

sup
z∈D

(
kD(x0, z)− α log

1

δD(z)

)
<∞.
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Note that in particular when ∂D is Lipschitz, D has α-log-growth [BZ, Lemma 2.3]. In
particular convex domains automatically satisfy that property.

Notice that if D has 1
2
-log-growth, then when the log estimate (2.5) holds, the Gromov

product (x|y)o remains bounded, i.e. (2.3) holds.
Moreover, recall that a point p ∈ ∂D is a Dini-smooth point if ∂D is C1-smooth at p

and the inner unit normal vector νq is a Dini-continuous function for q close to p, namely,
there is a neighborhood U of p such that∫ 1

0

ω(t)

t
dt < +∞,

where ω(t) := sup{‖νx − νy‖ : ‖x − y‖ < t, x, y ∈ U ∩ ∂D}. The boundary ∂D is
Dini-smooth if all its points are Dini-smooth points.

If ∂D is Dini-smooth, then D has 1
2
-log-growth by [NA, Corollary 8], or [Mai, Proposi-

tion 1.5] (see also [Z3, Proposition 4.3] in the convex case). [Mai, Proposition 4.6] gives the
same conclusion with slightly relaxed hypotheses. However, there exist C1-smooth (but
not Dini-smooth) domains for which D does not have 1

2
-log-growth [NPT, Example 2].

In particular, in Dini-smooth bounded convex domains, condition (2.3) is equivalent to
the log-estimate (2.5).

Finally, we recall a definition from [BZ].

Definition 2.7. [BZ, Definition 1.1] Let

MD(r) := sup

{
1

κD(x;X)
: δD(x) ≤ r, ‖X‖ = 1

}
.

A bounded domain D ⊂ Cn is a Goldilocks domain if

(1) for some ε > 0 we have ∫ ε

0

MD (r)

r
dr <∞,

(2) D has α-log-growth for some α > 0.

The first property is satisfied, for example, for any bounded pseudoconvex domain of
finite type (in sense of D’Angelo) [BZ, Lemma 2.6], but the class of domains with the
Goldilocks property strictly contains the class of domains of finite type.

It is proved in [BZ, Theorem 1.4] that a Goldilocks domain has an extended visibility
property which implies in particular the one in Definition 2.2 when the Kobayashi dis-
tance is geodesic. A more general result implying visibility is given in [BM, Theorem 1.5
(General Visibility Lemma)], which essentially reduces to the Goldilocks case when the
domain is convex.

Definition 2.8. A complex face of a convex domain D is L ∩ ∂D, where L is an affine
complex line such that L ∩D = ∅ and L ∩ ∂D 6= ∅.
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Given a point p ∈ ∂D, the multiface Fp of p is the union of all the complex faces of D
which contain p.

Let L be an affine complex line such that L ∩D = ∅ and p ∈ L ∩ ∂D. Since L and D
are convex and disjoint and D open, by Hahn-Banach’s extension theorem, there exists
a vector v ∈ Cn such that Re〈z − p, v〉 < 0 for all z ∈ D and Re〈z − p, v〉 ≥ 0 for all
z ∈ L (here 〈·, ·〉 denotes the usual Hermitian product in Cn). Actually, since L is a
complex affine line it turns out that 〈z − p, v〉 = 0 for all z ∈ L. This implies that L
is contained in the complex affine hyperplane H := {z ∈ Cn : 〈z − p, v〉 = 0}. Such a
hyperplane H is called a complex supporting hyperplane of D at p (see [AR, Def. 3]).
The intersection of D with all complex supporting hyperplanes of D at p is denoted by
Ch(p). In [AR], the point p is called a strictly C-linearly convex point if Ch(p) = {p}.
By the previous remark, a point for which the multiface Fp = {p} is a strictly C-linearly
convex point. The converse is not true in general: the multiface of the bidisc D × D at
(1, 1) is (D× {1}) ∪ ({1} × D), while Ch((1, 1)) = {(1, 1)}.

3. Gromov hyperbolic domains, visibility and the proof of Theorem 1.2

The aim of this section is to see how visibility is related to Gromov visibility in a
bounded domain for which the Kobayashi distance is complete and Gromov hyperbolic.

We briefly recall the definition of Gromov compactification for a complete hyperbolic
domain D such that (D, kD) is Gromov hyperbolic. Let z0 ∈ D. Let Γz0 be the set of all
geodesic rays γ such that γ(0) = z0. Two geodesic rays γ, η ∈ Γz0 are equivalent if

sup
t≥0

kD(γ(t), η(t)) < +∞.

The set of equivalence classes in Γz0 is the Gromov boundary ∂GD. Let D
G

:= D∪∂GD .

One can give D
G

a topology which makes it a first countable, Hausdorff, compactification
of D. In this topology, a sequence {σk} ⊂ ∂GD converges to σ ∈ ∂GD if for every
representative γk ∈ σk, every subsequence of {γk} has a subsequence which converges
uniformly on compacta to a geodesic ray γ ∈ σ. Also, a sequence {zk} ⊂ D converges to
σ ∈ ∂GD if, for every geodesic γk : [0, Rk] → D such that γk(0) = z0 and γk(Rk) = zk,
then every subsequence of {γk} has a subsequence that converges uniformly on compacta
to a geodesic ray γ ∈ σ.

First notice that as a consequence of Proposition 2.4, if D is a bounded, complete
hyperbolic domain with the visibility property, and {zk}, {wk} ⊂ D converge to different
points on the boundary of D, then kD(zk, wk)→∞.

Lemma 3.1. Let D be a bounded, complete hyperbolic domain with the visibility property.
Then any geodesic ray lands at a point on ∂D.

Conversely, let z0 ∈ D. Let {zk} ⊂ D be a sequence which converges to a point
p ∈ ∂D, and let γk be geodesics joining z0 to zk. Then, up to subsequences, {γk} converges
uniformly on compacta to a geodesic ray landing at p.
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Proof. Let γ be a geodesic ray in D. Since D is bounded and complete hyperbolic, the
cluster set Γ of γ at +∞ is contained in ∂D.

Suppose there are two distinct points p, q ∈ Γ, and sequences sk →∞ and tk →∞ such
that limk→∞ γ(sk) = p, limk→∞ γ(tk) = q. Passing to subsequences if necessary, we may
assume sk < tk < sk+1 for all k. Then by the visibility property applied to the geodesics
γ|[sk,tk], there is a compact set K ⊂ D such that for each k, there exists s′k ∈ (sk, tk) such
that we have γ(s′k) ∈ K. But then Γ ∩K 6= ∅, a contradiction.

Conversely, fix z0 ∈ D and a sequence {zk} converging to p. Let γk be a geodesic joining
z0 to zk. By Arzelà-Ascoli’s theorem, and a diagonal argument, up to subsequences, we
can assume that {γk} is uniformly convergent on compacta to a geodesic ray γ. From
what we already proved γ lands at some point q ∈ ∂D. We have to show that q = p.
If this is not the case, however, we can find sequences of positive real numbers {sk} and
{tk} converging to +∞, and we can assume sk < tk, such that γk(sk)→ q and γk(tk)→ p.
But then, by the visibility property, γk|[sk,tk] has to intersect a given compact set K ⊂ D
for all k, say, γk(t

′
k) ∈ K for some t′k ∈ [sk, tk]. But,

t′k = kD(z0, γk(t
′
k)) ≤ max

z∈K
kD(z0, z) < +∞,

a contradiction. Hence p = q and we are done. �

The visibility property in Gromov hyperbolic spaces has a strong consequence. As a
matter of notation, let X be a compactification of a domain D. We say that a geodesic
line γ : (−∞,+∞)→ D is a geodesic loop in X if γ has the same cluster set in X at +∞
and −∞. We say that D has no geodesic loops in X provided there is no geodesic line in
D which is a geodesic loop in X.

It is easy to see that, if (D, kD) is Gromov hyperbolic and γ is a geodesic line, and if
we let σ± := limt→±∞ γ(t) ∈ ∂GD (the limit understood in the Gromov topology), then

σ+ 6= σ−. Thus D has no geodesic loops in D
G

.

Remark 3.2. The notion of (not having) geodesic loops in some compactification is
strictly related to the notion of good compactification introduced in [BZ, Def. 6.2]. In
fact, it is easy to see that if D∗ is a good compactification in the sense of [BZ], then D
has no geodesic loops in D∗. Conversely, using Lemma 3.1 it is easy to see that, if D is a
bounded, complete hyperbolic domain with the visibility property, then D has no geodesic
loops in D if and only if D is a good compactification of D in the sense of [BZ].

Theorem 3.3. Let D be a complete hyperbolic bounded domain. Assume (D, kD) is
Gromov hyperbolic. Then D has the visibility property if and only if the identity map

extends as a continuous surjective map Φ : D
G → D. Moreover, Φ is a homeomorphism

if and only if D has no geodesic loops in D.

Proof. If the identity map extends as a surjective continuous map from D
G

to D, since

(D, kD) is Gromov hyperbolic and hence D
G

enjoys the Gromov visibility property, it
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follows at once that D has the visibility property. Moreover, if the extension is a homeo-

morphism, then D has no geodesic loops because D
G

has none.

Conversely, assume that D has the visibility property. We first define a map Φ : D
G →

D as follows: if z ∈ D then Φ(z) = z. If σ ∈ ∂GD, let γ ∈ σ be such that γ ∈ Γz0 . Then
by Lemma 3.1, γ lands at some point p ∈ ∂D. Note that by Proposition 2.4 the point p
does not depend on the representative γ chosen. Therefore, we can set Φ(σ) := p.

By Lemma 3.1, the map Φ is surjective and Φ(zk) → Φ(σ) if {zk} ⊂ D is a sequence
which converges in the Gromov topology to σ ∈ ∂GD. An argument similar to the one in
the proof of Lemma 3.1 shows that Φ(σk) → Φ(σ) if {σk} ⊂ ∂GD converges to σ in the
Gromov topology.

Assume now that D has no geodesic loops. Since D
G
, D are Hausdorff and compact, if

we show that Φ is injective, then it is also a homeomorphism. Assume by contradiction
that Φ(σ) = Φ(θ) for some σ, θ ∈ ∂GD, σ 6= θ. Let γ ∈ σ and η ∈ θ be two representatives.
Hence, there exists a sequence {tk} converging to +∞ such that

lim
k→∞

kD(γ(tk), η(tk)) = +∞.

We first claim that

lim
k→∞

inf
s≥0

kD(η(s), γ(tk)) = +∞.

Indeed, assume by contradiction that this is not the case. Then there exists a sequence
{sk} of positive numbers and R > 0 such that for all k

kD(η(sk), γ(tk)) = min
s≥0

kD(η(s), γ(tk)) ≤ R.

Since

|tk − sk| = |kD(z0, γ(tk))− kD(z0, η(sk))| ≤ kD(η(sk), γ(tk)) ≤ R,

we have for all k,

kD(η(tk), γ(tk)) ≤ kD(η(sk), γ(tk)) + kD(η(sk), η(tk)) ≤ 2R,

a contradiction. Therefore the claim holds.
Now, let βk : [0, Tk]→ D be a geodesic joining γ(tk) and η(tk). Since (D, kD) is Gromov

hyperbolic, it follows that there exists M > 0 such that for all k and all m ≤ k,

min{kD(γ(tm), η([0, tk])), kD(γ(tm), βk([0, Tk]))} ≤M.

By the claim, if m is sufficiently large, the only possibility is that kD(γ(tm), βk([0, Tk])) ≤
M . This implies that there exists a compact set K ⊂ D such that βk intersects K for
all k. We can reparametrize βk in such a way that βk : [−sk, rk] → D and βk(0) ∈ K.
Using such a parametrization and arguing as in the proof of Lemma 3.1, we see that by
visibility, βk converges to a geodesic line β : (−∞,+∞)→ D and that limt→±∞ β(t) = p.
Namely, β is a geodesic loop, contradicting our hypothesis. �
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In dimension one, we have a simple characterization of visible simply connected do-
mains:

Corollary 3.4. Let D ⊂ C be a bounded simply connected domain. Then D has the
visibility property if and only if ∂D is locally connected.

Proof. Assume ∂D is locally connected. Let f : D→ D be a Riemann map. Since (D, kD)
is Gromov hyperbolic, so is (D, kD). Since ∂D is locally connected, it follows by the
Carathéodory extension theorem (see, e.g. [BCD, Thm. 4.3.1]) that f extends continu-

ously to the boundary, call f̃ such an extension. Now, f−1 extends as a homeomorphism–

denote it by f̂−1—from D
G

to DG
and the identity map idD extends as a homeomorphism

îdD from DG
to D. Therefore, îdD := f̃ ◦ îdD ◦ f̂−1 is a continuous surjective extension of

idD. Thus, by Theorem 3.3, D has the visibility property.
Conversely, if D has the visibility property, then by Theorem 3.3, idD extends as a

surjective continuous map from D
G

to D. Since ∂GD is homeomorphic to ∂GD and the
latter is homeomorphic to ∂D, it follows that there exists a continuous surjective function
from ∂D to ∂D, and hence ∂D is locally connected (see, e.g. [BCD, Thm. 4.3.1]). �

The following example provides a domain with the visibility property and geodesic
loops:

Example 3.5. The domain D := D \ {[0, 1)} is simply connected and ∂D is locally
connected, thus, D has the visibility property. However, D has geodesic loops: let f : D→
D be a Riemann map and take ξ1, ξ2 ∈ ∂D, ξ1 6= ξ2, such that f(ξ1) = f(ξ2) = 1/2 (see,
e.g. [BCD, Prop. 4.3.5]), let γ be the geodesic line in D whose closure contains ξ1 and ξ2.
Hence, f(γ) is a geodesic loop in D.

Since any biholomorphism between two Gromov hyperbolic domains extends as a home-
omorphim between the Gromov closure of the domains, we have also the following direct
consequence (compare with [BZ, Theorem 6.5] in light of Remark 3.2):

Proposition 3.6. Let D1, D2 ⊂ Cn be complete hyperbolic bounded domains. Assume
D1, D2 have the visibility property. If (D1, kD1) is Gromov hyperbolic and D1 has no
geodesic loops then every biholomorphism F : D1 → D2 extends continuously on ∂D1.

In particular the previous proposition applies when D1 is strongly pseudoconvex, or
convex and Gromov hyperbolic (so, for instance if ∂D is smooth and of finite type), or
D1 ⊂ C2 is smooth, pseudoconvex and of finite type.

One can localize the previous argument, by getting rid of Gromov hyperbolicity con-
dition, provided one has some knowledge on geodesic rays landing at a given boundary
point. This is the content of Theorem 1.2, which we are now going to prove:

Proof of Theorem 1.2. By [BFW, Thm. 2.6] (which is actually based on [DFW, Thm 1.1]
and allows to replace the hypothesis that D is strongly pseudoconvex in [BFW, Thm. 2.6]
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with D having a Stein neighborhood basis), there exist a C3-smooth bounded strongly
convex domain W ⊂ Cn and a univalent map Φ : D → Cn such that Φ extends C3 up
to D, Φ(p) ∈ ∂W , Φ(D) ⊂ W and there exists an open neighborhood U of Φ(p) such
that W ∩ U = Φ(D) ∩ U . By [BST, Lemma 4.5], there exists a complex geodesic for W
(i.e., an isometry between kD and kW ) ϕ : D → W such that ϕ(D) ⊂ U , ϕ(1) = p and
ϕ is also a complex geodesic for Φ(D). Note that [0, 1) 3 r 7→ ϕ(r) is (once suitably
reparametrized in hyperbolic arc-length) a geodesic ray in Φ(D), which lands at p and it
is transverse to ∂D (by Hopf’s Lemma). It follows that D has a geodesic ray γ landing
at p non-tangentially.

Since F (γ) is a geodesic ray in D′, by Lemma 3.1, it lands at some point q ∈ ∂D′.
In order to prove the theorem, we need to show that if {zk} ⊂ D is a sequence converging

non-tangentially to p then {F (zk)} converges to q.
In order to see this, fix a sequence {zk} ⊂ D converging non-tangentially to p. Let B ⊂

D be a ball tangent to ∂D at p. Since kD|B ≤ kB, it follows from [BF, Lemma 2.3] that
{zk} stays at finite Kobayashi distance from γ. Hence, there exist a sequence of positive
real numbers {tk} converging to +∞ and a constant C > 0 such that kD(γ(tk), zk) ≤ C
for all k. Thus, kD′(F (zk), F (γ(tk)) ≤ C for all k, and, by Proposition 2.4 it follows that
{F (zk)} converges to q. �

4. Visibility and growth of the metric

In this section, we explore the possibility of a converse to Proposition 2.4. By results of
Zimmer [Z2, Propositions 3.5 and 4.6], condition (2.3) excludes the presence of analytic
discs with nonempty interior in ∂D.

Our first result generalizes [Z3, Lemma 4.5] to the case of domains with irregular bound-
aries. In this case, some boundary points do not have a well defined tangent hyperplane,
and then the notion of multiface is needed.

Proposition 4.1. Let D be a bounded convex domain, and p, q ∈ ∂D such that Fp∩Fq = ∅.
Then the log-estimate (2.5) holds.

In particular, if D has 1
2
-log-growth, then lim sup(x,y)→(p,q)(x|y)o <∞.

Proof. Let {xk} ⊂ D be a sequence converging to p and {yk} ⊂ D a sequence converging
to q. For each k, choose a point pk ∈ ∂D such that ‖xk − pk‖ = δD(xk). Then, because
B(xk, δD(xk)) ⊂ D and pk ∈ B(xk, δD(xk)), there exists a unique (real) tangent hyperplane
Tpk , and therefore a unique complex tangent hyperplane Hpk , to ∂D at pk. Up to passing
to subsequences, we can assume that Hpk converges (in the Hausdorff distance when
restricted to a fixed ball) to Hp, a complex supporting hyperplane for D at p. Then
Hp ∩D ⊂ Fp. In the same way, we get Hq, a complex supporting hyperplane for D at q.

Since Fp ∩ Fq = ∅, it follows that (Hp ∩ Hq) ∩ D = ∅ and, D being bounded, the
Euclidean distance of Hp ∩D from Hq ∩D is positive. We write, for η > 0,

(4.1) Np(η) := {z ∈ Cn : dist(z,Hp) ≤ η} , Nq(η) := {z ∈ Cn : dist(z,Hq) ≤ η} .
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Fix η > 0 small enough such that Np(η)∩Nq(η) stays at a positive distance from D. Let

Npk(η) := {z ∈ Cn : dist(z,Hpk) ≤ η} , Nqk(η) := {z ∈ Cn : dist(z,Hqk) ≤ η} .

Then Npk(η) ∩D converges to Np(η) ∩D in the Hausdorff distance (and the same holds
for qk and q respectively). So for k large enough,

(Npk(η) ∩D) ∩ (Nqk(η) ∩D) = ∅.

Suppose now that k is large enough so that δD(xk), δD(yk) <
1
2
η. The affine real tangent

hyperplane to ∂D at pk, Tpk , is orthogonal to the real line passing through xk and pk and
contains the affine complex hyperplane Hpk .

Let π′k be the orthogonal projection to the complex line through xk and pk, parallel to
Hpk . Take a complex coordinate on this line so that pk is represented by 0 and the inward
half line from pk containing xk goes to the positive imaginary half axis. Then π′k(Npk(η)) =
D(0, η), π′k(xk) = iδD(xk), and π′k(D) ⊂ {Im z > 0} =: H. Since holomorphic maps
contract the Kobayashi distance,

(4.2) kD (xk, D \ Npk(η)) ≥ kH
(
iδD(xk),H \D(0, η)

)
=

1

2
log

1

δD(xk)
− 1

2
log

1

η
,

the last equality being obtained by an explicit computation. An analogous inequality can
be proved for kD (yk, D \ Nqk(η)) by using an orthogonal projection π′′k parallel to Hqk .

Finally, any curve from xk to yk must contain a point zk ∈ Fk := D\ (Npk(η) ∪Nqk(η)).
By the above estimates,

kD(xk, yk) ≥ inf
z∈Fk

kD(xk, z) + inf
z∈Fk

kD(z, yk) ≥
1

2
log

1

δD(xk)
+

1

2
log

1

δD(yk)
− log

1

η
,

and we are done.
The last statement follows at once from the remark after Definition 2.6. �

Corollary 4.2. Let D be a bounded convex domain, and let p ∈ ∂D be such that Fp = {p}.
Then for any q ∈ ∂D \ {p}, (2.5) holds.

In particular, if Fp = {p} for any p ∈ ∂D and D has 1
2
-log-growth, then D has the

visibility property.

The above conclusion for bounded convex domains with C1,α-boundary follows as well
from [Z3, Theorem 4.1(2)].

One may ask whether a full converse of Proposition 2.4 holds. It does not, and it seems
that having complex faces on the boundary “on the way” from p to q is an obstruction.

Proposition 4.3. Let D := D2, p := (−1, 0), q := (1, 0). Then the pair {p, q} satisfies
(2.3), but not the visibility property.
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Proof. If x, y are close enough to p and q respectively, δD(x) = 1− |x1|, δD(y) = 1− |y1|,
and using the projection on D× {0},

kD(x, y) ≥ kD(x1, y1) = −1

2
log(1− |x1|2)− 1

2
log(1− |y1|2) +O(1).

So (2.5) holds, which is equivalent to (2.3) in this case.
Consider the points pε := (−1 + ε, 0), q := (1 − ε, 0). Then a geodesic from pε to qε

is given by the line segment [−1 + ε, 1 − ε] × {0}. But another one can be obtained in
the following way: let c > 1 be chosen such that kD(0, 1 − ε1/2) < kD(1 − ε, 1 − cε1/2)
(this is possible since kD(0, 1− ε1/2) = −1

4
log ε+O(1) = kD(1− ε, 1− cε1/2) +O(1)). Let

p̃ε := (−1 + cε1/2, 1 − ε1/2), q̃ε := (1 − cε1/2, 1 − ε1/2). Let γε be the curve made up of a
geodesic from pε to p̃ε, followed by the geodesic from p̃ε to q̃ε (a horizontal line segment),
followed by a geodesic from q̃ε to qε. Since kD(z, w) = max(kD(z1, w1), kD(z2, w2)), we see
that

`(γε) = kD(−1 + ε,−1 + cε1/2) + kD(−1 + cε1/2, 1− cε1/2) + kD(1− cε1/2, 1− ε)
= kD(−1 + ε, 1− ε),

so γε is a geodesic segment too. But γε ⊂ D2 \D(0, 1− cε1/2)2 avoids any compact set in
the bidisc as ε→ 0, so the pair {p, q} does not have the visibility property. �

It remains an open question whether one can find such an example with ∂D smooth.
One might ask whether the hypothesis Fp∩Fq = ∅ of Proposition 4.1 can be weakened.

A natural weaker condition is to assume that p 6∈ Fq (which implies that also q 6∈ Fp).
Under such a condition we can prove:

Proposition 4.4. Let D be a convex domain (not necessarily bounded), and let p, q ∈ ∂D
be such that q 6∈ Fp. Then

lim sup
x→p,y→q

(
1

2
max{log

1

δD(x)
, log

1

δD(y)
} − kD(x, y)

)
<∞.

Proof. By definition of multiface, if q 6∈ Fq then also p 6∈ Fq.
For a point z ∈ D, and a vector v ∈ Cn, we let

(4.3) δD(z; v) := sup {r > 0 : z + λv ∈ D ∀λ ∈ C, |λ| < r} .

It follows by the estimate [NT, p. 633] that

kD(x, y) ≥ 1

2
log

(
1 +

1

min{log δD(x; x−y
‖x−y‖), log δD(y; x−y

‖x−y‖)}

)
.

We claim that there is a constant c so that δD(x; x−y
‖x−y‖) ≤ cδD(x) and δD(y;x−y) ≤ cδD(y),

for x close enough to p and y close to q, from which the statement follows at once.



VISIBILITY OF KOBAYASHI GEODESICS IN CONVEX DOMAINS 15

In order to prove the claim, suppose by contradiction that there exist xk → p, yk → q,
such that

(4.4) δD(xk) = o

(
δD

(
xk;

xk − yk
‖xk − yk‖

))
.

Then vk := xk−yk
‖xk−yk‖

→ v := p−q
‖p−q‖ . Let pk ∈ ∂D be such that ‖xk − pk‖ = δD(xk),

and let Hk be the supporting complex hyperplane at pk—note that it is unique because
B(xk, δD(xk)) ⊂ D and pk ∈ ∂B(xk, δD(xk)). Passing to a subsequence if needed, we
may assume that Hk converges to a supporting complex hyperplane H∞ at p. Then,
decomposing the vectors vk in components parallel and orthogonal to Hk, (4.4) implies
that v ∈ H∞. This means that the direction p− q is parallel to Fp, and by convexity, that
q ∈ Fp, contradicting the hypothesis.

A similar argument shows that δD(y;x − y) ≤ cδD(y), for y close to q, and we are
done. �

The conclusion of the previous proposition cannot be improved: consider the bidisc
D := D2, and p := (1, 0), q := (0, 1), x := (1− ε, 0), y := (0, 1− ε). Then q /∈ Fp, p /∈ Fq,
but Fp ∩ Fq = {(1, 1)} and

kD2(x, y) =
1

2
log

2− ε
ε
≤ 1

2
log

1

δD2(x)
+ log 2 =

1

2
log

1

δD2(y)
+ log 2.

5. Points of infinite type

By [Z1] bounded smooth convex finite D’Angelo type domains are Gromov hyperbolic
and so they have the visibility property by [BGZ]. In this section we first prove Theo-
rem 1.1, proving that, although not Gromov hyperbolic, smooth bounded convex domains
whose boundary points are of finite type, except at most finitely many, have the visibility
property.

To this aim, we need to set up some notation and preliminary notions.
In this section, D ⊂ Cn is a bounded convex domain with smooth boundary.
Since any bounded domain with C2 boundary satisfies the inner ball condition, there

exists δc > 0 such that for any z ∈ D with δD(z) < δc, there exists a unique point ζ ∈ ∂D
such that ‖z − ζ‖ = δD(z). We denote ζ = π(z). The fiber π−1(π(z)) is a subset of the
real normal line to ∂D at π(z). The map z 7→ (π(z), δD(z)) is a diffeomorphism from
{z ∈ D : δD(z) < δc} to ∂D × (0, δc).

Using the inner ball condition and an affine mapping, and taking δc smaller as needed,
it is easy to see that there exists a constant A1 such that for all p, q ∈ D such that
π(p) = π(q) and δc ≥ δD(p) ≥ δD(q), then

(5.1) kD(p, q) ≤ 1

2
log

δD(p)

δD(q)
+ A1.
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Note also that Kc := {z ∈ D : δD(z) ≥ δc} is a compact set, and so bounded in the
Kobayashi distance of D.

We recall the definition of a minimal basis at a point z, and of the directional distances
to the boundary τj(z), as given in [NT].

Let z ∈ D and let z1 := π(z) and τ1(z) := ‖z1− z‖ = δD(z). Let H1 = z+ (C(z1− z))⊥,
where, for a complex space V ⊂ Cn we let V ⊥ denotes the complex space orthogonal
(with respect to the standard Hermitian product) to V . Let D1 = D ∩H1. Note that D1

is a convex domain in the affine complex space H1 of dimension n− 1 and z ∈ D1.
Let z2 ∈ ∂D1 so that τ2(z) := ‖z2− z‖ = δD1(z). Let H2 = z+ (spanC(z1− z, z2− z))⊥,

D2 = D ∩ H2 and iterate the construction for n steps. Thus we get an orthonormal
basis of the vectors ej = zj−z

‖zj−z‖ , 1 ≤ j ≤ n, which is called minimal for D at z, and

positive numbers τ1(z) ≤ τ2(z) ≤ · · · ≤ τn(z) (the basis and the numbers are not uniquely
determined).

From the last formula in the proof of [Gau, Lemma 1.3] (p. 379, line 4) we have

Lemma 5.1. Let S ⊂ ∂D be compact and let U1 ⊂ ∂D be a neighborhood of S. Suppose
there exists M > 0 such that the type of ζ ∈ U1 is bounded from above by M . Then there
exist a neighborhood U2 ⊆ U1 of S, δ̃ > 0 and C1 > 0 such that for every z ∈ D with
δD(z) ≤ δ̃ and π(z) ∈ U2, we have τj(z) ≤ C1δD(z)1/M for all 1 ≤ j ≤ n.

The following lemma is an immediate consequence of [NT, Theorem 1, (ii)].

Lemma 5.2. If q, z ∈ D are such that kD(q, z) < r, then

max
1≤j≤n

|zj − qj|
τj(q)

< e2r − 1,

where (z1, . . . , zn) and (q1, . . . , qn) are the coordinates of z and q in the affine coordi-
nates system {O; e1, . . . , en}, where O is the origin in Cn and {e1, . . . , en} is a minimal
orthonormal basis for D at q.

We now prove that if two points with comparable distance from the boundary are joined
by a geodesic that stays as close to the boundary as they are, then they must be close to
each other in the Euclidean distance. This is achieved by comparing the Kobayashi length
of a curve staying close enough to the boundary with an upper bound for the Kobayashi
distance between its extremities.

Lemma 5.3. Let S ⊂ ∂D be compact and let U1 ⊂ ∂D be a neighborhood of S. Suppose
there exists M > 0 such that the type of ζ ∈ U1 is bounded from above by M . Let
δ ∈ (0,min{δc, e−1}). Suppose p, q ∈ D and δD(p), δD(q) ∈ (0, δ). Let γ be a geodesic
joining p and q such that δD(γ(t)) ≤ δ and π(γ(t)) ∈ S for any t. Then there exist
constant A2, C2 > 0, depending only on S and D, such that

‖p− q‖ ≤ C2δ
1/M

(
log

1

δ
+ A2

)
.
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Proof. In what follows, C stands for a constant whose value may change from line to line.
Consider two points z, w such that π(z), π(w) ∈ S and kD(z, w) ≤ 1. Then Lemma 5.2

implies that |zj − wj| ≤ (e2 − 1)τj(z) for 1 ≤ j ≤ n (where (z1, . . . , zn) and (w1, . . . , wn)
are the coordinates of z and w in a minimal orthonormal basis for D at z).

Then, by Lemma 5.1,

(5.2) ‖z − w‖ ≤
√
n max

1≤j≤n
|zj − wj| ≤ C max

1≤j≤n
τj(z) ≤ CδD(z)1/M < Cδ1/M .

In particular, if kD(p, q) ≤ 1, the result holds whenever C2 ≥ C and A2 ≥ 0 (since
log 1

δ
> 1 because δ < e−1).

We can thus assume that kD(p, q) > 1. Write kD(p, q) = m+s, with m ∈ N, m ≥ 1 and
s ∈ [0, 1), and assume γ(0) = p and γ(m + s) = q. In particular, the hyperbolic length
`(γ) of γ is greater than or equal to m. Since kD(γ(k+ 1), γ(k)) = 1 for k = 0, . . . ,m− 1
and kD(γ(m), γ(m+ s)) ≤ 1, by (5.2), we have for k = 0, . . . ,m− 1,

‖γ(k + 1)− γ(k)‖ < Cδ1/M ,

and ‖γ(m+ s)− γ(m)‖ < Cδ1/M . By the triangle inequality,

(5.3) ‖p− q‖ < (m+ 1)Cδ1/M ≤ (`(γ) + 1)Cδ1/M .

Now, let p0, q0 ∈ D be such that π(p0) = π(p) and π(q0) = π(q) and δD(p0) = δD(q0) =
δc. Since γ is a geodesic, and using (5.1), we have

`(γ) ≤ kD(p, p0) + kD(p0, q0) + kD(q0, q) ≤ log
δc
δ

+ 2A1 + diamKc,

where diamKc denotes the diameter in the Kobayashi distance of Kc, which is finite.
Putting together the previous inequality and (5.3) we have the result. �

Now we are in a position to prove Theorem 1.1.

Proof of Theorem 1.1. Let p, q ∈ ∂D. We aim to show that there exists δp,q > 0 such
that for any {pk}, {qk} ⊂ D converging to p and q respectively, for k large enough, any
geodesic from pk to qk intersects {z ∈ D : δD(z) ≥ δp,q}.

We argue by contradiction and suppose there is no such δp,q. Let γk be a geodesic such
that γk(0) = pk and γk(Rk) = qk for some Rk > 0. Then, for any δ > 0 we can find kδ so
that δD(γk(t)) ≤ δ for any t and k ≥ kδ.

Case 1. Either q or p (or both) is of finite type.

Without loss of generality, we assume q is of finite type. Then, for r small enough,
any point in U1 := B(q, 2r) ∩ ∂D has type bounded from above by some M > 0. Let

S := B(q, r) ∩ ∂D. We can take r so small that p /∈ U1. Let U := π−1(S) ⊂ D \Kc. For
k large enough, qk ∈ U and γk([0, Rk]) 6⊂ Ū . Let

tkp := sup{t ∈ [0, Rk) : γk(t) /∈ U}
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and let p′k := γk(t
k
p). Then γk|[tkp ,Rk] is a geodesic from p′k to qk such that ‖p′k − qk‖ ≥ r/2,

π(γk(t)) ∈ S and δD(γk(t)) ≤ δ for all t ∈ [tkp, Rk]. In particular, if δ < min{δc, e−1}, by
Lemma 5.3 we have for all k,

r

2
≤ ‖p′k − qk‖ ≤ C2δ

1/M

(
log

1

δ
+ A2

)
,

which provides a contradiction for δ → 0.

Case 2. p and q are of infinite type.

Let E ⊂ ∂D be the set of points of infinite type different from p and q. By hypothesis,
E is finite. For r > 0 let Er := {z ∈ Cn : dist(z, E) < r}.

Let r > 0 be such that B(p, r) ∩ B(q, r) = ∅ and (B(p, r) ∪ B(q, r)) ∩ Er = ∅. Then

U1 := ∂D \
(
B(p, r/2) ∪B(q, r/2) ∪ Er/2

)
is an open set in ∂D formed by points of type

at most M for some M > 0 (since the type of a point is a locally bounded function). Let
S := ∂D \ (B(p, r) ∪B(q, r) ∪ Er). Then S ⊂ U1 is a compact set.

Now we can argue by contradiction as before. Given two sequences {pk} and {qk} in D
converging to p and q respectively, if γk is a geodesic joining pk and qk such that for every
δ > 0 there exists kδ so that δD(γk(t)) ≤ δ for all k ≥ kδ, we can easily find an interval
[tk, sk] such that π(γk(t)) ∈ S for all t ∈ [tk, sk] and ‖γ(tk)− γ(sk)‖ ≥ c for some constant
c > 0 (and k large enough), getting a contradiction as before. �

In case the set of points of infinite type is not finite, the (bounded convex, smooth do-
main) D might or might not have the visibility property. Roughly speaking, the visibility
property depends in a critical way on the rate of approach of the boundary to its complex
tangent space. We give an example below.

Let ψ, χ1, χ2 ∈ C∞(R,R+) be even functions, strictly increasing on R+. Let Ωψ be a
convex domain such that

Ωψ ∩ {‖z‖ < 3} ={
z ∈ C2 : ‖z‖ < 3,Re z2 > ψ(Re z1) + χ1((| Im z1| − 2)+) + χ2(Im z2)

}
.

(5.4)

We also assume that Ωψ is smoothly bounded and contained in the ball B(0, 5). Notice
that ∂Ωψ ∩ C × {0} = [−2i, 2i] × {0}. We choose p := (i, 0), q := (−i, 0). By choosing
χ1, χ2 convex, we can ensure that ∂Ωψ is strictly pseudoconvex away from the line segment
{0} × [−2i; 2i].

If for some ε > 0 ∫ ε

0

ψ−1(u)
du

u
<∞,

the domain Ωψ satisfies the Goldilocks condition from Definition 2.7, and therefore has
the visibility property, by [BZ, Theorem 1.4]. This is achieved, for instance, when ψ(x) ≥
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exp
(
− 1
x
(log 1

x
)−α
)
, for some α > 1, because then

ψ−1(u) ≤ 1(
log 1

u

) (
log log 1

u

)α .
In contrast, taking o some inner point in Ωψ, we have

Proposition 5.4. If ψ(x) = o
(
exp

(
− π

2x

))
near x = 0, then lim sup(p′,q′)→(p,q)(p

′|q′)o =
∞, and therefore Ωψ does not have the visibility property.

Proof. Let pε := (i, ε), qε := (−i, ε), which tend to p and q respectively as ε → 0. We
claim that

(5.5) kΩψ(pε, qε) ≤ log 2 +
π

2ψ−1(ε)
.

In order to prove (5.5), we will bound kΩψ(pε, qε) by constructing an almost explicit
analytic disc containing pε and qε. Let ωε := {ζ ∈ C : (ζ, ε) ∈ Ωψ}. For ε small enough,
by convexity, (C×{ε})∩Ωψ ⊂ {‖z‖ < 3}, so for those values of ε, (ζ, ε) ∈ Ωψ if and only
if

ε > ψ (|Re ζ|) + χ1 ((| Im ζ| − 2)+) ,

and, in particular,

ωε ⊃ {| Im ζ| < 2, ψ(Re ζ) < ε} =: Rε.

Let ε′ := ψ−1(ε) and

R′ε :=
i

ε′
Rε =

{
|Re ζ| < 2

ε′
, | Im ζ| < 1

}
.

Then

kΩψ(pε, qε) ≤ kωε(i,−i) ≤ kRε(i,−i) = kR′ε

(
1

ε′
,− 1

ε′

)
.

The conformal map φ(z) := e
π
2 z−1

e
π
2 z+1

maps the strip {| Im ζ| < 1} to the unit disc. The

line segments
{

Re ζ = ± 2
ε′

}
are mapped to arcs of circles perpendicular to the unit circle

which intersect the diameter (−1,+1) at the points e
π
ε′ −1

e
π
ε′ +1

and e
− π
ε′ −1

e
− π
ε′ +1

, so that

φ (R′ε) ⊃ D
(
0, 1− 2e−

π
ε′
)
,

while φ
(
± 1
ε′

)
= ±1−e−

π
2ε′

1+e
− π

2ε′
.

By renormalizing the smaller disc, for ε′ small enough,

kR′ε

(
1

ε′
,− 1

ε′

)
≤ kD

(
1− e−

π
2ε′ ,−1 + e−

π
2ε′
)

= 2kD
(
1− e−

π
2ε′ , 0

)
≤ log 2 +

π

2ε′
,

and (5.5) is proved.
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To conclude the proof, notice that

1

2
log

1

δΩψ(pε)
+

1

2
log

1

δΩψ(qε)
= log

1

ε
,

and our hypothesis says that ε = o
(

exp
(
− π

2ψ−1(ε)

))
, i.e. log ε+ π

2ψ−1(ε)
→ −∞ as ε→ 0.

By (5.5), this implies

−1

2
log

1

δΩψ(pε)
− 1

2
log

1

δΩψ(qε)
+ kΩ(pε, qε) ≤ log ε+

π

2ψ−1(ε)
→ −∞,

and we are done. �

Note that the previous condition is analogous to the “log-type” condition in [LW], but
slightly less demanding.

6. Localization

The results from Section 4 are obtained with the help of a global hypothesis, namely
convexity of the whole domain. It seems natural to look for analogues with suitably
localized hypotheses.

To this aim we introduce and study two objects: the k-points and the locally C-strictly
convex point.

6.1. k-points.

Definition 6.1. Let D be a domain in Cn. We say that p ∈ ∂D is a k-point if for every
neighborhood W of p,

lim inf
z→p

[kD(z,W c) +
1

2
log δD(z)] > −∞,

where kD(z,W c) := inf
w∈D\W

kD(z, w).

If all boundary points are k-points, in many cases, the domain enjoys the visibility
property. We recap the consequences of previous results.

Proposition 6.2. Let D be a bounded convex domain in Cn.

(i) If for any q ∈ ∂D \ {p}, lim sup(x,y)→(p,q)(x|y)o <∞, then p is a k-point.
(ii) If, furthermore, ∂D is Dini-smooth, then the following are equivalent:

(a) any p ∈ ∂D is a k-point;
(b) for any p 6= q ∈ ∂D, lim sup(x,y)→(p,q)(x|y)o <∞;
(c) D enjoys the visibility property.
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Proof. (i) Assume p is not a k-point, then we can choose sequences {xk} → p and {yk} ⊂
W c such that kD(xk, yk)+ 1

2
log δD(xk)→ −∞. Passing to a subsequence, we may assume

yk → q ∈ D \W . If q ∈ D, then the assumption contradicts (2.4). Suppose q ∈ ∂D \W .
Since D is convex, the assumption in (i) implies (2.5), so for k large enough,

kD(xk, yk) +
1

2
log δD(xk) ≥

1

2
log

1

δD(yk)
− C,

which shows that p is a k-point.
(ii) (b) implies (a) follows at once from (i). Conversely, if both p, q are k-points, and

p 6= q, then selecting disjoint neighborhoods Wp and Wq, the Kobayashi length of any
curve connecting p′ ∈ Wp to q′ ∈ Wq is greater than kD(p′,W c

p )+kD(q′,W c
q ) and so we see

that the pair {p, q} satisfies (2.5), therefore by Dini-smoothness, (2.3), hence, (a) implies
(b).

Finally, properties (b) and (c) are equivalent by Proposition 2.5. �

The proof of (ii) also implies:

Proposition 6.3. Let D be a bounded complete hyperbolic domain in Cn. If ∂D is Dini-
smooth and any p ∈ ∂D is a k-point, then D enjoys the visibility property.

Proposition 5.4 provides examples of points in the boundary of a convex domain, with
a complex face reduced to a real line segment, which are not k-points.

Note that a k-point p ∈ ∂D satisfies the following necessary condition: for every neigh-
borhood W of p,

(6.1) lim sup
z→p

kD(z,W c) =∞.

With this remark at hand, we can prove

Lemma 6.4. Let D ⊂ Cn be a bounded domain. If ∂D is C1-smooth, or if D is convex,
and p lies in the interior of an affine analytic disc contained in ∂D, then (6.1) is not
satisfied and, in particular, p is not a k-point.

This is proved in the case where ∂D is C1 by [Z2, Proposition 4.6]. The converse is true
for any C-convex domain, by [Z2, Proposition 3.5], which proves a stronger fact: if (6.1)
does not hold then p sits in the interior of a convex face.

Proof. It is enough to “push” the analytic disc on ∂D inside the domainD by an arbitrarily
small amount. Under each of the hypotheses, we will prove a slightly stronger property
of the boundary:

(PB) for any p ∈ ∂D, there exist a unit vector v ∈ Cn, a neighborhood U of p, and a
positive number ε such that : for any z ∈ U ∩D, any t ∈ (0, ε), then z + tv ∈ D.

If (PB) holds, let E be a complex affine disc centered at p, of radius r0 small enough
so that E ⊂ ∂D ∩ U . For t < ε, we have a family of complex affine discs parallel to E,
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E + tv. Take W := B(p, r0/2), the ball of radius r0/2 around p. Using the analytic discs
E + tv we see that kD(p+ tv, ∂W ) remains bounded as ε→ 0.

Any domain with C1 boundary satisfies (PB) (this is almost stated in [JP, Remark
3.2.3. (b)], and elementary).

In the case where D is convex with no additional boundary smoothness, if p ∈ ∂D,
consider any p0 ∈ D. There is an r > 0 such that the closed ball B̄(p0, r) ⊂ D.
Consider F :=

(
B̄(p0, r/2) + R+(p− p0)

)
∩ ∂D. This is a closed neighborhood of p in

∂D. We can take for U a small enough open neighborhood of F , v := p0−p
‖p−p0‖ , and

ε < dist(F, B̄(p0, r/2)). �

Taking into account that by [Sib, Proof of Proposition 2.4] (see [NPZ, Proposition 10]
for more details), a point p ∈ ∂D lies in no non-trivial affine analytic disc contained in
∂D if and only if p is a holomorphic peak point for A(D), we have:

Corollary 6.5. If D is convex and bounded, p ∈ ∂D, then p satisfies (6.1) if and only if
p is a peak point for A(D).

On the other hand, from Corollary 4.2 and the proof of Proposition 6.2(i) we have

Proposition 6.6. If D is a bounded convex domain, p ∈ ∂D and Fp = {p}, then p is a
k-point.

Our next aim is to localize the previous results. We start with:

Theorem 6.7. Let D be a bounded domain in Cn and p ∈ ∂D. Let U be a neighborhood
of p such that p is a k-point for D ∩ U and assume that D ∩ U has α-growth for some
α < 1. Then p is a k-point for D.

Since bounded convex domains have α-log-growth for some α > 0 (see the remark after
Definition 2.6), we have the following corollary:

Corollary 6.8. Let D be a bounded domain in Cn. Let U be a neighborhood of p such
that D ∩ U is convex and p is a k-point for D ∩ U . Then p is a k-point for D.

Proof of Theorem 6.7. In the sequel, when U and D are open sets, we define DU := D∩U .
Before starting the actual proof of Theorem 6.7, we need a lemma to compare the

Kobayashi-Royden metrics of D and D ∩ U when z is near p.

Lemma 6.9. Given any c < 1, there exist c′ > 0 and a neighborhood W of p, W ⊂⊂ U ,
such that for any z ∈ W ,

(6.2) κD(z;X) ≥ (1− c′δD(z)c)κDU (z;X), X ∈ Cn.

Proof. Let V ⊂⊂ U. Since D is bounded, minz∈V lD(z, U c) =: c0 > 0. By the localization
formula (see [Roy, Lemma 2]):

(6.3) κD(z;X) ≥ lD(z, U c) · κDU (z;X),
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where lD(z, U c) = infw∈D\U lD(z, w), so for z ∈ DV , we have

(6.4) κD(z;X) ≥ c0κDU (z;X), X ∈ Cn.

Since kD is the integrated form of κD,

kD(z, V c) ≥ c0kDU (z, V c), z ∈ DV .

We may choose W ⊂⊂ V such that for z ∈ W , δDU (z) = δD(z). Since p ∈ ∂DU is a
k-point, for z ∈ DW , we have

lD(z, U c) ≥ lD(z, V c) ≥ tanh kD(z, V c) ≥ tanh c0kDU (z, V c) ≥ 1− c′δD(z)c0 ,

where c′ depends on the constant implicit in Definition 6.1.
Shrinking W further, we may reduce supz∈W δD(z) so that (6.4) holds for z ∈ W with

any constant c < 1 we choose in the place of c0. Repeating the previous argument once
more, we get (6.2), and the Lemma is proved. �

Now, by (6.4), there exists W a neighborhood of p, and a constant ĉ > 0 such that

κD(z;X) ≥ ĉ||X||, z ∈ DW , X ∈ Cn.

Let now z ∈ DW and w1 6∈ DW . Let γ : [0, L1] → D be a C1 curve from z to w1 such
that ∫ L1

0

κD(γ1(s); γ′1(s))ds ≤ kD(z, w1) + ε.

Let L2 := inf{s ∈ [0, L1] : γ1(s) /∈ W} and w := γ1(L2) ∈ D \W . It will be enough to
bound from below kD(z, w).

We can then apply the following lemma, which is essentially proved in [BZ, Proposition
4.4] (“existence of (1, ε)-almost geodesic”).

Lemma 6.10. Let D be a domain in Cn and γ : [0, 1]→ D be a C1-curve with non-singular
points. Assume that there exists a constant ĉ > 0 such that κD(γ(t); γ′(t)) ≥ ĉ||γ′(t))|| for
any t ∈ [0, 1]. Let σ : [0, L] → D, s 7→ σ(s), be the parametrization of γ by Kobayashi-
Royden length, ds = κD(γ(t); γ′(t))dt. Then σ is an absolutely continuous curve and
κD(σ(s);σ′(s)) = 1 for almost every s ∈ [0, L].

By Lemma 6.10 applied to γ := γ1|[0,L2], for any ε > 0 there exists a curve σ : [0, L]→ D,
with σ(0) = z and σ(L) = w, such that κD(σ(s);σ′(s)) = 1 for almost every s ∈ [0, L]
and L ≤ kD(z, w) + ε.

Choose t0 to maximize δD(σ(t)), t ∈ [0, L]. Since DU has α-growth, it follows that

(6.5) |t− t0| − ε < kD(σ(t), σ(t0)) ≤ kDU (σ(t), z0) + kDU (σ(t0), z0)

≤ βδD(σ(t))−α + βδD(σ(t0))−α ≤ 2βδD(σ(t))−α.

Define f(t) = 2β if |t− t0| < 1 + ε and f(t) = 2β/(|t− t0| − ε) otherwise. Shrinking W
as needed, we may assume that δD(σ(t))α ≤ f(t).
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Then using (6.2)

kDU (z, w) ≤
∫ L′

0

κDU (σ(t), σ′(t))dt

<

∫ L

0

(1 + 2c′δD(σ(t))c)κD(σ(t);σ′(t))dt

=

∫ L

0

(1 + 2c′δD(σ(t))c)dt ≤ L+ 2c′
∫ ∞

0

f(t)νdt = kD(z,W c) + ε+ Cε,

where ν = c/α and Cε = 4c′(2β)ν
(
1 + ε+ 1

ν−1

)
.

Since ε > 0 was arbitrary, it follows that

kDU (z,W c) ≤ kD(z,W c) + C0, z ∈ DW

which completes the proof of Theorem 6.7. �

Remark 6.11. In Theorem 6.7 one can remove the hypothesis that D is bounded by
assuming that p is an antipeak point of D. Indeed, under such hypothesis, (6.4) follows
from [FN, Proposition 7].

6.2. Locally C-strictly convex points.

Definition 6.12. We say that p ∈ ∂D is a locally C-strictly convex point if there exists a
biholomorphism Ψ from a bounded open neighborhood U of p to Ψ(U) such that Ψ(D∩U)
is convex and FΨ(p) = {Ψ(p)}, where the multiface is taken with respect to Ψ(D ∩ U).

Note that any C2-smooth strictly pseudoconvex point is locally C-strictly convex.

Theorem 6.13. Let D be a domain in Cn. Any locally C-strictly convex point p ∈ ∂D
is a k-point for D. As a consequence, any pair of distinct locally C-strictly convex points
satisfies the log-estimate (2.5).

Since strictly pseudoconvex points are locally C-strictly convex, this provides a (modest)
generalization of [FR, Corollary 2.4].

Proof of Theorem 6.13. Here we show how to adapt the proof of Theorem 6.7 under this
generalized hypothesis.

By Proposition 6.2, Ψ(p) is a k-point for Ψ(D ∩ U). As Ψ is a biholomorphism it only
changes the distances to the boundary up to a fixed multiplicative constant near p, and
the Kobayashi distances are invariant, so p is a k-point for D ∩U , and thus a peak point
as well.

Furthermore, Ψ(D ∩U) has the α-growth property by convexity, hence, D ∩U has the
α-growth property near p. This is exactly what is needed to complete the last part of the
proof after Lemma 6.10.

The second statement follows from the proof of Proposition 6.2 (ii). �

Proof of Theorem 1.3. The result follows from Theorem 6.13 and Proposition 6.3. �
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6.3. Localization of intrinsic distances. From Theorem 6.7 and (6.3), we have

Corollary 6.14. Under the hypotheses of Theorem 6.7, there exists a neighborhood V ⊂⊂
U of p and a constant c > 0 such that

κD(z;X) ≥ (1− cδD(z))κDU (z;X), z ∈ DV , X ∈ Cn.

The estimate in Corollary 6.14 is in the spirit of [FR, Theorem 2.1].
Note that the hypotheses of Theorem 6.7 hold if D∩U is a bounded convex domain with

visibility property (or, more generally, if {p, q} has visible geodesics for any q ∈ ∂D ∩U).
So, Corollary 6.14 substantially generalizes the localization property given by [Theorem
3.2, LW].

Assuming Dini-smooth regularity of ∂D near p, one may bootstrap the previous results
to obtain a localization for kD which is inspired by [LW, Theorem 1.4]: let z, w be two
points tending in the Euclidean sense to a boundary point p; even though their Kobayashi
distance might tend to infinity, the difference between their Kobayashi distances with
respect to the local domain D ∩ U and the global domain D tends to 0 when z, w → p:

Proposition 6.15. Let D be a bounded domain in Cn with Dini-smooth boundary near
a point p ∈ ∂D. Assume that there exists a neighborhood U of p such that p is a k-point
for D ∩ U . Then

lim
z,w→p

(kD∩U(z, w)− kD(z, w)) = 0.

Proof. Again, as a matter of notation, if D,U are open sets, we set DU = D ∩ U . Since
∂D is Dini-smooth near p, by [NA, Theorem 7], we may find a neighborhood W ⊂⊂ U
of p such that

(6.6) kDU (z, w) ≤ log

(
1 +

2‖z − w‖√
δD(z)δD(w)

)
, z, w ∈ DW .

On the other hand, by Theorem 6.7, p is a k-point for D. Fix ε ∈ (0, 1). Then we may
shrink W (if necessary) such that diam W < ε, (6.2) holds for c = 1, and the following
is true for another neighborhood W ′ ⊂ W of p: if γ : [0, 1] is a piecewise C1-curve with

γ(0) = z ∈ DW ′ , γ(L) = w ∈ DW ′ , and
∫ L

0
κD(γ(t); γ′(t))dt < kD(γ(0), γ(1)) + ε, then

γ([0, L]) ⊂ W. Then for σ as in Lemma 6.10 (with L′ = L and w′ = w), using (6.6), we
get that δ(σ(t)) < f(t), where f(t) = ε if |t− t0| < 1+ε and f(t) = 2ε

e|t−t0|−1−ε−1
otherwise.

This implies that

kDU (z, w) < kD(z, w) + ε+ Cε, z, w ∈ DW ′

for some constant C > 0, and we are done. �

Now we are in good shape to prove Theorem 1.4:
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Proof of Theorem 1.4. Note that for any a ∈ DV there exist a neighborhood Wa and a
constant Ca such that if γ : [0, 1] −→ DWa is a piecewise C1 curve, then its Kobayashi-
Royden length verifies

(6.7) LκDU (γ) ≤ LκD + Ca.

This is trivial if a /∈ ∂D. If a ∈ ∂D, then, by Proposition 6.2 (i), p is a k-point for DU

and (6.7) follows by the proof of Theorem 6.7.
Assume the theorem fails. Then we may find sequences of points zk → p ∈ DV and

wk → q ∈ DV such that
kDU (zk, wk)− kD(zk, wk)→∞.

If p 6= q, we may choose the neighborhoods so that Wp ∩Wq = ∅. Restricting attention
to tails of the sequences, we may assume that zk ∈ Wp and wk ∈ Wq, for all k.

Let now γk : [0, 1] −→ D be a piecewise C1 curve with γk(0) = zk, γk(1) = wk and
LκD(γk) ≤ kD(z, w) + 1.

If p = q and γk([0, 1]) ⊂ Wp, then

(6.8) kDU (zk, wk) ≤ kD(zk, wk) + Cp + 1.

Otherwise, then γk([0, 1]) 6⊂ Wp ∪Wq, so set rk := inf{r : γk(r) /∈ DWp}, z′k := γ(rk), and
sk := sup{s : γ(s) /∈ DWq}, w′k := γ(sk). It follows by (6.7) that

(6.9) kDU (zk, z
′
k) + kDU (wk, w

′
k) ≤ kD(zk, wk) + C1,

where C1 = Cp + Cq + 1.
Choose now a base point o ∈ DU . The visibility property of DU , the fact that zk →

p ∈ Wp 63 z′k, and Proposition 2.4 imply that there exists a constant C2 > 0 such that
for all k in this case, kDU (zk, z

′
k) ≥ kDU (zk, o) + kDU (o, z′k) − C2. Analogously, enlarging

C2 if needed, since wk → q ∈ Wq 63 w′k, kDU (wk, w
′
k) ≥ kDU (wk, o) + kDU (o, w′k)− C2.

Using (6.9), we obtain that

kD(zk, wk) + C1 ≥ kDU (zk, z
′
k) + kDU (wk, w

′
k)

≥ kDU (zk, o) + kDU (o, z′k)− C2 + kDU (wk, o) + kDU (o, w′k)− C2

≥ kDU (zk, wk) + kDU (z′k, w
′
k)− 2C2 ≥ kDU (zk, wk)− 2C2,

so

(6.10) kDU (zk, wk) ≤ kD(zk, wk) + C1 + 2C2,

Since for any k either (6.8) or (6.10) holds, we reach a contradiction. �
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