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STABILITY OF BOOLEAN FUNCTION CLASSES WITH
RESPECT TO CLONES OF LINEAR FUNCTIONS

MIGUEL COUCEIRO AND ERKKO LEHTONEN

This paper is dedicated to Maurice Pouzet to whom we are deeply thankful for his guidance,
friendship, knowledgeable support, and for being always a source of great motivation and
inspiration.

ABSTRACT. We consider classes of Boolean functions stable under composi-
tions both from the right and from the left with clones. Motivated by the
question how many properties of Boolean functions can be defined by means
of linear equations, we focus on stability under compositions with the clone of
linear idempotent functions. It follows from a result by Sparks that there are
countably many such linearly definable classes of Boolean functions. In this
paper, we refine this result by completely describing these classes. This work is
tightly related with the theory of function minors, stable classes, clonoids, and
hereditary classes, topics that have been widely investigated in recent years by
several authors including Maurice Pouzet and his coauthors.

1. INTRODUCTION

This paper is a study of classes of functions of several arguments from a set A
to a set B that are closed under composition from the right with a clone C; on A
and under composition from the left with a clone Cy on B, in brief, (C1, Cs)-stable
classes of functions. Special instances of the notion of (C7, Cy)-stability appear in
the literature. For example, if both C; and C5 are clones of projections on the
respective sets, then we get minor-closed classes or minions or equational classes
(see Pippenger [14], Ekin et al. [8]). If Cy the clone of projections and Cj is the
clone of an algebra B, then we get clonoids with source set A and target algebra
B (see Aichinger and Mayr [1]).

If both C; and C5 are equal to the clone L. of idempotent linear functions on
{0,1}, then the (Cy, Cy)-stable classes are exactly the classes of Boolean functions
definable by linear equations (see [4]). It was already observed in [4] that there are
infinitely many such linearly definable classes, but it remained an open question
whether there are countably or uncountably many such classes and exactly what
these classes are.

More generally, we would like to describe (Cy, Cq)-stable classes. This problem
seems unfeasible in full generality, since there are uncountably many clones on
sets with at least three elements (see Yanov and Muchnik [20]). This fact led
us to considering (C1, Ca)-stability for clones C; and Co on the two-element set.
Motivated by linear definability, we focus on clones containing the clone L..

We show that that there are a countably infinite number of (L., Lc)-stable classes
(in brief, L.-stable classes), and we provide an explicit description thereof. More
precisely, the paper is organized as follows.
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e Section[Z} We provide the basic definitions and preliminary results that are
needed in the sequel.

e Section[3 We establish some auxiliary tools for studying (Cy, C2)-stability.

e Section @ We make a little diversion to clones on arbitrary finite fields,
and we describe the L-stable classes, where L denotes the clone of all linear
functions on IFy.

e SectionBl We define various properties of Boolean functions that are needed
for describing the L.-stable classes.

e Section [BF We present our main result: an explicit description of the L-
stable classes of Boolean functions. The proof has two parts. First we show
that the listed classes are L.-stable; this is straightforward verification. The
more difficult part of the proof is to show that there are no further L.-stable
classes.

e Section [t With the help of the result on L.-stable classes, we obtain with
little effort also a description of (C7,Cs)-stable classes for clones C; and
C5, where (1 is arbitrary and L. C Cy

e Section [} We make some concluding remarks and indicate directions for
future research.

The main results of this paper were presented without proofs in the 1st Interna-
tional Conference on Algebras, Graphs and Ordered Sets (ALGOS 2020) [7]. The
reader should be cautious about the fact that some notation and terminology have
been slightly changed from the conference paper.

2. PRELIMINARIES

The symbols N and N denote the set of all nonnegative integers and the set of
all positive integers, respectively. For any n € N, the symbol [n] denotes the set
{ieN|1<i<n}.

Definition 2.1. Let A and B be sets. A mapping of the form f: A" — B for
some n € N is called a function of several arguments from A to B (or simply a
function). The number n is called the arity of f and denoted by ar(f). If A = B,
then such a function is called an operation on A. We denote by Fap and O4 the
set of all functions of several arguments from A to B and the set of all operations

on A, respectively. For any n € N, we denote by ]-"Xg the set of all n-ary functions

in Fap, and for any C C Fap, we let C™ .= C'nN .7-'1(472 and call it the n-ary part
of C.

Definition 2.2. For b € B and n € N, the n-ary constant function c,()") : A" — Bis
given by the rule (a1,...,a,) — b for all aq,...,a, € A. In the case when A = B,
for n € N and i € [n], the i-th n-ary projection prl(.n) : A™ — A is given by the rule
(a1,...,an) — a; for all ay,...,a, € A.

Definition 2.3. Let f: A” — B and ¢ € [n]. The i-th argument is essential in f
if there exist ay,...,an,a; € A such that

flar, ... an) # flar, ... ai—1,a;, aiv1, ... an).

An argument that is not essential is fictitious. The essential arity of f is the number
of its essential arguments.

Definition 2.4. Let f: B" — C and g¢1,...,g9,: A™ — B. The composition of f
with g1,...,gn is the function f(g1,...,gn): A™ — C given by the rule

flgrs---gn)(@) == flgi(a), ..., gn(a))

for all a € A™. The function f is called the outer function and g1, ..., gy, are called
the inner functions of the composition.
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Definition 2.5. Let f: A — B and o: [n| — [m]. Define the function f,: A™ —
B by the rule

fo'(al, ‘e ,am) = f(aa(l), ‘e ,aa(n)),
for all ai,...,a,; € A. Such a function f, is called a minor of f, formed via the
minor formation map o. Intuitively, minors of f are all those functions that can
be obtained from f by manipulation of its arguments: permutation of arguments,
introduction of fictitious arguments, identification of arguments. It is clear from
the definition that the minor f, can be obtained as a composition of f with m-ary
projections on A:

fo= f(pr((jml)), . ,prgrzz)).

An important special case of minors is the identification of a pair of arguments.
This is obtained with minor formation maps of the following form: for 4,5 € [n]
with ¢ < j, let 0y5: [n] — [n — 1] be given by

m, if m<j,
Uij(m) =94 lfm:.ja
m—1, ifm>j.

We call such a map oy; an identification map, and we write f;; for fs,.. More
explicitly,

fij(alv"'van71> = f(ala"'vaia'"7aj71;aiaaja"';anfl)-

We write f < g if f is a minor of g. The minor relation < is a quasiorder (a
reflexive and transitive relation) on F4p, and it induces an equivalence relation =
on Fap and a partial order on the quotient F4p/= in the usual way: f = g if

f<gandg<f,and f/=<g/=if [ <yg.

The effect of successive formations of minors is captured by the composition of
minor-forming maps.

Lemma 2.6. Let f: A" — B, o: [n] = [m], and 7: [m] = [€]. Then (f5)r = froo-
Proof. For all ay,...,a; € A, we have

(fa)‘r(a’la s af) = (fa)(aﬂ'(l)a ceey a‘r(m)) = f(a'r(a(l))a ceey a‘r(a(n)))
= f(@(roo)(1)s - -+ A(ro0)(n)) = froo(a1, ..., ar). O

Remark 2.7. It is well known that any function can be decomposed into a surjec-
tion and an injection. This obviously holds for minor formation maps o: [n] — [m];
we obtain ¢ = p o 7 where 7: [n] — [¢] is surjective and p: [(] — [m] is injective.
Moreover, as explained in [I2, Section 2.2], we can choose the surjective map 7 so
that it is a composition of a number of identification maps: 7 = 0y, 00 04,5,
(we regard the empty composition as the identity map on [¢]).

Intuitively, this means that any minor of a function f: A™ — B can be formed
by first successively identifying pairs of arguments, and then introducing fictitious
arguments and permuting arguments.

Composition of functions satisfies the so-called superassociative law. Conse-
quently, formation of minors commutes with composition.

Lemma 2.8. Let f: C* — D, g1,...,gn: B™ — C, hi,...,h,, € A* — B.
Then (f(g1,---59n))(h1y. s hm) = flg1(hayo ooy hm)y ooy gn(ha, ... hy)). Conse-
quently, for any o: [(] — [m], we have (f(g1,...,9n))0 = f((91)0,---:(gn)s))-
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Proof. For any a € A*, we have

f(g a-"vgn))(hlv o 'ahm)(a) = (f(gh s 7gn))(h1(a>a cee 7hm(a))

—~

= f(g1(h1(a),..., hm(a)),...,gn(h1(a),..., hm(a)))
= f(gi(h1,...,hm)(@), ..., gn(h1,..., hp)(Q))
= flgi(h1,- s hm)y ooy Gn(ha, oo hm))(Q).

The statement about minors follows by taking h; := prge()i), 1< <m. (I

The notion of functional composition extends naturally to classes of functions.

Definition 2.9. Let C C Fpc and K C Fap. The composition of C' with K is
defined as

CK:{f(gla7gn)|fec(n)agla7gn€K(m)anameN+}

Remark 2.10. It follows immediately from the definition of function class com-
position that if C,C’ C Fpc and K, K’ C Fap satisfy C C C’ and K C K’, then
CK CCK'.

Lemma 2.11. For any C1,Cy C Fpco, K C Fap, it holds that (C1 N Co)K C
CiKNCyK and (Cl U CQ)K =Ci1KUOyK.

Proof. We clearly have (C1NCq)K = (C1NC2)KN(C1NCy)K C C1KNCyK and
C1 KUCYK C (C1UC)KU(C1UC2)K = (C1UC3) K. In order to prove the inclusion
(CLUC)K CC1KUCYK, let h € (Cy UC)K. Then h = f(g1,...,gn) for some
feCiuCy and ¢1,...,92 € K. Since f € Cy or f € Cq, we have that f(g1,...,9n)
belongs to C1 K or CoK; therefore h = f(g1,...,9n) € C1 K U C2K. O

Remark 2.12. The inclusion C1 K N CyK C (C1 N C3)K does not hold in general.

For a counterexample, let Cy := {7r§1)}, Cy = {cél)}, K = {cél)}7 subsets of Oy, 1y,

where c(()l) denotes the unary constant function taking value 0. Then C1 K = Co K =

{cgl)}, so C1KNCyK = {cgl)}, but (C; N Cy)K = 0 because C1 N Cy = (.

Definition 2.13. A class C' C O4 is called a clone on A if CC C C and C contains
all projections. The set of all clones on A is a closure system in which the greatest
and least elements are the clone O4 of all operations on A and the clone of all
projections on A, respectively. For any K C O4, we denote by (K) the clone
generated by K, i.e., the smallest clone on A containing K.

Definition 2.14. Let K C Fap, C7 C Oy, and Co C Op. We say that K is
stable under right composition with Cy if KCy C K, and that K is stable under left
composition with Cs is Co K C K. If both KC; C K and C3K C K hold, we say
that K is (Cy,Cq)-stable. If K,C C O4 and K is (C,C)-stable, we say that K is
C-stable.

The set of all (C1, Cs)-stable subsets of Fap constitutes a closure system, and
for any K C Fap, we denote by (K)c, c,) the (C1,C2)-closure of K, i.e., the
smallest (C1,Cy)-stable class containing K. We also write (K)¢c for (K),c) and
call it the C-closure of K.

Remark 2.15. A set K C Fap is minor-closed if and only if it is stable under
right composition with the set of all projections on A. Every clone is minor-closed.
A clone C is (C, C)-stable.

Lemma 2.16. Let Cy and C{ be clones on A and Cy and C) clones on B such
that C1 C C] and Cy C C4. Then for every K C Fapg, it holds that if K is
(C1,Ch)-stable then K is (Cy, Cy)-stable.

Proof. Assume that K is (C1, C})-stable. Then, in view of Remark 210, we have
KC, CKC{CK and (4K CCLK C K, ie., K is (Cq,Cs)-stable. O
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3. STABILITY AND GENERATORS

The task of verifying whether a function class is stable under right or left compo-
sitions with certain clones may appear complicated because the defining conditions
involve compositions with arbitrary members of each clone. We now develop helpful
tools that simplify this task.

For right stability, it is enough to consider closure under minors and certain sim-
ple compositions involving only generators of the clone. In order to formalize this,
let us consider the elementary superposition operations ¢ (cyclic shift of arguments),
7 (transposition of the first two arguments), A (identification of arguments or di-
agonalization), V (introduction of a fictitious argument or cylindrification), and
(composition) defined by Mal’cev [I3] (see also [11l Section II.1.2]). The algebra
(0a;¢,1,A,V, %) is called the iterative function algebra on A, and its subuniverses
are called closed classes. Closed classes containing all projections are precisely the
clones on A.

Let F C O4 and f € O4. We say that f is a superposition of F' if f can be
obtained from the members F' by a finite number of applications of the operations
¢, 1, A, V, %

Lemma 3.1. For any f € 01(4”) and gi,...,9n € (91(47”), the composition
f(g1,---,9n) is a superposition of {f,g1,...,gn}

Proof. Let fo:= (Cf) *gn, and For i =1,...,n— 1, let f; := ({fi—1) * gn—s. Then

filzr, o Tngm—1)
= () gn(@1, .- Tm), Tmt1, - -+, Trgpm—1)
= f(Tmt1s- s Tntm—1, In(T1, .- -, Tm)),
fa(x1, .o Tntam—2)
= (Cf)(gn-1(z1,- -, Zm), Tt 15+ -+, Tng2m—2)
= f1(Tmt1, - Tntom—2,9n—1(T1,. .., Tm))
= f(Z2m41y - s Tntam—2, In—1(T1, -+, Zm)s In (Tt 1y - -+ T2m)),
fa(x1, ..o, Tntsm—3)
= (Cf2)(gn—2(z1,- .-, Zm), Tmt1s -+ -, Tt 3m—3)
= fa(Tmt1y- - s Tnt3m—3, In—2(T1, - -+, Tm))
= f(T3m+1, -+ Tnt3m—3,
Gn—2(T1, s Tm), Gn—1(Tma1s - - s Tam)s In(T2ams1s - - - T3m)),
fol1, oo Tom)
= flg1(x1, - Tm), G2(Tmt1s -5 Zam)s - o Gn(T(n—1)mt1s- - - > Trm))-

Let 6 be the composition of elementary operations that identifies arguments x; and
x; if and only if i = j (mod m). Then
Of (1, y2m) = flor(z1, - s @m), 92(T1, - s )y ooy g @1y oo T))
= f(g1,- - 9n) (@1, .., Tim)-
By construction, the functions f1,..., f, and 0f, = f(g1,...,gn) are superpositions
Of{f,gl,,_.,gn}, [l

Lemma 3.2. Let F C O4. Let C be a clone on A, and let G be a generating set
of C. Then the following conditions are equivalent.

(i) FCCF
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(ii) F is minor-closed and f x g € F whenever f € F and g € C.
(iii) F is minor-closed and f x g € F whenever f € F and g € G.

- . . (m)
Proof. == For any f € F', any minor of f is of the form f(pr; ", ...,

prE:)), for some m € N and 41, ...,4, € [m]. Since all projections are members of

the clone C, we have f(prg"), . ,prl(.::)) € FC C F. Thus F is minor-closed.

Let g € G and define ¢’ := g(pr§m+n_1), . ,prgﬁn+"_1)). Then ¢’ € C, and we
have f*g = f(g',pr£T+Jr1n71), - ,prxnﬁ:fll)) € FC CF.

= Let g € C. If g is a projection, then for every f € F, the function
f * g is a minor of f, obtained by introducing fictitious arguments, so f *g € F
because F' is minor-closed. If g is not a projection, then ¢ is a superposition of
G, that is, there is a term ¢, say f-ary, in the language of iterative algebras and
hi,...,he € G such that t94(hy,...,hy) = g. We prove by induction on the
structure of the term ¢ that for every f € F it holds that fxg € F. If t = x;,
then t94(hy,...,hy) = h; € G, and we have f * h; € F by assumption. Consider
then the case that t = @u, where ¢ € {(,7,A,V} and u is a term, and assume
that f *x u®4(hy,...,hy) € F for every f € F. Then also f * t%4(hy,..., hy) =
f* ou®4a(hy,..., hy) € F for every f € F, because F is minor-closed and the
following identities hold for any functions f and h (say h is n-ary):

frCh=maa..n(fxh),
fx1h=7(f=*h),
f*Ah=A(fxh),
f*Vh=V(fx*h).

Finally, consider the case that ¢t = u * v, and assume that f % ©©4 (hi,...,hy) € F
and f * v94(hy,...,hy) € F for every f € F. Then also f * t94(hy,..., hy) =
FxWOa(hy, ..., he)xvCP4(hy,... ko)) = (FxuCa(hy,... ko)) 50O (hy,... he) € F
for every f € F.

== Let f € F™ and g1,...,g, € C"). A simple inductive argument
shows that, in the construction of f(g1,...,gn) as a superposition of {f, g1,...,9n}
given in the proof of Lemma Bl the functions f; are in F, because F is minor-
closed and each f; is of the form (¢ * v for some ¢ € F and v € G. Finally,
flg1,...,gn) = 0f, € F, because F is minor-closed. O

For left stability, it is enough to consider compositions with generators of the
clone.

Lemma 3.3. Let FF C O4. Let C be a clone on A, and let G be a generating set
of C. Then the following conditions are equivalent.

(i) CFCF

(i) g(fi,...,fn) € F whenever g € C™ and fi,...,f. € F™ for some
n,m € N.

(iil) g(f1,...,fn) € F whenever g € G™ and f1,...,fn € F™ for some
n,m € N.

Proof. = Holds by the definition of function class composition.

(i1)] = |(ii1); Obvious.

= Let g € C. Then there is a term ¢ of the language of the algebra
A = (A;G) such that g = t*. We prove the claim by induction on the structure
of the term t. Let fi,..., fn € F("). The inductive basis holds, because if t = z;,
then t4 = prz(-"), and we have prz(-n)(f17 ...y Jn) = fi € F. Consider now the case
when t = h(ty,...,tp) for some h € G and terms t1,...,ty, and assume that for
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i€ {1,...,0}, we have already shown that t2(f1,..., f,) € F. It then follows from
superassociativity and our assumptions that

AL, fa) = RAER (1, f)
= B (1 ey fa)s et (frs ooy ) € F. O

Let us record here a simple yet useful observation on the C-stable class generated
by a projection.

Lemma 3.4. For any clone C, (pr§1)>c =C.

Proof. Since prgl) € C and C is C-stable, we clearly have (pr§1)> C C. By

Lemma B(ii), we also have f = prgl) xf € (prgl))c for every f € C, so C C
(pri)e. O
4. LINEAR STABILITY OVER FINITE FIELDS

In this section we consider classes of operations on an arbitrary finite field and
their right and left stability under clones of linear functions. Assume that A =
GF(q), a finite field of order ¢ = p™, with p prime.

Definition 4.1. It is well known that every n-ary operation on A is represented
by a unique polynomial over GF(q) in n variables wherein no variable appears with
an exponent greater than ¢ — 1. We call such polynomials reduced polynomials. A
reduced polynomial can be written as

(1) Z CY(al,...,an) H -T(ilia

(a1,...,an)€{0,...,q—1}m ie{l,...,n}

where each coefficient o, ... 4, is an element of GF(g). We will use the shorthand
aaz® to designate the monomial oa,,...a,) [licq1,. .y 23" with a = (a1,...,an).
A monomial with coefficient 1 is called monic. The degree of a monomial caz? is
> ai. The degree of a polynomial p, denoted deg(p), is the maximum of the
degrees of its monomials with a nonzero coefficient; we agree that deg(0) := 0. In
general, when we speak of the monomials of a polynomial, we mean the monomials
with a nonzero coefficient. As is usual when writing polynomials, we may omit
coefficients equal to 1, and we may omit monomials with coefficient 0. Without
any risk of confusion, we will denote functions by reduced polynomials.

The degree of an operation f, denoted deg(f), is the degree of the unique reduced
polynomial representing f. For k € N, denote by Dy the set of all operations on
A of degree at most k. Clearly, these sets constitute an infinite ascending chain
Dy € D; € Dy C --- whose union is the set O 4 of all operations on A. In particular
Dy is the set of all constant operations, and D1 is the set of all linear operations]j
We shall also use the symbol L to denote the set D;. The set L is a clone on A; in
fact, it is a maximal clone according to Rosenberg’s classification [17].

Proposition 4.2. For every k € N, the set Dy, is L-stable.

Proof. Noting that the clone L is generated by {z1 + 22} U{cx; |c€ A}U{c|ce
A}, we apply Lemmata and The stability under left composition with L
follows from the fact that for any f, g € Dy and any ¢ € A we have ¢(f) =c € Dy C
Di, cx1(f) =c¢- f € Dg, and (1 +x2)(f,9) = f+ g € Dg. As for the right stability,
note that Dy is minor-closed because the formation of minors does not increase the
degree of functions, and that for any f € Dy and for any ¢ € A, it holds that f *c,
f*cxy, and f* (x1 + x2) are members of Dy. O

1Strictly speaking, operations of degree at most 1 are affine in the sense of linear algebra. We
go along with the term linear that is common in the context of clone theory and especially in the
theory of Boolean functions.
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Proposition 4.3. The empty set O and the set O4 of all operations on A are
L-stable.

Proof. Trivial. O

Lemma 4.4. Fvery nonempty L-stable class contains all constant functions.

Proof. Let K be a nonempty L-stable class. Since L contains all projections of
any arity, KL contains functions of any arity, and so does K because KL C K.
Note that for any ¢i,...,gn € (9547"), it holds that cgn) (g1,---y9n) = cgm). Since all
constant functions are members of L and K contains functions of any arity, it follows
that LK contains all constant functions, and so does K because LK C K. ]

Lemma 4.5. For any k € N, (x122...2%) = Dg.

Proof. Clearly 123 ...2, € D and Dy, is L-stable by Proposition [£2] so we have
(x122...28)L C Dg. By identification of variables, permutation of variables, and
substitution of constant 1 for variables, we obtain every monic monomial of degree
at most k. By taking the sum of monic monomials of degree at most k, with suitable
coefficients, we can obtain any polynomial of degree at most k, in other words, by
composing a suitable linear function with functions represented by monic monomials
of degree at most k, we obtain any function of degree at most k. Therefore, Dy C
(122 ... Tk)L. O

Lemma 4.6. If the reduced polynomial of f: A™ — A has degree k, then (f)L = Dy.

Proof. Let p be the reduced polynomial representing f as in (). Let u = (uq, ...,
un) € {0,...,q—1}" be such that ay,z" has degree k and oy, # 0. We may assume
that oy = 1, because by composing f from the left by a;'z1, which belongs to L,
we obtain a function in (f)| that has the same monomials as f but with coefficients
multiplied by ag?.

Let U := {i € [n] | u; # 0}. By substituting 0 for the variables z; with
i € [n]\ U, we obtain a function f’ in (f)_ with reduced polynomial p’ such that p’
has degree k and contains only variables z; with ¢ € U, and ayuz™ is a monomial of
degree k in p’. We may consider the function f’ in place of f and assume, without
loss of generality, that U = [n].

Let {Bjy,...,By} be a partition of [k] in n parts such that |B;| = u; for all
Jj € [n]. For j € [n], let g; = 3 ;. wi. Note that g; € L. Consider the function
h:= f(g1,...,9n), whichisin (f). Foreverya € {0,...,¢—1}" with >_1" , a; <k,
the expansion of the product []}"_; ¢ results in a polynomial of degree at most k in
which no monomial contains all variables x1, . .., xx, with the exception of a = u, for
which the expansion yields a polynomial in which one of the monomials is 1 ...z
and the other monomials do not contain all variables x1,...,x;. Consequently,
h = x1...7; + h' where A/ is a polynomial in variables z1,...,zy in which no
monomial contains all variables x1, ..., Tx.

Now, let us define a sequence of functions hy, ..., hi recursively as follows: hg :=
h. Fori=1,...,k, let h; := h;_1 — hi_l(xl, e Tie1, 0,240, .- ,mk). We have
h; € (hi—1)L. It is easy to see that the polynomial of h; can be obtained from
the polynomial of h;—; by removing all monomials in which x; does not occur.
Consequently, x1...2x = hy € (hg—1)L C (hx—2)L € -+ C (ho)L C {f)L. Now it
follows from Lemma 5] that Dy, = (z1 ... 25)L C (f)L C Dg. O

Lemma 4.7. Let K C Oy, K # 0. If the set {deg(f) | f € K} has a mazimum
m, then (K)_ = Dy,. Otherwise (K)L = Ogy.
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Proof. If said maximum m exists, we have K C D,,, and there exists a ¢ € K with
deg(g) = m. Since D,, is L-stable by Lemma 2] we have (K) C D,,. Lemma L8
implies
D, = Ddeg(g) C U Ddeg(f) = U <f>L c <K>L C D
feK feK
Otherwise there is no finite upper bound on the degrees of the members of K.
Then for every i € N, there exists an f; € K with deg(f;) > i. Now we have

O = JDi € | Daeg(sy = Jfid € (K € O .

ieN ieN ieN
Theorem 4.8. The L-stable classes are Oy, Dy, and 0, for k € N.

Proof. The classes mentioned in the statement are L-stable by Propositions and
A3 Lemma [£7 implies that there are no further L-stable classes. O

5. BOOLEAN FUNCTIONS

Definition 5.1. Operations on {0,1} are called Boolean functions. The class of
all Boolean functions is denoted by 2.

Definition 5.2. By particularizing Definition [£1] to the two-element field, we ob-
tain that every Boolean function is represented by a unique multilinear polynomial
over the two-element field, i.e., a polynomial with coefficients in GF(2) in which
no variable appears with an exponent greater than 1. Since the coefficients come
from the set {0, 1}, every monomial with a nonzero coefficient is monic. The unique
multilinear polynomial representing a Boolean function f is known as the Zhegalkin
polynomial of f, and it can be written as

2) S s,
SeM;

where x5 is a shorthand for [[,.qx; and My C P([n]). Note that 2y = 1 and

Y gepTs = 0. The terms x5 with S # () are called monomials. If § € My, then we

say that f has constant term 1; otherwise f has constant term 0. Without any risk

of confusion, we will denote Boolean functions by their Zhegalkin polynomials, and

we refer to the set My as the set of monomials of f.

Definition 5.3. Some well-known Boolean functions are defined in Table [T} mod-
ulo-2 addition +, conjunction A, disjunction V, triple sum @3, median p. Their
Zhegalkin polynomials are the following;:

Tl +1'2;
r1 AN X2 = X122, ®3(x1, 22, 23) = 21 + 22 + 23,
1V T = T2 + X1 + T2, (1, x2,23) = T122 + T123 + 23,

Definition 5.4. For a,b € {0,1}, let
Qa* :{f€Q|f(0750):a}7
Qo :={feQ| fd,...,1)=b},
and let Qgp := Qus N Qyp. Furthermore, define
Q: :{f€Q|f(0570):f(1751)}7
Q#::{fGQ|f(0""70)#f(17""1)}7
that iS, Q_ = QOO @] Qll and Q;,g = QOI @] QlO-
Clearly Qp.NQ1, = 0 and Q0. UQq, = Q; similarly, Q,0NQ1 = 0 and Q,oUQ,1 =

Q, and Q-NQ,x =0 and Q- UQ, = Q. It is easy to see that Qg is the class of all
Boolean functions with constant term a.
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r y v+y TAy xVy vy z ©3(x,y,2) wpxy,z)
00 0 0 0 000 0 0
0 1 1 0 1 00 1 1 0
10 1 0 1 010 1 0
11 0 1 1 0 1 1 0 1
1 00 1 0
1 0 1 0 1
110 0 1
11 1 1 1

TABLE 1. Well-known Boolean functions

Definition 5.5. For a € {0, 1}, a Boolean function f is a-preserving if f(a,...,a) =
a. A function is constant-preserving if it is both 0- and 1-preserving. We denote
the classes of all O-preserving, of all 1-preserving, and of all constant-preserving
functions by Ty, T1, and T, respectively. Note that T, = To N T;. It follows from
the definitions that TO = QO*, T1 = Q*l, and Tc = QOl-

Remark 5.6. The reason why we have introduced multiple notation for the classes
To = Qo« and T = Q.1 is to facilitate writing certain statements in a parameterized
form and to make reference, as the case may be, to either the classes Q. (a €
{0,1}), Q4 (b€ {0,1}), or T, (a € {0,1}).

Definition 5.7. The parity of a Boolean function f, denoted par(f), is a number,
either 0 or 1, which is given by

par(f) := |My \ {0} mod 2.

We call a function even or odd if its parity is 0 or 1, respectively. Note that Q_
and Q. are precisely the classes of even and odd functions, respectively.

Definition 5.8. The set {0,1} is endowed with the natural order <, with 0 < 1,
which induces the componentwise order, also denoted by <, on the Cartesian power
{0,1}™ for (a1,...,an),(b1,...,bn) € {0,1}", (a1,...,a,) < (b1,...,by) if and
only if a; < b; for all i € [n].

A Boolean function f: {0,1}"™ — {0,1} is monotone if f(a) < f(b) whenever
a < b. We denote by M the class of all monotone Boolean functions.

Definition 5.9. For a € {0, 1}, let @ denote the negation of a, that is, @ :=1 — a.
For any f € Q™) denote by f the negation of f, that is, the function f: {0,1}" —
{0,1} with f(a) = f(a) for alla € {0,1}". For C CQ,let C:={f| feC}.

A function f is self-dual if f(ay,...,an) = f(@1,...,a,) for all a1,...,a, €
{0,1}. A function f is reflexive (or self-anti-dual) if f(ai,...,an) = f(@1,...,an)
for all a,...,a, € {0,1}. We denote by S the class of all self-dual functions. Let
S. :=SNT. and SM := SN M, the classes of constant-preserving self-dual functions

and monotone self-dual functions, respectively.

Definition 5.10. By particularizing the definition of degree (see Definition [4.]) to
monomials and polynomials over GF(2), we obtain that the degree of a monomial
xg is just |S], and the degree of a Boolean function f is the size of the largest
monomial in the Zhegalkin polynomial of f, i.e., deg(f) := maxgsen,|S| for f # 0,
and we agree that deg(0) := 0. As before, for k € N, we denote by Dy, the class of
all Boolean functions of degree at most k. Clearly Dy C Dy for all k € N.
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A Boolean function f is linear if deg(f) < 1. We denote by L the class of all
linear functions. Thus L = D;. We also let

LoizLﬂTOZLﬂQO*, L1::LﬂT1:LﬂQ*1,
LS:=LNS=LNAQ,, Le:=LNT.=LNQo.

The equalities in the above definitions are clear by Remark .6 except for the
equality LS = L N Q. which is easy to verify and also follows from Lemma
below.

Definition 5.11. Let f be an n-ary Boolean function. The characteristic of a set
S C[n] in f is a number, either 0 or 1, which is given by

ch(S, f):=|{Ae M;|SC A} mod?2.

The characteristic rank of f, denoted by x(f), is the smallest integer m such that
ch(S, f) = 0 for all subsets S C [n] with |[S| > m. Clearly x(f) < n because
ch([n], f) = 0.

For k € N, denote by X, the class of all Boolean functions of characteristic rank
at most k. For any k € N, we have Xj; C Xj4+1. The inclusion is proper, as witnessed
by the function 21 ... 2g+1 € Xg41 \ X. Moreover, for any k € N, we have Dy, C Xj.

Reflexive and self-dual functions have a beautiful characterization in terms of
the characteristic rank.

Lemma 5.12 (Selezneva, Bukhman [I8 Lemmata 3.1, 3.5]).

(i) A Boolean function f is reflexive if and only if x(f) = 0.
(ii) A Boolean function f is self-dual if and only if f + x1 is reflexive.
(iii) A Boolean function f is self-dual if and only if f is odd and x(f) = 1.

In other words, Xo = X; N Q= is the class of all reflexive functions, X; N Q. is
the class of all self-dual functions, and X; is the class of all self-dual or reflexive
functions.

Definition 5.13. Let A, and V. denote the classes of all conjunctions of arguments
and of all disjunctions of arguments, respectively, that is,

Ae ::{feQ(n)|nEN+a®7A{i15"'aiT}g[n]af(ala---aan):ah/\"'/\aiT}a
Vei={feQ™ |neNy, 0+ {ir,....ir} C[nl, fla1,...,an) =ai, V---Va; }.

Let I, lp, I, and I" denote the class of all projections, the class of all projections
and constant 0 functions, the class of all projections and constant 1 functions, and
the class of all projections and negated projections, respectively, that is,

ci={pr" lineNy, 1<i<n},

o=lou{c |nenNy},
pi=1leu{c™ | neNg Y,
I* =1, Ul,.

It was shown by Post [15] that there are a countably infinite number of clones of
Boolean functions. In this paper, we will only need a handful of them, namely the
clones €, Ty, T1, T, M, S, S¢, SM, L, Lg, Ly, LS, L, A¢, Ve, I, g, I1, and |, that
were defined above. The lattice of clones of Boolean functions, the so-called Post’s
lattice, is shown in Figure [l and the above-mentioned clones are indicated in the
diagram. In what follows, we will often make use of the following generating sets
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FIGURE 1. Post’s lattice.

for some of these clones.

Q= (r122 + 1), S=(u, z1+1), SM=(u), L= (x1 + 22,1),
LS = <@37 1+ 1>a Le = <@3>ﬂ Ae = </\>7 Ve = <\/>ﬂ
" = (z1 +1), lo = (0), L = (1), l. = ().

Let us conclude this introductory section with a couple of lemmata that help us
express sums and minors of Boolean functions in terms of their sets of monomials.

Lemma 5.14. Let f: {0,1}" — {0,1} and f: {0,1}" — {0,1}. Then My, =
My A M,.

Proof. By adding the polynomials of f and g and by cancelling equal monomials
(because we do addition modulo 2), we obtain

f+g:Z$s+Z$s= Z Tg.
SeMy SeM, SeMyAM,
Consequently, My, = My A My by the uniqueness of Zhegalkin polynomials. [
Lemma 5.15. Let f: {0,1}" — {0,1} and o: [n] — [m]. Then
My, ={SC[m]|{Te€Ms|o(T)=S}=1 (mod?2)}.

Proof. A straightforward calculation using the definitions of minor and M/ (Defi-
nitions and [52) shows that for all ay,...,a, € {0,1},

fa(al,...,am)Zf(ag(l),...,ag(n)): Z Hag(i)z Z H a;

TeM; ieT TeM; ico(T)
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Q

FIGURE 2. A block of eleven L.-stable classes.

By cancelling pairs of summands corresponding to indices T, 7" € My such that

o(T) = o(T"), which are equal for any ay, ..., an, we get
> I ai=> Il
TeMj ico(T) SeEM’ €S
where

M ={SC[m]|{TeM;|o(T)=S}=1 (mod2)}.
Consequently, My = M’ by the uniqueness of Zhegalkin polynomials. (I
6. L.-STABLE CLASSES

We are now ready to state the main result of this paper, a complete description
of the L.-stable classes of Boolean functions.

Theorem 6.1. The L.-stable classes or, equivalently, the (l.,L.)-stable classes are

Qa Qa*7 Q*b; sz Qabv
Dk, Dr N Qax, Di N Qs Di N Qx, Di N Qap,
Xk, Xkﬂﬂa*, Xkﬂﬂ*b, Xkﬂﬂz, Xkﬂﬂab,

D;nNX;, DinX;jNQe, DiNX;NQyw, DiNX;NQx, DiNX;NQe,
D07 DoﬁQa*, @,
fora,b e {0,1}, ~ € {=,#}, and i,j,k € N withi > j > 1.

Several L.-stable classes were known previously: the clones Q, S = X; N Q,
L =D, To = Qox, T1 = Qu1, Te = Qo1, Sc = X1NQo1, Lo = D1NQ0s, L1 = D1NQ,
LS = D1 N Xy NQx, Le = D1 N Qo1, as well as the classes Dy, for any £ € N and
the class Xp of reflexive (self-anti-dual) functions [4, pp. 29, 33]. The classes Dy, for
k € N were also known to be Lg-stable [6, Example 1, p. 111].

In order to describe the structure of the lattice of Lc-stable classes, it is helpful
to first look at the poset comprising the eleven classes €, Q—, Q.+, Qo., Q14, Quo,
Q1,5 Qoo, Qo1, 10, Q11 that is shown in Figure 2l It is noteworthy that the four
minimal classes of this poset are pairwise disjoint, and that the six lower covers of
Q are precisely the unions of the six different pairs of minimal classes.

The lattice of all L.-stable classes is shown in Figure It has rather regular
structure; it is isomorphic to the direct product of the 11-element poset of Figure
and the set { (i,7) € (N; U {oo})? | i > j > 1} with the componentwise order, and
a few additional elements near the bottom of the lattice. In order to avoid clutter,
we have used some shorthand notation in Figure[3l The diagram includes multiple
copies of the 11-element poset of Figure 2] (the shaded blocks) connected by thick
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triple lines. Each thick triple line between a pair of blocks represents eleven edges,
each connecting a vertex of one poset to its corresponding vertex in the other poset.
We have labeled in the diagram the meet-irreducible classes, as well as a few other
classes of interest; the remaining classes are intersections of the meet-irreducible
ones.

The remainder of this section is devoted to the proof of Theorem [6.Il The proof
has two parts. First we observe that the classes listed in Theorem [6.T] are L.-stable.
Secondly, we need to show that there are no other L.-stable classes.

To this end, we start with verifying that the classes of Theorem are L.-
stable. Since intersections of L.-stable classes are L.-stable, it suffices to verify this
for the meet-irreducible classes. With the help of the following lemma, we can
further simplify the task of checking the stability under left and right composition
with clones containing the triple sum. In fact L.-stability is equivalent to (l¢, L¢)-
stability.

Lemma 6.2.
(i) For any f € Q, we have f * ®3 = ®3(foy, fos, fos), where, for i € [3],

oiin]=n+2,1—ij—=j+2for2<j<n.

(ii) Let G C Q, let C1 := (GU{Ps}), C1 = (G), and let Cy be a clone
containing ®s. Then a class F C Q is (C1,Cy)-stable if and only if it is
(C1, Ca)-stable.

(iii) The following are equivalent for a class F C Q.
(a) F is Lc-stable.
(b) F is (I, Lc)-stable.
(¢) F is minor-closed and f + g+ h € F whenever f,g,h € F.

Proof. Let
Ai=0,({SeMs|l1eS}) for i € [3],

Bi=o({SeMp|1¢S5})=0a({SeMy[1¢S5})=03({SeMy|1¢5})
Since the sets Ay, As, Az, B are pairwise disjoint, their union equals their symmetric
difference. Using the commutativity and associativity of the symmetric difference
and the fact that X A X =0 and X A ) = X for any set X, we obtain
Mg, =A1 UAZUA3UB=A1 ANAy ANA3AB=A1 ANA NA3 ABABAB

=41 AB)A (A2 AB)A(A3sAB)=(A1UB)A (A2 UB) A (A3 U B)
=My, AMy,, AMg, =M, tfortfoy, = Mou(fay foy fos)>
that iS, f * D3 = @3(f0'17f0'27f0'3)'

Since Cy C (4, stability under right composition with C; implies stabil-
ity under right composition with C{. Assume now that F' is (C7, Cy)-stable. By
Lemma 3.2] F is minor-closed and f * g € F whenever f € F and g € G. More-
over, f % @3 = ®s(foy, fozr fos)s Where fo, foy, fay are the minors of f specified
in part Since F' is minor-closed, we have f,,, fo,, fos € F. By our assump-
tion, @3 € (s, and since F is stable under left composition with Cs, it follows
that ®3(foy, foo, fog) € F. It follows from Lemma B2l that F is stable under right

composition with Cf.
Since L. = (d®3), this is a consequence of part and Lemma 33 O

In view of Lemma [B.2(iii), our task is reduced to verifying that each one of the
meet-irreducible classes shown in Figure Bl namely Q, Qo., Q1.4, Quo, Q41, Q=, Q,
Dy, and X, for k € N, is minor-closed and closed under triple sums of its members.

Lemma 6.3. Q is minor-closed and closed under triple sums of its members.

Proof. Trivial. (I
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FIGURE 3. L.-stable classes.
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Lemma 6.4. Let a,b e {0,1}.

(i) Qqx s minor-closed and closed under triple sums of its members.
(ii) Qup is minor-closed and closed under triple sums of its members.

Proof. [[Q)| Let f € Q" and let o [n] = [m]. We have f,(0,...,0) = f(0,...,0) =
a, SO fy € Qus; thus Q4. is minor-closed. Let now f,g,h € QE;Z)- We have (f +

g+ h)(0,...,0) = f(0,...,0) + g(0,...,0) + h(0,...,0) = a +a+ a = a; thus
f+g+h€§2a*.
The proof is similar to that of part O

Lemma 6.5. For =~ € {=,#}, Q~ is minor-closed and closed under triple sums of
its members.

Proof. We show first that Qx is minor-closed. Let f: {0,1}" — {0,1} and o: [n] —
[m]. For each T C [m], let Zp := {S € My | o(T) = S }; clearly the sets Zr are
pairwise disjoint and their union is My. By Lemma [B.I5] |Z7| is odd if and only
it T € Mjy,; thus for each T C [m], there exists a number kr € N such that
|Zr| =2kr + 11T € My, and |Zyp| = 2kyp if T ¢ My, . Consequently,

\Mpl= > |Zrl= > Qkz+1)+ Y 2kz

TC[m] TC[m] TC[m]

TeM;, T¢My,

= Z 1+ Z 0=|M;,| (mod 2).
TC[m] m]
TeMy, T¢Mfa

Note also that Zy = {0}; thus § € My, if and only if ) € My. It follows that
par(fs) = par(f). Therefore f, € Qx if and only if f € Qx, that is, Q~ is minor-
closed.

We now show that Q. is closed under triple sums of its members. Let f,g,h €
Q. By definition, it holds that par(f) = [Ms\ {0} mod 2 = a, par(g) =
Mg\ {0} mod 2 = a, par(h) = |Mh\{(2)}| mod 2 = a, where a = 0 if ~ is =
and a = 1 otherwise. Then My gy, = My A My A My, by Lemma 514 so
Myygen\ 10} = (M7 \{0}) A M\ {0} A (M3 10}), which implies par(f + g -+ h) =
IMfyg+n \ {0} mod 2 =a+a+ amod2=a. Therefore f + g+ h € Qx. O

Lemma 6.6. For k € N, Dy, is minor-closed and closed under sums of its members.

Proof. Let f € D,(C"), and let o: [n] — [m]. Let T € My, be such that |T'| = deg f,-.
By Lemmal[5.T5 there exists U € M such that o(U) = T. We must have |T| < |U],
so deg fo = |T| < |U| < deg f < k; therefore f, € Dy, so Dy is minor-closed.

Let now f,g € Dé"). Since Mfy, = My A M, by Lemma 514, we have deg(f +
g) = maxsen, ., |S| < max(deg(f),deg(g)) <k, so f + g € Dy. O

Lemma 6.7. For k € N, Xj, is munor-closed.

Proof. In view of Remark 27 it is sufficient to consider closure under minors formed
via injective maps or identification maps (see Definition Z5]). Let f € Xé").

Consider first an injective minor formation map o: [n] — [m]. It is easy to
verify that My, = {o(A)| A€ My}. Let S C [m] with |S] > k. If S ¢ Im o, then
there is clearly no A € My, such that S ¢ A; hence ch(S, f,) = 0. If S C Imo,
then ch(S, f,) = ch(c=1(S), f) = 0 because |c=1(S)| = |S| > k and f € X;.. We
conclude that f, € X.

Consider now an identification map o;;: [n] — [n — 1] for some ¢,j € [n] with
i <j. Let SCn—1] with |S|> k. Let H:={Ae M;|SCo;;(A)}. We claim
that |H| is even.
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If ¢ ¢ S, then the only subset of [n] mapped onto S by oy; is oigl(S), and
any proper superset of oi;l(S) is mapped to a proper superset of S. Therefore
H={Ae M| 0‘1-91(5) C A}. Since |o71(S)| = |S] > k and f € Xy, it follows
that |H| is even.

If i € S, then there are three subsets of [n] that are mapped onto S by oy;:
Ty = az-;l(S), Ty = oi_jl(S) \ {i}, and T3 := 0‘1-31(5) \ {j}. The proper supersets of
Ty, Ts, and T3 are mapped to proper supersets of S, with the exception of the set
T = ai_jl(S), which is a proper superset of both 75 and T3 but o;;(T1) = S. Since
|0‘Z-;1(S)| =1S|+1>k+1and f € Xy, it follows that the sets U; := { A € My |
T, € A}, 1 < i < 3, have even cardinality. Let U] := U; \ {T1}, 7 € {2,3}, and
observe that U; = U, N U}. We have H = U, UUJ, so

|Us| + |Us| — |Un], if v ¢ My,

H| = U] + U] — |Uh] =
| = U] +1Us] = 0] \Ua| + |Us| — |UL| — 2, if Ty € M.

In either case, |H]| is even.

For any subset A C [n—1],let Z4 := {T C My | 045(T) = A}. By definition,
we have H = UsgAg[n—u Z . The sets Z4 are clearly pairwise disjoint, so |H| =
ngAg[n—1]|ZA|' Since |H| is even, there must be an even number of sets A
with S € A C [n— 1] such that |Z4]| is odd. It follows from Lemma that
ch(S, fo,;) = {A€ My, | S S A} mod2 =0, and we conclude that f5,; € Xp.

O

Lemma 6.8. Let k € N. For any f,g € chn), we have f+ g € Xi.

Proof. Write h := f + g. We have M}, = My A M, by Lemma [5.14, and for any
S C [n], it holds that

{AeM,|SCAYy={AeM;AMy,|SCA}
—{AeM;|SCAYA{AeM,|SCA.
By our assumption, for any S C [n] with |S| > k, we have

{AeM;|SC A} mod2=ch(S,f)=0,
HAeM,|SC A} mod2=ch(S,g)=0.

Since the symmetric difference of sets of even cardinality is again of even cardinality,
it follows that ch(S,h) = [{Ae M, |SC A} mod2 = 0 for any S C [n] with
|S| > k. Therefore h € X. O

Proposition 6.9. The classes listed in Theorem[6.1] are L.-stable.

Proof. According to Lemmata [6.3] [6.4] 6.5 [6.6] 6.7] and [6.8] each of the classes
Q, Qox, Qus, Quo, Qi1, Q=, Qx, D, and X;, for k£ € N is minor-closed and closed

under triple sums of its members, so by Lemma [6.2(iii)} each is L.-stable. It follows
that the remaining classes listed in Theorem [G.I] being intersections of the above
classes, are also L.-stable. (I

It remains to show that the classes listed in Theorem are the only L.-stable
classes. To this end, we are going to verify that any set of Boolean functions
generates exactly what is suggested by Figure Bl More precisely, we prove that
each class K is generated by any subset of K that is not contained in any proper
subclass fo K, i.e., the subset contains for each proper subclass C' of K an element
in K\ C. If each proper subclass is contained in a lower cover of K, then it suffices
to consider the lower covers of K. We begin with some helpful lemmata.
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Lemma 6.10. For any F C Q, we have f € (F)_ if and only if f is the sum of
an odd number of minors of members of F, i.e., [ = Zfi‘fl(gl)gl for some k € N,

gi € F, 0;: [n;] = [n], where n; := ar(g;) and n:=ar(f) (1 <i<2k+1).

Proof. “<”: Clear because (F)_ is closed under minors and triple sums and hence
under any odd sums of its members by Lemma

“=": By Lemma (F)L, is the set obtained by a finite number of the
following construction steps:

(1) Every f € F is a member of (F)_.
(2) If f € (F), ar(f) = n, and o: [n] — [m] for some m € N4, then f, €
<F>|—c

(3) If f,g,h € (F)L., all of arity n € N4, then f+ g+ h € (F),.
We will show by induction on the construction that every f € (F), is an odd sum
of minors of members of F'. This obviously holds for every f € F: f = 23:1 fia-
Assume [ = fo{l(gz)g for some g; € F and o;: [n;] — [n] (1 < i < 2k+1).
Then for any 7: [n] — [m], we have

2k+1 2k+1 2k+1
fr= (Z (gi)ai),r = Z ((gi)Ui)T = Z (gi)Toam

where the second and the third equalities hold by Lemmata 2.8 and [2.6], respectively.
Finally, assume that f = 327 (f;)o,, 9 = 310t (9:)r,, b = 317 (hi) p, for some
fisgihi € F, oi: [ar(fi)] — [n], 7 [ar(gi)] — [n], pi: [ar(hi)] — [n]. Then

2k+1 2041 2m+1
Frg+h=> (ot D @)+ > (hi),
i=1 i=1 i=1
which is an odd sum of minors of members of F'. O

Lemma 6.11. Assume that C is an Lc-stable class and (F). = C. Then C is
Lc-stable and (F) ., =C.

Proof. Assume that (F), = C. Then C is Lc-stable because for all n-ary f +
1,g+1,h+1 € C, we have f,g,h € C and hence (f +1)+ (g+ 1)+ (h+1) =
(f+g+h)+1€C,and for any o: [n] — [m], we have, by LemmaZ8 (f + 1), =
fotlo=fs+1€C.

In order to show that C' is generated by F, let f +1 € C. Then f € C, and by

Lemma [610, f = Zfﬂrl(gz)g for some g; € F' and some minor formation map o;

(1 <i<2k+1). Consequently, f+1 =371 ((9)on +1) = ST (90)0s +100) =
Z?ﬁi_l(gi +1),, by Lemma[Z8 Since each g; + 1 is in F', Lemma .10 implies that

fe(F).. (]

Proposition 6.12.
(i) D). =0.
(ii) For any f € Do N Qox, we have (f)L, = Do N Qox.
(iii) For any f € Do N Qys, we have (f)1, = Do N Q1.
(iv) For any f,g € Do such that f & Qos, g ¢ Q1., we have (f,g)L. = Do.

Proof. Obvious.

The function f is a constant 0 function of some arity. We obtain any constant
0 function by identifying arguments or introducing fictitious arguments. Therefore
Do N0« C (f)L. € Do N Qox.

\(ii1)| Follows from part by Lemma because Do N Qg = Do N Q14
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Since Qo+ and Q4 partition Q, it follows that f € DgNQ1, and g € DgN Qo+

By parts [(if)] and [[{iD)} Do = (Do N Q0+) U (Do N Q214) = (g)r. U (f)r. € (fi9)L. S
Do. 0

Lemma 6.13. Let f € Q with n:= ar(f). Let k € N.

(i) If n > deg(f), then f has a minor of degree deg(f) and arity deg(f) + 1.

(ii) If f € Xy and deg(f) > k, then n > deg(f).

(ili) If f € X and n — 1 = deg(f) > k, then My contains all subsets of [n] of
cardinality n — 1.

(iv) If f € X \ Xy—1, then f has a k-ary minor g such that [k] € M, and
g€ Dp\ Xp_1.

(v) If f € Xy, and there is an S € My with £ := |S| > k, then f has an (¢ +1)-
ary minor g such that M, contains all subsets of [¢ + 1] of cardinality £ but
[(+1] ¢ My. Moreover, if £ > k+ 1, then M, contains also a subset of
cardinality ¢ — 1.

(vi) If deg f =n, then f has a minor of arity n — 1 and degree n — 1.

Proof. Let m := deg(f). There exists an S € My with |S| = m. Let us identify
all arguments not in S, i.e., we form the minor f, with a minor formation map
o: [n] — [m+ 1] that maps S onto [m] and every element of [n] \ S to m + 1.
Then f, has arity m + 1. Clearly every monomial of f, has degree at most m, and
[m] € My_; hence deg(f,) = m.

Clearly n = ar(f) > deg(f). Assume that n > k, and suppose, to the con-
trary, that n = deg(f). But then ch([n — 1], f) = 1 and |[n — 1]| > k, contradicting
feXg.

Assume that n — 1 = deg(f) > k. Then there exists an S € M; with
|S| =n—1. Let A C S with |[A] =n—2. Since n—2 > k and f € X, there must be
an even number of proper supersets of A in M. We already have S € My, so there
must be another one. In fact there is only one other possibility, namely A U {i},
where 7 is the unique element of [n]\ S. By letting A range over all (n — 2)-element
subsets of S, we conclude that My indeed contains all subsets of [n] of cardinality
n— 1.

Since f ¢ Xi_1, there exists a subset A C [n] with |A] = k — 1 such that
ch(A, f) = 1. Let us identify all arguments not in A4, i.e., we form the minor f, with
a minor formation map o: [n] — [k] that maps A onto [k — 1] and every element of
[n] \ A to k. Then f, has arity k. Since those subsets of [n] whose image under o
equals [k] are precisely all proper supersets of A, and since ch(A4, f) = 1, there are
an odd number of sets T' € My such that o(T") = [k]. By Lemma 518 [k] € My, .
Then clearly f, € Dy \ Xg—1.

By part we must have n > deg(f) > ¢. By identifying all arguments that
are not in .S, we obtain a minor g of f that has arity £+ 1 and contains a monomial
of degree (. Since Xj, is minor-closed, g € X, so by part [0+ 1] ¢ M,; hence
deg(g) = ¢. By part M, contains all subsets of [¢ + 1] of cardinality ¢. If
¢ >k + 1, then M, must also contain a subset of cardinality £ — 1. For, consider
a subset A C [¢+ 1] with |A] = £ —2. Since £ —2 > k and g € X, we have
ch(A4,g) = 0, so there must be an even number of sets S € M, with A C S.
There are exactly three such sets S of cardinality ¢, namely [¢ + 1] \ {i} for each
i € [0+ 1]\ A; therefore there must also be a set of cardinality ¢ — 1 in M.

If f has no monomial of degree n — 1, then for any ¢, j € [n] with ¢ < j, the
(n — 1)-ary minor f;; has degree n — 1. If f has exactly one monomial of degree
n—1, say S € My, |S| = n — 1, then for any i,j € S with ¢ < j, the minor f;;
has degree n — 1. If f has at least two monomials of degree n — 1, say S,T" € My,
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S #T,|S] =|T| =n—1, then for {7,j} := S AT with i < j, the minor f;; has
degree n — 1. O

In what follows, we are going to make use of a family of special Boolean functions
Wi that was inspired by the “unitrades” and the proof methods presented by
Potapov [16], Section 4]. There is a minor difference in the definition, though. While
Potapov’s unitrade Wy is composed of all subsets of cardinality k, we nevertheless
include all nonempty proper subsets of [k + 1] in the set of monomials of Wy, as
this will serve better our needs.

Definition 6.14. For k € N, let Wy: {0,1}**!1 — {0,1} be the function with
Mw, ={SClk+1]|0<|S| < k+1}. Equivalently, Wy(a) = 1 if and only if
a¢ {0,...,0),(1,...,1)}. Forn >k and B C [n] with |B| = k, denote by W}
the minor (Wy), where o: [k] — [n] is an injective map with range B (since Wy, is
totally symmetric, any such map o produces the same minor). In other words, W,f
is obtained from W} by introducing n — k fictitious arguments and then permuting
arguments so that the essential arguments are the ones indexed by the elements of
B. While the arity of W2 is not explicit in the notation, it will be clear from the
context.

Lemma 6.15.
(i) For any k € N, we have deg(W}) = k, par(Wy) = 0, and x(W}) = 0; hence
Wi € D N Xo N Qoo-
(ii) For any k., € N with k < {, Wy, is a minor of Wy.

Proof. [[Q)|It is clear from the definition that deg(W}) = k. Since My, comprises all
subsets of [k + 1] except () and [k + 1], we have |[My, \ {0}| = 2¥+1 —2 =2(2F - 1),
an even number; hence par(Wy) = 0. As for the characteristic rank, for any S C
[k +1], we have {A € My, | SCA}={ACk+1]|S<CAC[k+1]}. This
set has 2F+1-181 — 2 = 2(2+=IS — 1) elements if A # [k + 1] and no element if
A = [k +1]. Therefore ch(S, f) = 0 for every S C [k + 1], and we conclude that
x(f) = 0. The constant term of Wy is clearly 0, and we conclude that W}, €
Dr N XgNQ= N Qo = Dr N XN Qoo.

By the transitivity of the minor relation, it suffices to show that W}, is a minor
of Wiy for any k € N. By identifying the (k + 1)-st and (k + 2)-nd arguments,
i.e., by taking o to be the identification map oy4+1, 542, we obtain, by Lemma [5.15]

Mw,.), ={SCk+1]|{TeMw,, |oT)=S}=1 (mod?2)}=:M.

We now determine which subsets of [k + 1] belong to the set M on the right side
of the above equality. Recall that My, , = {T C[k+2] |0 <|T|<k+2}. For
any S C [k], the only subset S” of [k + 2] such that o(S) = ¢(5’) is S itself; hence
S € M for all ) #£ S C [k]. For any set of the form S U {k + 1} with S C [k], there
are exactly three subsets S’ of [n + 2] such that o(S’) = SU{k+1}, namely the sets
SU{k+1}, SU{k+2}, and SU{k+1,k+2}. If S # [k], then all three sets belong
to My, ,. If S = [k], then only the first two belong to My, ,,. Hence SU{k} € M
for all S C [k]. We conclude that M = {S C[k+1]|0<|S|<k+1} = My,,
that is (Wk_;,_l)g = W. O

Here is another functional construction that we will use in what follows.

Definition 6.16. For any function f: {0,1}" — {0,1} and any i € [n], let
fi+{0,1}" — {0,1} be the function with My := { S\ {i} | S € My, i€ S}.

The effect of negating an argument in a function f can be expressed in a conve-
nient way with the help of f/.
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Lemma 6.17. Let f: {0,1}"™ — {0,1}, i € [n], and let g := f(x1,...,2i-1,2; +
1,%it1,...,@n). Then g= f+ f.

Proof. Given f = Zser g, we have

g=flx1, o, T+ L Tign, .o, T0) = Z rs+ Z (@i + Dzs\ (i}

SeMy SeMy
i¢s ies
= Y ws+ Y (@stasy)= > s+ Y, vy =f+ 1 O
SEMf SEMf SE]\/If SE]\/If
i¢S ies i€s

Lemma 6.18. Let f: {0,1}" — {0,1}, and assume that f depends on the i-th
argument.

(1) If f € Xg for some k > 0, then f] € Xj_1.
(i) deg(f;) < deg(f).

Proof. [[Q)| Let S C [n] with |S| > k — 1. If i € S, then clearly ch(S, f/) = 0 because
no set in My, contains the element i. If i ¢ S, then a set A with S C A C [n]
belongs to My, if and only if i ¢ A and AU {i} € M. Hence there is a one-to-one
correspondence between the sets { A € My | S C A}and { B € My | Su{i} C B},
so it follows that ch(S, f/) = ch(S U {i}, f) = 0, where the second equality holds
because |SU{i}| > k and f € X;,. We conclude that f! € Xj_;.

Obvious from the construction of f/. O

Lemma 6.19. For any k € N, every function in Dy N X1 N Qo is a sum of minors
of Wy. Consequently, (Wi). = D N X1 N Qoo.

Proof. We follow the proof technique of Potapov [16, Proposition 11]. Note that
Qoo C Q—, so every function in Di N X1 N Qg is even. We proceed by induction
on k. The claim is obvious for & = 0, since Dy N X1 N Qgg = Dg N Qp«, and every
constant 0 function (of any arity) can be obtained from Wy, the unary constant
0 function, by introducing fictitious arguments. The claim is also clear for k£ = 1,
since D1 NX1NQp0 = D1NQ=NQp., and any even function of degree 1 with constant
term 0 can be obtained by adding together suitable minors of W7 = x1+x2 obtained
by introducing fictitious arguments and permuting arguments.

Assume now that the claim holds for k& = £ for some ¢ > 1. Every function
in Dgy1 N Xy N Qo of degree less than ¢ + 1 is a sum of minors of Wy by the
induction hypothesis and is therefore a sum of minors of Wy because W, < Wy
by Lemma We only need to consider functions of degree exactly £+ 1. We
proceed by induction on the arity of functions. By Lemma for any f € Xq
with deg(f) = £+ 1, we must have ar(f) > ¢+2. Therefore, in order to establish the
basis of induction, we need to consider an arbitrary function f € Dyy1NX1NQyg with
ar(f) = ¢+ 2. By Lemma M contains all subsets of [¢ + 2] of cardinality
£+1. Then g := f+Wyp1 = f+Wip1+0 € DN Xy NQoo because f, Wyyq, and 0
belong to X; N Qgg, which is Lc-stable by Proposition [6.9] and deg(g) < ¢ because
all monomials of degree £ + 1 are cancelled in the sum f + Wy1. By the inductive
hypothesis, g is a sum of minors of Wy; hence f = g + W41 is a sum of minors of
Wiyt

For the inductive step, assume that every m-ary function in Dy N X; N Qo of
degree ¢ + 1 is a sum of minors of Wy41. Let f € Dyy1 N Xy N Qyo be (m + 1)-ary
and of degree £ + 1. If f does not depend on the (m + 1)-st argument, then f is
obtained from an m-ary function f* € Dy N X1 N Qg by introducing a fictitious
argument; then f* is a sum of minors of W41, and by introducing a fictitious
argument to the summands we obtain f as a sum of minors of Wy4;. From now on,
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assume that f depends on the (m + 1)-st argument. Let g := f/,,,, and let ¢ be
the constant term (0 or 1) of g. By Lemma [6.18 we have g € Dy N Xp; furthermore,
g+ce€DrNXgN Qo = DpN Xy NQyo. By the inductive hypothesis, g + ¢ is a
sum of minors of Wy, say g + ¢ = le W,ii, with k; < ¢ for each i. Now let
h:=3%"% W,ifi{m+1} + ¢*, where ¢* :== 0 if c =0 and ¢* := Wl{m’m+1} ifec=1,
and let f* := f + h. We have f* € Dyy1 N X1 N Qg because f, h, and 0 belong to
Det+1 N X1 N Qgo, which is Le-stable. Moreover, f* does not depend on the (m 4+ 1)-
st argument because none of its monomials contains z,,4+1. Let f** be the m-ary
function obtained from f* by removing the fictitious (m + 1)-st argument; then f*
and f** are minors of each other. By the induction hypothesis, f** is a sum of
minors of W41, and consequently so is f* and hence also f*+h = f.

As for the last claim about (Wy)(,, since 0 = Wy is a minor of Wy, it follows
that every sum of minors of W, (not just every odd sum) is in (Wj),. Therefore,
by what we have shown above, Dy, N X1 N Qo C (Wi ). € Dr N X1 N Qoo. O

Lemma 6.20. A Boolean function f belongs to Xy if and only if f = g+ h for
some g € Xg and h € Dy.

Proof. “<”: Clear because Xy C Xg, Dr C Xi, and X is closed under sums by
Lemma [6.8

“=": We proceed by induction on k. For k = 0, the claim is obvious: if f € Xo,
then f = f+0, where f € Xg and 0 € Dy. For k = 1, this follows from Lemma [5.12
if f € Xy NXp, then we are done by the above; if f € Xy \ Xg, then f+ 21 € Xg, so
we have the decomposition f = (f + x1) + x1, where f 4+ 21 € X and 21 € Ds.

Assume now that the claim holds for & = ¢ for some £ > 0. Let f € Xypyr1. We
proceed by induction on the degree of f. If deg(f) < £+ 1, then we clearly have
f=0+ fwith 0 € Xy and f € Dyy1. Assume that the claim holds for functions of
degree at most m > ¢+ 1. Consider now the case when deg(f) = m+1. We proceed
by induction on the arity n of f. By Lemma n>m+2. If n =m+2, then
M contains all subsets of [n] of cardinality m +1 =n — 1 by Lemma G I(iii)} Let
f* = f+Wpn41. Then deg(f*) < m, so by the induction hypothesis f* = g*+h* for
some g* € Xp and h* € Dyy41; therefore f = (¢*+Wip1)+h*, where g*+W,, 11 € Xo
by Lemma [6.8 and h* € Dyy1. Assume that the claim holds for functions of arity
p, and consider the case when ar(f) = p + 1; we may assume that f depends on
the (p + 1)-st argument. By Lemma 618, we have f,,; € X¢, so by the induction
hypothesis f;H = g* + h* for some g* € Xg and h* € Dy; by changing the constant
terms in g* and h* if necessary, we may assume that the constant term of g* is 0.
By Lemma [6.19, we can write g* as g* = >0, W,fj Let g7 := >0, W,ifl{pﬂ},
and let AT be the function with M+ = {SU{p+ 1} | S € My~ }; then clearly
gt € Xo and ht € Dyyq. Let ¢ := f+gT +h™. Clearly ¢ € X;41 and ¢ does
not depend on the (p + 1)-st argument, so by the induction hypothesis ¢ = v+ 7
with v € Xo and 7 € Dgy1. Then f=p+gT +hT = (y+g7) + (n+ h™), where
v+ gt € Xy and 4+ hT € Dyy1, which gives us the desired decomposition. O

Lemma 6.21. For any k > 2, {(x1...2; + x1). = D N Qoo

Proof. Let f := x1...x + x1. We have f € Dg N Qqo, so (f)r. € Di N Qqo.
By permuting arguments we get ¢ := X1Zk41Tk12 .. Top—1 + 1 € {f)L,, and by
identifying all arguments we get 0 € (f)L_; hence also h:= f+g+0=21... 2 +
T1Tht1Tk42 - - - Tak—1 € (f)L.. Again by permuting the arguments of h we get h’ :=
T1Tht1Th42 - - - Tak—1 + Tog—1Tok - .- T3g—2 € (f)L.; hence also b := h+ W' +0 =
X1... Tk + Tok—1Tok - - - Tak—2 € (). It is clear that any even sum of monomials
of degree at most k can be obtained by adding (an odd number of) minors of h”.
Therefore Dy N Qoo = D, N Q= N Qg C <h”>|_c - <f>|_ . [l

c
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Proposition 6.22. Let a € {0,1}.

(i) Let k € Ni. For any f € (Dr N Xy N Qqua) \ Di—1, we have (f). =
Dr N X1 NQuq.-
(ii) Let k € Ny with k > 2. For any g € (Dg N Qqa) \ Xg—1, we have (g)L, =
D N Qe
(i) Leti,j € Nwithi > j>2. For any f,g € D;NX;NQqq such that f ¢ Di—q
and g ¢ Xj_1, we have (f,g)L, = D; N X; N Qqq.

Proof. Tt suffices to prove the statements for a = 0. The statements for a = 1
follow by Lemma because Dz N Xj N QOO = Dz N Xj N Qll; Di,1 = Difl, and
ﬁ = Xjfl. Note that QOO Q Q:.

[([)] We proceed by induction on k. For k =1, let f € (D1 NX;NQ0o)\Do = (D1 N
Q=N Qo) \ Dg. The function f is a sum of an even nonzero number of arguments,
so by identification of arguments we get 0,21 + 22 € (f)L., and with these we can
generate every even sum: D; N X3 N Qo1 = D1 NQ= N Qo C (). € D1 NXy N Qoo.

Assume that the claim holds for k = ¢ for some £ > 1. Let f € (Dy41NX1NQ00) \
Dy. Since X1NQpo € X1NQ= = Xy, Lemmaimplies that f has an (¢+2)-ary
minor ¢ such that deg(p) = ¢+ 1 and M, contains all (¢ 4 1)-element subsets of
[£ 4 2] and a subset S of cardinality £. By identifying the two arguments not in S,
we obtain a minor ¢’ of ¢ such that ¢’ € X, ar(¢’) = £+ 1, and deg(¢’) > £ > 0,
so by Lemma ET(ii)] we must have deg(¢’) = ¢. Since ¢’ € (D¢ N X1 No) \ De—1,
it holds that (¢’)L, = D¢ N X1 N Qoo by the induction hypothesis. All monomials of
degree £+1 are cancelled in the sum ¢+ Wy, 1, so we have p+Wy 1 € DyNX1NQyo =
(@)1, C (f)L.. Since also ,0 € (f)L,, we get Werr = (9 + Wert) + 0 +0 € ()L,
By Lemma [6.19) Dyy1 N X1 N Qo0 = (Weg1). € (f)r. € Dy N X1 N Q0.

We proceed by induction on k. For k = 2, let g € (D2 N Qo) \ X;. Since
D2 C Xs, ¢ has a binary minor v with [2] € M, by Lemma Since v €
Qoo C Q—, we have v = z125 + x1. It follows from Lemma that Do N Qgg =
(zr122 + 21)1, € (9)L. € D2 N Qqo.

Assume that the claim holds for £k = ¢ for some ¢ > 2. Let g € (Dgy1 N
Qoo) \ X¢. Since Dy € Xey1, ¢ has an (£ + 1)-ary minor v with [¢ + 1] € M, by
Lemma By Lemma v has an ¢-ary minor v;; € (Dg N Qo) \ Xe—1.
By the inductive hypothesis, Dy N Qo0 = (7i5)t. € (g)L.. The functions v :=
Y+ (21 ... 2e4+1+21) and 0 are members of Dy;NQyo C (g)L., S0 also x1 ... xp11+21 =
v +v4+0 € (9)L.. By Lemma 62T, Dytq1 N Qoo = (x1 ... Te+1 + 21)1. C (g)1, C
D1 N Qoo-

Let f.g € DinX;MQop such that f ¢ D;—1 and g ¢ X;_1. By LemmaE.T3(iv)|
g has a j-ary minor ¢’ € D; \ X;_1. Since D; N X; N Qo is minor-closed, we have
9" € (D;j N Qoo) \ X;—1, and by part (9')L. = Dj N Qoo.

By Lemma 620, f = fi + fo for some fi € Xo and fo € D;. Since Xg C Q=
and f € Qoo C Q=, we must also have fo € Q. Since f € Qo., it is clear that
by changing the constant terms in f; and fs if necessary, we can assume that both
fl and f2 are in Q_ N QO* = Qoo. Thus fg € Dj N QOO = <g/>|_c - <g>|_c7 SO
fi=f+f2+0€(f,g)L.. Since f1 € (D;iNXogNQox)\Di—1 = (D; NX1NQ0o) \ Di—1,
we have (f1), = D; N X1 N Qg by part It follows from Lemma that

DiijmQOOZ{OZ+ﬂ|Oé€DiﬁX()mﬂoo,ﬂEDjﬁﬂoo}
:{OZ+B+O|OZEDiﬂxlﬁﬂoo,ﬂGDjﬂQoo}
C (fi, 9. € (f,9)L. € DiNX; N Qoo O

Lemma 6.23. For any k € Ny, (z1...2k), = Dk N Qo1.
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Proof. Tt is clear that any monomial of degree at most k can be obtained as a minor
of z1 ...xk. Any function in D N1 = D N Q. N, is an odd sum of monomials
of degree at most k. Therefore D, N Qo1 C (x1 ... 2%)L, C Dk N Q1. O

Proposition 6.24. Let a € {0,1}.

(i) For any f € D1 N Qqz, we have (f) . = D1 N Qquz.

(ii) Let k € Ny with k > 2. For any f € (D N X1 N Quz) \ Dk—1, we have
<f>|_c =D NX1NQya.

(i) Let k € Ny with k > 2. For any g € (Dr N Quz) \ Xk—1, we have (g). =
Dr N Q3.

(iv) Leti,j € Nwithi> j > 2. For any f,g € D;NX; NQquz such that f ¢ D;_4
and g ¢ X;_1, we have (f, g)L. = Di N X; N Qqz.

Proof. Tt suffices to prove the statements for a = 0. The statements for a = 1
follow by Lemma because Dz N Xj N QOl = DZ N Xj N QlO; Di,1 = Difl, and
Xj,1 = Xjfl.

If f € D1 NQo1, then by identifying all arguments we obtain z1 € (f) .. By
Lemma [6.23] we have D1 N Qo1 = Le = (z1)1, C {(f)L. € D1 N Qos1.

We show by induction on & that the claim holds for any k& > 1 (not just for
k > 2). The basis of the induction, the case when k = 1, is, in fact, statement
that we have already established; note that (D1 N X; N Q1) \ Do = D1 N Qo;.
For the induction step, assume that the claim holds for £ = ¢ for some ¢ > 1.
Let f € (Dey1 N X1 N Q1) \ Dg. By Lemma f has an (£ 4 2)-ary minor
¢ € (Dry1NX1NQo1) \ De such that M, contains all subsets of [¢ + 2] of cardinality
¢+ 1. If £ > 2, then M, furthermore contains a subset of cardinality ¢; then,
again by Lemma GI3(v)| ¢ has an (¢ + 1)-ary minor ¢’ € (D N X1 N Q1) \ Dy—1,
and by the inductive hypothesis, Dy N X1 N Qo1 = (¢')1. C (f)r.. If £ =1, then
DeNXiNQo1 = Lo = (x1), € {f)L. because x1 is a minor of f (identify all
arguments). In either case, let A := Wyi1 + . We have Wyi1 € Dyrq N X1 N Qoo
by Lemma [615 and ¢ € Dgy1 N X3 N Qp1. Consequently A € Dy N X3 N Qo1 C (f)L.
because all monomials of degree ¢ + 1 are cancelled in the sum Wy + ¢, X; is
closed under sums by Lemma [6.8 and A(0,...,0) = Wy41(0,...,0)+¢(0,...,0) =
0+0=0, M1,...,1) =Wy (1,..., 1) +¢(1,...., 1) =0+ 1=1.

Let now h € (Dg+1NX1NQ01)\Dg be arbitrary. Then h+xz1 € Dyy1NX1NQ00, SO
by LemmaBIq, h+a1 € (We1)L,, that is, h+a1 = Y77 W with k; < £+1. We

can write W,i i = (Wp41)e, for a suitable minor formation map o;. Consequently,

2m—+1 2m—+1 2m—+1
h=( Z Wks) + a1 = ( Z Wit1)o,) + a1 = ( Z Wes1 + 0+ ¢)o,) + 21
i=1 =1 =1
2m—+1
:(; (Wegr +9)o, + @))Jr Zu
€(fLe €(fLe €(fLe

where the last equality holds by Lemma[P.8 Since the last expression is an odd sum
of elements of (f)L_, it follows that h € (f) .. We conclude that Dyy; N X1 NQyy C
(f)r. € Deg1 N X1 N Qos-

We show by induction on k that the claim holds for any £ > 1. The basis
of the induction, the case when k = 1, is, in fact, statement that we have
already established, because (D1 N Qo1) \ Xo = D1 N Qp1. For the induction step,
assume that the claim holds for k = ¢ for some £ > 1. Let g € (Dg+1NQ01) \ X¢. By
LemmalET(iv)] ¢ has an (¢+1)-ary minor v such that [¢ + 1] € M, and v € (Dg11N
Qo1) \ X¢. By Lemma « has an f-ary minor ;; € (Dy N Q1) \ X¢—1. By the
inductive hypothesis, D/NQo1 = (7i5)L. C (9)L.. Wehavey' := 41 ... 2011421 €



STABILITY OF BOOLEAN FUNCTION CLASSES 25

D¢ N Qo1 C {(g)L. and clearly x1 € (g)1_, so also z1...2p41 =7 + v+ 21 € {g)L.-
By Lemmam we have Dg+1 N Qo1 = <.Z'1 o $g+1>|_c - <g>|_C - Dg+1 N Qo1.

[(iV)|Let f, g € DiNX;NQp1 such that f ¢ D;—1 and g ¢ X;_1. By LemmaG.IJ(iv)]
g has a j-ary minor ¢’ € D; \ X;_1. Since D; N X; N Q1 is minor-closed, we have
g9’ € (D NQo1) \ Xj_1, and by part[(iiD] (¢')r. = Dj N Qo1

By Lemma[6.20, f = fi1 + f2 for some fi € Xg and f» € D;. Since Xo C Q- and
f € 4, we must also have fo € Q. Since f € Qo., it is clear that by changing the
constant terms if necessary, we may assume that both f; and fy are in ¢.. Thus
f2€D; NN Qo =D;NQo1 = (g')L. € (g)Le; 50 fitar = [+ fa+a1 € (f, 9L
Since f1 S (DZ ﬁXO n QO*) \ Di,1 = (D1 le n Q: N QO*) \ Difl, we have f1 +x1 €
(D1 ﬂXl ﬁQ;ﬁ ﬂQO*) \ Di,1 = (DZ ﬁXl ﬂQOl) \ Difl, SO <f1 + ZL'1>|_c = Dz ﬂXl ﬁQOl
by part

Now, with the help of Lemma [6:20, we can see that for any h € D; N X; N Qoy,
we have h = hy + hy for some hy € D; N Xg N Qo = D; N X1 N Q= N Qo and
h2 € Dj N Q# N QO* = Dj n 901, and hence h,l +x1 € Dz ﬂXl n QOl g <f, g>|_c and
he € {(g)L,. Since z1 € (f)L, as well, we have h = (h1 + 21) + ha + 21 € {f, g)L..
We conclude that Dz n Xj N Q()l g <f, g>|_c Q Dz N Xj N QOl- [l

Proposition 6.25. Let a,b € {0,1}.
(1) For any f; € (X1NQap)\D; (1 € N1), we have ({ f; | i € Ny )i, = XiNQgp.
(ii) Let k € Ny with k > 2. For any f; € (Xg N Qap) \ D; (i € N;) and
g € (Xk n Qab) \kal, we have <{ fi | 1€ N+ } U {g}>|_c = X N Q.-
(iii) For any g; € (Qap) \ Xi (1 € N3), we have ({gi | i € Ny P, = Qap-

Proof. Fori € Ny, let f; € (X1 NQup)\ Dy, and let n; := deg(f;); we have n; > i.
Then f; € (D,,,MX1NQap)\Dp,—1, so by Propositionmand Proposition
(fi)L. = Dy, N X1 N Qqp. Therefore

Xy N Qup = U (D; N Xy N Q) C U (Dy, N X1 N Qap)

1€NL 1€NL
= |J (e S fili € Ny P € XN Qape
1ENL

For i€ Ny, let f; € (X NQup) \ Dy, and let g € (X N Qap) \ Xi—1, and let
n; := deg(f;); we have n; > i. By Lemma g has a k-ary minor ~ of degree
k such that v € (DrNQap) \ Xk—1. By Proposition6.2(iii)|and Proposition G.24(iv)]
it holds for ¢ > k that (fi, g)L, = Dn, N Xg N Qup. Therefore

X N Qap = U (Diﬂxkﬂﬂab) = U(DiﬂXkﬂQab)

1€NL i>k
C JOn, nXeNQa) = [ J{fi 9L
i>k i>k

C ({fi i€ Ny} U {ghr. € Xe N Qs

For i € Ny, let g; € (Qap) \ X;, and let k; := x(gi;). Then g; € (Xg, N
Qap) \ Xg;—1. By Lemma [BI3{(iv)] ¢; has a k;-ary minor +; of degree k; such

that v; € (Dg; N Qap) \ Xg;—1. By Proposition [6:22(ii)| and Proposition [624)(iii)}
(vi)L. = Dk, N Qap. Therefore

Qup = |J (DinQu) € |J Dk, NQas) = | (i)

1€Ny €N €N
C U (i € (i i€ Ny P, € Qs O
1€NL

Proposition 6.26. Let a € {0,1}.
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(i) Let k € Ny. For any f,h,h' € D N Xy N Qus with f ¢ Dr—1, h ¢ Qua,
h ¢ Q.g, we have (f,h,h') . = D N X1 N Qqx.
(ii) Let k € Ny with k > 2. For any g,h,h’ € DNQq with g & Xk—1, h & Qua,
b ¢ Q.z, we have (g,h,h' ). = Di N Qqx.
(i) Leti,j € N withi > j>2. For any f,g,h,h' € D;NX; N Qqs such that f ¢
Di—1, 9 ¢ Xj—1, h & Qua, K & Qua, we have (f,g,h, h')L, = Di N X; N Qqs.

Proof. Tt suffices to prove the statements for a = 0. The statements for a = 1 follow
by Lemmabecause Dz N Xj N QO* = Dz ﬂXj ﬁQl*, ﬁ = Difl, ﬁ = Xjfl,
Q.0 = Q41, and Q.1 = Q.0. We consider only statement The proofs of
statements |(i)| and are analogous; we just need to omit the parts of the proof
that deal with the function f or g, as the case may be, that does not appear in the
statement.

Since {Q.0,Q.1} is a partition of Q, we have that h € Q,; and b/ € Q.. By
identifying all arguments, we get =1 € (h)., and 0 € (h')L_, so we have f + z; =
f+z14+0e(f,h,h), and g+x1 =g+x1+0€ (g,h, '), . One of f and f+ ;1
belongs to (DZ N Xj n Qoo) \ Di,1 and the other to (D1 N Xj N QOI) \ Difl, and,
similarly, one of g and g + x1 belongs to (D; N X; N Qo) \ Xj—1 and the other to
(D; N X; NQo1) \ Xj—1. Propositions and imply that (f, g, h, h')L.
contains a generating set for both D; N X; N Qo and D; N X; N Qg1. Therefore

D; N X; N Qox = (D; N X; N Qoo) U (D; N X; N Q1)
g<fagahahl>chDiﬂXjﬂQo*. O

Proposition 6.27. Let a € {0,1}.
(i) Let k € Ny. For any f,h,h' € D N Xy N Quq with f ¢ Dr—1, h ¢ Qax,
h' ¢ Qg., we have (f,h, '), = D N X1 N Qyq.
(ii) Let k € Ny with k > 2. For any g,h,h’ € DN Qe with g & Xk—1, h & Qax,
h' ¢ Qg., we have (g,h,h'} . = Di N Quq.
(iii) Leti,j € N withi> j>2. For any f,g,h,h' € D;NX;NQy, such that f ¢
Di—1, g ¢ Xj—1, h & Qax, K & Qax, we have (f,g,h, h')L, = Di N X; N Qyq.

Proof. Tt suffices to prove the statements for a = 1. The statements for a = 0 follow
by Lemmabecause DZ N Xj N Q*l = DZ ﬂXj QQ*O, Di,1 = Difl, Xj,1 = Xjfl,
Q1. = Qos, and Qo = Q.. We consider only statement The proofs of
statements and are analogous; we just need to omit the parts of the proof
that deal with the function f or g, as the case may be, that does not appear in the
statement.

Since {Qox, 1.} is a partition of Q, we have that h € Qg and b’ € Qq.. By
identifying all arguments, we get 21 € (h)., and 1 € (h'),, so we have f+z1+1 €
(fyh,W ), and g+ 21 +1 € {(g,h,h').. One of f and f + z1 + 1 belongs to
(D1 ﬂXj n 901) \ Di,1 and the other to (D1 ﬂXj N Qll) \ Difl, and, similarly, one of
g and g+$1+1 belongs to (DZQXJ ﬂQOl)\Xj,1 and the other to (DiﬂXjﬁﬂll)\Xj,1 .
Propositions 6.2(ii1)] and 6.24(iv)| imply that (f, g, k, h’)L. contains a generating set
for both D; N X; N1 and D; N X; N €211. Therefore

Di N X; N Q1 = (Ds N X; N Q1) U (D; N X5 N Q1)
g<fagah7hl>chDiijmQ*1. O

Proposition 6.28. Let ~ € {=,#}.
(i) Let k € Ny. For any f,h,h € D N Xy N Qx with f ¢ Di_1, h ¢ Qox,
R ¢ Qi., we have (f,h,h'), = D N X1 N Q.
(ii) Let k € Ny with k > 2. For any g,h,h’ € D NQx with g ¢ Xk—1, h & Qo
B ¢ Qi., we have (g,h,h'), = Dr N Qx.
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(i) Leti,j € N withi > j > 2. For any f,g,h,h € D;NX; NQx such that f ¢
Di—1, g ¢ Xi—1, h ¢ Qox, W ¢ Q1., we have <f,g,h, h/>|_c =D;NnX; N Q.

Proof. We consider only statement The proofs of statements and are
analogous; we just need to omit the parts of the proof that deal with the function
f or g, as the case may be, that does not appear in the statement.

Since {Qo«, 1.} is a partition of Q, we have that h € Q. and b/ € Qp.. By
identifying all arguments, we get 1 € (h)_, and 0 € (h'), if ~is=;orz1+1 € (h)L,
and z; € (W)L, if = is #. With the triple sum and these two minors of h and h’/
we are able to negate functions (p+1=¢+1+0and p+1 =@+ (r1+1)+21);
hence f+1 € (f,h,h') . and g+ 1 € (g,h,h')L.. One of f and f + 1 belongs to
(D1 n Xj n QO* N Qz) \ Di,1 and the other to (D1 N Xj N Ql* n Qz) \ Difl, and,
similarly, one of g and g+ 1 belongs to (D; N X; NQo« N2 ) \ X;j—1 and the other to
(DinX;NQ 1N )\ X1, Propositionsandimply that (f,g,h, h')L.
contains a generating set for both D;NX;M$20.NQ~ and D;NX;MN21,NQx. Therefore

Di NX; N Qe = (Di N X; N Qo N Q) U (D NX; N Q1 N Q)
g<fvgvh’5h/>chD'LﬁijQ% O
Proposition 6.29. Let C € {Qo., Qi4, Quo, 41, Q=, Q4 }, and let

(K1, K3) = (Q40, 241) sz’ € {Qox, Q. },
(R0, Q1) i C € {Quo, Qua, O, Q).
)

(1) For any fz S (XlﬁC’ \Dz (Z S N+), hi € (Xl ﬂC)\Kl, hy € (XlﬁC)\KQ,
we have ({ fi | i € Ny U {h1,ho}). =XiNC.

(ii) Let k € N with k > 2. For any f; € Xy, NC)\D; (i € N3), g €
(Xk n C) \kal, h1 € (Xl n C) \ Ky, hy € (Xl n C) \ Ko, we have
({filie Ny }U{g h1,ha})r. =X NC.

(iii) For any g; € C\ X; (i € N3), hy € C\ K1, ha € C\ K, we have
({gili €Ny pU{h, ha}). =C.

P?“OOf. FOI‘ 1€ N+, let fl S (XlﬂC)\Di, hy € (XlﬂC)\Kl, hy € (XlﬂC)\Kg
and let n; := deg(f;); we have n; > i. By identifying all arguments of h; and
ha, we get minors m; € (D1 NX;NC)\ Ky, n2 € (D1 NX; NC)\ Koo Since
fi € (D, NX1 NC)\ Dy, 1, it follows from Propositions E20(1)| B27(1)] and G28(i)|
that (fi,m1,72)L, = Dn, N X1 NC for any i € N;. Therefore

X;nC= JDnxinC) < [J DnnXiNC)

ieNy ieNy
= J (fomm. S {fili € Ny UL, ha}) S XN C.
1€NL

FOI‘ 1 €Ny, let f; € (Xk QC)\DZ', g c (XkﬂC) \Xk—I; hy € (Xl ﬂC)\Kl,
he € (X1 NC) \ Ka, and let n; := deg(f;); we have n; > i. By Lemma EIJ(iv)]
g has a k-ary minor v of degree k such that v € (D N X N C) \ Xg—1. By
identifying all arguments of hy and hg, we get minors 1, € (D1 N X, N C) \ K,
12 € (D1 NXE NC)\ Ka. By Propositions [6.27(1i1), and it holds
that (fi, g,m1,n2)L. = Dpn, N X N C whenever n; > k (this certainly holds whenever
i > k). Therefore

X,NC= JDinX,nC)=[JDinXeNC)

i€N+ 1>k
C J0n, nXenC) = | Jfir g mm2)1e
i>k i>k

- <{fi|i€N+}U{gahlah2}>Lc gxkﬁc
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FOI‘ 1€ N+, let g; € C\XZ, hi € C\Kl, hy € C\KQ, and let k; := X(gi)-
Then g; € (Xi; NC)\ X, —1. By Lemma[G.T3(iv)| g; has a k;-ary minor ~; of degree
k; such that v; € (Dg, N C) \ Xg,—1. By identifying all arguments of hy and ho,
we get minors n; € (D1 NC)\ K1, 2 € (D1 NC) \ Ka. By Propositions
and [62§(ii)| it holds that (v;,m1,m2)L, = Dg, NC for any i € N. Therefore

c=Jmno)c |JOwno)= | Gimm).

€Ny €N €N
C | J (gishaha, € ({gi| i €Ny} U {hy, ho}), CC. O
’i€N+

Lemma 6.30. For any h1 € Qo., ha € Qi., hs € Quo, ha € Qu1, hs € Q—,
h,G S Q;,g, we have D1 Q <h1,h2,h3,h4,h5,h6>|_c.

Proof. By identifying all arguments, we see that

either 0 or T is in

<h1>|—c7

either 1 or =z 41 isin (ha)L,,

() either 0 or z1+1 isin (h3)L.,
either 1 or 1 isin  (ha)L,

either 0 or 1 isin  (hs)L,,

either z7 or z1+1 isin {(he)L,

Let G := {0,1,21,21 + 1}. Clearly (G)., = D1. Any three-element subset of G
also generates Dy because each element of G is the sum of the other three elements.
Any choice of functions from the six pairs in (@) includes at least three different
elements of G, so we conclude that Dy C (hq, ha, hs, ha, hs, he)L, - O

Proposition 6.31.

(i) Let k € N+. For any f, hl,hg,h3,h4,h5,h6 S Dk ﬂXl with f ¢ Dk—l,
h1 ¢ QO*, hg ¢ Ql*, hg ¢ Q*O, h4 ¢ Q*l, h5 ¢ Q:, h6 ¢ Q;,g, we have
(f91, 92,93, 94, 95, g6)L. = D N X1.

(ii) Let k € Ny with k > 2. For any g, h1, ha, hs, ha, hs, he € Dy with g ¢ Xg—_1,
hl ¢ QO*, hg ¢ Ql*, hg ¢ Q*O, h4 ¢ Q*l, h,5 ¢ Q:, hG ¢ Q#, we have
(g, h1,ha, h3, ha, hs, he)L. = Di.

(iii) Leti,j € N withi > j> 2. For any f,qg,h1, ho, hs, ha, hs, he € D;NX; with
f € Dic1, g ¢ Xj—1, hi & Qos, ha & s, ha & Quo, ha & Qua, hs ¢ Q=,
he ¢ Qx, we have (f, g, h1, ha, hs, ha, hs, he)L, = D; N X;.

Proof. We consider only statement The proofs of statements and are
analogous; we just need to omit the parts of the proof that deal with the function
f or g, as the case may be, that does not appear in the statement.

Since {Q=,Qx}, {Qos, Q14 }, and {Q.0, Q41 } are partitions of Q, we have that
hi € Qux, ha € Qox, hg € Qu1, ha € Quo, hs € Q4, and hg € Q—. By Lemma [6.30
we have Dy C <h1, ho, hs, ha, hs, h6>Lc- Hence f+x1+1 € <f, hi,ha, hs, hy, hs, h6>Lc
and g+ x1 + 1 € (g, h1,ha,h3, ha, hs,he)L.. One of f and f + 21 + 1 belongs to
(D;NX;NQ=)\D;_1 and the other to (D; N X; NQ.)\ D;—1, and, similarly, one of g
and g+z1+1 belongs to (D;NX;NQ=)\X,_1 and the other to (D; NX; M)\ X;_1.
Propositionimplies that (f, g, h1, ha, hs, ha, hs, he)L, contains a generating
set for both D; N X; N Q= and D; N X; N Q. Therefore

D, NX; = (D: NX; NQ_) U (D; N X; N Q)
g <fagah13h23h3ah4ah5ah6>Lc g Di mx] (]

Proposition 6.32.
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(i) For any f; € Xy \ D; (i € N}) and hq, ho,hs, ha, hs,hg € Xy such that
h1 ¢ QO*, hg ¢ Ql*, hg ¢ Q*O, h4 ¢ Q*l, h5 ¢ Q:, h6 ¢ Q;,g, we have
<{ fi | 1€ Ny } U {hl,hg,hg,h4,h5,h6}>|_c = X1.

(ii) Let k € Ny with k > 2. For any f; € Xg \ D; (1 € Ny), g € Xi \ Xg—1, and
hi,ha, h3, hy, hs, he € Xi such that hy & Qos, ha & Qu«, hs & Quo, ha & Q1
h5 ¢ Q:, hG % Q;,g, we have <{ fz | i€ N+ } U {g,h17h27h37h4,h5,h6}>|_c =
X

(iii) For any g; € Q\ X; (i € Ny) and hy,ha, h3, ha,hs,he € Q such that
h1 ¢ QO*, hg ¢ Ql*, hg ¢ Q*O, h4 ¢ Q*l, h5 ¢ Q:, h6 ¢ Q;,g, we have
({gi |1 €Ny Y U{hy, ha, hg, ha, hs, he})L. = Q.

Proof. Observe first that 0,1,21 € D; C X, for any k € Ny and 1 ¢ Qo., 0 € Q1,
1 ¢Q*0, 0%9*1, T %Q:, 0¢Q¢

For ¢ € N+, let fl e Xy \ D; and A1, ho, hs, hg,hs,hg € X; be such that
hl §é Qo*, h2 ¢ Ql*, h3 ¢ Q*O, h4 §é Q*l, h5 ¢ Q:, h6 ¢ Q#, and let n; =
deg(f;); we have n; > i. Since f; € (Dn, N X;1) \ Dp,—1, Proposition
implies (f;,0,1,21), = Dn, N Xy for any ¢ € Ny. We have {0,1,21} C D; C
(h1, ha, hs, ha, hs, he)L, by Lemma [6300 Therefore

X1=J (DinX1) € J (Dn, nX1) = [ J (£:,0,1,21)1,

n ieNy iENy
C <{ fl | (RS N+ } U {h15h25h3ah4ah5ah6}>|—c c Xl'

FOI‘ 1€ N+, let fl € Xg \ Di, g € X \Xk—la and hi,hs, hs, hy, hs, he € X,
such that hl ¢ QO*, h2 ¢ Ql*, h3 ¢ Q*O, h4 ¢ Q*l, h5 ¢ Q:, hG ¢ Q#, and let
n; := deg(f;); we have n; > i. By Lemma[6.T3(iv)} g has a k-ary minor v of degree
k such that v € Xi \ Xg—1; hence v € Dy, \ Xg—1. By Proposition it holds
that (fi,v,0,1,21)., = Dp, N X; whenever n; > k. We have {0,1,21} C D; C
<h1, hg, hg, h4, h5, h6>Lc by Lemma Therefore

X, = |J (0:inXe) = [J(DinXe) € J(On, 0 Xi) = [ J(£::7,0,1,21)1,

1€ENL i>k i>k i>k
g <{ f’b | (XS N+ } U {gﬂ h17h27h’37h’47h’57h’6}>|—c g Xk

FOI‘?: € N+, let g; € Q\XZ, and hl, hg, h3, h4, h5, hG € Xk such that h,l ¢ QO*,
h2 ¢ Ql*, h3 ¢ Q*O, h4 ¢ Q*l, h5 ¢ Q:, hG ¢ Q;,g, and let kz = X(gz) Then
gi € Xi; \ Xg;—1. By Lemma G.I3{(iv)l ¢; has a k;-ary minor ; of degree k; such
that v; € Dy, \ Xy,—1. By Proposition G3Iii)} it holds that (v;,0,1,z1)i, = D,
for any i € N;. We have {0,1,z1} C Dy C (hq, ho, hs, hy, hs, hg). by Lemma [630

Therefore
Q= U ng U Dki: U <7i50a15$1>|-c

ieNg ieNy ieNy

C ({9i|lieNg}U{hy, ho, h3, ha,hs, he})L, € Q. O

Proof of Theorem [6.1. By Lemma L.-stability is equivalent to (I, Lc)-sta-
bility. The given classes are L.-stable by Proposition The fact that there are
no further L.-stable classes distinct from these follows from Propositions [6.12] [6.22]
624 625, [6.26] 627 628 629 [.311 321 in which we have shown that any set
of Boolean functions generates one of the classes listed in the statement — more
precisely, that for each class C and for any set F' C C that is not included in any
proper subclass of C' it holds that (F)__ = C. O

7. (C1,C2)-STABLE CLASSES FOR L. C Cy

Theorem [6.1] allows us to describe also all (Cy, Cy)-stable classes of Boolean
functions for clones C; and C5 such that C; is arbitrary and L. C (5. Namely, by
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Lemma [62] L.-stability is equivalent to (l., L.)-stability. Since (Ci,Cs)-stability
implies (I, L.)-stability whenever L, C Cy, it suffices to search for (Cy, Cs)-stable
classes among the L.-stable ones. To this end, we determine, for each (I, L.)-stable
class K, the clones C'y and Cs for which it holds that KC7; C K and Co K C K.
The results are summarized in the following theorem which refers to Table

Theorem 7.1. For each L.-stable class K, as determined in Theorem [6.1), there
exist clones CE and CK, as prescribed in Table[d, such that for every clone C, it
holds that KC C K if and only if C C C¥, and CK C K if and only if C C CK.

The proof of Theorem [J] will be developed in the remainder of this section.
The following two lemmata will be useful. The first one (Lemma [T2) provides
sufficient conditions for right and left stability for classes that are intersections of
classes for which we already know sufficient conditions for right and left stability.
The second one (Lemma [.3]) provides necessary conditions. These will be applied
in the subsequent propositions in which necessary and sufficient stability conditions
are established for each L.-stable class.

Lemma 7.2. Let K1, K5,Cy,Co C Q. Then the following statements hold.

(i) Assume that K1C C K; whenever C C C; and KyC C Ko whenever
C C Cy. Then (K1 N K2)C C Ky N Ky whenever C C Cy N Co.

(ii) Assume that CK; C Ky whenever C C Cy and CKy C Ko whenever
C C Cy. Then C(K1 N K3) C K1 N Ky whenever C C Cy N Co.

PTOOf. If C Q Cl N 02, then (Kl ﬂKQ)C g chl Q K1 and (Kl ﬂKQ)C g
K>C5 C K5 by the monotonicity of function class composition and the stability
of K1 and K5 under right composition with C; and Cs, respectively. Therefore
(K1 NK2)C C KN Ks.
The proof is analogous to that of part [l
Lemma 7.3. Let a,b € {0,1}, =~ € {=,#}, i, e Ny withi > j > 1.
(i) For any © # K C Q, the following statements hold.
(a) IEK ¢_ Qa* U Q*a.
(b) 1K & Q..
(¢) Ifa#b, then 0K & Qap, WK € Qqp.
(ii) For K := D; N X; NQqp, the following statements hold.
(d) MK & Qqs U Qup.
(e) NeK g D;, VoK 52 D;. If j > 2 ora#b, then N\e K 52 X, VoK g X;.
(f) SMK ¢ D;. If j > 2, then SMK ¢ X;.
(g) Kl g Q.p, Ky g Qoyv, KI* ¢_ Qs U Q.
(h) If’L > 4, then Kly ¢_ Xj, Kl g Xj.
(i) KA € D; UX;, KV, € D; UX;,
j) KSM ¢ D;. If j > 2, then KSM ¢ X;.
) SM(X1 N Qi) € X1, SM(X1 N Qa) € X
(iv) For K :=D; N X; N Qx, the following statements hold.
(1) Klp € Q~, Kli € Qn.
(m) If j > 2, then KI* € Q.
(n) If = =#, then NeK € Qn, VoK € Qx,

Proof. Throughout the proof, we will use Lemmata and together with the
fact that lp = (0), Iy = (1), I" = (z1 + 1), Ae = (A), Ve = (V), SM = (u).

(D)|[(2)] For any ¢ € Q, we have @(¢) = @ ¢ Q4+ UQyq. Therefore lzK € Qqy UQuq.
(b)| For any ¢ € Q, we have a(¢) = a ¢ Q. Therefore |, K ¢ Q..

If a # b, then, by@, we have lgK ¢ Q1, UQ,q and h K € Qo U Q.. Since
Q..b is a subset of both Qp, U Qo and Q. U Q,q, it follows that |, K & Qg for
i€ {0,1}.
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KCCK CKCK
K if and only if if and only if result
ccC... ccC...
Q Q Q Proposition [.4]
Qs To Ta Proposition
Qua T, T, Proposition
Q_ Te Q Proposition [Z.7]
Q4 Te S Proposition [7.7]
Qb Te ToNTy Proposition [Z.8]
Xk k>2 LS L Proposition [Z.10]
k= S L
Xk N Qas k>2 L. L, Proposition [Z.11]
k=1 Se L,
X N Qua k>2 L. L, Proposition [[.12]
k=1 S L,
X N Q- k>2 L. L Proposition [Z.13]
k=1 S Q
X N Q k>2 L. LS Proposition [7.14]
k=1 S S
X N Qs k>2 L. L, NL, Proposition
k=1,a=0 Se Ta
k=1, a#b Se Sc
Dy, L L Proposition
Dy N Qs Lo L, Proposition [[.1§]
Dr N Qyq Ly L, Proposition [Z.I8]
D, NQ= k>2 L. L Proposition [Z.19]
k= LS L
Di N Q- k>2 L. LS Proposition [7.20]
k=1 LS LS
Dr N Qs L. L, NLy Proposition [Z.2]]
D; N X; LS L Proposition
D; N X; N Qg L L, Proposition [7.23]
D; NX; Ny L L, Proposition [7.23]
D;NX;NQ= j>2 L. L Proposition [7.24]
ji=1 LS L
D;NX; Ny j5>2 Le LS Proposition
ji=1 LS LS
D; NX; N Qg L L, NLy Proposition
Do Q Q Proposition [[.17]
Do N Qs Q Ta Proposition [Z.17]
1] Q Q Proposition [Z.4]

TABLE 2. The L.-stable classes K and their stability under right
and left compositions with clones C. Parameters: a,b € {0,1},

i,j, ke Nwith k>1,i>j> 1.
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(i) Let
f012$1+$2+a, go::Wi—i—a, h02=$1...$j+l'j+1+a,
f1::x1+a, 912:Wi+$i+1+a, h1::$1...:13j+a,

and note that fo, go, ho € D; N X; N Qg and f1,91, 1 € D; N X; N Qqz.

@ Clearly for any a,b € {0,1} and for any f € Qu. UQ, we have (z1 +1)(f) =
f+1¢ QuUQy. For any a,b € {0,1} there exists a function in D; N X; N Qqp;
consider the functions fy and fi defined above. It follows that I" K ¢ Qg4 U Qyy.

@ The reduced polynomial of each of the functions

/\(Wi+a,$i+1 +SCZ'+2 +a), A(Wi+zi+1 +a,zi+1 +a),
\/(Wi+a,$i+1 +SCZ'+2 +a), V(Wi+zi+1 +a,zi+1 +a),
contains the monomial z125 ... 2,41 and hence has degree at least i 4 1; therefore
none of them is an element of D;. Note that the inner functions of the two compo-
sitions on the left (right, resp.) are minors of fy and go (f1 and go, resp.) and hence
belong to K if a =b (if a # b, resp.). This shows that AcK ¢ D;, VoK ¢ D;.
If j > 2, then
/\(ho, Tj+1 + Tj42 + a) =1 ...Z5Tj41 +x1... TjT542 =+ ... y
\/(ho, Tj+1 + Tj42 + a) =T1...Z5Tj41 +x1... LjT542 =+ ... y
/\(h1,$j+1 +a) =21...T5%j41 -,
V(h1,$j+1 +a) =21...T5%j41 -,
where the terms that have not been written out have degree at most j. The j-
element set {2,...,7 + 1} has characteristic 1 in each, so these functions are not
in X;. Note that the inner functions of the first (last, resp.) two compositions are
minors of hg and fo (hy and fi, resp.) and hence belong to K if a = b (if a # b,
resp.). This shows that AcK € X;, VoK € X; if j > 2.
If j =1 and a # b, then
Nx1 + a, 29 + a) = T172 + ax1 + axs +a ¢ X,
V(zy +a,z0+a) =x122+ (a+ D)z + (@ + 1)zs +a ¢ X;.
Note that the inner functions are minors of f; and hence belong to K. This shows
that AcK ¢ X;, VoK ¢ X; also in this case.
The reduced polynomial of each of the functions
p(Wi + a, xip1 + 2ipe + a, a), (Wi + zip1 + a, Tip1 + a, Tig2 + a)

contains the monomial z125 ... 2,41 and hence has degree at least i 4 1; therefore
none of them is an element of D;. Note that the inner functions of the two com-
positions on the left (right, resp.) are minors of fy and go (f1 and go, resp.) and
hence belong to K if a = b (if a # b, resp.). This shows that SMK ¢ D;.

If j > 2, then

M(h’Owerrl + Tj42 + a, a) =T1...T5Tj41 + 2. .. LTjT542 + Tj+1 + Tjt1L542 + a,

M(h’17xj+1 + A, Tj12 + a) =T1...T5Tj41 + 2. .. TjT542 + Tjt1L542 + a.
Neither of these functions is in X;, which can be seen by considering the character-
istic of the j-element set {2,...,5 + 1}. Note that the inner functions of the first
(second, resp.) composition are minors of hg and fy (h; and f1, resp.) and hence
belong to K if a =b (if a # b, resp.). This shows that SMK ¢ X; if j > 2.

If a = b, then
fo(1,0) = 21 + a ¢ Qu, fo(z,1) =21 +a+ 1 & Qas,
fo(.fCl + 1,:62) =21+ +a+ 1 ¢ Qa* UQ*b.
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If a # b, then
fi0)=a¢Qw,  fil)=a+1¢ s,  filzr+1)=z1+ta+1¢ L UQu.

These calculations show the non-inclusions Kly ¢ Qup, Kli € Qq., and KI* ¢
Qa* ) Q*b-

Assume that ¢ > j. Observe that each one of the functions go(z1,...,2;,0),
go(z1,..., 24, 1), g1(x1,...,24,0,0), and g1(x1,...,2;,1,1) contains the monomial
x1...x;, and it is the only monomial of degree ¢. Therefore none of them is a
member of X;, which can be seen by considering the characteristic of the set [i — 1]
that has cardinality at least j. We conclude that Kly € X; and K|y € X;.

For ¢ € {0,1}, the reduced polynomial of each of the functions g; * A, g; * V
contains the monomial x125 ... 2,41 and hence has degree at least (in fact, exactly)
i + 1; therefore none of them is an element of D;. Therefore KA. ¢ D;, KV, € D,.

For i € {0,1}, the reduced polynomial of each of h; x A, h; * V contains the
monomial z; ...x;41, and this is the only monomial of degree j 4+ 1. We see that
the characteristic of the j-element set [] is 1 in each, so none is an element of X;;
therefore KA. 52 X, KV, g X;.

For ¢« € {0,1}, the reduced polynomial of g; * i contains the monomial
2122 ... x;4+1 and hence has degree at least (in fact, exactly) i + 1; therefore g; * pu ¢
D;. Therefore KSM ¢ D;,

If j > 2, then

ho* = 21Ty ... Tjto + X1T3X4 ... Tjt2 + X2X324 ... Tj42 + T3 + a,

hl * U= T1T2%4 ... Tj42 + T1T3T4 .. Tj42 + T2T3L4 « .. Tj42 + a,
so the characteristic of the j-element set {1,...,j + 1} \ {3} is 1. Therefore, for
i €{0,1}, h; * u ¢ X;, which shows that KSM ¢ X;.

The following calculations show that SM(X; N Qq.) € X; (the first line)
and SM(X; N Q.,) € X; (the second line) for a € {0,1}:

w(x1, x2,0) = x129, wlxy + 1,z +1,1) = zq20 + 1,
pxi, z2,1) =zxo + a1 + 22,  pler +1,20+1,0) =z120 + 21 + 22 + 1.

We have f =21 +22 € D;NX; N Q= and f' := 21 € D; N X; N Q, but
f(x1,0) =21 ¢ Q, f'(0) =0 ¢ Qu, flz1,1]) =21 +1 ¢ Q-, f/(1) =1 ¢ Q,
which shows that Klo € Q~ and K1y € Q.

Assume that j > 2. We have g := z122 + 22 € D, N X; N Q= and ¢ :=
122 € D;NX;NQ,, but g(z1, 22+ 1) = z120 + 21 + 22 ¢ Q= and ¢'(z1,22+1) =
122 + 21 ¢ Qy; therefore KI* ¢ Q.

We have T1,T1 +1 € Dz ij ﬂQ;ﬁ, but /\(5617561 + 1) = I (561 + 1) =
x1+x1 =0 ¢ Q;g, \/($1,$1 + 1) =2 (.Tl + 1) +x1 + (.Tl + 1) =1 ¢ Q7g; therefore
AK ¢ Qu and VoK ¢ Q. O

Proposition 7.4. For every clone C, we have QC C Q, CQ C Q, 0C C 0, CO C 0.
Proof. Trivial. O

Proposition 7.5. Let a € {0,1}, and let C' be a clone.
(1) QuxC C Qux if and only if C C Ty.
(il) CQax C Qus if and only if C C T,,.
(ill) QuaC C Quq if and only if C C Ty.
(iv) CQuq C Quq if and only if C C T,.

Proof. Assume first that C' C To. For any f € Q) and g1,..., 9, € C™), we
have

flg1,--.y90)(0,...,0) = f(g1(0,...,0),...,9,(0,...,0)) = f(0,...,0) =a,
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$0 f(g1,--+,9n) € Qax. We conclude that Q,.C C Q.. Conversely, if Q,.C C Qqx,
then C includes neither I; nor I* by Lemma so C' CTy.

Assume first that ¢ C T,. For any f € C™ and gq,...,g, € Q,(IT), we have

flg1,-.,90)(0,...,0) = f(g1(0,...,0),...,9,(0,...,0)) = f(a,...a) = a,
so f(g1,-.-gn) € Qax. We conclude that CQ,. C Q4. Conversely, if CQus C Qux,
then C includes neither |z nor I* by Lemma [[.3(a)] @ so C' CT,.
Assume first that C' C T,. For any f € Qva and g1, ..., g, € C™, we have

flgr, o ygn)(1,.. 0 1) = f(21(1,..., 1), ..., 9a(1,...,1)) = f(1,...,1) = a,
so f(g1,--+,9n) € Qua- We conclude that Q.,C C Q4. Conversely, if Q,,C C Quq,
then C includes neither lgp nor I* by Lemma so C' C Ts.
Assume first that C C T,. For any f € C™ and ¢1,...,gn € Q&T), we have

flgr, o ygn)(L, .0 1) = f(1(1,..., 1), ... 9n(1,...,1)) = f(a,...a) = a,
$0 f(g1,---9n) € Qua. We conclude that CQ., C Q. Conversely, if CQuq C Quq,
then C' includes neither Iz nor I* by Lemma @ soC CT,. O

Lemma 7.6.
(i) For any f,g € Q—, we have f-g € Q_.
(i) For any f,g € Qx, we have f-g € Qx if and only if both f and g have
equal constant terms (i.e, f,g € Qox or f,g € Q1.).

Proof. Let a, 8 € Q- NQp«. Then both o and 8 are sums of an even number of
monomials. We have « - 5 € Q because the expansion of the product of the two
even sums of monomials yields a sum of an even number of monomials. We clearly
also have that (¢ +1)-f=a-f+6,a-(B+1)=a-B+a,and (a«+1)-(6+1) =
a- B+ a4+ 5+ 1 belong to Q— because they are sums of polynomials with an even
number of monomials plus a possible constant term. The claim now follows because
any f € Q_ is of the form « or a + 1 for some o € Q_ N Q.

Let o, 8 € Q. N Qp,. Then both a and S are sums of an odd number of
monomials. We have a8 € Q. because the expansion of the product of the two odd
sums of monomials yields a sum of an odd number of monomials. Consequently,
(a+1)-B=a-B+B€Q,a-B+1)=a-f+aceQ_,and (a+1)-(8+1) =
a-BH+a+B+1e€Q,. 0

Proposition 7.7. Let C be a clone.
(i) Q=C C Q_ if and only if C C T.
(il) CQ= C Q- for any clone C.
(ili) QxC C Qx if and only if C C T..
(iv) CQx C Qx if and only if C CS.

Proof. Recall that T. = Q. N Q.
Assume first that ¢ C Te. Let f € QU and g¢1,...,9, € CU. Observing
that T, = Qo1 = QN Qo., we have

florsg0) = Y [loieqs,

SeM; ieS

because each summand [[;. ¢ gi is odd by Lemmal[Z.6] and there are an even number
of such summands since f is even. We conclude that Q_C C Q_. Conversely, if
Q_C C Q_, then C includes neither lg, |1, nor I by Lemma soC CT,.

[(iD)] It is enough to prove the claim for C' = Q. Using the fact that Q = (z122 + 1),
we will apply Lemma B3l Let g1,92 € Q—. With the help of Lemma [[.G] we see
that (x1z2 + 1)(g1,92) = 9192 + 1 € Q—. Now it follows from Lemma B3] that
QQ_ C Q_.
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Assume first that C C T,. Let f € Qg) and g1,...,gn € C. If f € Qo.,
then f € Qo. N Q. = T¢, and it follows immediately from the fact that T. is a
clone that f(g1,...,0n) € Te = Qo N Qs C Q. If f € Qus, then f/:=f+1 €
Qo N Q2 = Te. It follows from Lemma 2§ that

f(gla-.-agn) = (f/+1)(gl,7gn) :f’(gl,-~-;gn)+1(91""7gn)
= fl(gl;-'-;gn)+1 € Q. mQ;g - Q;ﬁ,
—_—
€Te=Q0.N2x

We conclude that Q.C C Q. Conversely, if Q.C' C Q, then C includes neither
lo, 1, nor I* by Lemmam so C'CT..

For sufficiency, it is enough to prove the claim for C = S. Using the fact
that S = (u, 1 + 1), we will apply Lemma Let g1, 92,93 € Qx. We clearly
have (z1 +1)(g1) = g1 + 1 € Q. Applying Lemma [T.06] we see that 1(g1,92,93) =
9192+ 9193+ g293 € Q; for if g1, g2, g3 have the same constant term, then the three
summands g192, 9193, g2g3 belong to €0; if they do not all have the same constant
term, then it is easy to see that exactly one of the summands belongs to Q. and
the other two belong to Q—. Now it follows from Lemma B3] that SQ.» C Q.

For necessity, assume that CQx C Q. Then C includes neither lg, l;, Ac, nor
V. by Lemma [T3[b)| so C' CS. O

Proposition 7.8. Let a,b € {0,1}, and let C be a clone.
(1) (Qab)c g (Qab) Zf and Only Zf C g Tc'
(ii) C(Qap) € (Qap) if and only if C C T4 N Ty

Proof. Lemma and Proposition [H(1)] imply that (245)C C Qg4 when-
ever C C ToNTy = T.. Conversely, if (Q244)C C Qap, then C includes neither Iy,
I, nor I* by Lemma soC CT..

Lemma and Proposition imply that C'(Qup) C Qap whenever
CCT,NTy.

Assume now that C(Qqp) C Q. If @ = b, then C includes neither Iz nor I* by
Lemma soCCT,=T,NTy. If a # b, then C includes neither g, Iy,
nor I* by Lemma@soCQTC:TaﬁTb. O

Lemma 7.9.
(i) XoS C Xo.
(if) Xy C Xop.

Proof. Let f € X(()") and g1,...,gn € SU™). Since Xq is the class of all reflexive
functions and S is the class of all self-dual functions, we have, for any a € {0,1}™
that

f(g1,.- . 92)@) = f(91(2),....9.(A) = fg1(a),....gn(a))
= f(gl(a)ﬂ e 7gn(a)) = f(glv et 7gn)(a)7

so f(g1,.--,9n) € Xo.

Let feQm™ g1, .. gn€ X(()m). We have, for any a € {0,1}™,

g1, 9n)@) = f(91(A), ..., 90 () = fg1(a),...,gn(@)) = f(g1,-. ., 9n)(a),
so f(g1,---,9n) € Xo. O
Proposition 7.10. Let k € N4, and let C be a clone.

(i) For k > 2, XiC C Xy, if and only if C C LS.

(ii) X1C C Xy if and only if C CS.
(iii) CXy C Xg if and only if C C L.
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Proof. For sufficiency, it is enough to prove the claim for C' = LS. Using the
fact that LS = (@3, 21 + 1), we apply Lemma B2 Let f € X;. We have f *x @3 =
D3(fors foss fos), Where the o; are as in Lemma Since Xj, is closed under
minors and sums by Lemmata [67] and [68, we have @3(f5,, foqs fos) € Xi. As for
f*(z1+1), note that f*(x1+1) = f+ f] by Lemma[GI7 Since f] € Xg—1 C Xi
by Lemma [6.I8 we have f* (z1 +1) = f+ f{ € X; by Lemma[6.8 It follows from
Lemma B.2] that X; LS C Xy.

For necessity, assume that XzC' C Xi. Then C' includes neither lg, I1, A¢, Ve,
nor SM by Lemma [T.3(h)] so C' ¢ LS.

Assume first that C' C S. Since X; = (X1 NQ=) U (X3 NQx) =XoUS and S
is a clone, it follows from Lemmata 2.11] and m that

X1S C (XoUS)S =XgSUSS C XgUS =X;.
Conversely, if X;C C Xy, then C includes neither lg, |1, A, nor V. by Lemmal[Z.3{(h)}

()} so C CS.
For sufficiency, it is enough to prove the claim for C' = L. Using the fact
that L = (z1 4+ 22, 1), we apply Lemma For any ¢1,¢92 € X,(C"), we clearly have
1(g1) =1 € Xy and (z1 + 22)(g91,92) = g1 + g2 € Xi by Lemma[6.8 It follows from
Lemma B3] that LX, C X.

For necessity, assume that CX; C Xg. Then C' includes neither A., V., nor SM

by Lemma [Z3(e)] [(F)} [(k)|so C C L. O

Proposition 7.11. Let k € Ny, a € {0,1}, and let C be a clone.

(i) For k> 2, (Xt N Qus)C C Xi N Qux if and only if C C L.
(i) (X1 NQes)C C X1 N Qg if and only if C C S..
(i) C(Xk N Qux) C X N Qqx if and only if C C L,.

Proof. Lemmaand Propositions andimply that (X NQus)C C
Xi N Qqs whenever C C To N LS = L.. Conversely, if (Xi N Qa)C C Xi N Qg
then C includes neither lg, Iy, 1", A¢, V¢, nor SM by Lemma o)
C C L.

Lemma and Propositions m and IEIEE imply that (X3 N Qu.)C C
X1 N Qg whenever C C ToN'S =S,. Conversely, if (X; NQu)C C X1 N Qqs, then
C includes neither lg, I, I*, A¢, nor V. by Lemma [T.3(g)| so C CS..

Lemma [7.2] and Propositions and [[.10(iii)| imply that C(X; N Qax) C
X N Qg whenever C C T, NL = L,. Conversely, if C(Xx N Qax) C Xi N Qqs, then

C includes neither Iz, 1", Ac, V¢, nor SM by Lemma @ SO
C C L. O

Proposition 7.12. Let k € Ny, a € {0,1}, and let C be a clone.

(i) Fork > 2, (Xk N Qua)C C Xt NQuq if and only if C C L.
(il) (X1 NQ4e)C C X1 N Quq if and only if C C Se.
(iil) C(Xke N Qua) € X N Quq if and only if C C L.

Proof. [(i)| Lemmal[Z.2and Propositions[Z.H(iii)|and [ZI0(i)| imply that (X;NQ4,)C C
Xk N Qg whenever C C T; NLS = L.. Conversely, if (Xg N Que)C C X N Qua,s
then C includes neither lg, |1, I*, Ac, V¢, nor SM by Lemma [73(g)} SO
C CL..

Lemma and Propositions and imply that (X; NQ.,)C C
X1 N Quq whenever C C T1 NS = S.. Conversely, if (X; N Qua)C C X1 N Quyq, then
C includes neither lg, 11, I*, A, nor V. by Lemma so C CS..

Lemma and Propositions and imply that C(Xp N Q) C

X N Qqx whenever C C T, NL =L,. Conversely, if C'(Xx N Q) C Xk N Qyq, then



STABILITY OF BOOLEAN FUNCTION CLASSES 37

C includes neither Iz, 1", Ac, V., nor SM by Lemma @ SO
[l

C C L,.

Proposition 7.13. Let k € Ny, and let C be a clone.

(i) Fork >2, (X, NQ=)C C X N Q= if and only if C C L.
i) (X3 NQ= )CCXlﬂQ if and only if C CS.

(iii) Fork>2, C(XpNQ=) C X, NQ= if and only if C C L.

(iv) C(X1 N Q:) C X1 NQ= for any clone C.

Proof. Lemma [.2] and Propositions and imply that (X, NQ=)C C
X N Q= whenever C C L.NT. = L. Conversely, if (X;zNQ=)C C X, NQ-, then C
includes neither lg, Iy, I, A¢, V¢, nor SM by Lemma so C' C L.

Assume first that C C S. Since X; N Q= = X, it follows from Lemma
that (Xl n Q )O C Xos C XO = X1 n Q COHVGI‘SGly, if X1 n Q O C X1 N Q—
then C' includes neither lg, 11, A, nor V. by Lemma Vlil@] L 50 C cSsS.

[(iii)] Lemma [Z.2] and Propositions and ply that C(Xx N Q=) C
Xi N Q- whenever C C LNQ = L. Conversely, if C (X NQ=) C Xi NQ_, then
C includes neither A, V., nor SM by Lemma . (note that Qoo C Q:), o)
C CL.

Observing that X; NQ— = X, this follows immediately from Lemma

O

(ii

Proposition 7.14. Let k € N4, and let C be a clone.

(1) Fork>2, (XgNQx)C C XpNQx if and only if C C Le.
i) XN Q¢)C C X1 NQx if and only if C CS.
) Fork>2, C(XpNQx) C X, NQx if and only if C C LS.
) C(Xq ﬂQ;ﬁ) C X1 NQx if and only if C CS.

Proof. .Lemmaand Propos1t10nsand|ﬂ]@1mply that (X;NQ.)C C
XN Q- whenever C' C LSNT, = L.. Conversely, if (X, NQ)C C X, NQ, then C
includes neither lg, Iy, I*, Ac, V¢, nor SM by Lemma [T.3{(i)| SO C C L.

Assume first that C' C S. Since X; N2+ = S and S is a clone, it is immediately
obvious that (X;NQ.)C C SS CS =X;NQ... Conversely, if (X;NQ£)C C X1 NQ,
then C includes neither lg, Iy, Ac, nor V. by Lemma [Z.3[i1)] so C CS.

((iii )| Lemma [Z.2] and Propositions and [ZT0(iii)| imply that C'(X N Q) C
X N Q. whenever C' C L NS = LS. Conversely, if C(X; N Q) C X N Qx, then C
includes neither lg, I, A¢, V¢, nor SM by Lemma so C C LS.

Assume first that C' C S. Since XN+ = S and S is a clone, it is immediately
obvious that C'(X;NQ2,) €SS CS =X;NQ. Conversely, if C'(X1NQx) C X1 NQ,
then C' includes neither lg, 11, A¢, nor V. by Lemma @ so C CS. O

(i
(iii

(iv

Proposition 7.15. Let k € N4, a,b € {0,1}, and let C be a clone.

(i) Fork >2, (Xg N Qap)C C X N Qup if and only if C' C L.

(il) (X1 NQup)C C X1 N Qup if and only if C C S..

(i) If k > 2, then C(Xi N Qap) C X N Qup if and only if C C L, N L.

(iv) If a =0, then C(X1 N Qup) € X1 N Qs if and only if C C T,.
)

i
i
(v) If a#b, then C(X1 N Qap) € X1 N Qs if and only if C C S..

Proof. Lemma [7.2 and Propositions and m@ imply that (XxNQup)C C
X N Qqp whenever C C LSN T, = L.. Conversely, if (X N Qqp)C C X N Qgp, then
C includes neither lg, Iy, I*, A¢, V¢, nor SM by Lemma [T.3(g)} so C C L.

Lemma and Propositions m and imply that (X; N Qa)C C
X1 N Qap whenever C C SN T, =S,.. Conversely, if (X1 N Qup)C C X; N Qqp, then
C includes neither lg, 11, I*, A, nor V. by Lemmalﬂ{a7 so C CS..
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|(ii1)| Lemma [.2] and Propositions and imply that C(Xx N Q) C
X N Qqp whenever C CLNT,NT, =L, NL.

Assume now that C'(Xg N Qap) € X N Qqp. Then C includes neither I*; A¢, Ve,
nor SM by Lemma @ If a # b, then C includes neither lgp nor |y by
Lemma so C C L. =LsNLy. If a =05, then C does not include Iz by
Lemma soC Cl,=L,NLy.

Assume first that C' C T,. We have C(X1NQ44) C To(XoNQax) C XoNQys =
X1 N Qqq, where the second inclusion holds because T,(Xo N Qi) € QXg C Xp by
Lemma and T, (Xo N Q) C TaQus C Qg as can be easily seen.

Assume now that C(X; NQ44) € X1 NQuq. Then C includes neither Iz nor I* by
Lemma so C CT,.

Assume first that C' C S.. Since X1 N Qo1 = X1 N Q. N Qo = SN Qo = Se,
we have

C(Xl n 901) CS.S. CS.=X1NQot-

Note also that X1 N Q10 = Xi N QN Q1w =SN Q. =S\ Sc. Forany f € Sﬁ"),
g1y 9n € (S\ Sc)™, it holds that f(g1,...,91) €S and

flg1,-.,92)(0,...,0) = f(g1(0,...,0),...,9.(0,...,0)) = f(1,...,1) =1,

SO f(gla s 5971) ¢ SC? that iS, f(gla s 5971) € S\SC Consequently, SC(S\SC) g S\Sca
and it follows that

C(Xl N QlO) - SC(S \ Sc) CS \ Se =X N QlO-
Assume now that C'(X1; N Q) € X1 NQup. Then C includes neither lg, Iy, I*, A,

nor V. byLemma@@soCCS O

Proposition 7.16. Let k € N, and let C' be a clone.
(i) DxC C Dy if and only if C C L.
(ii) CDy, C Dy, if and only if C C L.

Proof. For sufficiency, it is enough to prove the claim for C' = L. Using the fact
that L = (21 + x2, 1), we apply Lemma It is easy to see that for any function
f € Dy, we have deg(f * (x1 + z2)) < deg(f) < k and deg(f * 1) < deg(f) < k, so
f*(x1+22), fx1 € Dg. Tt follows from Lemma B2 that DL C Dy.

For necessity, assume that D,C C Dg. Then C includes neither A¢, V., nor SM

by Lemmam so C CL.

For sufficiency, it is enough to prove the claim for C' = L. Using the fact that
L = (x1 + 2, 1), we apply Lemma B3l Tt is clear that for any ¢1,¢92 € D;Cm), the
functions (x1 + 22)(g1,92) = 91 + g2 and 1(¢g1) = 1 have degree at most k, and are
therefore members of Dy,. It follows from Lemma [3.3] that LDy C Dy.

For necessity, assume that CDy C Dg. Then C includes neither A¢, V., nor SM

by Lemma so C CL. O

Proposition 7.17. Let a € {0,1}, and let C be a clone.
(i) DoC C Dg and CDy C Dgy for any clone C.
(ii) (Do N Qs )C C Do N Qs for any clone C.
(iii) C'(Dg N Qax) € Do N Qux if and only if C C T,.

Proof. Clear, as any composition in which either all inner functions are constant
or the outer function is constant is a constant function.

Clear, as for any m-ary ¢1,...,9, € £ we have cg")(gl, cesGn) = cf{”) €
Do N Q.

Lemma [[L2] Proposition and part imply that C(Dg N Q) C
Do N Q4s whenever C C QN T, =T,.
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Assume now that C' ¢ T,. Then there exists a g € C' that does not preserve a,
and we have g(cfl"), . ,c,(ln)) = c%"ja ¢ Q.. Therefore C(DoN Qi) € DoNQqe. O

Proposition 7.18. Let k € Ny, a € {0,1}, and let C be a clone.

(1) (Dk N Qes)C C (Dg, N Qqy) if and only if C C Lo.
(ii) C(Dy N Qus) C (D N Q) if and only if C C L.
(iii) (Dx N Qua)C C (D N Quq) if and only if C C Ly.

)

(
(iv) C(Dg N Qua) € (D NQyy) if and only if C C L,.

Proof. Lemma and Propositionsm andmzﬂimply that (Dg N Q. )C C
Di N Qu« whenever C C LN Ty = Lg. Conversely, if (D, N Q4.)C C Dg N Qyx, then
C includes neither Iy, I*, Ac, V¢, nor SM by Lemma [T.3(g)| so C' C Lg.
Lemma and Propositions and [ZI6(ii)| imply that C' (D N Q) C
Dy N Qg whenever C C LN T, = L,. Conversely, if C(Dy N Qqax) C D N Qqx, then
C includes neither lg, I*, Ac, V¢, nor SM by Lemma [3|(a)| @ @ so C' C L,.
Lemma and Propositions and mﬂ imply that (Dx NQ.,)C C
Di N Q.o whenever C C LN Ty = L;. Conversely, if (D NQ4,)C C Dg N Quq, then
C includes neither lg, I*, Ac, V¢, nor SM by Lemma [T.3(g)| so C C L.
Lemma [7.2] and Propositions and [Z.I6(ii)| imply that C(Dy N Q) C
Di N Q. whenever C C LN T, = L,. Conversely, if C(Dr N Qua) € Di N Quq,

then C includes neither Ig, I*, A., V¢, nor SM by Lemma @ SO
C C L. O

Proposition 7.19. Let k € Ny, and let C be a clone.

(i) Fork >2, (DLNQ=)C C D, NQ= if and only if C C L.
(ii) (D1 NQ=)C C D1 NQ= if and only if C C LS.
(iii) C(Dx N Q=) CDrNQ= if and only if C C L.

Proof. [(i)] Lemma [Z.2] and Propositions[Z7(1)] and [ZI0(1)| imply that (Dx NQ-)C C
Di NQ= whenever C C LNT, = L. Conversely, if (D NQ=)C C D, NQ_, then C
includes neither lg, Iy, I*, Ac, V¢, nor SM by Lemmam so CClLe.

Assume first that C' C LS. Note that LS = D; N Q. and L = Dy, and let
f€(D1NQ)™ and gi,...,9, € (D1NQ,) ™. The composition f(g1,...,gs) is a
member of L because the outer and inner functions all belong to D; = L. Moreover,
it is a sum of an even number of odd polynomials, that is, an even polynomial, so
flg1,...,gn) € Q=. We conclude that (D; NQ-)C C D; NQ-.

Assume now that (D1 N Q=)C C D; NQ=. Then C includes neither ly, |1, A,
V., nor SM by Lemma so C C LS.

Lemma and Propositions and imply that C(Dy N Q=) C
Di N Q- whenever C C LN Q = L. Conversely, if C(D; NQ=) C Dy NQ_, then C
includes neither A., V¢, nor SM by Lemma so C CL. [

Proposition 7.20. Let k € N, and let C' be a clone.

(i) Fork>2, (DrNQx)C C Dy NQ. if and only if C C Le.
(i) (D1 NQx)C C D1 NQs if and only if C C LS.
(ili) C(DrNQx) € D NQ. if and only if C C LS.

Proof. Lemmaand Propositionsandimply that (DxNQx)C C
D NQ. whenever C C LN T, = L.. Conversely, if (D NQ)C C D NQ, then C
includes neither lg, Iy, I, A¢, V¢, nor SM by Lemma so C' C L.

If C C LS, then, since D; N Q. = LS and LS is a clone, it clearly holds that
(D1 N Qx)C CLSLS C LS =Dy NQy. Conversely, if (D1 NQ.)C C D1 N, then
C includes neither lg, 1, Ac, Ve, nor SM by Lemma [7.3(i)} so C C LS.
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|(ii1)| Lemma and Propositions and [Z16)(i1)| imply that C'(Dy N Q) C
Di N Q- whenever C C L NS = LS. Conversely, if C(Dy NQ.) C Dy NQ, then C
includes neither lg, I, A¢, V¢, nor SM by Lemma so C' C LS. (I

Proposition 7.21. Let k € N4, a,b € {0,1}, and let C be a clone.
(i) (DN Qup)C C D N Qyp if and only if C' C L.
(11) O(Dk N Qab) C D N Qup if and only if C C L, N L.

Proof. [(i)] Lemma [T.2 and Propositions [Z.(i)| and [I4(i)|imply that (DxNQqp)C C
Dy N Qqp whenever C C LN T, = L.. Conversely, if (D N Qqp)C C Dg N Qyp, then
C includes neither g, Iy, I*, A¢, V¢, nor SM by Lemma so C' C L.

Lemma and Propositions and imply that C(Dg N Q) C
Dr N Qup whenever C C LN T, NT, =L, N L.

Assume now that C(Dy N Qup) C D N Qgp. Then C includes neither I*, A,
V., nor SM by Lemma [73(d)} If a = b, then C does not include Iz by
Lemma so C' CL,=LsNLy. If a # b, then C includes neither Iy nor |; by
Lemma soC ClL,=L,NLy. O

Proposition 7.22. Leti,j € Ny withi > j > 1, and let C' be a clone.
(1) (DiNX;)C CD; NX; if and only if C C LS.
(i) C(D;NX;) € D; NX; if and only if C C L.

Proof. Lemma and Propositions and [ZI6(i)| imply that (D; N
X;)C € D; N X; whenever C C LSNL =LS if £ > 2 and whenever C CSNL =LS
if k =1 Conversely, 1f D NX;)C C D; NX;, then C includes neither ly, |1, Ac, Ve,
nor SM by Lemma [Z3(h)} [D)} . so C C LS
[(if)] Lemma [72] and Propositions (iii)| and [Z.I6(i1)| imply that C'(D; N X;) C
D; N X; whenever C C LNL = L. Conversely, if C(D; N X;) C D; N X, then C
includes neither A;, V., nor SM by Lemma so C C L. O

Proposition 7.23. Leti,j € Ny withi > j>1, a € {0,1}, and let C be a clone.
(1) (DiNX; NQas)C C Dy NX; N Qay if and only if C C L.

(if) C(D; NX; N Qi) CD;NX; N Qg if and only if C C L,.

(ili) (D; NX; NQye)C C D; NX; N Qyy if and only if C C L.

(iv) C(D;NX; NQya) € D;NX; N Qyy if and only if C C L,.

Proof. Lemma and Propositions m and mm imply that (D; N X; N
Qas)C C D;NX;NQqs whenever C C LSNTy = L. Conversely, if (D;NX;NQq+)C C
D; N X; N4, then C includes neither lg, |1, I*, A¢, V¢, nor SM by Lemma
(0 [ [0 5o C € L.

(ii)| Lemma[ZZ and Propositions[ZH(ii)| and [Z2(ii) imply that C'(D; NX;NQqx)
D; N X; N Qg whenever C C LN T, = L,. Conversely, if C(D; N X; N Qa*)
D; N X; NQqs, then C includes neither Ig, I*, A¢, Ve, nor SM by Lemma ()}

(e); (D) so C C L
(iii)| Lemmal[Z.2land Propositions[ZH(iii)] and [Z2X(1)]imply that (D;NX; Mg

NN

)C C
D; N X; N Qe whenever C C LSN Ty = L.. Conversely, if (D; N X; N Q*a)C -
D; N X; N Q4q, then C includes neither lg, Iy, I*, A¢, V¢, nor SM by Lemma

(ML [D} ()] so € C L
(iv)| Lemma and Propositions and [[22(ii)| imply that C(D; N X; N
Qi) € D;NX; Ny whenever C C LNT, = L,. Conversely, if C(D; NX;NQ,) C
D; N X; NQ,,, then C includes neither Iz, I*, A¢, V¢, nor SM by Lemma [T-3(a)}
O

@ so C' C L,.
Proposition 7.24. Leti,j € Ny withi > j > 1, and let C' be a clone.
(i) Forj>2, (D;NX;NQ=)C CD;NX; NQ= if and only if C C L.
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(ii)) (D; N X1 NQ2)C CD; NXyNQ= if and only if C C LS.
(ili) C(D;NX; NQ=) CD;NX; NQ= if and only if C C L.

Proof. Lemma and Propositions and IZZZEE imply that (D; N X; N
Q-)C C D;NX;NQ= whenever C C LSNT, = L.. Conversely, if (D;NX;NQ=)C C
D; N X; N, then C includes neither lg, I, I*, Ac, V¢, nor SM by Lemma
L [0} G} so € C Le.

Lemmal[72land Propositions[ZI(ii)| and [ZI(i)| imply that (D;NX1NQ=)C C
D;NX;NQ= whenever C' C SNL = LS. Conversely, if (D;NX1NQ=)C C D;NX1N0Q=,
then C' includes neither lg, 1, A¢, V¢, nor SM by Lemmam so C C LS.

Lemmaand Propositions andimply that C(D;NX;NQ=) C
D;NX;NQ= whenever C C LNQ = L. Conversely, if C(D;NX;NQ=) C D,NX;N0Q=,
then C includes neither A;, V., nor SM by Lemma so C CL. O

Proposition 7.25. Leti,57 € Ny withi > j > 1, and let C be a clone.
(i) Forj>2,(D;NX;NQL)C CD;NX;NQ if and only if C C L.
(i) (D;NXiNQL)C CD; NXy NQx if and only if C C LS.
(iii) C(D;NX; NQx) € D;NX;NQx if and only if C C LS.

Proof. Lemma and Propositions and [L22(1)| imply that (D; N X; N
Q.)C € D;NX;NQ, whenever C' C LSNT. = L.. Conversely, if (D; NX;NQ.)C C
D; N X; N, then C includes neither lg, 11, I*, A¢, V¢, nor SM by Lemma
so C' C L.

Lemma and Propositions andlﬂﬂﬁzlimply that (D;NX1NQ.)C C
D;NX1NQ whenever C C SNL = LS. Conversely, if (D;NX1NQ.)C C D;NX1NQ,,
then C includes neither lg, |1, A¢, V¢, nor SM by Lemma so C' C LS.

[(iii)] Lemmal[Z2 and Propositions[Z(iv)|and [2(ii)| imply that C(D;NX;NQ) C
D;NX;NQ whenever C' C LNS = LS. Conversely, if C(D;NX;NQ) € D;NX;NQ,
then C includes neither lg, 1, A, V¢, nor SM by Lemma so C C
LS. O

Proposition 7.26. Let i,j5 € Ny with i > j > 1, a,b € {0,1}, and let C be a
clone.

(1) (DiNX; NQap)C C D; NX; N Qs if and only if C C Le.

(ii) C(D; NX; NQap) € D; NX; N Qs if and only if C C Ly N L.

Proof. Lemma and Propositions mﬁi and IZZEE imply that (D; N
X; N Qap)C C D; N X; NQqp whenever C C L NLS = L; if j > 2 and whenever
C CL.NS=Lif j=1. Conversely, if (D; N X; N Qap)C C D; N X; N Qqgp, then C
includes neither lg, Iy, I*, A¢, V¢, nor SM by Lemma [.3(g) so C' C L.

Lemma and Propositions and [T21)(ii)| imply that C(D; N X; N
Qap) € D; NX; N Qg whenever C C Lo NLyNL=L,NLy.

Assume now that C(D; N X; N Qqp) € DiNX; N Qp. If @ = b, then C includes
neither lg, I, A¢, Vc, nor SM by Lemma @ so C C L, =L,NLy.
If a # b, then C includes neither lg, |1, I*, A¢, V., nor SM by Lemma

[l

@soCQLC:LaﬂLb.
Proof of Theorem[7.1] The theorem puts together Propositions [[-4] [Z5] [T7 [Z8]

[CI0 1T (712 (7135, 014, [CT5] [C16, [C17 [T18) (719, 20, [C2T] [22] 723 724
[.25] [.261 O

With the help of Post’s lattice (Figure [[l) and by reading off from Table 2 we
can determine for any pair (C1,Cs) of clones which L.-stable classes are (Cy, Cs)-
stable. If L, C Co, then any (Cy, Cq)-stable class is (I, L.)-stable by Lemma 216
and hence also L.-stable by Lemma Therefore, in the case when L. C (s, the
(C1, Cy)-stable classes are among the L.-stable ones and they can be easily picked
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out from Table In particular, we have an explicit description of (I, C)-stable
classes (“clonoids” of Aichinger and Mayr [I]) and C-stable classes for L, C C. The
Lo-stable classes (see Corollary were determined earlier by Kreinecker [10]
Theorem 3.12].

Corollary 7.27.

(1)

(xi)

The (l., Lc)-stable classes are Q, Qqsx, Qwa; Qay Qaby Diy, DeNQas, DeNQia,
Dir NQx, D N Qup, X, Xie N Qus, Xp N Qua, X N Qs Xp N Qap, Dy ﬁX]‘,
Di N X; N Qas, Di N X; N Qua, D N X N D, Di N X; N Qs Do, Do N Qe
0, for a,b € {0,1}, = € {=,#}, and 1,5,k € Ny withi > j > 1.

The (lc,LS)-stable classes are Q, Qx, Xi, X N Qx, D, Dp N Qx, D; NX;,
D;NX;NQx, Do, 0, for =~ € {=,#}, and i, j, k € Ny with i > j > 1.

The (l¢, Lo)-stable classes are Q, Qox, Qwo, L=, Qo0, Xk, XeNQox, X NQso,
Xe NQ—, X N Qoo, D, D N Qos, D N Qyo, D N Q—, D N Qgo, D; ﬂXj,
D; ﬁXj N QO*, D; ﬂXj N Q*O, D; ﬂXj N Q:, D; ﬂXj N Qoo, Do, Do N QO*,
@, for k € N,.

The (l., Ly)-stable classes are Q, Q1., 1, =, Qu1, Xi, XpNQ1s, X NQi1,
Xe NQ—, X NQy1, D, D N Q1s, D NQy1, D NQ—, D N Q4y1, D; ﬂXj,
D; ﬁXj n Ql*, D; ij n Q*l, D; ij n Q:, D; ij N Qll; Do, DO N Ql*,
0, for k € Ny.

The (I, L)-stable classes are Q, Q=, X, X N Q=, Dg, D NQ=, D, N X,,
D; ﬂXj NQ—, Do, (Z), fO’f’ ke N+.

The (I¢,Sc)-stable classes are Q, Qaw, Qua, Qay Qap, X1 N Qay X1 N Qs
Do, Do N Qax, 0, for a,b € {0,1} and =~ € {=, #}.

The (l¢,S)-stable classes are Q, Q~, X1 N Qx, Do, 0, for =~ € {=, #}.

The (lc, T¢)-stable classes are Q, Qau, Qua, L=, Qap, X1 N Q=, X1 N Qqa,
Do, Do N Qqx, B, for a,b € {0,1}

The (I, To)-stable classes are Q, Qox, Quo, L=, Qoo, X1 NQ=, X1 N Qqo,
Dg, Do N Qos, 0.

The (lc, T1)-stable classes are Q, Q14, Qu1, Q=, Q1, X1 N Q=, X1 N Q11,
Do, Do le*, 0.

The (l.,Q)-stable classes are Q, Q—, X; NQ—, Do, 0.

Corollary 7.28.

(1)

The Lc-stable classes are 2, Qas, Qwar Qs Qav, D, D N Qus, Di N Qsq,
Dir N Qx, D N Qab, Xiy Xie N Qase, X N Qua, X N Qxy Xpe N Qup, D; N Xj,
D; N X5 N Qau; DiNX; N Qua, DiNX; NQx, Dy NX; N Q4as, Do, Do N Qas,
0, for a,b e {0,1}, = € {=,#}, and i,j,k € Ny withi > j > 1.

The LS-stable classes are Q, Xi, X1NQx, Di, D1NQ, D;NX;, D;NX1NQ,
Do, 0, for = € {=,#} and 4,j,k € Ny with i > j > 1.

The Lo-stable classes are Q, Qox, Di, DxNQox, Do, DoNQox, B, for k € N,
The L1-stable classes are Q, Q.1, Di, DxNQ41, Do, DoNQ1x, O, for k € N,
The L-stable classes are Q, Dy, Dq, 0, for k € Ny.

The S¢-stable classes are Q, Qax, Qua, Uy Qap, X1 N L, X1 N Qausp, Do,
Do N Qqx, B, for a,b € {0,1} and ~ € {=,#}.

The S-stable classes are Q, X1 N Qx, Do, 0, for = € {=,#}.

The T.-stable classes are Q, Qas, Qia, Q=, Qap, Do, Do N Qux, O, for
a,be{0,1}

The Tqg-stable classes are Q, Qo«, Do, Do N Qox, 0.

The T1-stable classes are Q, Q.1, Do, Dg N Q1. 0.

The Q-stable classes are Q, Do, 0.

Recall from Lemma B.2(iii)| that (I, Lc)-stability is equivalent to L.-stability.
Therefore, as expected, the classes listed in Corollary [Z.27[i)| are the same as those
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in Corollary [[2§(i)} By comparing Corollary [[.27(vi)| with Corollary [[28(vi), we
see also that (I, S¢)-stability is equivalent to Sc-stability. Whether the reason for
this is a relationship similar to Lemma is beyond the scope of this paper.

Corollary 7.29. S.-stability is equivalent to (l.,S.)-stability.

8. FINAL REMARKS AND PERSPECTIVES

Looking into directions of future research, one may consider arbitrary pairs of
clones C; and Cy on arbitrary sets A and B and describe the (C7, Cs)-stable sets
in this case. However, this task is challenging. Firstly, there are uncountably
many clones on sets with at least three elements (see [20]), and not all of them
are known. Secondly, for given clones C; and Cs, there may be uncountably many
(C1, Cy)-stable classes, in which case an explicit description may be unattainable.

For this reason, a natural next step would be to consider (C, Cs)-stability for
clones C; and C5 on the two-element set {0, 1}, which are well known (see Post [15]).
Moreover, the cardinality of the closure system of (l., C')-stable classes of Boolean
functions is known for every clone C on {0,1}, due to the following result by
Sparks [19]. However, this result does not provide an explicit description of the
(I, C)-stable classes, even for the cases where the number of (l., C)-stable classes
is finite.

Theorem 8.1 ([19, Theorem 1.3]). Let A be a finite set with |A| > 1, and let
B :={0,1}. Denote by Ja the clone of projections on A, and let C be a clone on
B. Then the following statements hold.
(i) L0 is finite if and only if C contains a near-unanimity operation.
(ii) L,,c) is countably infinite if and only if C' contains a Mal’cev operation
but no magority operation.
(iii) Ly,,0) has the cardinality of the continuum if and only if C' contains nei-
ther a near-unanimity operation nor a Mal’cev operation.

Recall that an n-ary operation f € Op with n > 3 is called a near-unanimity
operation if f(x,...,z,y,z,...,2) =« for all ,y € B, where the single occurrence
of y can occur in any of the n argument positions. A ternary near-unanimity
operation is called a majority operation. A ternary operation f € Op is called a
Mal’cev operation if f(y,y,x) = f(z,y,y) =« for all x,y € B.

A clone C on {0,1} contains a Mal’cev operation but no majority operation
(statement [(ii)]) if and only if L, € C' C L; this situation is completely described
in the current paper. In view of Theorem [R] explicit descriptions of the (Cy, Cs)-
stable classes of Boolean functions seem attainable in the case when C5 contains
a near-unanimity function (statement , but this may not be the case when Cy
contains neither a near-unanimity operation nor a Mal’cev operation (statement
(i11)]). This suggests a feasible direction for future research.
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