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Viscosity Solutions of system of PDEs with
Interconnected Obstacles and nonlinear Neumann
Boundary Conditions

Brahim BOUFOUSSI * Said HAMADENE Manal JAKANTI *

March 1, 2022

Abstract

This paper investigates the Hamilton-Jacobi-Bellman system of equations associ-
ated with the m-states optimal switching problem in finite horizon when the state pro-
cess is constrained to live in a connected bounded closed domain. We show existence
and uniqueness of the solution in viscosity sense of the system. The main tool is the
notion of systems of generalized reflected backward stochastic differential equations
with oblique reflection and the Feynman-Kac representation of their solutions in the
Markovian framework.

Keywords:Generalized reflected backward stochastic differential equations; Viscosity solution of
PDEs; Variational inequalities; Nonlinear Neumann boundary conditions; Optimal switching.

1 Introduction

The purpose of the present paper is to provide existence and uniqueness of continuous viscosity solu-
tion to the following system of m-variational inequalities with interconnected obstacles and nonlinear
Neumann boundary conditions: Vi = 1,...,m, V¢ € [0,T),

min{u(¢,x) — mix(uj(t,x) —gij(t,x)); — o (t,x) — Lu'(t,x)
J71

_ﬁ(tvxa (uk(tvx))k:L...,ma GT (X)Dxui(t7x))} = 0, x € D;
,. (1.1)
7’;(;,)6) L wi(t,x,ul(1,x)) =0, x € ID;

u'(T,x) = hi(x), x €D,

where the operator .Z is given by

1
&L= ETr{(GO'T)Dfx.} +b'D,.;
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and at a point x € 9D,
0 L9 9
31 = (VWD) = Y5 W

The system (1.1) is of type Hamilton-Jacobi-Bellman (HJB for short) associated with the optimal
switching problem when the state process X, which is a diffusion with generator .Z, is constrained
to live in a bounded connected domain D := {¢ > 0}.

Optimal switching models often arise in the analysis of industrial projects related to investment
in electricity and valuation of energy storage (see e.g., [2, 3, 4, 6, 7, 9, 10] etc.). In a standard
optimal switching problem, a decision maker controls a dynamical system over time by choosing
successively its working modes from a discrete set. Therefore a switching strategy is given by
o := (T,,0,)n>0 Where 7, are stopping times such that 7, < 7,4 and 6, is a random variable with
values in J := {1,...,m}. At time 1,, the decision maker switches the system from its current mode
6,1 to the next mode 6,. When the system is in mode i at time s and works a short period of time
ds, it provides a profit fi(s, @)ds. On the other hand, switching the system from mode i to mode
J #iattime s costs g;j(s, ). Thus, the problem of the decision maker is to look for a strategy o*
which maximizes the performance I'y(ot) given by:

To(a) = E{/OTfa(s)ds— G% 4 &

where
(1) ful(s) is the instantaneous profit;
(i) G¥% is the total switching cost;
(iii) &% is the terminal profit.
It is well known that the performance sg(pl"o((x) is related to the following system of backward

stochastic differential equations with oblique reflection: Vi =1,...,m, Vt < T,
Y =&+ [T fils)ds+ Ky — Ki — [ ZidBy;

i I o(f):
Y,/njlix(Yt 8ij(1))s (1.2)

Jo ¥ = maX(Y | — (1)) }dK] =

Both optimal performance and optimal strategy are provided by Y = (11, ...,Y,,) the unique solution
of (1.2) (seee.g. [11, 12, 13, 14] etc).

In the aforementioned works, when randomness stems from a standard diffusion process X'~
((¢,x) € [0,T] x R¥) solution of the following standard SDE:

dX!* = b(s,X"")ds + o (s,X!")dBy, s € [t,T] and X, = x (1.3)

(Qe. fi(s, ) = fi(s, X7 (@), 8ij(s, @) = gij(5, X, (@)) and the bequest §'(w) = h; (X7 ()) for any
i, j) the HIB system of equations associated with this switching problem takes the following form:
Vi=1,...,m, ¥(t,x) € [0,T) x Rk,

min{ui(t7x) —ma?((”j(fax) _gij(tvx)); —8,ui(t,x) —fui(t,x) _ﬁ(t7x)} =
it (1.4)
u'(T,x) = hi(x).

The solution (u);— 1....m is nothing but the value function of the switching problem (see e.g., [0, 10]).
The process X'+ of equation (1.3) is unconstrained and roughly speaking lives in R¥. However in



real life, there are several situations where X~ is constrained to stay in a given bounded domain D,
i.e. has the following dynamic:

dXy* = b(Xi")ds + o(Xy ™ )dBy + Vo (X ¥)dAYS, s € [t,T];
Xy e Dand AV = [’ Xixte aD}dAlr’x, sET); (1.5)
Xt =x, for s<t;

where A’ is an increasing process and a part of the solution. The gradient V¢ (x) coincides with the
unit normal pointing towards the interior of D := {¢ > 0}. The assumptions on b, ¢ and ¢ will be
specified later. The quantity V(})(Xf’x)dA?x stands for the actions or efforts made in such a way to
satisfy the constraint X'~ € D.

So let us give two examples which highlight our model. The first one is related to electricity
production. Indeed, consider a hydro-power station with a dam and several working modes. Denote
by X, the level of water in the dam at time s, which is obviously a stochastic process. For safety
reasons the water level should not exceed a specific level £;. On the other hand, for operational
reasons this level should not be below another level ¢;. Thus, at each time s, one should have
X; € [€o,¢1](= D) by evacuating water when Xj is prone to overlap ¢; and stopping production when
X, reaches {y. As a consequence, the working mode of the station is chosen according to parameters
which include the level of water X in the dam which is a constrained stochastic process. So if ¢ is a
strategy of switching or management of the hydro-power station, then its yield from ¢ to T is given
by:

I(a):=E [/IT fa(s)ds+ /IT Vo (s)dA — G% + 50‘} : (1.6)

The quantity jtT Ve (s)dAS" stands for the cost of maintaining the level of the dam in the appropriate
zone.

Another example is related to the interest rates in economies. Actually, assume that the process
(Xy)s<r stands for the evolution of the interest rates in several economies. The central bank of
each economy has the ability to control the interest rate in such a way to keep it above a minimum
threshold to avoid inflation and below a fixed ceiling to promote investments for the well being of the
economy. Therefore X' is constrained to stay in a bounded domain and instead of satisfying (1.3),
we would rather it satisfies equation (1.5). The quantity V(j)(Xf "x)dAﬁfx stands for the actions of the
central banks to keep the interest rates in appropriate levels. Consider now an investor who invests
his/her capital in the economy which provides the best yield amongst those economies. Therefore a
strategy of investment is of switching type and when a strategy « is implemented the yield is given
by the quantity (1.6). Once more f,T Yo (s)dA?x is the effect of the interventions of the central banks
on the return of the investment.

We believe that switching problems which look like the previous ones are interesting applica-
tions of the model we study in this article.

In this framework of randomness which comes from this constrained Markov process X'* solu-
tion of equation (1.5), the HIB system associated with the switching problem is the system of PDEs
with Neumann boundary conditions (1.1). According to our knowledge, this system has not been
considered yet. Therefore the novelty of this paper is to deal with this system (1.1) and to complete
the literature on this subject of switching problems and their associated HIB systems.

To deal with the switching problem when X'~ is a solution of (1.5), we are led to study the
following system of reflected generalized BSDEs with oblique reflection: Vi = 1,...,m, Vs € [¢,T],

Y = hiXE) A S A XP Y ZE Y [ (n X YA + K - K

—J! 2z aBy;
Yxi,t,x > r?ilx(Y‘N’X —gij(S,Xst’x)); (1.7)

Jo (v - mix(YJ 1~ gii(5, X)) YKy = 0.
J7F1




Note that without the term [ y;(r, X/, ¥,""*)dA}", the system of reflected BSDEs with intercon-
nected obstacles has been investigated in several papers ([11, 12, 14] etc). However, to our knowl-
edge this generalized version has not been considered.

The main contribution of our work, is to provide existence and uniqueness of continuous vis-
cosity solution (u') ;e for system (1.1). As a by-product, we obtain that for any i € J and s € [t,T],

(s,X *) is the optimal payoff when at time s the system is in working mode i.

The paper is organized as follows. In Section 2, we formulate our problem in a non Markovian
setting and we consider the following system of reflected generalized BSDEs with oblique reflection
which is more general than (1.7): Vi=1,....m, vVt < T,

vi=¢ —O—fITf,(s Yv,Zs)ds—Ff,T Vi(s,Y)dA; + Kk — K! — ftTZést;

Y/ >r§1§f(Y —8ij(1)): (1.8)

Jo (¥ - max( /—gij(1))}dKi =0

We first show the existence of a solution (Y?,Z% K');c; to system (1.8) using a scheme obtained by
Picard iterations. Then, we establish the link between the components Y i jeJ,of the solution and
the value functions of the switching problem, from which follows the uniqueness of the solution of
system (1.8). The last section is devoted to study the system of PDEs (1.1). We define the notion of a
viscosity solution for that system, then we provide a comparison result between its sub-solution and
super-solution. Finally, we show the existence of a solution (ul) i=1,...,m of system (1.1). This is given
by the Feynman Kac representation, that relates the PDEs system (1.1) to the generalized RBSDEs
system (1.8) considered in the second section, namely for any i € J, Yy’ Y W' (s,Xi™), Vs € [t,T).

2 System of Generalized Reflected BSDEs

2.1 Assumptions and notations

Let T > 0 be a finite time horizon. Let (Q, %, P) be a fixed probability space on which is defined a
d-dimensional Brownian motion B = (B;)o<s<7, Where .Z# = (% )o<;i<r is the completed filtration
of (0(By,0 < <t)),<r with all P—null sets of .%y. Let (A;),;>0 be a continuous one-dimensional in-
creasing .%;-progressively measurable process such that Ay = 0. We introduce the following spaces:

T
A% = {(W)o<i<1 Fi-progressively measurable process s.t. IE[/ |y | dit] < oo}
0

% = {(W)o<i<r -Fr-progressively measurable process s.t. E[ sup | y; ] < oo};
0<t<T

% = {(K,)o<i<r F:-adapted continuous increasing process s.t. Ky = 0, E[K7] < oo}
Let us introduce the following assumptions:

Assumptions (A1):
Let m be a positive integer, i € J and u > 0;

(H,) &'is arandom variable in L?(Q,.%7,P,R), satisfying E(eMA7 | £ |2) <
(Hy) fi:[0,T]x QxR"xR™¥ — Rand y;: [0,T] x QxR — Rs.t.
(i) fi(.,.,¥,z) and y;(.,.,y) are progressively measurable;
(ii) E f) " | fi(1,0,0) |> dr < +o0and E f) et | yi(t,0) |> dA, < +oo;
(iif) f; and y; are Lipschitz continuous with respect to (¥,z) and y respectively;

(iv) IB <0 such that (y — ') (wi(r,y) = wi(,y)) < B |y =" %



(v) Forany j#i, fi(t,y,z) is non-decreasing w.r.t. y;, whenever the other components are
fixed.

(H3) Forany i,j € J, we have:

(i) &ij:[0,T] x Q — R is continuous w.r.t. #, non negative such that g;; = 0;
(if) & > max(&/ —gi;(T));
J#i

(iii) gij satisfies the non free loop property, i.e., Vii,...,ix such that i; # i>, i1 = i} and
card{iy,...,ir} = k— 1, we have:

ity T+ &y > 0. 2.1

The assumptions (H;), (Ha) (i) — (iv) are frequently encountered in the study of GBSDEs (see
[16, 18]) then carried on in the reflected version by Ren et al. in [20, 21]. One of the difficulties
usually faced in multidimensional Reflected BSDEs with interconnected obstacles is the dependence
on the whole vector y in the generators f;. This can be overcome with the use of the monotonicity
condition (A1) (H>) (v) first introduced in [12]. The assumptions (H3) on the costs g;; considered in
[6, 11, 12, 13] are actually reasonable. In fact, the first point (H3)(i) is necessary so that additional
costs will not be charged for staying in the same mode. Hypothesis (H3)(iii) reminds that going
from a mode i, and making successive switches all the way along back to the same mode is not free.
Finally, the assumption on the terminal values (H3)(ii) shows that there is no interest in making
switches at time 7'.

2.2 Existence and uniqueness of the solution

This section outlines two fundamental results of our work, namely, the existence and uniqueness of
a solution for the following system of generalized reflected BSDEs with oblique reflection: Vi =
1,...mVt<T

Yie 9% 7 e #°4 K € o/
Yti = gi""_ftTﬁ(sv?S’Zé)ds"i'ftT %(S’Ysi)dAS +K5‘ _Kti - fz‘TZf;dBS;

Y/ > mgx(Ytj —gij(t)); 2.2)
JFL

Jo {¥i - nj.l;}(lﬁj — gij(t))}dK{ = 0.
We first state the existence result:

Theorem 2.1 Assume that assumptions (Al) are fulfilled. Then the system of generalized reflected
BSDEs (2.2) has a solution.

Sketch of the Proof: The proof consists of several steps. First, we construct an increasing sequence
of standard generalized reflected BSDESs using the results of [18, 21]. Then, we give a priori esti-
mates for the solutions. In step 3, using Peng’s monotonic limit Theorem to show that our iterative
scheme converges to the solution that we are looking for. Finally, we show the minimal boundary
condition.

One of the tools used in this technique is the comparison theorem for generalized reflected BSDEs
that we give in the remark below:

Remark 2.1 Fori=1,2, let Y' be the unique solution of a one-dimensional generalized reflected
BSDEs with data (&', f',y',S"). Note that, according to [2]], Y' is obtained as an increasing limit of



a sequence of solutions of standard generalized BSDEs. Then, it is not difficult to see that if E' < E2,
<2yl <y?andS' <52 we get:

Y <Y2 vt €[0,T], P-a.s.

Indeed, it suffices to consider the associated approximations and to apply the comparison result for
generalized BSDEs (see Theorem 1.4 [15]).

Proof of Theorem 2.1.
Step 1: Iterative scheme.
Let us set

&= [max (&) Flsya) = max fi(s,y,..y2), Wls,y) = max wi(s,y);

§=min [&'], f(s,,2)= min fi(s,y,..5,2), W(s,y) = min yi(s,y).

i=1,...m

Consider the following standard GBSDEs: Vi < T

Y e Ze

=E+ [T F(5, Y5, Zs)ds + [ W(s,Y)dAs — [T ZsdB, 2.3)

and
YeS? Ze

2.4
Y, =&+ [ f(5.Y.Z)ds+ [ w(s,Y,)dAs— [ Z,dB;. @9

By Theorem 1.6 in [ 18], the generalized BS_DEs (2.3) and (2.4) have unique solgtions.
Next, for i = 1,...,m and n > 1, we set Y0 = Y and we define recursively Y*" via the following
GRBSDEs whose solutions exist and are unique thanks to [21]:

Yi,n c <5;27 Zi,n c %Z,d’ Ki7" c %2;

Yti,n :§i+ftTfi(s’Ysl,n—1’...’Y‘f,n7...’YTm,n 1 ln) +ft V/z(s Yln)dAs+K;3n—Kti’n

ln
— | Zi"aB, vr < T; 2.5)
Y/ > max(Y" T — gi(0)), Ve < T
J#i ’
g 0 = max(v/ " — (1) }aK; " = 0
Note that (Y,K = 0,Z) is also a solution for the following GRBSDE:
=&+ [T F(s,Y,,Zs)ds+ [ W(s,Y,)dA,+ K7 — K, — | Z,dBy;
Yt > r?ix(yt gij(t)); (2.6)

Jo {1 —max(¥: = g;;(r)) }aK, = 0

Fix i € J, by Remark 2.1 and the monotonicity condition on f;, we can deduce by induction on n,
that _ '
y <y <yl <y, 2.7

We conclude that the sequence (Y*"),~o converges pointwise to Y*.
Step2: A priori estimates.
Leti=1,...,m,t <T and n > 1, we see that



Y |<max{| Y, |,| Y, |},

then
E [ sup | ¥" |2} <E [max{ sup | Y, %, sup |Y, |2H : (2.8)

0<i<T 0<t<T 0<t<T

First, we should point out that both functions y and ¥ satisfy the assumption (H>) (iv),which is a
crucial condition to apply Proposition 1.1 in [ 8], then the following estimates hold:

E[sup |Yt|2+/ Yl|2dA,]<CE(|§|2+/ 7(£,0,0) |2dt+/ t0)|2dAt>

0<t<T
E[sup Y, |2+/ Y|2dA,]<CE(|§|2+/ t00|2dt+/ t0)|2dA,>
0<t<T
(2.9)
which implies that
IE{ sup | ¥;" |2+/ |y |2dA,} <C. (2.10)

We apply 1t0’s formula to | ¥, |2, we get
in 2 L i 2 T 1,n—1 ' 1 i
| )/t-’ | +/O || Z;’" || ds :‘ él | +2[ YSI’"ﬁ(S7YS " 7"'7YSI7n7"‘7YSm7n ’Z;'7n)ds
T . . T . ro ..
42 / YW, (5, Y )dA, +2 / YK 2 / Yi1ZdB,.
t t t

Taking the expectation in both sides yields:
. T . . r . . .
B (107 ) e ([ 127 Pas) =B & R) 428 ( [ 1A 2 as)
t t

T . T . .
+2E( / Ys“”yl,»(s,YS’*”)dAs)—i—ﬁE ( / )’S’*”dKS”").
t t

Next, using assumptions (i), (ii) and (iv), we get for C;,C,C3 > 0:
. T . .
B (117 )+ ([ 127 Pas) <EQER) +0+cven (s |17 F)
t 0<t<T
ds)
T . T . T .
con([ 1z Pas) v ([ piurpan)cem( [ v fas)
t t t
T . 1 T 1 . ,
CE( [ 156000 Pds )+ 2B ([ w0 Paa)+ S E(1K K" P).
t G ! G

@2.11)

T X L
2 ([ M

Now, from (2.5), we have

4 . . T ‘ ‘ T .
K;”—Kp”:)g’”—g’—/ fl-(s,YS‘v"*‘,...,Y;~",...,Ysmv"*‘,zgv”)ds—/ Wi(s, Y™ dA
t t

T
+ / Z:"dB;.
t

Then, by takmg the expectation and using (2.10), we obtain by standard computations the following
estimate for K;" — K/’ ad

. . T .
E (| Ki— K |2) <G {1 +E (/ | Zim |12 dsﬂ :
t

7



T ,
where C4 > 0. Back to (2.11), we use (2.10) to conclude that E (/ | Ztm || ds) < C, where C
t
does not depend on n, then for any i € J and n > 1, we have:

E(sup |Y’”|2+/ \Y’”|2dA,—|—/ z”’||2dt)<c (2.12)

0<t<T

Step 3: Monotonic limit result. ' '
Fixi=1,...m,t <T andn > 1. Recall (2.7) and (2.9), then as Y*”" converges increasingly to Y, we
have:

. T
IE[ sup | Y/ |2+/ B4 |2dA,} <cC. (2.13)
0

0<t<T

By dominated convergence we get

T .
E (/ DA Ak dt) —0. (2.14)
0 n—soo
Also, we showed in the previous step that (Z*"),~ are bounded in /#? and so are

(Fils, Ly Lyt ZE) s in L2(]0,T] x Q). In order to apply Peng’s monotonic limit
theorem [19], let us note that the equation satisfied by Y'*" can be rewritten as follows:

t ] ‘
Yln+/ l'ul S Y dA _Yln /fi(svysl’nil?-~-aYsl7na~-~7Ysm7n71;Z?n)ds
0
t ) ) ) -
—/0 {'Vi(s,Ys””)—yli(s,Ys‘)}dAs—K,f’"—&—/() Z"dB;. (2.15)

Since y; is non-increasing w.r.t. y, the process f()'{l//i(s,Yf ™ —wi(s,Y!) }dAy is increasing for each
n > 1. Hence, using the estimate (2.13) together with the properties of both f; and y;, we can
apply Theorem 2.1 in [19] to the process Y*" + I vi(s,Y})dA,, which converges increasingly to
Y+ [ wils, Yi)dA, with Y is cadlag. Therefore, the limit Y/ + [; yi(s,Y/)dA, has the following
form:

. .
Y’+/ wi(s,Y))dA, = Y} — /f, K;+/Z;dBS, (2.16)

where K’ is cadlag and denotes the weak limit of [5{w;(s,Y:") — wi(s, ¥/) }dAs + K. Moreover, Z'
is the weak limit of Z*" in #2, which is also the strong limit in L for p € [1,2). Then, we have:

T .
E (/ |z -7 |P dt) —0,Vp e [L,2).
0 n—yoo
We can use exactly the same techniques as in the proof of Theorem 2.4 in [19] to show that

Jo fils)ds = [§ fi(s ,?37 Zi)ds. Furthermore, from (2.7), (2.10) and (2.13), by dominated convergence
theorem applied to the sequence ¥, in L2([0,T] x Q,dA, x dP) we get:

T . .
E(/ | Y Y, |2dAt) — 0. (2.17)

0 n—yoo

The Lipschitz continuity of y; implies

T . . T . .
B ([ 1w - i) Fas ) v ([ vy Pas) o
0 0 n—yoo
This also means that K’ is the weak limit of K. In addition, K inherits the following properties
from K"

(a) Ki=0and E(K}’) < +oo,

(b) K'is increasing.



It follows that Y/ satisfies:

Yj =& 4 [T fi(s, Vo, ZD)ds + [ wils, Y)dA, + K — Ki — [T ZidBy;

, . 2.18
7 > max(v] —gi(0) e
J#i
Step 4: The minimal boundary condition. Consider the following system:
7él+ft f,(S le’ 9 H ,vaﬂzi)derftTllji(sa?si)dASJrk;7KtifftTZ£dBS;
vi> m;;x(n’ —gij(t)); (2.19)

Jo (7 — max (v —g;;(1))]dR] = 0.

Note that given (Y?,Z!, K");_1__, solution of (2.18), the above system consists of m generalized
reflected BSDEs where for each i = 1,..,m only the i-th component of the generator f; depends on
the solution. Moreover, the barriers are known and cadlag, this is a particular case of Ren-El Otmani
[20], which gives the existence and uniqueness of the solution (2.19). Let (17 i 7 7K")izlv,ym be their
unique solutions. By the comparison result [20], we have ¥;"" < ¥ which implies that ¥/ < 7.
Next, we show that ¥/ < Y. To this end, we apply Tanaka-Meyer’s formula to the semi martingale
(Y] — Y )o<:<T Whose terminal value is equal to 0, we obtain:

. . T . .
F =) == [ gy =Y

pi_yiy- ~ 1
R RS SRR R R A AN 228

t<s<T 2

Here, the non-negative process (L’),<7 stands for the local time of ¥/ — Y at 0. Then,
. ot T . .

F =1y <= [ a5y oY)

*/ X{Y’ Y’ >0}{fl( s a ] m aYsmvzl) ﬁ( s (RS sv 7Ym ZI)}dS
, . T _ .
+ / Kzt o W)~ wils XA+ [ 51y qd(Ri—KD)
T - .

[ 51y (B~ Zi)aB.

The Skorokhod condition in system (2.19) shows that jIT Xy —yi o1d (Ki—Ki) <0.

In fact, we have:
T . . T . T :
[t s d® =KD = [ 27y o di= [ 2 K

The inequality in the system (2.18), implies that Y’ > IIJ];IX(Y — gij(s)) whenever ¥, f, >Y si, , then

dKi=0onthe set {¥". =Y. > 0}.
Now, from assumption (A1) (Hy) (iv), one can observe that y;(s,¥!) — wi(s,Y!) is negative since



¥/ > Y}, which implies that [’ Xy —yi_ >0}{l//i(s,l7si) —y;(s,Y)) }dA; < 0. Then

(Yti +</ X{Y‘ Y’ >()}{fl( / Ym Zl) fl( 57 *y s> 7Ym Zl)
+ fi(s, Y, Y ym ZD — fi(s, YL YL Y™ 7 Vs

- /t Xyt —vi o) (Zi—Z!)dB,

= /t ' Mg yi oy (T =¥) ds

" /t T"{Y;ﬂ.@ oy Xz (s, Ve, Z0) — fi(s, Vs ZD(Zi— 20) (23— Z})ds
B /,T Xy —yi >0 (Z—7;)dB.

Set M, = [; X{Z§¢Z§}[ﬁ(s,l7s,2£) — fi(s,Y,, ZD))(ZE — Z1)~'dBy, t < T. By Girsanov’s theorem, as f;
is Lipschitz continuous with respect to z, the process

1 . N . - .
B, =B, —/0 Xiziey (5,5, Z0) — fi(s, Yo, ZD)(Zi = Z0) " ds, 1 < T
is a Brownian motion under P, where dP = &(M)7dP and €(M), = M~z M)t follows that:

EP[(?;—Y;) S / MX{YI Yl >0}(Y Y ds / X{YI YI >0}(Z -7 )dB]
EP| / M7 —Yi)"ds].

Finally, by Gronwall’s Lemma, we have (¥/ —¥/)* =0 P —a.s.. As P and P are equivalent, we get
P-a.s.Vt <T,¥/ <Y/ and then Y =Y.

Then, by classical arguments we show that K' = KiP-a.s. and 7! = Z dt x dP-a.e., which means
that (Y,K,Z) is a solution of (2.19).

To conclude, it suffices to show K? and Y’ are continuous.
As (K!);>0 is a non-decreasing process, AK! > 0. Suppose there exists i1 such that AK” > 0 then
AY,Zl < 0. But
Y I — max Y -
prh ( gllk( ))
Then there exists i» € J~ {1} such that

T =T =g () > > max(v - gia(0))

This implies that
AY? < 0and AK? > 0.

By repeating the same procedure in the finite set J, we can find a loop iy, ...,i, = i1 such that

Yzl—l = Yzl—z _giliz(t> YiQ = YIS 31213( )’ Ylp = Ylp " —8ip1iy (t)

[ o R

p—1
By adding respective hand-sides in the above equations, we get ): 8iyir., (t) = 0, which contradicts

the non-free loop property. Therefore, K is continuous and Y' as Well Now as i is arbitrary then the
processes K',Y', i € J are continuous.
As a result, we can rewrite our system (2.19) by deleting the limits. [J
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In order to establish the uniqueness result, we construct a contraction with an appropriate norm.
The idea is to recall the link existing between generalized reflected BSDEs and switching problems.
More precisely, using the first existence result, we consider an initial system of generalized reflected
BSDEs with interconnected obstacles in which the data do not depend on the solution. Our goal is to
represent its solution in terms of the value functions of one dimensional switching problem, which
gives the uniqueness of the latter system. As a by-product, we obtain the contraction property thanks
to a comparison result for multidimensional generalized reflected BSDEs systems that we state in
the following proposition:

Proposition 2.1 Let (Y');c; and (Y%);c; be respectively the unique solutions to the generalized re-
flected BSDEs system (2.2), with respective data ((§')ies, (fi)ies, (Wi)ies, (8ij) (i, jyer) and

(ENies, (Fo)ies, (W)ies, (&ij)i.jyerr)- UfforanyicJ, & < E', i < Jo Wi < W; and gij > §ij, then we
have:
Y <Y, Viel Vt<T, P-as.

Proof. We apply Remark 2.1 to the increasing approximation schemes (2.5) which converge respec-

tively to (Y?);c; and (¥7);c;. We deduce the comparison by taking the limit. [J

Theorem 2.2 Under assumptions (Al), the solution of system (2.2) is unique .

Proof. For u >0 and A > 0, let f///il(A) denote the set of progressively measurable processes
(Pr)osi<r sit.

T T
—F / Li+AA, 2dt—|—/ t+AA; 2dA) < oo
||P||L/1571(A) ( ) € ra ) € | pr | dA;

Let i = (u"),-:L_._’,,1 be such that u’ € ///ﬁA(A)’ Vi =1,...,m, and consider the following system:
Vi=1,...mVt<T,
Yu,i c y2’ Zu,i c %2,[17 K“’i c JZ{Z;
ui __ gi T —> S, T i u,i u,i T u,i
V=84 [ fi(s,ug, Zds+ [ wi(s,ul)dAs+ Ky — K — [ Z{'dB;,

r > m;‘X(Ytu’j —&ij(t)), (2.20)
J#i

Y 8= man (170 g ()R =0,

Let (Y Z"% K");_y . be a solution of system (2.20) which exists thanks to Theorem2.1. We

shall stress that for fixed # € ///izl(A) the solution Y*' € .#7 ; (A),Vi= 1,....m. In fact, by as-

sumptions (Hj), (H,)(ii) and (H,)(iii), we know that Y* and Y" the solutions obtained by Theorem
1.6 in [18] for the generalized BSDEs (2.3) and (2.4) with respective data (é,i(, w, D) w(.,u')) and

(E,7(.,u’,.), W(.,u')) are both elements of ///Ii)t (A), then using Y* < Y/ <", the result follows.

Our first task, is to show that the solution of system (2.20) is unique. For this, we rely on the
connection between generalized reflected BSDE and optimal switching. Let us first recall that a
switching control @ is a pair of subsequences (7, 6,),>0, Where T, are stopping times such that
Ty < Ty+1 and 6, is a random variable with values in J := {1,...,m}. If P[1} < T,Vn > 0] =0, we
say that o is admissible.

Leti € Jandr € [0,T], we define a class of admissible switching controls by:

.9,1 = {OC = ((Tn)nzo, (en)nzo) €9,600=i,171=0,71 >t and E(G%)z < °°},

where 2 denotes the set of admissible switching controls and G? is the cumulative switching costs
up to time s, expressed by:

Gy = 2.86,1.0, () iz, <, $ < T and G = im G =} g6, 6, () X[z, -

n>1 n>1

11



Let & = ((T4)n>0,(6n)n>0) € 2} and define:

£% = Z 59'175[7;«§T<rn+| [

n>0
fa(t,,2) =Y fo,(t. W ,2) Xy <r<r, ], (2.21)
n>0
Vo (t,u®) =Y v, (t,u®) X, <1<z, |-
n>0

Let us consider the following switching equation:

P* E( sup |P*|?) < oo and Q% € #7>4,
0<t<T (2.22)

Pta = é:oc +ftTfa(S7ﬁS>7Qg)ds+ftT W(X(Sﬂug)dAS _ftT Q;deS - (G% _Gta)7 1<T.
In the above equation, £%, f, and W, are respectively the reward received at time 7', the running re-
ward received on D and the additional reward once the limit of the domain is reached while adhering
to the strategy o.
By setting p;x = P* — G7, we get a Generalized BSDE with standard generators and a terminal
value satisfying E[(§* — G%)?] < co. All together with the adaptedness of G%, there exists a unique

solution (P%, Q%) for (2.22) thanks to [18].
We go back to system (2.20), to write the equation of Y/ between ¢ and 7;:

. . T . . . T . o .
v vt [ s @ zeds ke K [ viGsdaac— [ zvias,
t t t
. Wi "T1 "T1
=Y5, Xjey =11+ Yo, Xjy <11 +/l fa(Sﬁs)’Zf‘)dSJr/l Ve (t,uy' )dA;
. . T]
+ Kz — K" — / Z&dB,
t
where we have used (2.21) together with Z* = Z?’OOX[TOSKTI[ = 7" on [t,71]. Then, as
u,i . u,0
YT[7 Z n;li'lx(y‘?[j _gij(Tl)) Z YT[ : _gi61 (Tl))
we get: Vi=1,...,m, Vs € [r, 7]
i u,0 i=6 n — n
YsMJ > (YT]7 ' — 8i,6 (Tl))X[Tl<T] + él_ O%[TI:T] +/l fOC(Sa uS,Z;x)dS-i-/t Wa(svug)dAs
. . T
T / 794By;
t
u,0; © — o " o u,i u,i
>V e+ [ fals @20 s+ [ vl )+ (K - K

(2] . .
- [ Z;XdBY — 8,0, (Tl)l[rl<T] +K¥17l _Ktul =+ éeox[ﬁ:T])

where we used the definition of Y% between [11, 7,]. Repeating the same procedure as many times
as necessary, we obtain:

‘ T T B T
ez el [ w20 s+ [ vals,ut)an,— G+ Re— [ z%aB,.
t t t

where B¢ = Koo' — K"+ ¥ (K%
n>1

) . .
o — Kg;"), which is non negative. Thus

20 [ fals @ Z0ds+ [ alsuf)dA - GE - [ z8aB,
t ! !
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Then, we use the equation satisfied by (P%*, Q%) and we have:

T

. T
Y (P — G > / o5, 7, 2%) — fals, 7, 0%)] ds — / (2% — 0%)dB,.

Once again, thanks to Girsanov’s Theorem there exists P, s.t. dP = &(M)rdP, where e(M); =

M=3 M)t and M, = Jo Xizor0my [fals, U5, Z%) — fuls, 15, 0)](Z% — Q%) 'dB.
Then

. T .
V(P -G > [ (2%~ 0%,
t

where B, = B, — [ Xyza 200} [fa (s, W, Z8) — fols, up, Q%)) (Z& — %)~ 'ds, t < T is a Brownian mo-
tion under P. Tt follows that

BF ('~ (pr =G | 7:) > 0.
Finally, as (M), is a non-negative martingale, we obtain: V& € 2,
Y > P* — G%, P-a.s.

Y/"' = esssup(P* — G?).
ac}

Now, in order to represent (Y,”’i),-zl .,m as the value function of the associated switching problem,

ye

we consider the strategy o* = (7, 6,),,~ defined by:
5 =0,65 =i,

. 0* J .
Tr = inf{s > 77, ¥{"" = max(Y{" —gg: j(s))} AT, 67, = argmax (Y2 —gg: ;(T7, ).
J#65 J#6; ntl

Next, we show that o is an admissible strategy, that is, we need to prove that:
1. P[ty < T,¥vn>0]=0,
2. B(G¥)? < oo.

For the first equality, We proceed by contradiction assuming that P[t} < T,Vn > 0] > 0. By defini-
tion of o, this means that

0 u,6,
PD[Yii "=y ! — 803 .6*

g (7
n+1 n+1 n+1

1) O # 65, Vn > 1} > 0.

Since J is finite, there exists a loop ip, ..., ik, ix+1 = io such that iy # iy and a subsequence (ny)4>1
such that

* n,
g4t gyl at

P {Y”"" = Y;‘;il+' —8inire, (T )l =0,...,k, Vg > 1,igy ) = io] > 0.
Consider now T =1im 7, this implies that

n
P [YT””’ =Y gy (D)1= 0,0k, ik = io} >0,

which leads to

P [gioil (‘L') +.... +gikio(7) = 0} >0,

13



that contradicts the non free loop property, then assertion one holds.

To show the second property, we rewrite the equation for Y/ under the strategy a* and Sko-
u,0;  u,0;

rokhod Condition, which means that K K."=0fort, <s<7T:

P 1> We get:

: o TIT TVT * T;: * *
7= [ a1, 28+ [ v (5.8 A~ [ 28 aB - GE > 1.
t t t

Next, by taking the limit w.r.t., we have: V¢ < T,
i * T T * T * *
Y= —|—/ fa*(s,ﬁs,Zg)ds—&—/ Vo (s, ud )dAs—/ z% dB; — G .
t t t

This implies that E(G¥ )? < oo since (i, Y*,Z% ) € MG 5 (A) x S x 224 Tt follows that a* € 9/

i * * .
and ;"' = P* —G? . As a conclusion, we have:

Y/ = esssup(P* — G%), (2.23)

acP}

which gives the uniqueness of the solution for system (2.20).
Now, let us introduce the following mapping:

where ii € A 13 4 (A), we show that & is a strict contraction on the space ./, ﬁ 4 (A) equipped with the
norm ”'”‘//fﬁ,x(“‘)'
Let us set, for & and ¥ in t//llik (A):
F;'(S,Z) = fi(svﬁsvz) Vﬁ(S,VS,Z),
Wi(s) = Yils,u) V Wi(s, vy)s
and let (Y, K,Z) be the unique solution of the system below: Vi = 1,...,m, V¢t < T,
7= &+ [T Fi(s,ZD)ds+ [ Wi(s)dA,+ Ky — K — |7 ZidB,,

~i> Nj_ ..
Y, /TQ?(K 8ij(1)), (2.24)

Jo {7/ - T?g(?zj —gij(1))}dK! =0.

Moreover, as in (2.23), we have the following representation: Vt < T,

7! = esssup(P* — G*) = B* —G¥, (2.25)
acg}

where (P%, 0%) is the unique solution of the generalized BSDE (2.22) with data (Fy, %) and a* is
the optimal strategy.
Now, by proposition 2.1, we can get the comparison between Y and ¥, and the same for Y"* and
Yi. Then we get:

YU < Pland Y < ¥

This combined with (2.23) and (2.25), implies that,
Py _ G <ywi<yi= P _G* and PIOC* _G* <yvi<yi= por _ Ga*,
where (P'*,Q'%) is the unique solution for (2.22) with data (f(.,7.,.), Wa/(.,v")). It follows that:

| yU -y |<| BY P | 4 | PY P . (2.26)
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Since both terms in the right hand side are similar, we give only the estimates for the first one. To

start with, note that (P* — P* 0% — Q%) is the unique solution for the following generalized
BSDE.

~ yk * T ~ % " T )
i :/ [For (5,05 ) = for (5, s, O lds + / (o (5) = W (5, ul” )| dA
! 1
T *
—/ (0% — Q% )dBy, vt < T.
t

Under the assumptions (H>)(ii) and (H>)(iii), and by Theorem 1.6 in [18] and the remarks therein,

one can see that ([ e HAAs (pat _ paty (gt _ oo )dBy), << is auniformly integrable martingale.
By Ito’s formula applied with et/ +A441 | P& — P9 |2 we have: V1 < T,

T * *
eut+/1A, “3[0: _Pta |2+/t eszrxAj”Q;x —Q;x szs
T * * ~ ¥ - %
=2 [ (P B (5,08) = fa 5,7, 0% s
T AA ot *12 T AAg [ po* * *
[ B P P [ P e () — Y s, A
T * * T ~ ¥ * ~ ok *
A [ e P Paac—2 [ et (B P ) (O — 0% )dB.
By taking the expectation and using the fact that | xVy—y |<|x—y | for x,y € R, we obtain:V¢t < T,
T
B[4 | B~ P P E[ [ o0 - o [Py
T ~ ok * T ~ K *
FUE[[ et B P P ds] 4 AR [ eh | P PP d
t t
T * * ~ * *
SZME[/ MM (PY — PIN{|| T || +] 08 — 0% | }ds]
t
T * *
+2ME[ [ BN PP | =¥ | dA.
t
Next, using the inequality 2 | ab |< é la|>+q|b|* g >0, it follows that: vt < T,
* * T ~ % *
Bl A | — P P [ [ om0 — 0 ]
T ~ * * T ~ * *
FUE[[ oM B P Pds] + [ en | PP P,
t t
T * *
SR [ e PP P ((qM? +2M7)ds +gMdAL)|
t
1 T us+AA = -2 1 r us+AA Aa* ot 12
+g1E[/t A 7| (ds—&—dAS)]—i—E]E[/I GHSHRAC | G _ 0" 2 g

As E[el 240 | pa™ _ po” 2] and E[[7 eHstH45|| 0% — 0% ||2ds] are non-negative, and by choosing
U =1+gM?*+2M? and A = 1 +gM?, where ¢ > 4 we obtain: V¢ < T,

T * * T . ~ K *
B[ ensthhe | P — P s [ ens | P P 2 aA
Jt Jt

1T T
gf]E[/ oM ||ﬁf17H2ds+/ SRS | 7| dAy).
q t t

The same can be done with for the inequality with pe —p a*. Hence, from (2.26), we obtain:
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Vi <T,
T . . r . .
E[/ eus+/1AS | Ysu,z 7 YSVJ |2ds+/ eus-‘rlAs | YSu,z _ st,l |2 dAs}
t t

T T
<CE[[ e - P s [ e -7 | da,
q Jt Jt

Then, we deduce that @ is a strict contraction on //lﬁ,k (A) provided u > 1+ gM? 4+ 2M?* and

A > 1+¢gM?. Hence, it has a unique fixed point which gives the uniqueness of the solution for
the system of generalized reflected BSDEs (2.2). [J

3 System of PDEs with Interconnected Obstacles and nonlinear
Neumann Boundary Conditions

3.1 Preliminaries

Let D be an open bounded subset of R?, such that D = {¢ > 0} and dD = {¢ = 0}. The function
¢ is in C2(RY) and satisfies | V@ (x) |= 1 whenever x € dD, and V¢(x) coincides with the unit
normal pointing towards the interior of D. Then the interior sphere condition holds (see [ 18] and the
references therein) i.e. there exists 7 > 0 such that for any x € dD and y € D we have:

|y —x > +r(Vo(x),y—x) 2 0. G.1)
Let (t,x) bein [0,T] x D and (X;™*,Ay),<s<r the solution of the reflected SDE below:
dX;™ = b(X{™")ds + 0(X;™)dBy + Vo (Xy)dAT, s € [1,T];
AT = [ X copydAT, s € [ T); (3.2)
X =xs<t

where A'*is increasing, the functions b : RY — R and ¢ : RY — R?*? are Lipschitz. Note that
(X, AV )s<s<r is valued in D x R, .
The following proposition is borrowed from Pardoux-Zhang [18]:

Proposition 3.1 For eacht € [0,T), there exists a constant C such that for all x,x¥ €D,

E[ sup | XX [ <Clx—x |4,
t<s<T

B[ sup [AY =AY [ <Cla—d [,
t<s<T
Moreover, for each it > 0, s € [t,T), there exists C(L,s) such that for all x € D,
E(e*) < C(u.s).

Suppose now that the data ((&;)ies, (fi)ics, (Wi)ies, (8if) i jes2) Of the system of GRBSDES (2.2)
take the following form: '

&i(0) =hi(X7"(@));
fi(@,5,%,5,2) =fi(s, X[ (@),5,2);
vi(o,s,x,y) =y(s, X;™ (@), );
8ij(@,5,x) =gij (5, X" (@)). 3.3)
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Next, we introduce the following assumptions which are an adaptation of the ones introduced in the
first section once one is in the Markovian framework:

Assumptions (A2):

Letie€ {l1,...,m} and u > 0,

Hi) Let f;:[0,T] x Dx R™ x R*¢ — R and y; : [0,T] x D x R — R be such that
Y.
(i) (t,x) — fi(t,x,¥,2) and (¢,x) — ;(¢,x,y) are continuous uniformly in (¥,z) and y
respectively;

(ii) fi and y; are Lipschitz continuous w.r.t. (¥,z) and y respectively;

2.

(iii) 3B < 0 such that (y—y')(w;(t,x,y) —w;(t,x,y")) < B |y—y

(iv) fi(t,x,¥,z) is non-decreasing w.r.t. y; for j # i, whenever the other components are
fixed.

(H,) For any j € {1,...,m}, we have:

(i) gij:[0,T] x D — R is continuous, non-negative such that g;; = 0;

(it) gi; satisfies the non-free loop property, i.e.,V(z,x) € [0,T] x D, Viy, ..., it such that i} #
ip, i1 = i and card{iy,...,ix } = k— 1, we have:
Givin (%) + ...+ &y (£,x) > 0.
(H3) h; : D — h;, is continuous s.t. /1;(x) > mix(hj(x) —ij(T,x)), Vx € D.
J#

These assumptions, in combination with the properties of the solution of equation (3.2) (see [17]),
show that Assumptions (A1) are well satisfied. In this context, we consider the following Markovian
GBSDEs system with oblique reflection: V(z,x) € [0,T] x D, Vi € {1,...,m},

Y = (X + [ XY 2 dr + [T (X0 Y dAY + K - KO

- ng Z£7t7der7

. . 3.4
Yt > rr];i;(()gf*’*" —gij(,X7)), G

fOT{YSi.t,x . mg)_((nj’l’x —gij (S,X;’x))}dKi’t’X —0.
J#i

Note that thanks to Theorem 2.1 and Theorem 2.2, the solution of this system exists and is unique.
On the basis of the studies conducted on generalized reflected BSDEs [21], and several works on
multi-switching problems, amongst them [1 1], the HIB system associated with our switching prob-
lem is the following: Vi=1,...,m,

min{u (1) — max(u) (1. ) g3 (1.2)): ~ e (1.2) — L1 (1.5)
J#i

—filt,x, (uk(tvx))k=l~,...~,m’(GTDx”i)(tvx))} =0, (,x) €[0,T] x D;
S 3.5)

ol
u(T,x) = hi(x), x €D,

(t,x) + w;(t,x,u' (t,x)) = 0, (t,x) €[0,T] x ID;

where the operator . is defined by .% = {Tr(66")D2. +b'Dy., and at a point x € 9D, $ =
d

d d
(VO(), Do) = L 50 (0 -
i=
Since we are interested in finding a function (uy, ..., u,,) which solves (3.5) in viscosity sense, we are
led to recall some definitions introduced in [5].
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Definition 3.1 For a locally bounded function u : [0,T] x D — R, we define its lower semicontinuous
envelope u, and its upper semicontinuous enveloppe u* as follows:

u,(t,x) = lim  w(t',X)andu*(t,x)= lim u(t,x).
(' %) —(1,%) (') —(1.x)
t'<T t'<T

Definition 3.2 (Subjets and Superjets)

(i) For a lower semi continuous (Isc) (resp. upper semi continuous (usc)) functionu: [0,T] x D — R,
we define the parabolic subjet J*~u(t,x) (resp. superjet J**u(t,x)) of u at (t,x) € [0,T] x D, the set
of triples (p,q,M) € R x R? x §¢ s.t. for any (t',x') € (0,T) x D, we have:

1
u(t' X)) >u(t,x) +p' —t)+(g,x —x) + §<x’—x,M(x’—x)) +o(|[t —t]|+|x¥—x?)

(resp.

u(t',x') <u(t,x)+pt' —t)+(g,x —x) + %(x/—x,M(x/—x» +o(|tf'—t|+|x¥—x]?).

(ii) For (t,x) € [0,T] x D, we define the parabolic limiting subjet 727u(t,x) (resp. the parabolic
N . 524+
limiting superjet J~ " u(t,x)) as follows:
T u(t,x) = {(p,g,M) € R x R xS I(t,%n, Pus s Mp) € [0,T] x D x R x R? x §¢
S.1. (merzaMn) € J27u(tn;xn) and (tn»xnaPQOMn) — (taxvpvan) asn— °°}7
(resp.
72+ _ d, d. D d.,, gd
J T u(t,x) ={(p,g.M) € RxR* xS : I(ty,%n, Pn,Gn,My) € [0, T] X DX R xR* x S
s.L. (meInaMn) € J2+u(tn;xn) and (tn»xnaPQOMn) — (taxvpquM) asn— °°})7

where S is the set of symmetric real matrices of dimension d.

We are ready to give the definition of viscosity subsolution and supersolution that we will adopt
throughout this section.

Definition 3.3 (Viscosity solution)
(i) A function (uy,...,uy) : [0,T] x D — R™ such that for any i € J, u; is Lsc (resp. usc), is called a
viscosity supersolution (resp. subsolution) to (3.5), if for any i € J, we have:

min{u;(f,x) — r?g(uj(t,X) - 8ij(1,x));

—p—b(x)Tg—3Trloc T (x)M] — fi(t,x, (u(t,))k=1,...n, 0" (x)q)} >0,
(t,x) € [0,T) x D, (p.q.M) € T* ui(t,%);

min {1, x) — max(1u;(1,) = gij(,x)): =p - b(x)"q—3Trloo " (x)M] (3.6)

7fi(tax7 (Mk(hx))k:l.‘.‘,mv O-T(x)q)} \ {7<V¢)()€),q> - %(taxa ui(tax))} Z Oﬂ

(t,x) € [0,T) x D, (p,q,M) € T* us(t,x);

ui(T,x) > hi(x), x€D.
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(resp.

min{u;(t, x) — I?i?‘(”j(tvx) —8ij(1,x));

—p—b(x)"q—5Trloc " (x)M] — fi(t,x, (u(t,%))i=1....m, 6 ' (x)q)} <O,
(t,x) €0,T) x D, (p.q,M) € T° " u;(t,);

min{u;(,x) — Ti?(uj(nx) —8ij(t,x));—p—b(x)"qg—ATrloc " (x)M] (3.7)

(1,x) €[0,7) x ID, (p,q,M) € T uy(1,x);

ui(T,x) < hi(x), x€D.)

(ii) A locally bounded function (uy,...,uy) : [0,T] x D — R is called a viscosity solution if
(U1, ooy Ums) (vesp. (uf,...,uy,)) is a viscosity supersolution (resp. subsolution).

3.2 Uniqueness of the viscosity solution

In this paragraph, we deal with the issue of uniqueness of the solution for system (3.5). To do so, we
establish the comparison property between subsolutions and supersolutions of system (3.5).

Theorem 3.1 Assume (u;)ic; and (V');c; are respectively an u.s.c subsolution and Ls.c. supersolu-
tion of system (3.5). Then we have: Yi € J

u; <v', on [0,T] x D.

Proof. The proof will be obtained by contradiction and is based on the classical maximum principle.

The main idea is to assume the existence of (7,X) such that for some i € J, we have (u; —V')(f,X) :=
max  (u; —v')(t,x) > 0, this maximum exists since u; —V' is usc and [0,7] x D is compact.

(t,x)€[0,T]xD

Then we use the doubling variable technique and Crandall-Ishii-Lions’s Lemma in order to find

elements of the subjet and the superjet of u; and V' respectively, for which the subsolution property

and the supersolution property hold. The key ingredient to finding a contradiction is the specific

monotonicity condition that will be assumed in the first step of our proof. In the second step, we

generalize our result via a transformation of the system (3.5). 4 '

Step 1: We first assume that there exists a constant A < —m.(r}leaJijjc), (Cj’r being the Lipschitz

constant of f; for j € J) and verifying:
\v/i e J9 vt’x7y17"‘?yi—l7yi+l?"'7y’n)y7y’z7 lfy Zythen

fi(faxd’lv~-~>)’i717)’aYi+1>-~-aYm7Z) _ﬁ(t7x7y1,"'ayiflayayl'+l7"'aym7z) < )L(y_y) (38)

Let (u;)ic; and (V');c; be respectively subsolution and supersolution to the system (3.5). The diffi-
culty of this part is that our system of PDEs involves two inequalities. In order to avoid the boundary
conditions, we produce two appropriate approximations (uf);c; and (v, );e; such that for eachi € J,
uf — u; and vi. — vi uniformly as € — 0. Next, we are going to show that they are respectively
subsolution and supersolution for two PDEs systems that will be given explicitly. Finally, we show
that u¢ < vi, which allows to conclude that u; < V'

In order to construct these approximations, we apply Lemma 7.6 in [5] with —V ¢, then there exists
¢ € C*(D) that satisfies (—V¢(x),D@(x)) > 1, Vx € dD and ¢ is positive on D. Then put:

f(1,3) = wi(1,0) ~€9(¥) ~C  and v (1,%) = (1,%) +  +£0(x) +.C,

where, C is a positive constant that will be chosen later on.
Let us show that uf is a subsolution to a specific PDEs system. First, note that for any x € D, we
have:

uf (T,x) < u;(T,x) < hi(x).
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Now, let (¢,x) € [0,T) x D and (p®,q¢%,M*®) € 72+uf(t,x). If we set p = p?, g = ¢° + eD@(x) and
M = M® + eD*@(x), we can show easily that (p,q,M) € 72+u,-(t,x) and we have:

min i 1) —max(u 1.3) — g 1.2
_pe - b(x)qu - %Tr[GGT(X)ME] _fl'(tvxa ﬁe(t7x)76—r(x)q8)}

= min{u;(¢,x) — I?il?((uj(hx) —8ij(t,x));

—p—bx) g~ %TF[GGT(X)M] — fi(t,x,11(1,x),6 " (x)q) +b(x) " (eD@(x))

1
+5Trloc’ (1) (eD*Q(x))] + filt,x,i(t,x), 6 (x)g) — filt,x, #(1,x), 0 (x)g°)}
Since b, & are continuous on D and ¢ € C?(D), there exists k; > 0 satisfying:
1
b(x)" (eD(x)) + 5Tr[Gch(x)(eDz(p(x))] < exKy.

Next with f;(¢,x,ii(t,x), 0" (x)q) — fi(t,x,d(t,x),0 " (x)g¢), we use a linearization procedure and
both assumptions (H;) (i) and (3.8) to write:

fit,x,ii(t,x),0 " (x)q) — fi(t,.x,i@(t,x),0 " (x)q°)
< maxCi(m —1)(£9(x) +C) + A(e9(x) +C) +maxCi | o (x)(eD*9(x)) |

< (mnjlgjxc} +A)(ep(x)+C) — I?ea.JXC}(S(P(X) +C) + k€, for somek, > 0.

Recall that m.maxC{; + A <0and ¢ >0, then we deduce that

jeJ -
T 1 T 2 = T
bx) (eDo(x)) + 5Trloo (x)(eD¢(x))] + fi(t,x,i(t,x), 0 (x)q)
— filt,x, i@ (1,x),6 " (x)q°) < €K fc.r?ea;ch;, (3.9)
where K3 is positive. By choosing C = €k3/ maJxC}, we obtain that the right hand side of (3.9) is
JjE

negative and then,

min{uf (t,x) - mix(ui (t7x) _gij(t7x));
J#i
—pf—b(x) ¢t — %Tr[O'GT(x)Me] — filt,x, @ (t,x), 0" (x)¢%)}
< min{”i(tvx) - mi?‘(”j(fa@ _gij(t’x));
J#
—p—b(x)"g— %Tr[GGT(x)M] — fi(t,x,ii(t,x),6 " (x)q)}. (3.10)
On the other hand, we have:
—(Vo(x),q%) — it x,uf (,x))

= —(V0(x).q) — Wi(t,x,u'(1,x) — €9(x) = C) — (V9 (x), Do (x)).
As y; is non-increasing and using Lemma 3.1, we get for x € dD:
—(Vo(x),4°) — wilt, x,u (1,x)) + & < =(VO(x),q) — Yi(t,x,ui(t,x)). (3.11)
Moreover, u' satisfies (3.7), we deduce from (3.10): Vx € D,

min{u; (f,x) — m;lx(ui(t,x) —&ij(t,x));
JFEi

_pe _b(x)qu - %Tr[GGT(x)ME] _ﬁ([7x7ﬁ£([’x)7GT(x)q8)} < Oa

20



whereas, when x € 9D, it follows from (3.10) and (3.11) that:

1
mindu; (1, x) — max(uj (1,x) — ij(1,%)); =" — b(x)"¢* =5 Trloc’ (x)M]
J7Fl

—ﬁ(t,x7ﬁ8(t,x),GT(x)q£)} /\{_<V¢(x)7q8> - Wi(l’x’uf(tax)) +8}

< min{i(1.5) — max(u(1.2) = g3 (0.): =~ b(x) ' g~ STrloc” (1]

<0.
We conclude that, Vi € J, uf satisfies the following system:

i (1) — max(u 1) — g3(1.)):
J#i

_pg _b(x)qu - %T}"[GO’T@C)MS] _ﬁ(t7-x7ﬁ8(tax)a O-T('x)qg)} S 07
(1.x) € [0.T) x D, (p°.4°. M%) € 7* u (1.);
min{u (£,x) — I?ilx(uf (t,x) — gij(t,x)); —p® —b(x) "¢ — %TF[GO'T (x)M®] (3.12)
_ﬁ(t7xa ﬁe(t7x)7 GT(x)qe)} A {_<V¢('x)7q8> - ll‘li(tvxa Mf(f,x)) —|—£} S 07
(1.x) € [0,T) x OD, (p*,q°.M®) € 7" uf (1,);

ut (T,x) < hi(x), xe€D.

Similarly, recall that the family (v');c; satisfies (3.6). Then, with a slight modification and taking
into account the assumption (3.8) and the fact that the mapping ; (¢, x, .) is non-increasing, we show
that Vi € J, v, satisfies the following system of inequalities:

min{vi(t,x) - m;x(% (1,%) — &i(1,%));
JAi

—pe —b(x)"qe — %T"[GGT(X)Me] — fi(t,x,7e(1,x),0 " (x)qe) — t%} >0,

(t,x) € [0,T) x D, (pe,qe,Me) € T vi(t,x);

min{vi (¢, x) — mgx(Vé (1,X) = 8ij(1,%)); —pe —b(x) "qe — 3 Tr[0G " (x)Me] (3.13)
JF#i

_ﬁ(tvxﬂvi?(tvx)u O-T(x)qs) - t%} \ {_<V¢(x)7q€> - V’i(tvxvvé(tvx)) - 8} =0,
(1.x) € 0.T) x OD, (pe.qe. Me) € I° Vi (t.);

Vvi(T,x) > hi(x), x€D.

Now, let us show by contradiction that uf < vfg, Viel.

Assume that maxﬁmajx(uf — L) > 0, then there exists (7,¥)€ [0, 7] x D such that
[0,T]xD i€

max (uf (7,X) — Vi (7,X)) > 0.
icJ

Asin [11], there exists k € J = {j € J, us(7,x) — vi(E,x) = Iilajx(u,f (7,X) —vK(7,%))} such that
€

i (7,) > max(uf (7.%) — g (7. %)), (3.14)
J

This is obtained mainly due to the non-free loop property.
Let us fix j € J that satisfies (3.14) and suppose first that X € dD. For (¢,x,y) in [0,7] x 52, we
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define the following function: Vo > 0,
@é(l,x,y) = uf(t,x) _Vé(tvy) _\P;?C(t7x7y)7
where WY (1,x,y) = § | x—y [ —y;(7,%,u5(£,%)) (VO (), x = y)+ [ x =% [* + | 1 =7 |~

Let (to,%q,Y¢) be the maximum point of ¢>{;, over [0,T] x 52, which exists due to the upper semi-
continuity of uf —vi, and the compactness of D, and let M, be defined as follows:

Ma = max 7(1){;‘(1")(7)))_
(t,x,y)€[0,T]xDxD

It is clear that this supremum is achieved only if 74 is in (0, 7).
Next, we can see that

My > max _ uS(t,x) —vi(t,x)— [ x—F ' — |17 P = ub(1,3) — vl(7.5).
(tx,y)€[0,T]xD/x=y

Note that M, is non-increasing w.r.t. @. On the other hand, we have & | x¢ — y¢ |2 O;; 0 (see Lemma
3.1 [5]). It follows that (xg — y¢) = 0, then we get (fo,%a,Yar) = (7,%,%), which implies that
ub (£,%) — v} (1,%) < ub(7,%) —vi(F,2).
As (7,X) is the maximum point of u§; — v, we necessarily have:
uS(1,%) — vi(£,%) = uS(,%) — vL(£,%).
Thanks to the semi-continuity of the functions uf and vé, we have:

u (1,%) — v (1,%) < lim (u(t, Xa) — Ve (tas Va))
O —ro0

< Tim (1 (t0 %) — Vit )
< ub(1,X) = ve(1,%).

Then O%ig!ouf(ta,xa) —Ve(ta,ya) = u§(1,X) = ve(1,%), thus (t, xq) = (7,%).

We deduce from the results above that

m“i(tayxa) > "‘5677‘) —v¢(7,%) + lim v{(t,ya) > ui(f,?c) 2 m“?(’a,xa)-
o —ro0 o—ro0 a—ro0

It follows that (u (fa,xa), Vi(ta,ve)) = (uf (7,%),vL(7,%)). Then as (uf) jes are usc and (gij) ; jye 2
are continuous, by (3.14) we get:

u?(tmxa) > Ig&élx(u,f(ta,xa) —gji(ta,Xa))- (3.15)
J
Now, going back to ‘P;?‘ and note that
DXIP?‘(I,X,)/) = a(x_y) - Wj(ivxa M?(f,f))vq&(f) +4 | X—x |2 (X—f),

Dy (t,x,y) = —o(x —y) + y;(7,%,u5(7,%)) VO (X) and o, W] (t,x,y) =2(t —7).
We recall the interior sphere condition (3.1) and we distinguish two cases. If x,, € dD, we have:

_<V¢(xa)an\P?(ttx7xaa)’a)> - Wj(tavx(X)ui(tOth!))
= —a(V(xa), Xa — ya) — 4| ¥a =% (VO (Xa), Xq —%) — ¥t X, 45 (s Xer))
""‘Wj(ifv u§(27%))<V¢(X),V¢(xa)>,
> | xyal? e w5056, 0) (VOE). Vo o)

- Wj(taaxa;“?(taaxa))-
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In view of the convergences above, we know that the right hand side tends to 0 as &¢ — oo. Then for
o large enough we deduce that

~ (V0 (%) Da¥% (1 %, Vor)) — Vit X, U (13l )) > —€. (3.16)
Similarly, if yo € 0D, we get:
—(VO(a), —Dy¥% (ta.xa, Ya)) — Vjlta,Va, vi(ta, Va))
= a(V9(ya),ya — Xa) + Wi (I % 15 (7, %)) (VO(X), VO (var)) — W (b X, vE (s Ver)),
< a|xq—ya [F +y 5 ED)(VO(F), VO (va)) — Vj(tarXa, vi(ta,va),
<] xa —ya |* +y; (0565 (0%)(VO(R), VO (va)) — ¥ (7,5, u5(7,%)) (VO(3), Vo (X))
+ (% V(LX) — W (e X VE s va)) + W (%, uS (7,%)) — w5 (7,5, v (,5) ).
We know that
o | xa = ya [ +y; (05,65 (1,%) (VO (X), VO (va))
— (0% 16 (7,5)) (VO (X), VO (%)) + ; (1.5, v (7,5)) — W) (ta,Xa, vE(ta,ya)) = O,

then it can be strictly dominated by & for ¢ large. In addition, since y; is non-increasing, we have
v (7%, u(7,X)) — y; (1%, vi(2,%)) < 0. It follows that:

_<V¢()’oc)>_qu’?‘(taaxad’a» - Wj(taaYaavé(taJ’a)) —£<0. 3.17)

Remember that uf is a subsolution for system (3.12) and vé is a supersolution for (3.13). Then (3.16)
and (3.17) lead to the following inequalities: V(7,X) € [0,T] x dD, Vo large enough,

1
—ath?(faaana) - b(xa)TDx\P?[(thaa)’a) - ETr[GGT(xa)Mg]

— filtasXa, i (to,Xa), 0 (x0) Dx¥% (ta, X V) < 0,
for (Y% (ta,Xa, Vo), Dy¥% (tar, e, Ve ) ME) € T (1, %00
—0 ¥ (ta, X, Yo ) — b(Ya)T(—Dy\P?(tavxa»)’a)) - %T”[GGT()’a)MS]
— filta, Yo, (Ve (torya) k=t 0 (Vo) (—=Dy % (e, Xt ¥ar))) > 0,

i,
for (afq‘?(ta?'xl)hya)?_D}'ql?(taaxa7ya)aM8) eJ Vé(ta,ya)-

Before we proceed, let us emphasize on the fact that if ¥ € D, the subsequence (x¢,y¢) is in D X D
for o large enough, then the inequalities above hold true. Therefore, we can apply Crandall-Ishii-
Lions’s Lemma (Theorem 3.2 in [5]) with 4% and vion (0,7) xDand € = é to find (pl,q% . My) €

72+uf (ta,xq) and (P, gl ML) € T vi(ta.xq) such that

p'& _p‘:x = ath?(tmxom)’a) = 2(toc _f)7

9o — 4o = _(way(tmxaa)’a) _DylP?(taaxaa)’a))
and

I 0 Mu 0
—(a+]|A) (0 I) < ( I M&) <A+ 1A% where A =D}, ¥¥(ta, X Va)-
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By replacing the latter in the above inequations, we obtain:

1 5
—Do _b(xa)TCIZc - ET”[GO'T(M)M&] —fj(focvxoca”E(ta7xoc)7GT(xa)qL&) <0,

1 .
b —ba) qh — ETr[GGT (Ya)My] — fi(ta,Ya, Ve (ta, Yo ), O (Va)qlh) > O.

Combining these two inequalities, gives:
1 :
~(Pa = o) = (b(xa) 95— b(va) 'q5) = 5Tr[00 " (xa)Mg — 00 (ya) Mg

— {fj(tocaxocaﬁg(f(x»xa)a O'T(xa)qléc) - fj(toc7ya7\7£(fzxaya)a GT()’a)qrx)} <0.

Thanks to the uniform continuity of f;, the Lipschitz assumption on b and ¢ and the above conver-
gences, we can find some X such that lim X, <0 and
o —>o0

—{fj(fomxoc, ﬁg(tmxoc)? GT(xoc)C]?x) _fj(ta7xa,‘7£(toc>ya)a GT(xoc)q’éc)} <Xy

Yet again, f; is Lipschitz w.r.t. to ¥, and as long as it verifies (3.8), we obtain:

—A(Mi(fayxa) - Vé(toc’)’a)) - Z®&k(“§(hx’xa) - Vlé(tad’a)) <Xg,
k#j

where G){;lk stands for the increment rate of f; with respect to y; for k # j. Observe that @{f is

nonnegative and bounded by CJ{ the Lipschitz constant, thanks to the monotonicity condition on f;,
then we have:

AU (ta,%a) = VE(tava)) < Y O (uf (ta,xa) = VE(tas Ya))* +Za
ke j
= C}Z(”/f(tmxa) —Ve(ta,ya))t +Za.
ki j

Taking the superior limit in both sides as & — oo, with the semicontinuity of u; and vk, we obtain:
vjield
AR — v < CLY. (W) — A T)
=y
< (m— )T (,3) — vi(F.9)),
which is contradictory since uf(7,X) — vi(7,X) >0and —2 > mC}.
Thus Vi € J, uf < vi on [0,7) x D. By taking the limit as € — 0, we obtain the desired result.

Step 2: Now, we deal with the general case, i.e. without assuming the assumption (3.8). Let A be
arbitrary in R and consider the following system: Vi = 1,...,m,

min{i (t,x) — mix(ﬁj(t,x) —eMgii(t,x)); — il (t,x) — Lt (,x) + At (,x)
J#i

P (3.18)

al
@' (T,x) = e*Th;(x), x€D.

+ M y(t,x, e Ml (t,x)) = 0, (t,x) €[0,T) x aD;

It turns out that (i;(r,x) = e*u;(t,x))ic; and (#(r,x) = e*Vi(z,x));c; are respectively subsolution
and supersolution to system (3.18), provided (u;);c; a subsolution and (v');c; a supersolution to
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system (3.5).
By choosing A small enough, the functions F; defined by: Vi € J

Fi(t,x,5,2) = —Ayi+ fi(t,x,e M5,e7Mz),
satisfy assumption (3.8). As a result of the first step, we obtain #; < ¥, then u; < V', Vi € J. O

The following corollary is an immediate conclusion of the comparison between the subsolution
and supersolution of system (3.5):

Corollary 3.1 If the solution of the system of PDEs (3.5) exists, it is unique and continuous.

3.3 Existence of the viscosity solution

Now, it only remains to prove the existence of the solution for the PDEs system (3.5). To this end,
we rely on the connection existing between the system of PDEs (3.5) and the system of generalized
RBSDEs (2.2).

Corollary 3.2 Let (Y% KU~ Zi4%),_| . be the unique solution of the Markovian system (3.4).
Then, there exists a family of deterministic lower semicontinuous functions (V'(t,x));c; such that

V(t,x) € [0,T] x D, Vs € [t,T], Y = vi (s, X"¥). (3.19)
Proof. It has been shown in the previous section that
Xt,x < Yi,t,x,n < Yi,t,x,n+1 < Y[’X,Vn > 1’ (320)

where (Y iv”x*”) icy 1s the solution of the system (2.5) in the Markovian case. Then, according to [21],
there exists a family of deterministic continuous functions (v'");c; such that:

YR = i (s XYY, Y > 1.

Once more, since the setting is Markovian, there exist v and v two continuous solutions of two PDEs
associated with the GBSDESs (2.3) and (2.4) whose solutions are respectively Y~* and Y (see [18]
for more details). Then from (3.20) we obtain:

<V <y <5 e > 1.
Thus v/ converges increasingly to v' and the continuity of vi" ensures the lower semicontinuity of
Vi, But Y’ converges increasingly to Y~ and ¥; """ = vi(s,X;™"), Vs € [t,T].00

Next, we show that (v');c; is solution of the PDEs system (3.5).

Theorem 3.2 The function (V')ic; is the unique continuous solution of the system of variational
inequalities with inter-connected obstacles and non linear Neumann boundaries (3.5).

Proof.
Part 1: Supersolution property.

First, note that Vi € J, V' is Isc, i.e. V' =V.. By construction v' = limv"",i € J, where v"" is a
n—yoo

viscosity solution of the following PDE:

min{1#7(.x) — max(v3 " (1,2) g1 (12)): ~ 9 (1.2) — L 1.3)
J#i

—fit,x, (P ey (1,x), 6 (x) D (£,x)) } =0,
(t,x) S [O,T) x D; (321)
v
al
Vi (T, x) = hi(x), x€D.

(t,x) + w;(t,x,v""(t,x)) = 0, (t,x) € [0,T) x ID;
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Letus fix i € J, (t,x) € [0,T) x dD and (p,q,M) € jz_vi(t,x). By Lemma 6.1 in [5], there exist
nj — o and x; € D such that

(tjvxjaVi’nj(tjvxj)7pj7qj7Mj) j:)o (taxv Vi(tax)apaQaM)'

Since x; is in D, we can extract a subsequence x;, which is either in dD or D while preserving the
above convergence. We are going to show that in both cases, v' solves (3.5).
If xj, € D, we recall that (¢;,,x;,,v""(t,,x;,),pj,.qj,,Mj,) P (t,x,v(t,x), p,q,M). Next from the

viscosity supersolution property for Vi we get:
b(x;)" oo ()M
—pj —blx;) g —5Trloc (x;)M;]
Lnj,—1 i~ —1 inj itlnj,—1 nj—1 T
Zﬁ(tjﬂle’(v SRR 7ijl7vl+ SRS Gl )(tjz’sz)’o- (le)q//)'

On the other hand, D is a bounded subset, and for any i € J, Vi is continuous, then there exists a
i,nl -1 .

subsequence (Ix);~ such that (v"™ " (;,,x;, ) )i>0 is convergent.

As (V'"),1 is increasing w.r.t. n and uniformly dominated, we get from ([ 1] page 91):

Vilt,x) =vi(t,x) = lim V(' X).
(" )= (t%)
[—o0

It follows immediately that

min{vi(tvx) - I?i;((vj(l,x) - gij(t’x));

—p—b(0) g~ 3 Tr6T (M)~ filt 5 (/1)1 0 ()} >0,

Otherwise, (sz)1>0 € 0D and (tj,,xj,,vi’”-fl (tj;sx),),pji»q),-Mj,) H—>m (t,x,V(t,x),p,q,M). As VI s

a viscosity supersolution of system (3.21), by considering the boundary condition, we get:
1
T T
{=pji —blxj;) a4, — ETr[GG (xj, )M
_ﬁ(tj[axj[7 (vl’njlil ) "'aviil,njlil 7vi7nj1 7Vi+1’njlil bl "'avm,njlil )(tj[7xj[)7 GT(xj[)Qj[)}
\ {_<V¢(xj[),Qj1> - Wi(tjpxj[avl’njl (tjuxj[))} > 0.
Suppose now that,
1
T T
—pj —b(x;) g —5Trloc (x;)M;]
2 fi(tjlalea (vl,njl—l7 ,,,,vi_l’njl_l’vi’njl ’vH—l.njl—l , “.’vm,njl—l)(tjl ’le)’ O-T(le)qj[)~
Then as previously, we obtain:

—p—b(x)Tq— %TF[GO'T(X)M] — fi(t,x, (vi(t,x))izl m,GT(x)q) >0.

If not, we would have

_<V¢(xj1)7le> - V’i(tj[7levvi’njl (tj]7xj[)) > 0.

By taking the limit, we get A
—(Vo(x),q) — vilt,x,V'(2,x)) = 0.
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Therefore,
min{v!(1,%) —~ max(v)(t,x) — gi;(£,%)); —p — b(x) Tq — S TrlocT ()M]
J#i 2
— filt, %, (V' (6,))i=1,m, 0T (X)@) } V{— (VP (x),q) — Wilt,x,V'(1,x))} > 0.

Finally, for the terminal value, we know that Vx € D, v“”(T,x) = h;(x), then we simply take the limit
as n — oo. Thus, V' is a viscosity supersolution for the following PDE
min{v(¢,x) — rrjyilyc(vj(t,x) —gij(t,x)); =o' (t,x) — LV (t,x)
—filt,x, (W', ..., v (t,x), 0T (x)Di(2,x))} =0, (t,x) € [0,T) x D;
a—‘;(t,x) +wi(t,x,v(t,x)) =0, (t,x) €[0,T) x ID;
Vvi(T,x) = hi(x), x € D.

Since i is arbitrary in J we deduce that the m-tuple (v',...,v") is a viscosity supersolution of the
system (3.5).

Part 2: Subsolution property.
We will now show that (v*);c; is a subsolution for system (3.5), namely, we should check if the
following inequalities are satisfied:

min{V (10) = max (69 (1,5) = 351,00 —p — ) g ~ 470" (M)
_fi(tvx’ (Vi*(tvx))i:h--,mvGT(x)q)} < 0’ (t7x) € [07T) X D, (pvq’M) S j2+vi*(t’x);

min{v* (z,.x) - nj?;f(vj* (t,%) = 8ij(t.%)):—p = b(x) "¢ — 3 Trloc T (x)M]

_fl'(t,x7 (Vi* (t7x))i=17m7m7 GT(x)q)} A {_<V¢(x)7q> - Wi(tvx,vi*(tax))} <0,
(%) € [0,7) % OD, (p,g.M) € T v (t,2);

vi*(T,x) = hj(x), x€D.

Step 1: To begin with, we need to show that v¥*(T,x) = h;(x), Vi € J, Vx € D. For this purpose we
are going to show that

min{v* (T, x) — h;(x);v"* (T, x) — m;lx(vj*(T,x) —gij(T,x))} =0,VieJ, VxeD.
J7F1

Leti€J,n>1and x € D. We know that

% T i ! T ingd /
VvVi(T,x) = lim Vi, x') > lim v (X
(T.%) (') —(Tx) . )_ucx')ﬂ(m :x),
t'<Tx'eD t'<Tx'eD

then as v is continuous, we get vi*(T,x) > vi"(T,x) = hi(x).
Besides . '
V! (t»x) > m;lx(vj (tax) - gij(l,x)),
JAi

after passing to the limit, we get

Vi*(T7x) > mi?((vj*(Tvx) _gij(T’x))v
J#

then we obtain
min{vi*(Tax) - hi(x);vi*(Tvx) - m;lX(V]*(T,X) - gl](T;x))} >0.
JFi
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We now show that the left hand side cannot be strictly positive. To do so, we suppose to the contrary,
that for some xo € D, there is € > 0 such that

min{v"* (T, x0) — hi(xo);v"* (T, x0) — r?if‘( *(T,x0) — 8ij(T,x0))} = 2€.

Let (t,xx)k>1 be a sequence in [0,T] x D satisfying (tk,xk) (T x0) and v (tx, xz) P vi* (T, x0),

which exists thanks to Lemma 6.1 in [5]. As vi* is usc on [0, T] X D and v*" converges ;ncrea51ng1y to
Vi, we can find (Q"),0 a sequence of functions in C1%([0, T] x D) such that Q" — v*. In addition,
n—oo

we suppose that on some neighborhood B, of (T,xp), we have:

min{Q"(t,x) — h;(x); Q" (t,x) — max(v/* (t,x) — g;;(t,x))} > €, ¥(t,x) € By. (3.22)

J#

We can assume that (3.22) holds on B} = [t;,T] x B(x,§;') N D, for some &' € (0,1) such that
B}l C B,. In case x; € dD, this means that we work only on open neighborhoods of D near dD.
Since v** is usc on a bounded space, there exists ¢ > 0 such that | v'* |< ¢ on B,. Then, we can
assume that Q" > —2c¢. Next define

de | x—x; |2
an(tvx) = Qn(tax)+%+ VT —1.

(3
Note that V/*(¢,x) > Q"(t,x) and (v'* — V")(t,x) < —c, V(t,x) € [t,T] x IB(xx, 8}").
On the other hand we have,

8c(x —xy)

—{AV(t,%) + LV (t,x)} = —{3,0"(t,x) + VT — 1 + Dyb(x){DxQ" (t,%) + (&)
k

}

43007 () (D (11) + (;f)

X —. 2 . . . . .
It is clear that 4“);7;"' € Cg and Q" € C, ;’2, which implies that the derivatives are bounded. Then, as
k

o;(vT —1) 7~ we can choose k large enough so that:

—{a V] (t,x)+ LV (t,x)} >0, V(t,x) € B}.
Recall the SDE (3.2) and consider the following stopping times:
OF =inf{s > ;5 (s,X/™*) € (BY)} AT,

6= infils > 1 vi(5,X0) = max(v) (s, XI%) — gy, X)) AT
J#i

Note that on [t, 0F A 6], V¢ (Xi™)dAL* vanishes in the SDE (3.2) since the support of A’ is dD.
Then, by 1t6’s formula, we obtain:

eilchek
V) = VO A0 X ) = [ AV X 4 2V X
k

9,1/\6](
- / & (X DLV (1, X' )dB,

Jity
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Taking the expectation, we get

0k n6;
Vi (te,xx) = E[Vk”(e,’f A 91<,X;kk’i"9k) — /t {0V (r, X[) + LV (1, X[ Y]
" k

> E[VE (07, Xgr ™) Xjgg<o, + Vi (6 X, ™) Xjgp,]

= ]E[(V/f(efaX;f;gxk)X[e/xT] HVE(T X)Xk —11) Xigi <oy + Vi (O Xe ™) Xjor=6,]
2 E[{(Vi*(er]fanggxk) +0)Xjgp<r) T (E+ hi(X?xk))X[e/;:T] Hor<ay

+ (e +max(v/* (6, Xg™™) — 8ij(9k,Xék’xk)))X[ek>e I
i 3 i > Ok

> E[{(Vi(er]fng}’xk) +)Xjgrr) + (8 +hi(X7 ™) Xigr—r) } Xjgi<ay

+ (& +max(v/ (6, Xg™) — i (6 X5 ™)) X9k 6,
i i k > 6k

> EM (65 A ek,xgn,;ikek)} +cNE.

Besides, recall that the process Y’ = v(.,X.) stopped at time 8% A 6, solves an explicit GRBSDE,
given by:

; ) 0k ne; _ '
VO A B Xty ) = k) — [ XIS 0 X e 241
k
A e i . . . okneo,
_/[k Wi (r X% V! (r, X)) d ALY — (Ké,’{/\ek - K, )—5-' 5 Zi% B,

Once again, dA* = 0 on [t, 6}, also dK"*** = 0 on |1, 6], then by taking the expectation we get:
ik X i 0O Bk (i (0 YTk ity
E (V05 A 0,X05, ) =B V(0m) f/tk FUR X (W (1, X0 )i, ZH ) )

Then, as D is bounded and using the properties of the solution (Xttk "¥)<T, the estimates (2.12) and
the properties of f; we can show that:

k—>o0

IIN: ) )
lim E (/ ﬁ(r,X,{l“xk7Vl(V,X,t.k’xk)ie],Z’lf[’“xk)dr) =0.
T

Hence, klim VIt xk) > klim V¥ (tx,x) = V' (T, x0) +c A€ where c A€ > 0, however from the definition
—y00 —>00
of V/'(t,x) we have kh_I)?o V' (tx,xx) = Q" (T, x0), which is contradictory since Q" 2 vi* . Tt follows

that for any x € D

min{v* (T, x) — h;(x); v"* (T, x) — n};llx(vj*(T,x) —8ij(T,x))} =0.

Finally, we can use the non-free loop property of g;; following the same method as in [11] to obtain
the desired result.

Step 2: Let us show that (v*),c; is a subsolution. First, we point out that (vV""),c; are continu-
ous and v' = limv"", then by ([1] page 91)
n—yoo

V(¢ x) = Timv'"(r,x) = Tim v"*(¢',x'), Vi€ J, VY(t,x) € [0,T) x D.
n—eo (' X )= (t,x)
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From the construction of v, we have for anyi€Jandn > 1:

v (,x) > m;l?((vj’”*l(fax) —8ij(t,x)), V(t,x) €0,T) x D;
J7F1
taking the limit as n — oo, we get for any i € J and (7,x) € [0,T) x D,
v (it x) > mﬁ?((vj*(tvx) —8ij(t,x)).
JAi

Let i € J and (¢,x) € [0,T) x dD be such that vi*(¢,x) —mix(v/*(t,x) — gij(t,x)) > 0, and fix
J7F1

(p,q,M) € .72+vi*(t,x). By Lemma 6.1 in [5], there exist ny — o, x; € D and (py,qx,My) €
TH i (tx,xx) such that

(tka-x]mVi’nk(terk)upbquk) ]{_)_OZ (t7x7Vi*(f7x)7P7q7M)~

In the spirit of the proof of the first part, since x; is in D, we can extract a subsequence (x,) 51
which is either in dD or D. Tt suffices to check out both possibilities. If Xy, € D, we recall that

(th, %, Vi (T, Xk, ) PRy Gy M) H—; (t,x,v*(t,x), p,q,M). Next, we obtain from the viscosity sub-

solution property for Vi

min{vi’nkl (tkl 7xk]) — Ilj’;il?((vj’nk[ - (tk, ;xkl) - gl] (tkl 7xk1 ))’ _pkl - b(xkl )qul
1 _ i _
_iTr[GGT(ku)MkJ _fi(tklaxklv(vlﬁnkl la"'avhnklr"avm’nkl 1)(tk1,Xk[)7GT(Xk,)C]kl)} S 0.

We know that v¥* (¢, x) > lliimvi’”kl (x,,xx, ), then there exists Ip > 0 s.t. VI > Iy, we have:
oo

Vi (lk, , xk,) > Tg(vjﬂkl (tkl ,xk,) - 8ij(tk1 ,Xk1)>

g —1
2 f?gl?((vj’nk’ (tr > xx,) — &ij (T %))

since v* (¢,x) > m;x(vj* (t,x) — gi;(t,x)). It follows that for I > Iy,
JAi

—p—b(x) g~ 3 Trlo0” (M]

—1’ ,,,’vl_l'n/‘l_l,vl’nkl ’Vt+1,nk]—1 ..

— 1, e —1
< lll_gloﬁ(fk,,xkp (v " VT (1, x8,), 0 (k) gy ) -

In the same manner as in Part 1, we show that for any (z,x) € [0,T) x dD and (p,q,M) € Ty (t,x),
we have:

min{v"* (¢,x) m;x(v-"* (1,%) — 81 (t,%));
J#Fi

If not we can extract a subsequence x;, of x; in 0D, such that
(tkpxklvvl?nkl (fk,vxkl);PkHCIk,?Mk,) :) (t»xv vl*(tvx)vpquM)'

Then, there exists Iy > 0 s.t. VI > [y and from the viscosity subsolution property of VI at (t,> X)) €
[0,T) x dD, we have:

1
{—pr, — b)) "qr, — ET”[O'GT (X, )My, |
— fi(ti, Xt » (vl’"kfl,...,viil’"kfl,vi’”kz ,viH’”"t*],...,vm"”’ffl)(tkl,xk,),GT(xkl)qk,)}

A {_<V¢(xk[)7qkl> - llli(tkluxklvvi’nkl (tkmxk[))} S 0.
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It

1
—pr, — b(xy, )qu, - ETV[GO'T (X, ) My |

S ﬁ(tkpxklv (vl’nklil7"'avi717nk171avi7nk17vi+l7nklila"'7Vm$nk171)(tklvxk1)7GT(xk])qk[)

similar computations, yield

Otherwise, the other inequality holds

—(VO(xt, ) qh,) — Wiltiy s xy,V"" (11, 3,)) <0,

by taking the limit as [ — oo, we get

7<V¢(x)’q> - wi(tvx’ Vi*(t’x)) <0.

Before we finish the proof, we shall stress out that the inequalities in D are not difficult and can be
handled likewise. As a consequence, V' is a viscosity subsolution for the following PDE:

min{v/(z,x) —m;u_((vj(t,x) —gij(t,x)); =i (t,x) — LVi(t,x)
JAi
—fi(t,x, (V! v (1,x), 0T (x) D! (1,%))} = 0, (1,x) € [0,T) x D;
v (3.23)

W(I,x) +y(t,x,V(t,x)) =0, (t,x) €[0,T) x dD;

Vi(T,x) = hi(x), x€D.

The fact that i is arbitrary in J, shows that the m-tuple (v!,...,1") is the unique viscosity solution for
the system (3.5). O
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