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Abstract. We consider phaseless inverse scattering for the multidimensional Schrodinger
equation with unknown potential v using the method of known background scatterers. In partic-
ular, in dimension d > 2, we show that |fi|*> at high energies uniquely determines v via explicit
formulas, where f; is the scattering amplitude for v + wy, w; is an a priori known nonzero back-
ground scatterer, under the condition that suppv and suppw; are sufficiently disjoint. If this
condition is relaxed, then we give similar formulas for finding v from |f|? |fi|?, where f is the
scattering amplitude for v. In particular, we continue studies of [Novikov, J. Geom. Anal. 26(1),
346-359, 2016], [Leshem et al, Nature Communications 7(1), 1-6, 2016].

Keywords: Schrodinger equation, Helmholtz equation, phaseless inverse scattering, phase
retrieval problem
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1 Introduction

We consider the scattering problem for the stationary Schrédinger equation
— Aoz =Ey), xR d>1, E>0, (1)
where A is the standard Laplacian in z,

v € L®RY), v is complex-—valued, supp v C D, @)
D is an open bounded domain in R?.
The Schrodinger equation (1), under assumptions (2), describes a non-relativistic quantum
mechanical particle at fixed energy E interacting with a macroscopic object contained in D,
where v is the potential of this interaction (and we assume that 2% =1).
Equation (1) at fixed E can be also considered as the Helmholtz equation of electrodynamics
or acoustics at fixed frequency w. In this context v and E are interpreted as follows:

2
w
o) = (1= )E, B= (), )
Co
where n(z) is a scalar index of refraction, n(x) =1 on R?\ D, ¢y is a reference speed of wave
propagation; and in the simplest case n(x) = ¢y/c(x), where ¢(z) is a speed of wave propagation.
For equation (1) we consider the classical scattering solutions ¥ = ¢*(z,k), » € R% k €
R?, k? = E, specified by the following asymptotics as || — oo:
cilkllz]

ikx z 1
V(@ k) =™+ W—_l)/QA(kA Wm) +0 (WT)/Q) : (4)

for some a priori unknown A. The function ¢ = ¢ (z, k) describes scattering of the incident
plane waves described by e on the scatterer described by v. The second term on the right-hand
side of (4) describes the leading scattered spherical waves. The function A arising with this term
is the scattering amplitude for equation (1) for fixed E. This function is defined on

Mp={k 1eR": K =P=E}=8"x5"" (5)
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It is convenient to present A as follows:
A(k, 1) = c(d, [k]) f(k, 1), (k1) € Mg, (6)

o(d, [k]) = —mi(—2mi) V2|32 for \/“om; = \/2me T/,

see formulas (9), (13), (16). We also use the terminology "scattering amplitude" for f arising
in (4), (6).

In order to study ¥* and f one can use the Lippmann-Schwinger integral equation (12) for
Yt and the integral formula (13) for f; see Section 2.

We recall that in quantum mechanics the complex (phased) values of the functions )™ and
f have no direct physical sense, whereas the phaseless values of [1)|? and |f|? have probabilistic
interpretation (the Born’s principle) and can be obtained in experiments; see [6], [11]. On the other
hand, in acoustics or electrodynamics the complex values of ™ and f can be directly measured,
at least, in principle. However, in many important cases of monochromatic electro-magnetic wave
propagation described using the model (1), (3) (e.g., X-rays and lasers) the frequency w is so
great that only phaseless values of || and |f| can be measured in practice by modern technical
devices; see, e.g., [13] and references therein.

Let

My = UgeaMp, where A C Ry = (0, +00). (7)
We consider, in particular, the following inverse scattering problems for equation (1):

Problem 1.1. Reconstruct potential v on R? from its scattering amplitude f on some appro-
priate M’ C Mg, .

Problem 1.2. Reconstruct potential v on R? from its phaseless scattering data |f|> on some
appropriate M’ C Mg, .
Let F denote the Fourier transform defined by the formula

v(p) = Fr(p) = (27r)d/ e y(z)dr, p € RY, (8)

R4
where v is a test function.
In particular, for Problem 1.1, for d > 2, it is well known that the scattering amplitude f at
high energies uniquely determines v via the formula

o(p) = f(k, 1)+ O(E™Y?) as E — 400, (k,1)e Mg, k—1=peR% (9)

see, for example, [10], [22]. For many other important results on Problem 1.1, see, for example,
[7], [9], [26] and references therein.

On the other hand, for Problem 1.2 it is well known that the phaseless scattering data |f|* on
Mg, do not determine v uniquely, in general; see, for example, [23].

In view of the aforementioned nonuniqueness for Problem 1.2 we also consider the Problem
1.3 formulated below.

Let f be the initial scattering amplitude for v satisfying (2) and f; be the scattering amplitude
for

vi=v+w;, j=1,...,n, (10)

where wq, ..., w, are additional a priori known background scatterers such that
w; € L®RY), w; #01in L®(RY), suppw; C Qj,
2; is an open bounded domain in R, Q,ND =g,
Wi, 7& Wi, for jl 7&]2 in LOO(Rd)a
s g1, j2 €{1,...,n}.
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Problem 1.3. Reconstruct potential v on R? from the phaseless scattering data |f|?,
|f1]%, ., [ fu]* on some appropriate M’ C Mg, , for some appropriate background scatterers
Wy« ey Wy

Problem 1.3 in dimension d = 1 was considered in [1] for n = 1. Problem 1.3 in dimension
d > 2 was considered in [2], [3], [23], [24].

In particular, for Problem 1.3, for d > 2, n = 2, analogs of formula (9) and related global
uniqueness results were given in |23, [24]. Reconstruction results of [23], [24] on Problem 1.3,
for d > 2, n = 2, were strongly developed in [2], [3]. In particular, for the phaseless case with
background scatterers, results of [2] include an analog of the algorithm of [22]. Related numerical
implementation is also given in [2].

In the previous works [2], [3], [22], [23], [24] for uniqueness and efficiency of reconstruction
in Problem 1.3, for d > 2, the phaseless scattering data |f|?, |fi|?, |f2|> at high energies and
background w;, ws were necessary. In the present work we show that these data can be reduced
considerably. In particular, we show that already |f|? at high energies and w; uniquely determine
v via explicit formulas, under the condition that supp v and supp w; are sufficiently disjoint ! If the
latter condition is relaxed, we give similar formulas for finding v from |f|?, |f1|? at high energies
and w;. These formulas and related global uniqueness results are given in detail in Sections 3-6; see
Theorems 4.1, 4.2, Corollaries 4.1, 4.2, Propositions 4.1, 4.2, Theorems 5.1, 5.2 and Theorems 6.1,
6.2. Note that our aforementioned reconstruction formulas include approximate reconstructions
at fixed F and related error estimates; see Sections 4.2, 5, 6.

Remark 1.1. The aforementioned results on Problem 1.3 consisting in finding v from |f;
and w; can be also considered as results on Problem 1.2 with v supported in D U €2, where v is
unknown in D and v = wy in €.

In addition, the present work involves considerations of the following problem of reconstruction
from phaseless Fourier transforms, under assumptions (2), (9)—(11) (with L' in place of L> for
more generality).

Problem 1.4. Reconstruct v from the phaseless Fourier transforms |Fuv|?, |Foi|?, ..., |Fu,|?
and background wq, ..., w,.

Problem 1.4 can be considered as Problem 1.3 in the Born approximation at high energies
or/and for small v, wy, ..., w,; see formulas (16), (18).

In the literature the problem of finding v from |Fv|? is known as the phase retrieval problem:;
see [20], [4], [8] and references therein. The problem of finding v from | Fuv;|* and w; was considered,
in particular, in [28|, [21|. Problem 1.4 in the framework of solving Problem 1.3 was considered
in [3], 2], [23], |24] and we continue such considerations in the present work.

The results of the present work on Problem 1.4 are given in Section 3 and consist in Theorems
3.1 and 3.2. Actually, Theorems 3.1 is a proper mathematical formalization of some of consid-
erations of [21] related with finding v from |Fv;|* and w;, under the condition that suppv and
suppw, are sufficiently disjoint.

In addition to Problems 1.2, 1.3, 1.4, there are also other possible formulations of phaseless
inverse scattering problems for equation (1) and for other equations of wave propagation. In
connection with such formulations and related results, see, for example, [12]-[14], [17]-[19], [23],
[25]-]27], [29]-[31] and references therein.

Finally, note that the further structure of the present article is as follows. In Section 2 we
recall some known results on direct scattering for equation (1) under assumptions (2) (or when
v is replaced by v; of (10), (11)). The results of the present work on Problem 1.4 are given in
Section 3. The results of the present work on Problem 1.3 (and on Problem 1.2, see Remark 1.1)
are given in Sections 4, 5, 6. In addition, estimates of Sections 5 and 6 are proved in Sections 7
and 8.
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2 Preliminares on direct scattering for equation (1)

For equation (1), under assumptions (2), we consider the scattering solutions " specified by
(4) and the scattering amplitude f arising in (4), (6). We recall that ¢* satisfy the Lippmann—
Schwinger integral equation

(k) = 6 / Gz — y, Kyo(y)o* (v, K)dy,
D

| 12)
zgxdg (
+ _ —d € _ ot
G*(z,k) = —(2m) /Rd R0 Gy (|zl, |kl d),
where z, k € RY, k2 = E, and for f the following formula holds:
) = ) [ )t Ry (13)
D
where k, [ € RY k* = [? = E > 0; see, for example, |5], [26] and references therein.
We also recall that for any s > 1/2, the following Agmon estimate holds:
| <2>7°GF(k) <2 >7° || 2@asr2@ey = aold, s) |k [k > 1, (14)

where < z > denotes the multiplication operator by the function (1 + |z|?)*/2, G (k) denotes the
integral operator such that

G+ (k)u(z) = / Gz — g, Kuly)dy, (15)

Rd
where G (x, k) is defined in (12), u is a test function. See, for example, the proof of (14) given in
[9]; following this proof an explicit estimate for ag(d, s) can be given.
Using (12), (13), (14) one can show that, under assumptions (2), (10), (11), formula (9) is
valid and the following formulas hold:

| Fo;(p)|> = If;(k, D]* + O(E™Y?) as E — 400, (k,1) € Mg, k—1=p e R, (16)

where f; is the scattering amplitude for v;, j =0, ...,n, and vo = v, fo = f, v; = v+w;, 7 > 1;
see, for example, [22], [24] and references therein.

We recall that formulas (9), (16) hold for any fixed p € R? for d > 2.

Suppose that, in addition to (2), (10), (11), we have that

max([|vllse, [wjllee) <, (17)

where j =1,...n, || - lcc = || - [ o (re). Then the following more precise version of (16) holds (see
formula (2.15) in [24]):

1Fos(p)* = |5 (kDI < c(DUQPE2, (k1) € Mp, k—1=p

for EY2 > p(D U Q. n), (18)

where j =0,...,n, =&, and ¢ > 0, p > 1 are the constants defined by the formulas:
p(U,n) = max(2ao(d, o /2)co(U, 0)n, 1), (19)
cU) = 6(2m) > ao(d, 0/2)(c1(d. 0))*(ca(d, 0))°, (20)

A 1/2
e(d,0) = (/R T WW) 7 (21)
e, o) = Sug(l + [/, (22)
TE
for some fixed o > d, ao(d, o) is the constant of (14), U is open bounded domain in R
Remark 2.1. The constants ¢, p have the following monotonicity properties:

c(Uy Uly) > c(Uy), (23)
p(Uy Uy, n) = pUr,m), p(U,1m2) = p(U,m) for nz > ny, (24)

where U, U,, Uy are bounded domains in R?, 1, n;,n, > 0.
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3 Reconstruction from phaseless Fourier transforms

We consider v and w such that

v, W € Ly joe(RY), w#0, d > 1, (25)
suppv C D, suppw C €, (26)
D, Q are open convex and bounded domains in R?. (27)
Let
diam U = sup |z —y|, (28)
x,y €U
U +Us ={z+y: x €U,y €U}, (29)

where U, U,, U, are bounded sets in R¢.

Note that
B, (a1) + By,(a3) = By, 4, (a1 + az), where (30)
By(a)={z€R?: [zt —a| <r},a R r>0.
We suppose that the Fourier transformation F is defined by formula (8).
In this case F~! is given by the formula
Flo() = /de‘i’%(p)dp, (31)
R L

where ¢ is a test function.

Theorem 3.1. Let v, w satisfy (25)-(27), where dist(D, ) > diam D. Then |F (v + w)|? and w
uniquely determine v by the formulas

Fo(p) := (Fuw(p))~ Fa(p), p € RY, (32)
4(2) = xp-a() (u(x) ~en [ ol w@dy) , (33)
u(z) = F (| F(v +w)]?)(2), (34)

where xp_q is the characteristic function of the set D — Q.

As it is was already mentioned in Introduction, Theorem 3.1 can be considered as a proper
mathematical formalization of some of considerations of [21] related with finding v from |F(v-+w)|?
and w, under the condition that suppv and suppw are sufficiently disjoint.

Theorem 3.2. Lel v, w salisfy (25)-(27), where dist(D, ) > 0. Then |F(v)[?, |F(v+w)|* and
w uniquely determine v by the formulas

Fo(p) :== (Fw(p)) " Fq(p), p € RY, (35)
4(2) = xp_al2) (u(a:) ~en [ R y>@dy) , (36)
u(z) == F | F@ + w)P) () - FH(FoP) (). (37)

Under our assumptions on w, we have that
p({p €R? : Fuw(p) =0}) =0, (38)

where u(A) denotes the d-dimentional Lebesgue measure of a set A. Therefore, formulas (32),
(35) are correctly defined inspite of the factor (Fw(p))~'.
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In order to prove Theorems 3.1 and 3.2 we use, in particular, that

FH prpa) = 1)~ UF on) # (F ), (39)
@)= [ e =iy (40)
Fv=Frv, v(zx)=v(-1), (41)
(2m) 4 F (vy % vy) = Fuy Fus, (42)

where 1, s, v, V1, V5 are test functions.

Proof of Theorem 3.1. Using formulas (39), (40), (41) for p; = F(v+w), po = F(v +w), v =
vy =v+w, vy =0+ w, we obtain that

=A;ww— iy + | i~ My+A;Mx—w = T
—i—/dw(x—y)w( y)dy =1 + Ih + I3 + I4.
Let ’
B,={zeR:|z| <r} (44)
Note that
he = [ vy (49
supp Iy C Baiamp, (46)
h@%=é€DMx—mR?B@7 (47)
supp Iy C Q — D, (48)
b= [ el (49
suppls C D —Q, (50)
@ = [ e =yl 1)
supp Is(x) yC Baiam e, (52)

where 0 — D, D — (2, B, are defined according to (29), (44).

Property (46) follows from the observation that if y € D, x+y € D, then & € Bgjam p; property
(48) follows from the observation that if y € D, x +y € , then = € Q — D; and the derivation of
(50), (52) is similar.

Using (27) and the assumption that dist(D, Q) > diam D one can see that

dist(D,Q) > diam D < NVr € D,y € Q: |v —y| > diam D < Byjgmp N (D — ) = @. (53)

Since D and () are convex, the sets D—) and {2— D are also convex and reciprocally symmetric.
Therefore, if their intersection is nonempty, it contains the point 0. But formula (53) implies that
0 ¢ D — Q. Thus, we have that

(D-Q)N(Q-D)=2. (54)



From (53), (54) we conclude that

(D — Q)N (Bgigmp U (2 — D)) =2, (55)
(€2 = D) N (Baiamp U (D — ) = @. (56)

Formulas (43), (46), (48), (50), (55), (56) imply that
L(z) = xa-p(x)(I(x) — L()), (57)
I3(z) = xp-a(@)(I(z) — Li(z)). (58)

Using (42), (47), (49) we have that

(2m) 4 FI, = FoFw, (59)
(2m) 4 FI3 = FoFw. (60)

The formulas (32)—(34) follow from (41), (43), (58), (60). This completes the proof of Theorem
3.1.

Proof of Theorem 3.2. Formulas (43)-(52), (59), (60) remain valid under the assumptions of
Theorem 3.2.
The assumption dist(D, ) > 0 implies that

0¢ D—Q. (61)

Using formula (61) and the proof of formula (54) we obtain that formula (54) also remains
valid under the assumptions of Theorem 3.2.
Formulas (43), (48), (50) and (54) imply that

Ir(z) = xo-p(z)(z) — Ii(z) — Li(x)), (62)
I3(z) = xp-a(z)((z) — Li(z) — L4(2)). (63)

The formulas (35)—(37) follow from (43), (60), (63). This completes the proof of Theorem 3.2.

Remark 3.1. Under the assumptions of Theorem 3.1, there exist ¢ > 0, an open e-neighbourhood
N.(D — Q) of D — €, and a function xp_q. € C*(R?), such that

Xp-qe(z)=1,2€D—-Q, (64)
Xp-ae(@) =0, z € RU\N(D — ), (65)
(Q=D)NNAD —-Q) =2, (66)
Baiamp NN(D — Q) = @. (67)

In addition, formulas (32)—(34) remain valid with xp_q replaced by xp_q.-

Remark 3.2. Under the assumptions of Theorem 3.2, there exist ¢ > 0, an open e-neighbourhood
N(D—Q) of D—9, and a function xp_q. € C*(R?), such that properties (64)—(66) are fulfilled.
In addition, formulas (35)—(37) remain valid with yp_q replaced by xp_q..

Note that Remarks 3.1 and 3.2 are used in estimates of Sections 5 and 6.

4 Reconstruction formulas and uniqueness results for Problem 1.3

In this section we give reconstruction formulas and global uniqueness results for Problem 1.3, for
d > 2, n =1, and for Problem 1.2, for d > 2 (see Remark 1.1). These reconstruction formulas
and global uniqueness results develop considerably related studies of [23], [24] on Problem 1.3, for
d>2,n=2and n=1.



4.1 Uniqueness results

Theorem 4.1. Let v, wy satisfy (2), (11), where D; Q = Qy satisfy (27), dist(D, ;) > diam D,
and d > 2. Then |fi|? and wy uniquely determine v via formulas (32)-(34), where w = w;, and
formula (16) for j = 1.

Theorem 4.2. Let v, wy satisfy (2), (11), where D, Q = Qy satisfy (27), dist(D, ) > 0, and
d > 2. Then |f|?, |f1]* and wy uniquely determine v via formulas (35)-(57), where w = wy, and
formula (16) for j =0, 1.

Theorems 4.1 and 4.2 follow directly from formula (16) and Theorems 3.1 and 3.2.
In addition to f, f; on Mg, we also consider f|r,, fi|r,, where

I'g = {k:/{?E(p), l:lE(p) ZPEEQ\/E},

(68)
kp(p) = p/2+ (E — p*/49)"*v(p), Ip(p) = —p/2+ (E — p*/4)*4(p),
B,={peR¥:|p|<r}, B.={rcR:|p|<r}, r>0, (69)

where ~ is a piecewise continuous vector—function on R?, d > 2, such that
()| =1, v(p)p =0, p e R™. (70)
We recall that
We also consider
My = UpeaMEg, Ty = Ugeal'E, (72)
where A C R, = (0,+00).
Let, for example, A be of the following form
A={E;eR;: jeN, E; - 00, as j — 00}. (73)

Theorems 4.1 and 4.2, where we use formula (16) with k = kg, (p), | = lg;(p), imply the
following corollaries:

Corollary 4.1. Let the assumptions of Theorem 4.1 hold. Let A be of the form (73). Then | f1|?
on ' and background w, uniquely determine v in L>(R?).

Corollary 4.2. Let the assumptions of Theorem 4.2 hold. Let A be of the form (73). Then
S ={If1% |fi]*} on Tx and background w, uniquely determine v in L°°(R?).

We also consider A of the form
A:{E] eR,:j5€eN, Ejl #EjQ for j; 7£j2, Ej—>E*, asj—>oo}, E, > 0. (74)
Proceeding from Theorems 4.1 and 4.2 we obtain the following results:

Proposition 4.1. Let the assumptions of Theorem 4.1 hold, and v, wy be real-valued. Let A be
of the form (74). Then |fi|* on Tx and background wy uniquely determine v.

Proposition 4.2. Let the assumptions of Theorem 4.2 hold, and v, wy be real-valued. Let A be
of the form (74). Then S = {|f|?, |fi]*} on Ta and background wy uniquely determine v.



The proof of Propositions 4.1, 4.2 is similar to the proof of Theorem 2.2 of [24].

Remark 4.1 Corollary 4.2 and Proposition 4.2 of the present work develop the result of
Proposition 2.2 of [24], where it was show that:

(A) There are not more then two different complex-—valued potentials v satisfying (2) with
given S = {|f|% |f1]*} on 'y and background complex—valued potential w; satisfying (11), w; # 0
in L=(R?), where A is defined as in (73);

(B) There are not more than two different real-valued potentials v satisfying (2) with given
S = {|f|? fi|*} on T and background real-valued potential w; satisfying (11), w; # 0 in L*>°(R%),
where A is defined as in (74).

In addition, the reconstruction of Corollary 4.2 (based on formulas mentioned in Theorem
4.2) of the present work does not involve an analytic continuation in contrast with item (A) of
Proposition 2.2 of |24].

4.2 Approximate reconstruction formulas

Suppose that the assumptions of Theorem 4.1 are valid. Then, at fixed F, proceeding from
Theorem 4.1 and Remark 3.1 we reconstruct v(z) as vgppr (2, E'), where

Vappr (T, B) 1= (F Youppr) (2, E), x € D, (75)
5 _ ) (Fui®)" (Fdappr)(p) for p € By, /5
o (P, E) = { 0 for p € R\ By s, ’ (76)
Qappv"(xy E) = XD—Q7€('I)(uapp7‘($7 E) - (27T)_d /eQ w1y (I + y)wl (y)dy)7 (77)
Uappr (7, E) := (F~'h)(x), (78)
L | f1(ke(p), lp(p))|? for p € B, /g,
Mo, E) = { | Fw: (p, E)|? for p € RY\ B, s, (79)

where kg(p),lg(p) are defined in (68), xp—q, - is the function of Remark 3.1, and § € (0,2).

Suppose that the assumptions of Theorem 4.2 are valid. Then, at fixed E, proceeding from
Theorem 4.2 and Remark 3.2 we construct v(z) as vapr(z, E), where vy, (x, E) is given by
formulas (75)—(78) with

g | 1RO (k). L) o p € By o)
T | Fwi(p, E)? for p € R\ B, /5.

In Sections 5 and 6 we give error estimates for 04, and v,,,-. These error estimates develop
considerably related studies of [23], [24], and [3] on Problem 1.3, for d > 2, n > 2.

5 [Error estimates for v,

In this section we estimate [0(p) —appr (P, )| for p € By_5) /5, Where Ogpp, is defined in Subsection
4.2, v = Fu.
Note that the following estimate holds:
Cl (O’)
(1+pl)

where xp_q . is the function of Remarks 3.1, 3.2, Cy(0) = Cy(0, Xp—q.-) is a positive constant.
Let,

| Fxp_ac(p)| < ,pERY ¢ >0, (81)

_ dp__
02(0') = /Rd (1 n ’p‘)"’ > d. (82)

Let pu(U) denote the Lebesgue measure of a bounded domain & C R%.
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Theorem 5.1. Suppose that the assumptions of Theorem 4.1 are valid, and v, wy satisfy (17).
Let Vgppr be defined via (76)—(79). Then:

2
[0(p) = Dappr (ps E)| < |u71(p)|_1 (CSE_1/2773 + 1+ 5;?72)0—(1—04) (83)
forp € By_s 5 EY2> p(DUQ,n),

Cs = C(D U 9)01(0'1)02(0'1), oy >d, (84)
Cy = (2m) 24 u(D)? + 2u(D)(Q))C1(0)Ca(d + @), a > 0, 0 —d — o > 0, (85)

where ¢, p are the constants of (18), Cy, Cy are the constants of (81),(82), 6 € (0,2) is fized.

Theorem 5.2. Suppose that the assumptions of Theorem 4.2 are valid, and v, wy satisfy (17).
Let Ogppr be defined via (76)-(78), (80). Then:

2
|6(p) — Bappr(p, E)| < |1 (p)| ™" (C5E‘1/2773 taT 52?72)0_61_&) (86)
Jorp € Bu_s 5 E'? > p(DUQ,n),

Cs = (¢(D) + ¢(DUQ))C(01)Co(01), 01 > d, (87)
Cs = 2(2m) 2 (D) u(Q)C1 (0)Co(d + @), a > 0, 0 —d — o > 0, (88)

where ¢, p are the constants of (18), Cy, Cy are the constants of (81),(82), 6 € (0,2) is fized.

The estimates of Theorems 5.1, 5.2 can be considered as error estimates for 0, (p, £) at high
energies F.

Theorems 5.1, 5.2 are proved in Section 7.

In addition, it may be of interest to consider estimates (83), (86) for small v, wy, that is for
small 7. In this case it is convenient to suppose also that

[Fwi(p)] = nlwo(p)], ¥p € R, (89)
where w is independent of 7, and
wo(p) = Fuwo(p), (90)
wy € L=(RY), suppwy C Q= Qy, wy # 0. (91)
Then estimate (83) takes the form
C
NN - -1 ~1/2,2 4
[9(p) = Dappr (P, E)| < [10o(p)] (C3E n+ (1 +5E1/2)a—d—a> (92)
for p € By _syvE EY? > p(DUQn), a>0,0>d+«q,
and estimate (86) takes the form
C
RN N -1 ~1/2,2 67
006) = B B < )| (CHE27 4 ) o

for p € B(Q_(S)\/E, EY? > p(DUQ,n), a>0,0>d+a.

One can see that estimates (92), (93) are very efficient for small 7 and large E, because in this
case E~Y2n? and n(1 + §EY/?)~oF4+ are very small.

Remark 5.1. The background w; can be chosen as real-valued non—negative continious
compactly supported function on R? such that

wi(p) = wi(p) 2 es(1+ [p)) 7, p € R, (94)

for f > d and c3 > 0; see, for example, Lemma 1 in [3|. Property (94) can be convenient in the
framework of applications of the error estimates (83), (86).

Remark 5.2. If wi(p) in (76), (83), (86) has zeros, then the definition of Uy (p, E) can be
modified in neighborhoods of these zeros in a similar way with interpolations of Section 4 of [3].
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6 Error estimates for v,

In this section we estimate |v(z) — vgppr (2, E)| for © € D, where vy, is defined as in Subsection
4.2 with 0 depending on F, and v, w; satisfy the assumptions of Theorem 5.1 or 5.2. In addition,
for simplicity, we assume that v € W™ (R4), m > d, and w; satisfies (94), where

WmHRY) = {u: 07u € L'R?), |J| < m},

s = max 0"l sz m € NUO. (95)

Next, we assume that

Vappr (T, B) = / e P Dappr (p, E)dp, v € D,
Bry(m) (96)
r(E) = (2 —6(E)VE =27E", v = 1
1 - - ) 7 - 2m + 57
where E > p*(D U, n) > 1 as in Theorems 5.1, 5.2, 3 is the number of (94), 7 € (0,1) is fixed.
One can see that §(E) € (0,2) under the assumptions of formula (96).

Note that if v € W™1(R?), m > 0, then the following estimate holds:
Cz(m)

o(p)| < = P € RY, (97)
(1+Iph™
where C7(m) = C7(m, d, ||v||m.1) is a positive constant.
bet 1m—d d—a—1
m— o—d—a—
== = 98
i 2m+57 Y2 2 ) ( )

where a >0, 0 —d—a>1,5>d, m>d.
Let |S97| denotes the (d — 1)-dimentional Lebesgue measure of the unit sphere.

Theorem 6.1. Let v, wy satisfy the assumptions of Theorem 5.1, where a« > 0, 0 —d — a > 1.
Suppose also that v € W™ (R?), where m > d, and w, satisfies (94), where 8 > d. Let vgpyr be
defined by (76)-(79), (96). Then:

V() = Vappr(x, E)| < AJE™" + A E™?  z € D, (99)
| Cr(m)
(27)m=4(m —d)
(1+27)°(27)¢
(2 —27)0—d-a
where 1, Yo are given by (98), Cs, Cy, Cy are given by (84), (85), (97), T is the number of (96).
Theorem 6.2. Let v, wy satisfy the assumptions of Theorem 5.2, where a« > 0, 0 —d — a > 1.
Suppose also that v € W™ (R?), where m > d, and w, satisfies (94), where 8 > d. Lel vapyr be

defined by (76)-(78), (80), (96). Then:
V() = Vappr (7, E)| < AsE™" + AyE™? x € D, (102)
| Cr(m)
Az = 1+ 27)5(27) %3 Csm (B 103
3 27 4(m — d) + (14 27)7(27)%c3Csm° u(By), (103)
(14 27)5(27)4
(2 — 27)r—d—t'
where 1, Yo are given by (98), Cs, Cs, Cy are given by (87), (88), (97), T is the number of (96).
The proofs of Theorems 6.1, 6.2 are given in Section 8. In these proofs we proceed from
Theorems 5.1, 5.2, formula (96) and estimates (94), (97).
Remark 6.1. If the assumption that v € W™ (R?), m > d, is not fulfilled, then the consid-

erations of the present section can be developed for apodized (smoothed) v in a similar way with
considerations of Section 6.1 of [15] and Theorem 3.2, Remark 3.3 of [16].

A = + (14 27)%(27)%csCam® u(By), (100)

A2 = M(Bl)03047]2, (101)

Ay = (31)63067727 (104)
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7 Proofs of Theorems 5.1 and 5.2

Recall that

Fle192)(p) = (Fopr * Fpa)(p) = 5 Foi(p —p)Fea(p)dp', p € RY, (105)

where 1, @9 are test functions.

7.1 Proof of Theorem 5.1

We consider

Ah(p, B) = |F(v+wi)(p)]* = h(p, E), p € RY, (106)
Au(z, E) = u(x) — tappr(, E), v € RY, (107)
Aq(z, E) = q(x) = quppr (7, E), v € R, (108)
Ad(p, E) = 0(p) — Vappr (p, E), p € Ba—s)E, (109)

where © = Fu, g, u are the functions of (32)—(34) with xp_q . in place of xp_q, and gy,
Qapprs Uappr, D are the functions of (76)—(79). We have that

AU(', E) = Jr_lAh('a E)> AQ(a E) = XD-Q, f_lAh('v E)a (110)

Ab(p, E) = (Fuwi(p))” FAq(p, E), (111)

.FA(](]?, E) = /d ‘FXD—Q,E(p _p/)Ah(plaE)dpla P € B(2—6)\/E7 (112)
R

where in (112) we used (105) and (110).
First, we estimate Ah. Definition (106) can be rewritten as

Ah(p, E) = |F(v +wi)(p)]* = | /1(ke(p), le(®)]*, p € Byys: (113)
Ah(p, B) = |F(v+ wi)(p)* — |Fur(p), p € R\ B,y (114)

Due to (18), (113), we have that
|Ah(p, E)| < c(DUQPE™2 p € B, 5, for EV? > p(DUQ,n). (115)
In addition, we have that
[Ah(p, B)| < (2m) 72 (u(D)? + 20(D) (<)), p € R\ By (116)
Estimate (116) follows from the following estimates

1F (@ +w) P = |Fun 2| < [|F (0 +wi)| = [Fun]| (|F (0 +wi)| + [ Fun]) <
< | Fvl* + 2| Fv||Fuw, (117)
[Fol < 2m)~u(D), |Fun| < (27)~nu(Q). (118)

In (117) we used the inequalities
—la| < la+0b| —|b| < lal, a = Fv, b= Fuwy. (119)

In view of (111), (112), estimating Av consists of the following. We have that

FAq(p, E)| < / Fxpo.:(p — ) |AK, B)|dp'+
B2\/E

+/ |fXD—Q75(p _p/)| |Ah(p/7E)|dp/ = Il(pv E) + ]2(p7 E)a (120)
RU\B,
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where p € B(275)\/E-
Using (81), (115) we estimate I; as follows:

L(p, E)| < e(DUQ)P B2 / Fxo—n.(p—p)ld, (121)
Bzx/E
/ Fxop(p—p)ldyf < / Fxp—a.)ldp <
ByvE R4
dp’
< 01(0'1) e W = 01(0'1)02(0'1), o1 > d, (122)

where p € B, 5 /5, C1, Cs are the constants of (81), (82).
Using (81), (116) we estimate I, as follows:

10 B)| < (@) (D) + 2 DD)Co) | d

— (123)
ri\B, » (1 +[p—p[)7

dp’ dp’
1 Mo 1 MNe—d=a(1 + [p — p/])t+e <
Rd\BNE( +lp—7) Rd\BNE( +[p—pl) p—r

< 1 / dp’ <
= TSR0 Jeas, (L =P

1 dp’ Co(d+ )
< < 124
— (1 + 6E1/2)0—d—a /]R;d (1 + |p _ pll)d+a — (1 + 5E'1/2)0’—d—oz’ ( )

where p € By_g 5, @« > 0,0 —d—a >0, Cy, Cy are the constants of (81), (82).
Formulas (83)—(85) follow from (109), (111), (120)—(124).
Theorem 5.1 is proved.

7.2 Proof of Theorem 5.2
We consider
Ah(p, E) = | F(v+w1)(p)]* — | Fu(p)|* — h(p, E), p € RY, (125)

where h is defined in (80). We also consider Au, Ag, Ao defined as in (107)—(109), where u, ¢, v =
Fuv are defined by (35)—(37), Uapprs Qapprs Vappr are defined by (76)—(78), (80).

Note that formulas (110)—(112) remain valid with Ah given by (125).

First, we estimate Ah. Definition (125) can be rewritten as

Ah(p, E) = (|F (v +wi)()[* = | fi(kp(p), ls(@)*) = (Fup)* = 1f (ke (p), la(p))]*),

(126)
pE 32@,
Ah(p, E) = |F(v+w)(p)* — [Fo(p)* = |Fuwip)l’, p € R\ By (127)
Due to (18), (126), we have that
|AR(p, E)| < (e(DUQ) + (D))’ E~'2, p € By, (128)
for B2 > p(D U Q,n).
In addition, we have that
|Ah(p, B)| < 2(2m) "’ u(D)u(Q), p € R\ By 5. (129)
Estimate (129) follows from (118) and the following estimate
|F (v 4 w1) [ — | Fo|* = | Fw[*| < 2|Fv||Ful. (130)
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Estimate (120) for FAq remains valid with Ah given by (125).
In addition: using (128) we have that

1Li(p, E)| < (e(D) + ¢(DUQ))pP B2 / | FXp—0,:(p — P)|dp’, p € Bz (131)
Byve

using (129) we have that

dp’
Iy(p, E §22ﬂ_2dn2uDuQCJ/ ————— pEB,_ , 0 >d. 132
| I2(p, E)| < 2(27) (D)u(2)C1(0) wons, . L+ p— P17 (2-5)VE (132)

Formulas (86)—(88) follow from (109), (111), (120), (122), (124), (131), (132).
Theorem 5.2 is proved.

8 Proof of Theorems 6.1 and 6.2

The following formulas hold:

v(x) = / e_i“”pf)(p)dp, Vappr (T, E) = / e‘imp@app,n(p, E)dp, x € D, (133)
Rd B(2—5)\/E
012) = @ B < [ [60) Gl B+ oldp,  (134)
By s)vE RAB, svE

where in (133) we used the inversion formula for the Fourier transform and the definition of

Vappr-
Recall that according to (96) we have that

1 1
2—0(E)VE =21E", vy = ————. 1
(2-0(E))V Y= ST B (135)
Using (97), (135) we have that
> dr

Iy = / 15(p)|dp < C7(m)|S* ! medil
RNB_s)vE -8B T

(136)
_ Cr(m)[ S| _ Ci(m)|s —(m—d)
(m —d)((2 = 8)VE)ym=d  (m—d)(2r)"~1
From Theorem 5.1 we have that
. . . _ _1/9 = Oyn?
90 = Soarp )L < [0 (OB 0"+ (i) 2 € Bogw - (137)
From (94), (135) and (137) we obtain
. . - Cyn?
0(p) — Dappr (p, B dySc/ 1+p5(0n3E V24 )dp:
/ )t Bl < [ ) (G AT sEias
== 03(0377311 + 04772]2), (138)
I = E1/2/ (1+p))’dp < E72(1+ (2 = OVE) w(B1)((2 = H)VE)! <
Bs)vE (139)
< E7Y2A2(9 — 51 + (2 — 0)VE)Pu(By) = E7V2(21) E" (1 + 27 E) P u(By),
8
b o U0 40— 8)VEP @ - 8 BBy
(1 + 5E1/2)07d704 - (1 + 5E1/2)07d7a (140)

(14 27 E)P(2r) B u(By)
(1 + 5E1/2)07d701 ’

14



Using (135), (139), (140), for E > 1 as in (96), we have that

I < (14 27)°u(By)(27) B~/ (141)
<0 27)°(20) (B E ! _ (14 20)°(27) u(B) BV
- JE1/2)o—d—a - _ —1/2)\o—d—a
(0E2) 2VE(1 — TE-1/2)) (142)

(L+20)°@Pu(BYEPH (14 27)(2r) (B B+
— 90—d—a [(o—d— a)/2(1 _ TE'yfl/Z)afdfa - QdefaE(a'fdfa)/Q(l _ T)defa’

where in the last inequality we used that v < 1/2.

In addition, taking into account the value of v we have that, for £ — +o0 :
_1m—d
Iy = O(E™275%) = O(E™™), (143)
I = O(E 2 3mts) = O(E 2ws8) = O(E~"), (144)
)= O(E ). (145)

Estimate (99) follows from formulas (134), (136), (138), (141)—(145).
Theorem 6.1 is proved.
The proof of Theorem 6.2, proceeding from formula (96) and Theorem 5.2, is similar to the

proof of Theorem 6.1, proceeding from formula (96) and Theorem 5.1.
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