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BOSONS IN A DOUBLE WELL: TWO-MODE APPROXIMATION AND FLUCTUATIONS

ALESSANDRO OLGIATI, NICOLAS ROUGERIE, AND DOMINIQUE SPEHNER

ABSTRACT. We study the ground state for many interacting bosons in a double-well potential, in a joint
limit where the particle number and the distance between the potential wells both go to infinity. Two single-
particle orbitals (one for each well) are macroscopically occupied, and we are concerned with deriving the
corresponding effective Bose-Hubbard Hamiltonian. We prove (i) an energy expansion, including the two-
modes Bose-Hubbard energy and two independent Bogoliubov corrections (one for each potential well),
(ii) a variance bound for the number of particles falling inside each potential well. The latter is a signature
of a correlated ground state in that it violates the central limit theorem.
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1. INTRODUCTION

The mathematical study of macroscopic limits of many-body quantum mechanics has made sizeable
progress in recent years [2, 5 (16} 23] 34, 32, 33| 136, [39]]. The situation that is most understood is
the mean-field limit of many weak inter-particle interactions. Following Boltzmann’s original picture
of molecular chaos [16, 39, [15} 26} 30, 20, 38]], an independent particles picture emerges, wherein
statistical properties of the system are computed from a nonlinear PDE. This is based on inter-particle
correlations being negligible at leading order, which, for bosonic systems, comes about through the
macroscopic occupancy of a single one-body state (orbital, mode).

In this paper we consider a particular example where, by contrast, correlations play a leading role,
through the occupation of two one-body states. Namely, we consider the mean-field limit of a large
bosonic system in a symmetric double-well potential. In the joint limit N — oo, L — oo (large particle
number, large inter-well separation) there is one macroscopically occupied one-body state (orbital) for
each well. In a previous work [33]], two of us have shown that, when the tunneling energy across the
potential barrier is o( N ~!), the ground state of the N-body Hamiltonian H , exhibits strong inter-particle

correlations, in the sense that the variance of the particle number in each well is much smaller than \/N
(the central limit theorem does not hold).

Here we extend this result to cases where the tunneling energy goes like N =% with any 6 > 0. This in
particular includes the much more intricated case where 6 < 1 and the tunneling energy thus cannot be
neglected as in [35]. We also prove that the ground state energy of H , is close to the ground state energy
of a simpler effective Bose-Hubbard Hamiltonian. Our energy estimates include the contributions of
order O(1) described by a generalized Bogoliubov Hamiltonian, which we show to be given by the sum
of the Bogoliubov energies associated to each well, up to errors o(1).

The main feature of the symmetric double well situation is the fact that the N-body state of particles
that macroscopically occupy the two main orbitals is in general non trivial. This is to be compared with
the case of complete Bose-Enstein condensation in a single orbital, in which the energy of the condensate
is a purely one-body quantity, obtained from the ground state of a suitable non-linear Schrodinger (NLS)
equation. We note that our system, although two modes are occupied to the leading order, is physically
very different from a two-component Bose-Einstein condensate [25,13,24], in which two distinct bosonic
species macroscopically occupy one mode each. Rather, it is closer to the case of a single-species
fragmented condensate [[14]].

The effective theory for our double-well system is obtained by projecting the full Hamiltonian on
the subspace spanned by the two appropriate modes (one for each well, identified via NLS theory).
Such a projection is known in the physics literature as the two-mode approximation. After some further
simplifications this leads to the two-mode Bose-Hubbard Hamiltonian

T
Hgy = 3 (alay+ ala)) + g (aldla,a, + aldla,a,) (1.1)
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with aj., a, the standard bosonic creation/annihilation operators associated with the two modes. The first
term describes hopping of particles through the double-well’s energy barrier, with 7' < 0 the tunneling
energy. The second term (with g > 0 an effective coupling constant) is the pair interaction energy of
particles in each well.

We aim at deriving the above from the full many-body Schrodinger Hamiltonian for N bosons in
mean-field scaling (N — o0, 4 fixed)

N

Hy 1= 3 (<A, + Voy(x)) + ﬁ 3 wx -x) (1.2)
=1 1<i<j<N
acting on the Hilbert space (d = 1,2, 3 is the spatial dimension)
N
oY = % LP®RY) ~ L2 (RN). (1.3)

Here V5 and w are, respectively, the double-well external potential and the repulsive pair-interaction
potential (precise assumptions will be stated below). We study the ground-state problem: lowest eigen-
value and associated eigenfunction of H .

The main new feature that we tackle is that V], 1s chosen to depend on a large parameter L in the

manner
. s s L

Vow@) t=min (|x —x,|° [x+x,[°), s>2, |x.|= > (1.4)

This is a simple model for a symmetric trap with two global minima at x = +x,. In the limit L — oo

both the distance between the minima and the height of the in-between energy barrier diverge. As a

consequence, the mean-field Hartree energy functional obtained in the standard way by testing with an

iid ansatz (pure Bose-Einstein condensate)
1
Eu := — (u®N | Hy [u®) (1.5)

has two orthogonal low-lying energy states, denoted u_,u_ (u, being the ground state). Their energies
are separated by a tunneling term

T=T(L) - 0.

All other energy modes are separated from u,,u_ by an energy gap independent of L. This picture is
mathematically vindicated by semi-classical methods [[13,/19]. For the model at hand we refer to [29],
whose estimates we use as an input in the sequel. One can show that

u, +u_ u, —u_

v A

are well localized in one potential well each. These are the modes entering the Bose-Hubbard Hamilton-
ian (L.I). If we denote P the orthogonal projection onto the subspace spanned by u,, u_ (or equivalently
u,,u,), the Bose-Hubbard description basically amounts to restricting all available one-body states to
PL*(RY)

(1.6)

Hgy ~ (P)®Y Hy (P)®Y — E, (1.7)
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acting on ®5m (PLZ([R" )). Here E,, is a mean-field energy reference, and the appropriate choice of g

in (LI is
A
*TaN-D //RR i COPPw(x = Yl (n)Pdxdy.

The tunneling energy T is essentially the gap between the Hartree energies of u, and u_, which goes to
0 super-exponentially fast when L — oo (see below).
A salient feature of the Bose-Hubbard ground state is that it satisfies]

2
<<aj.aj - 5) > <N, j=1,2 (1.8)
2 BH

in the limit N — oo, L — o0, where aj.a ; 18 the operator counting the number of particles occupying

the mode j = 1,2. This is number squeezing, a signature of strong correlations. Actually, the problem
being invariant under the exchange of the modeﬁ we certainly have

. N
W) =N o0
<afaj>BH 2 J

Thus what says is that the standard deviation from this mean does not satisfy the central limit the-
orem. Hence the events “particle n lives in the j-th well”, n = 1 ... N are measurably not independent.
Such an estimate is governed by energy estimates precise to order o(1) in the limit N — oo, L — o0.
In the usual mean-field limit with a single well (L fixed), an energy correction of order O(1) arises, due
to quantum fluctuations [37, [17, 12, 21}, 28, 7, [8]. This also occurs in our setting, due to the (small)
occupancy of modes othogonal to u,, u,. This is conveniently described by a Bogoliubov Hamiltonian,
which is quadratic in creation/annihilation operators. The latter has a ground-state energy EB°, which
is of order O(1) in the joint limit (we will give more precise definitions below). Denoting

E(N) :=info(Hy), Egy :=inf o(Hgy) (1.9)

the lowest eigenvalues of the full Hamiltonian and its two-mode approximation respectively, our main
energy estimate takes the form

in the limit N — oo, T' — 0, provided O < 4 is small enough (independently of N and 7). This implies

number squeezing
N\?
+ .
<<ajaj——2> >T <N, j=1,2 (1.11)

in the true ground state ¥, of (1.2) (. )q,gs denotes expectation in this state). To avoid some technical-

ities we assume that A is fixed and T = N =% with some arbitrary 5 > 0. In essence the above results
however only require N — oo, T < A. They are thus optimal in the sense that the opposite regime
N — o0, T 2 A (for fixed 4 this implies L < 1, see (2.13))) corresponds to the usual mean-field situa-
tion for a fixed potential, where a central limit theorem holds [31]. This is called “Rabi regime” in the

1( .y denotes expectation in the Bose-Hubbard ground state.
2Equivalent to a reflection around the double-well’s peak.
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physics literature (see [35) Section 1.3] for more details). The ground state of the system is expected to
be approximated by a Bose-Einstein condensate

RN
o ON u1+u2
¥, ~u N( 7 : (1.12)

with a variance of order N for the number of particles in the modes u; and u,. The aforementioned
techniques dealing with the single-well problem allow to prove the (appropriately rigorous version of
the) first approximation in (I.12), with u, the Hartree ground state. When 7', L are fixed however, there
does not seem to be a sharp mathematical way to define the privileged modes u,, u, and actually prove
the second approximation in (I.12)) in a well-defined scaling regime.

In [33], Estimates (T.10)-(T.11)) have been proved (essentially) in the restricted regime T < N~
When T > N~! the tunneling contribution to the energy becomes relevant for the order of precision we
aim at, and we cannot just separate the contributions of each well as in [35]]. Instead we prove that the
two wells are coupled only via the dynamics in the two-modes subspace, that we isolate from quantum
fluctuations. We need to monitor both the number of excited particles and the variance of the occupation
numbers of the low-lying modes. Roughly speaking the former is controled by the Bogoliubov Hamil-
tonian and the latter by the Bose-Hubbard one. The main difficulty is however that these quantities are
a priori coupled at the relevant order of the energy expansion because of the non-trivial dynamics in
the two-mode subspace. More specifically we have to control processes where an exchange of particles
between the modes u, and u_ mediates the excitation of particles out of the two-modes subspace.

In the next section we state our main results precisely and provide a more extended sketch of the proof,
before proceeding to the details in the rest of the paper. As a final comment before that, we hope that
future investigations will allow to prove something about the low-lying excitation spectrum of the system
at hand. We expect two types of excited eigenvalues, yielding essentially independent contributions:
those coming from the excited states of the Bose-Hubbard Hamiltonian (I.I]) and those coming from
the generalized Bogoliubov Hamiltonian defined in Section [3.2] The latter actually commutes with a
shift operator, so that one might expect H , to have some *almost continuous’ spectrum in the sense of
very close eigenvalues in the limit N — oo (with spacing o,(1)).

Acknowledgments: Funding from the European Research Council (ERC) under the European Union’s
Horizon 2020 Research and Innovation Programme (Grant agreement CORFRONMAT No 758620) is
gratefully acknowledged. D.S. acknowledges support from the Fondecyt project N° 1190134.

2. MAIN STATEMENTS

2.1. The double well Hamiltonian. We consider the action of the Hamiltonian
N
A
HN = Z (—Aj + VDW(xj)) + ﬁ Z LU(XI- - xj),

j=1 I<i<j<N

. . _ 2 _ .
already introduced in (T.2)), on the space H" = Lsym(R"N ),d = 1,2,3. The coupling constant propor-
tional to (N — 1)7! in (I.2) formally makes the contributions from the two sums in H of the same
order in N. We introduced a further fixed coupling constant 4 > 0. For simplicity we make liberal

assumptions on the data of the problem, that we do not claim to be optimal for the results we will prove.
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Assumption 2.1 (The interaction potential).
w is a radial bounded function with compact support. We also suppose that it is positive and of positive
type, that is, with i the Fourier transform,

w(x) =0, a.e. and wk) >0 ae. (2.1)
Assumption 2.2 (The double-well potential).
Let L > 0 and I I

X, 1= (5,0,...,o> eER!, —x, = (—5,0,...,0) e R’

represent the centers of the wells. We define

Vow@) =min{V (x —x,),V (x+x,)} , (2.2)
with

V) =Ix|’, s22. (2.3)

Note that, since w is radial, the choice of two wells with centers on the x,-axis is without loss of
generality. To model two deep and well-separated wells, we shall let the inter-well distance diverge

L=2|x - 0.
|L|N—>oo

Low-lying energy modes (see [29] for more details). Given a one-body functionu € L*(RY), its Hartree
energy (1.5]) reads

EM] = / |Vu(x)|*dx + / Vow () |u(x)|*dx
Rd Rd

1 2.4)
+7 // w(x = PluCOP u()Pdxdy.
R4 xR4
We define u, to be the minimizer of £ H at unit mass, i.e.,
EMu,] = inf {8H[u] |ue H'RY) n L*(RY, Vpyw(x)dx), lu? = 1} . (2.5)
Rd

Its existence follows from standard arguments. By a convexity argument such a minimizer must be
unique up to a constant phase, that can be fixed so as to ensure u, > 0, which we henceforth do (see,
e.g., [22, Theorem 11.8]).
The mean-field Hamiltonian
Iy i= —A + Vi + Aw * |u,|?, (2.6)

is the functional derivative of £ at u,, seen as a self-adjoint operator on L*(R“). Since Vpy grows at
infinity, Ay, has compact resolvent, and therefore a complete basis of eigenvectors. The Euler-Lagrange
equation for the energy minimization problem reads

hypu, = pou,, (2.7)

with the chemical potential/Lagrange multiplier

he= )+ 2 // w(x = P, () Pluy () Pl xdy. 2.8)
RIxR4
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By standard arguments, y, is the lowest eigenvalue of Ay, corresponding to the non-degenerate eigen-
function u,.
We next define u_ to be the first excited normalized eigenvector of Ay, i.e.,

Rypl_ = p_u_ (2.9)

where u_ > p_ satisfies

y_ = inf {(u, howtt) | u € D(hyg), / uu, =0, / lul* = 1}. (2.10)
R4 R4

It follows from the arguments of [29] that u_ is non-degenerate.
Since hpy, 1s a double-well Hamiltonian, all its eigenvectors are mainly localized [19,[13]] around the
two centers +x, . As a consequence, the two linear combinations

u, +u_ u, —u_
u = \/_ U, = \/5
2

are mainly localized, respectively, in the left and right wells. These are the low-energy modes whose
role was anticipated above.

(2.11)

Tunneling parameter. The gap u_ — p, of hy is closely related to the magnitude of the tunneling
effect between wells. Indeed,

U — U, = ((u_—u+),hMF(u_+u+)> =2 (uy, hygu,),

and, as said, u, and u, are mainly localized, respectively, in the right and left wells. To quantify this we
define the semi-classical Agmon distance [, 13} 19] associated to the one-well potential V'

A(x) = : V(rdr = M (2.12)
0 1+s/2 ’
We then set
T = 4(3), 2.13)
As we will recall in Theorem[A.T|below, we essentially have
p_—p,=T. (2.14)
We will work in the regime
N — oo, Afixed, T < 1 or, equivalently, L > 1. (2.15)

2.2. Second quantization and effective Hamiltonians. The many-body Hilbert space $" is the N-th
sector of the bosonic Fock space

F = P LR (2.16)
n=0

on which we define the usual algebra of bosonic creation and annihilation operators (see Section [3] for
the precise definition) whose commutation relations are

la,,a’] = (u,v), la,.a,]=1[a',a’] =0, u,v € L*(R%). (2.17)
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Given a generic one-body orbital u € L*(R¢) we introduce the particle number operator

N, i=adla,
whose action on $HV is
N
Ny = lu)ul,. (2.18)
=1

Here |u)(u|; acts as the orthogonal projection |u){u| on the j-th variable and as the identity on all other
variables.
One can extend the Hamiltonian H  to § as

= h, w a'd'aa
N mn m-=n ’ 219
m;l 2(N - ) m n§>l " o ( )

whose restriction on the N-th sector coincides with (I.2). The notation above is

P 2= (s (= A+ Vi )1, (2.20)
Wipnpg += <um®un’wul7®uq>’

for an orthonormal basis (u,),ey of L*(R?), with a', a, the associated creation and annihilation opera-
tors.

Two-modes energy in the low-energy subspace. Let P be the orthogonal projector onto the linear
span of (u,u_) (or, equivalently, (4, u,)). We define the two-modes Hamiltonian

H, .. .= P® H,P® (2.21)
and the associated ground state energy
N
E;_poge = inf { (PN H, e Px ). ¥y € Q) (PLARY)), / Pyl =1 } NG X2)
sym R4N
Later we will discuss the relationship between the above and
Egy i=1nf o(Hgy), (2.23)
the bottom of the spectrum of the Bose-Hubbard Hamiltonian
Hy—H_ [ + A

on the space ®i§m (PL*(RY)). As discussed in Section Hy,, is obtained from H , by retaining only
terms corresponding to the subspace spanned by u_, u_ (equivalently u,, u,) in (2.19) and making a few
further simplifications.

Bogoliubov energy of excitations. We will adopt the following notation for a spectral decomposition
of hyp:

Py = py )y |+ p () |+ ) ), |- (2.25)

m=3



BOSONS IN A DOUBLE WELL: TWO-MODE APPROXIMATION AND FLUCTUATIONS 9

As stated in Theorem (vi) (proved in [29]) an appropriate choice of the u,,’s with m > 3, ensures
that the modes (compare with (2.11))

u +u u —-u
. 2a+1 2042 2a+1 2a+2
u =" = —" (2.26)

ra * \/E a T \/5

with a > 1 are (mostly) localized, respectively, in the right and left half-space. They pairwise generate
the spectral subspaces of hy; corresponding to u,,,, and u,,,,. We will always use either the basis of
L*(RY) from (2:23)) or that from (2.26)) (with the addition of u,,u_ or u,,u,). Since all these functions
solve, or are linear combinations of functions that solve, an elliptic equation with real coefficients, we
can (and will) always assume that they are real-valued functions. We also define

and u,

Poi= ) lu Ml Pri= )l Mugyl, (2.27)
az1 az1
and
Tr (A) 1= ) (u,. Au,) . Try (A) 1= Y (40 Au,,) o Tr (A 1= ) (U, Aug, ). (228)
m=3 a>1 a>1

Then the Bogoliubov energy is given as

EPBoe := — %TrU D, + AP.K, P, — \/ D2 +24D,*PK, P.D,” ]
(2.29)
L |, + 2Pk, P D2 +24D'? 12
—5 e ¢ T AL, K lp — > +2AD/"P,K5,P,D,/ " |.
where
D, := P, (hys—u,) P, D, :=P, (hyp—u,) P, (2.30)

and K, and K,, are the two operators on L*(R) defined by

1
(v, Kyu) = §(v®u1,wu1 ® u)

1
(v, Kyyu) = §<U ® u,, wu, Q v).

The quantity EB°¢ is essentially the sum of the lowest eigenvalues of two independent bosonic quadratic
Hamiltonians acting on the left and right modes respectively (compare with the explicit formulae in
[17] and see [4, 10, 11] and references therein for further literature). It will turn out to (asymptotically)
coincide with the bottom of the spectrum of the full Bogoliubov Hamiltonian (3.18)), i.e., the part of H
that contains exactly two creators/annihilators for excited modes u,, with m > 3. That the traces in (2.29)
are finite is not a priori obvious, and will be part of the proof. The two summands in the right hand side
of (2.29) coincide thanks to the symmetry of the system under reflections around the x, = 0 axis. Each
summand also coincides, as T — 0, with the bottom of the spectrum of the Bogoliubov Hamiltonian
for particles occupying one-well excited modes above a one-well Hartree minimizer, centered either in
x; or —x;, used in [33].
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2.3. Main theorems. We can now state the

Theorem 2.3 (Variance and energy of the ground state).
Assume that, as N — oo, T ~ N~° for some fixed 5 > 0. Let W, be the unique (up to a phase) ground
state of H . There exists Ay > 0 such that, for all 0 < A < A,

1
lim N<(N1_N2)2>\y =0 2.31)

as

and

lim |E(N) —E, .- E™|=0. (2.32)

N-oo

A few comments:

1. We believe the result holds without the smallness condition on A. The precise condition we need is
that the left-hand side of (8.26) be bounded below by a constant, which we could so far prove only for
small 4.

2. As part of the proof we find
(M +Ny)y =(N, +N, ), =N+0().

Since u, and u, are obtained one from the other by reflecting across {x;, = 0} and the full problem is
invariant under such a reflection, this implies

(N, = (N, =5

+ O(1), (2.33)

so that we can reformulate (2.31)) as

2
((M (M) ) <N.
¥,
3. Central limit theorems are known to hold for mean-field bosonic systems in one-well-like situa-
tions [9,31]]. For T 2 1 we recover such a situation: a single Bose-Einstein condensate in the state u,
with Bogoliubov corrections on top, captured by a quasi-free (gaussian) state. This would essentially

lead to
N

2 ) 2

(N = N/2)) o = N2 o0 = (N o) =

The estimate (2.31)) is a significant departure from this situation: correlations within the two-modes
subspace are strong enough to reduce the variance significantly.

We also have estimates clarifying the nature of the main terms captured by our energy asymptotics
in Theorem 2.3t

Proposition 2.4 (Main terms in the two-modes energy).
Assume that, as N — oo, T ~ N7 for some fixed 56 > 0. Then we have that, for any fixed € > 0

AN?

Ey note = Nhyp + AN-D

(e, 13 = Wyyp) = Egy| < C, max (T'/?75, N~1*¢7) (2.34)
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where E,_ 4. and Egy are defined respectively in (2.22)) and (2.23). Moreover

AN? AN N
Egy — < w w1111+(;4+—;4_) _>

_ANT = 2 <C TV N71%8) (235
AN DI TN — 1) 3 )| S Cemax ( ). @3%)

A few comments:

1. We expect the remainders in the right-hand sides of (2.34)) and (2.33) to be essentially sharp and
to be part of the expansion of the full many-body energy E(N). They lead to a variance bounded as
(essentially)

% <(M - N2)2>BH < Cmax(T'?, N7

in the Bose-Hubbard ground state. Deriving such estimates at the level of the full many-body ground
state would require to improve our method of proof.

2. The reference energy N h,;, N times the minimal one-well energy with no interactions, is usually
subtracted from the Bose-Hubbard Hamiltonian as a basic energy reference and we follow this conven-
tion. The other terms appearing in the left hand side of (2.34)), which produce an energy shift between
E,_, . and Egy, are interaction energies due to particles tunneling through the double well’s peak (not
included in the Bose-Hubbard model). Depending on the parameter regime and possible improvements
of some of our bounds, they may or may not be smaller than the other relevant terms. Since we can
isolate them exactly in our energy expansions, we keep track of them as exact expressions, but they are
not very relevant to the main thrust of the argument.

3. The three main terms we isolate in the Bose-Hubbard energy are more interesting. The first one,

2
%wnn is a one-well mean-field interaction energy. This is the leading order for any reasonable
two-modes state, independently of its details. The second term ——~—,,,, however is a reduction

2AN-1)
of the interaction energy due to the suppressed variance of the true ground state. We had captured it

before [35] in a reduced parameter regime. It is in any case larger than our biggest error term, which
we show is o(1). The last term ( My — ,u_) % is the tunneling contribution, not captured in [35]. When

6 < 1,i.e., T > N~!, itis larger than our main error term.

2.4. Sketch of proof. The general strategy is to group the various contributions to H in the second
quantized formulation (2.19)), much as in the derivation of Bogoliubov’s theory in [37,[17, 21} 12]. We
use a basis of L2(R?) as discussed around (2.23) and distinguish between

e Terms that contain only creators/annihilators corresponding to the two-mode subspace span(u_, u_).
After some simplifications they yield the two-mode energy E,_ .., Which we prove controls the vari-

ance (2.37)), see Section [4]

« Linear terms that contain exactly one creator/annihilator corresponding to the excited subspace span(u
These should be negligible in the final estimate.

+°

 Quadratic terms that contain exactly two creators/annihilators corresponding to the excited subspace.
In those we replace the creators/annihilators of the two-mode subspace by numbers, which leads to a
Bogoliubov-like Hamiltonian acting on #2(g~*) where ' is the bosonic Fock space generated by the
excited modes.

u_ )t
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« Cubic and quartic terms that contain at least three creators/annihilators corresponding to the excited
subspace. These can be neglected due to the low occupancy of said subspace.

To bring these heuristics to fruition we need a priori bounds (see Section [6)) on
» The number of excited particles and their kinetic energy.
« A joint moment of the number and kinetic energy of the excited particles.
« The variance of particle numbers in the low-lying subspace.

The first bounds follow from Onsager’s lemma (see [34), Section 2.1] and references therein) supple-
mented by our estimates on the Hartree problem in [29]. We also obtain

(N, ) < Cmin(N,T™) (2.36)

at this stage, which we use later in the proof. For the second estimate, we start with the strategy of
[377,[17] but in our case the variance in the low-lying subspace enters the bound. Combining with a first
rough energy estimate proves that the left side of (2.37)) is bounded independently of N and T', which
can then be used to close the second estimate.

With these estimates at hand we can deal efficiently with the quadratic, cubic and quartic terms men-
tioned above. The Bogoliubov Hamiltonian acting only on the excited space is introduced via a partial
isometry Uy : 9V — £2(F') that we conjugate the difference Hy — H,_,, 4. With, see Section This
generalizes the excitation map introduced in [21]]. That the Bogoliubov Hamiltonian acts on #?(&*) and
not just F* keeps memory of the population imbalance in the two-modes subspace. Relying on esti-
mates from [29] we can then split all the excited modes into a left and right part as in (2.26)) and neglect
couplings between left and right modes. After some further manipulations this reduces the full Bogoli-
ubov Hamiltonian to two indendependent ones acting on & (P, L*(R?)) and & (P,L*(R)), the bosonic
Fock spaces generated by the left and right modes respectively (see (2.27)). Their ground energies yield
the Ey,, energy entering the statement.

The part of the proof we find the most difficult is the treatment of linear terms. In the one-well case
they are negligible [37, [17, 21, [12] as a consequence of the optimality of the low-energy subspaceﬂ
Cancellations of this form also occur in our setting, (see (5.23)) below) using that Aypu, = p u, L u,, if
m > 3 and that ||u, | — |u_|| § T'/? as shown in [29]. More complicated linear terms appear however,
an example being proportional to (with a,, an annihilator on the excited subspace, m > 3)

A i
—a
2(IN-1) *
Using our a priori bounds (think of a,, as being O(1)), the above would be o(1) if the result (2.31)) was
known a priori, for

i t
(a,a_+a’a,)a,

aia_+aia+ =./\f1 —Nz.

That terms of this type finally turn out to be negligible is a signature not of the optimal choice of the
low-lying two-modes subspace, that we used already, but of the particular Bose-Hubbard ground state
within it, witnessed by its small expectation of N~1(N| — N,)2.

To eliminate these extra linear terms, we will "complete a square" by defining (see Section|[7)) shifted
creation and annihilation operators for the excited modes. In terms of those the combination of quadratic

3They are the second quantization of the functional derivative of the Hartree energy at the minimizer.
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and linear terms is a new quadratic Hamiltonian corrected by a remainder term o« 42NN} — N,)?,
depending on the variance operator. The latter we can absorb in H,__ .. for small enough coupling
constant 4. Another remainder comes from the fact that the shifted operators satisfy the canonical
commutation relations only approximately, so that the diagonalization of the new quadratic Hamiltonian
is more involved. After we have decoupled the contributions of the two wells by estimating cross-terms
in the resulting expressions, we can rely on ideas from [17] to handle that aspect, for we have a precise
control on the commutators of the shifted operators.

3. MAPPING TO THE SPACE OF EXCITATIONS

We will use the second quantization formalism, calling & the Fock space associated to L?>(R9), and
a'(f), a(f) the creation and annihilation operators associated to f € L*(R?). We refer the reader to,
e.g., [18, Section 18] for precise definitions. We will adopt the notation

ai = aﬁ(u+), aﬁ_ = aﬁ(u_), afn = aﬁ(um)
# # # #
t . _ % t %2 g . 4 41 T Y40
a .—a(ura)_—, af,a‘_a(uf,a)_—

| V2 V2

forg € {-, 1}, where u o Uy Uy Uy g and Up g with m, @ € N\ {0} are the modes introduced in Section
We will denote by dI'(A) the second quantization of a k-body operator, and by N, = ajnam the number
operator for the m-th mode. We furthermore define the number operator for modes beyond u, and u_
(or u; and u,)

N =) N, 3.1)
m=3
As anticipated in Section |2 the Hamiltonian (1.2)) reads, in the notation we introduce(ﬂ
Hy =dI'(— A+ Vpy) + A —= —dl'(w)
(N 1y
Z Z (3.2)
h,, W, mana a
m,n>1 2(N_ 1)mnpq>1 . r

Two-mode Hamiltonian. The part of H, in which summations are restricted to the first two indices
will play a major role.

Definition 3.1 (Two-mode Hamiltonian). We define
. ¥ A +
H, = Z h, n G a, + —2(N N 2 Wonnpg amanapaq (3.3)
mne{1,2} m,n,p,q€{1,2}

as an operator on the N-body space HN.

There are a few differences between H,__ ;. and the Bose-Hubbard Hamiltonian Hyy from (2.24):
e Hy, isdefined on the N-body space generated by the modes u, and u, only, that is, ®i\yfm (PLA(R%)).
This is equivalent to identify N} + N, = N when working with H,_

mode*

“We are considering w as the two-body observable corresponding to the multiplication by the function w(x — y)
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« All quartic terms of (3.3)) that contain both a? and ag are neglected in Hpy,.

e H,_ 4 contains the one-well non-interacting terms proportional to 4, and h,,. They will give
the energy N h,, appearing in (2.34).

« The coefficient of aIa2 + a;a1 in (3.3) will turn out to be a perturbation of the (4, — u_)/2 of
Hpgy,. The same for the coefficient of the quartic terms.

The difference between H,__ 4. and Hpgy, is not a priori small. We will often work with H,_

discuss in Section @] its relation with Hyy,.

mode? and

3.1. Excitation space. The energy of the fraction of particles that occupy {u,,},3 needs to be sepa-
rately monitored. To this end, it will be useful to consider the second quantization of operators restricted
to the orthogonal complement of u; and u,. We define the projections

P o= fuy Wug |+ Juo Y u | = Jug)(uy |+ Jup)(u, |
Pri=1-P=) |u,)u,l 3.4)
m>3
For self-adjoint operators A on $ and B on $ ® $ we define
dr',(A) :=dO(P*APY) = ) (u,. Au,)d! a, (3.5)
m,n>=3
and
dl’ (B) :=dI'(P*® P*BP* Q@ P*) = Z (U, ® u,, Bu, ® uq)afnajlapaq. (3.6)
m,n,p,q=3
In this notation,
N, =dr (D).

Let us introduce the Hilbert space decomposition induced by P and P+

oY = (span{u+} @ span{u_} & @span{um}>®symN

m=3

. (3.7)

®symN

= (span{u, } @ span{u,} @ @ spaniu,})

m=3
Accordingly, any wy € $ can be uniquely expanded in the form
N ety N=s—=2, N—s
Q(N—s+d)/2 ®(N-s—d)/2

DY D uBNHI " @y @, 4- (3.8)

5=0 d=—N+s,—N+s+42, ...
for suitable
®, , € ({ul, U, }l)&yms.
The index s represents the number of excited particles, i.e., those living in the orthogonal of span(u, u,).

The index d is the differenceﬂ between the number of particles in u; and the number of particles in u,.
Notice that (3.8)) defines @, , only for those pairs of integers (s, d) such that (N — s +d)/2 is an integer.

It will be clear from the context when d stands for this difference or the physical space dimension.
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For each fixed d, the collection of functions {®, ,}, <y identifies a vector in the truncated Fock
space

N
=@ (luu)) ™ € &, &, (3.9)
s=0

Replicating the construction for all d we naturally arrive at the following definition.

Definition 3.2 (Excitation space).
We define the full space of excitations as

)= @ (luuw)> =Ps.. (3.10)

seN,deZ deZ

A generic ® € ¢X(F ) is of the form

@, € ({u,u,}H)>
D= @ ®, ; such that
seN.dez Y. ”q)s’d”iz < +00.

We will adopt capital letters (as in ®) to indicate excitation vectors in (), while reserving small
letters (as in y ) for N-body wave-functions in $".

There is a natural operator mapping a N-body wave-function to its excitation content as in (3.8).
We define it by generalizing ideas from [21] (see [34) Definition 5.10] and subsequent discussion for
review):

Definition 3.3 (Excitation map).
Given any wy € 9V, consider its expansion (3.8)). We call excitation map the operator

Uy : 9" = 4(F)), acting as Uyyy = @ D, (3.11)
O<s<N, [d|<N-s,
(N—s+d)/2eN

It is easy to check that Uy, is a partial isometry from $% into £%({ ), i.e. it acts unitarily if Uy is
restricted to Ran U',. In order to isolate the contributions to the energy that come from excited particles,
we will conjugate the Hamiltonian H y (or rather H y — H,__ 4.) With the unitary U’y This boils down
to having formulae describing the action of U’y on creation and annihilation operators. We keep the
same notation for the operators afn with m > 3 after conjugation with V', that is,

m,n = 3.

n°

i o
Uya a, Uy =a a

The same we do for the operator representing the number of excitations which, on £2( ), acts according
to

Neo= P so, (3.12)

seN,deZ

The difference N; — N, on the other hand corresponds to the operator that has the indices d as eigen-
values:
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Definition 3.4 (Difference operator).
The difference operator on ¢*(F)) is defined as

D :=Vy (N, =N, Uy,  withaction ~Db= P do,,

seN,deZ
We will refer to D* (or (N| — N,)? on HY ) as the variance operator.
We also need the unitary operator that shifts the index d by one unit.

Definition 3.5 (Shift operator).
We define the unitary operator

@ : A(F) —~ (B withaction  (0D) =&, .
As an immediate consequence of the above definitions we have, for any m > 3,
[D,0] =6
|a,,,0] = [a},8] =0
[D.4,] = [®.a] = 0.

(3.13)

(3.14)

(3.15)

which will be useful in the sequel. It follows from the first commutation relation and the unitarity of ®

that
O f(D)O = f(O'DO) = f(D+1)

(3.16)

for any smooth real function f (by functional calculus). We record the action of U’ on operators of the

type a’a, needed to conjugate the full Hamiltonian, in the following

Lemma 3.6 (Operators on the excited Fock space).
For any m,n > 3 we have

; N-N+D+1 [N-N,-D+1
Uya a, U =0 ®
UNazazUsz
N-N +9+1
UNaTamU';}zG)\/ L2 a,
T * 1 N_./V-J__$+1
U'NazamU'Nz(B 5 a,

U’Nafri agz Uy = aﬁi aﬁz

as identities on Ran Uy, with ff, 1, € {-, 1}.

(3.17)
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Proof. The derivation of the first three identities is similar. We focus on the second one. We have, for
® € Ran Uy,

G N—=s—2,N—s
. N-s+d+2 [N—-s—d
dovio=y Y \/ e

s=0 d=—N+s,—N+s+2,...

®(N s+d+2)/2 ®(N—s—d—=2)/2
®sym uz ®sym (I)

N NsN s+2
:Z \/N—s+d’\/N—s—d’+2

s=0 d’'= N+s+2 —N+s+4,.

Q(N—s+d")/2

Q(N—s—d")/2
U Qgym Uy

®sym q)s d'—
Thus, acting with U’ we find

. N-s+d |N—-—s—d +2
(UN"T%UN(D)s,w = \/ 2 \/ 2 Do

N-N,+D [N-N,-D+2
- 2 2 o

s,d’
Using the unitarity of ©, the commutation of ® with A, and the identity (3.16), one finds

\/N—M+s>\/zv—m—@+z®
2 2

_@\/N—N‘l+®+1\/N—./\fl—®+1
B 2 2

and the second identity in (3.17) follows.
The proofs of the last three identities are basically identical. We focus on the first one. We have

. M a \/N—s+d+2
aaU'CI) Z Z

s=1 d=—N+s,—N+s+2,..

BN =s+d+2)/2 ®(N—s—d)/2
Uy ®sym u, ®sym (amq))s—l,d
N-1 oo, N=5s—1,N—s+1
-3 3 e
= =—N+s+1,—-N+s+3, ... 2
Q(N—s"+d")/2 Q(N—s'—d")/2
X u, ®Sym u, ®Sym (amd>)s,’d,_1

Acting with Uy, we find

(U’Nafamv';d))s,’d, - N+/+d, (@n®) 1 = V WG%Q

s',d'



18 A. OLGIATI, N. ROUGERIE, AND D. SPEHNER

and the result is again obtained by commuting ® all the way to the left using (3.15). O

With the above we will be able to conjugate with U’ each summand in the Hamiltonian (3.2)). For
example

. ) IN-N +DN-N, +D-1
Uydlalaja, Uy = Uydla, Ut Uyala, U, = © 2l L2 a,

for any m > 3.

3.2. Bogoliubov Hamiltonian. The Bogoliubov Hamiltonian is a quadratic operator on #*(F,) that
represents the main contribution to the energy inside Uy (H y — H,_,,,4.) U, 1.€., after the contribution
from the modes u, and u, has been subtracted. We first define operators K, K,,, K, : L*([RY) —
L*(RY) through their matrix elements

1
(v, Ky ju) = 5(0 Qup, wu Qu)

1
(v, Kpu) = 5(0 Quy, wu, @ u)

(0, Kjpu) =(vQuy, wu, @ u).

Since u, and u, are real, we have K, = K7, and K,, = K},. Since w is bounded and u,,u, € L*(RY),
Young’s inequality immediately shows that these are bounded operators.

Definition 3.7 (Bogoliubov Hamiltonian).
We call Bogoliubov Hamiltonian the operator on £*(F )

H= Z <—A+VDW+§W*|U1|2+§w*|“2|2+/1K11+/1K22_/4+> aja

m,n=3 - n
+— <®2aT T+®2aa>
mn>3
+ 2 (G)zaT .t O aya > (3.18)
mn>3
A 2 .
+5 % (Kn),aa +5 ¥, (Kb),,an,
m,n>3 m,nz3
- % Z (K12 w (u1u2)>mn®2ajna" + % Z (Kl*z Tw (”1“2))mn®_2ajnan
m,n>3 m,n>3

The above is formally obtained from H ,, by:

1. considering the parts of H in (32) that contain exactly two af, with m > 3;
2. acting with to pass to the space £%(g,);
3. replacing all fractions coming from the right hand sides of (3.17) by (N — 1)/2.
This procedure will be made rigorous in Proposition [5.1] below.
A crucial feature of H is that, if we could ignore the terms coupling modes (mostly) supported in
different wells (for example the last two lines of (3.18)), then H would coincide with the sum of two
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commuting quadratic Hamiltonians, each depending on one-well modes, as we now explain. We start
with the following definition (recall the definition of left and right modes in (2.26))):

Definition 3.8 (O-translated right and left creators/annihilators).
For any m,a > 1 we define

b, = 0®a, b, = 0Oa,, by, := Oa,,
¢, = 0'a, ¢q 1= 07'a,, ¢y i= O7la,, (3.19)
together with their adjoints b , b’ br . b;, ’ el cia, c; , (recall that ©* = ©7").
It is straightforward to check the commutation relations
i = ] = - i ] _ - -
S A P S ) PP

[bm’ n] [Cm’c] =0, [bra’brﬁ] = [bfa’bfﬁ] = [Cra’crﬁ] = [cfa’cfﬁ] = 0.

The bti , operators will be used to construct the excitation energy of the right well, while the c* o will be
ass0c1ated with the left well. No other combination contributes to the energy at the order of precision
we aim at. This leads to the

Definition 3.9 (Right and left Bogoliubov Hamiltonians).
The quadratic Hamiltonians for right and left modes are

Hright .= Z <ur,a’ <hMF — Myt AK11>ur’ﬁ> bj,abr,ﬂ

ﬂ>1
+ 4 Z (u, o Koyt ) (bj’abj’ﬁ + b,ab,ﬂ) 3.21)
aﬁ>1
Hier, *= Z <uf,a’ <hMF e ’1K22>uf,ﬁ> C;,acf,ﬂ
a,p>1
A
+ 5 Z <ubﬂ’a, KZZuf,ﬂ> (C;’ac;’ﬂ + cf,acf,ﬂ> . (3.22)
a,f>1

Since (u

rarlgp) = 0 for all @, B, every creator or annihilator of a right mode bf’a commutes with
every creator or annihilator of a left mode c . The two Hamiltonians above hence correspond (after
conjugatlon with Bogoliubov transformatlons) to independent harmonic oscillators. One should view

Hyign (resp. Hiep,) as obtained from H by retaining only those summands in which the L*(R?) scalar
products are between u, , modes (resp. u, , modes). A further difference is the appearance of Ay in
(3.21) and (3.22) instead of the operator —A + Vyy + Aw * |u|?/2 + Aw * |u,|?/2 that appears in
(3.18). This is due to the fact that their difference, proportional to dI", (w * (u,u,)), will turn out to be
negligible. The b'b-part of H, o 1s the second quantization of the self-adjoint operator P, iy P, (and a
similar property for the ¢’c of H,).

It follows from the above definitions and the discussion in [17, Sections 4 and 5], that our previous
definition (2.29)) coincides with

Egog = inf 6,51, ([leight) +inf 6,51 (Hie) (3.23)
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that we can obtain by acting on the vacuum with two commuting Bogoliubov transformations and taking
the expectation value of H,,,;,, + H,., in the quasi-free state thus obtained. More details will be provided
in Section 8.1l below.

right

4. BOUNDS ON THE 2-MODE HAMILTONIAN

The aim of this Section is to prove lower and upper bounds for the Hamiltonian H,__ ,. defined in
(3.3). We will also show a bound on the Bose-Hubbard energy and prove Proposition We define
the operator

My — H_ A A
T = +2 _N_lwlllzNJ__ﬁwlln(NL_l) 4.1)
and the energy constants
AN?
Ey,=Nh + m(zwuzz — Wy12) (4.2)
and
w . AN A
Ey = N(m(wml — 4wy +2w55) — m(wml + w1122)>
A AN A
poi=hy + Ewllll + m(wmz — 2wy 1) - mwuzz (4.3)

1
U:= Z(wllll — W)
The next Lemma gives precise estimates on the magnitude of these quantities.

Lemma 4.1 (w-coefficients and chemical potential).
There exist strictly positive constants ¢ and C independent on N and, for any € > 0, a N -independent
constant C, > 0 such that

c<w;;; £C 4.4)
|w1,] < CT' (4.5)
0< W, <CT (4.6)
0< wp, <CT', 4.7)
where T is given by (2.13). As a consequence, we have
= p | <CT, (4.8)

where y was defined in @.3)) and p is the ground state energy of hyp.

We postpone the proof of this lemma to Appendix [B] As a consequence of Lemma {.1] the reader
should keep in mind the rule-of-thumb estimates

Hy — H_ . .
T ~ & 5 on the states that will be of interest
/RN
U ~ 21 >C>0
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4.1. Lower bound for H.

2—mode*

We shall prove the following:

Proposition 4.2 (Expression and lower bound for H,__ ;. ).
We have the exact expression

AU
N -1

Hz_mode=E0+E]L\‘;+T(a1'a2+a;al) —uN,| + (J\fl —N2)2
24 )

p
+ Ly N+ ——
N 12N TN T

2
(W1 — 2wy + w1212)NJ_

and the lower bound
Hy — H_
2
(Nl - N2>2 - Cng_gNl.

H2—m0de > EO + Eﬁ - M+NJ_ + N

AU

+
N -1

To prove Proposition 4.2 we will use the trivial identities

al (N} +Ny) a, +a) (N]+N,) ap = (N, + N, — 1)(ala, + dla,)

2 2
NI+ N2 = N+ 42) + Wi - Ny)

NN, = -

(N +N,) (V=N

2 2 4 4

as well as the following Lemma.
Lemma 4.3 (An identity in the two-modes subspace).
2
(alay + (a)a))* + 2NN, =2 (N + N;) (dlay + ala)) — (N + N,)
+4N‘_2_(./\/.1 +N2).

The proof, a simple computation based on the CCR, is in Appendix

21

4.9)

(4.10)

.11

(4.12)

(4.13)

Proof of Proposition We start by proving (4.9), which is actually just another way of writing (3.3)).

First, notice that, due to the fact that

U (=X, Xgs o Xg) = Uy (X1, X, o0y X)),

and since h = —A + V,y, involves a symmetric potential Vpy, with respect to reflexion about the x-axis

and since w(x, y) = w(|x — y|), we have the relations

hyy = hy,, W11 = Wypooos Wiq1p = Wppog-

Moreover, since we work with a basis of real-valued functions and w(x — y) = w(y — x), we have

w =w w

h12 = h21’ wmnpq = mqpn pnmq = nmqp*
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Using these relations in (3.3]) and collecting all terms, we first rewrite (3.3)) as

Hy_pote = iy (N + N,) + by (a)a, + djay)
A
FIm SOV N N = AD)
A
TN -1 1w1112(aIN102 +a)Nya, + a}Nsa, + a Nya,)
A ; _
+ mwuzz [(0102)2 + (a;al)z + 2N1N2]
A
+ N — 1w1212N1N2'

Moreover, using the identities (4.11)), (4.12), Lemma[4.3] and the definition of U from (4.3)), we find

A
H,_ode = <h11 2N = )(wllll + w1122)> (Nl + Nz)
A
+4(N )(wllll 2w 19 + Wiapp) (Nl"'-/\fz)z

(4.14)
A A
+<h12+N—_ w]]lz(NI+N2_1) N 1wl122(N +N)>(a a2+aa)

24 2
+ (N— 5 (N - ./\f) a lwnzz-/\f_-

The identity N}, + N, = N — N now yields

A
Hy_yose = Eg+ E — uN | + AN — )(wllll 2wy 15 + Wiy ) N]
A
+ <h12 + AWy + Ay — ﬁwmzNL - ﬁwnzz(-/\/l - 1)>
X (aTa2 +dla,)
24
N, = WNV. N W N2,
(N ) ( ) 1122

where E and EY are defined by (.2) and (#.3), respectively. The constant term E + E} comes from
the substitution N, + N, -~ N in the first two lines of (#.14). The third term —uN/| is the contribution
coming from substituting M| + N, ~» —N | and (N| + N,)? w» —2N N in the same lines. The proof
of (4.9) is completed by recognizing that the main part of the coefficient of aia2 + a;a | 1s

hyy + Aw,yyp + AWy, = <”1a < —A+Vpw+ %/lw s (u) +u3) + dw (u1u2)>u2>

Py — M
= (uy, hyptty) = - 7

having used (2.11)) to reconstruct w * |u, |>. This shows that the operator multiplying (aiaz + a;al) is
the operator 7 defined in (4.1)), thus proving (@.9).



BOSONS IN A DOUBLE WELL: TWO-MODE APPROXIMATION AND FLUCTUATIONS 23

Let us now prove the lower bound (4.10). We will do so by considering all terms in (4.9) and es-
timating them from below. The main observation is that since u, — pu_ < 0, we can use the operator
inequalities

—N<afa2+a;al<./\/‘1+./\/' =N-N,<N.

Thus the term 7 (ala, + ala, ) satisfies

My — Mo AWy, AW 12,
T(aIa2+a;al)=< +2 —N_lj\/l—N_l(N‘l—l)>(aIa2+a;al) s
My — H_ AWy AN '
> - N +2 N 1 _N_l‘wluz"‘wuzz)NL

where we used that if two operators A and B commute, z € C,and —N < A < N thenzAB > —|z|NB.
The first absolute value in the right hand side is smaller than (u_ —p,)/2 because p_—u, > ¢, T >0
by Theorem 0 < w1 < C. T by @3), and T < 1. Furthermore, due to (#.6)) the second
absolute value is bounded by C,T'~¢. Thus

Hy —H_

T(ala,+dla)) > N - CT'™*N,. (4.16)
In order to bound the other terms in (4.9) from below, we first notice that, since w,,, = 0,
22
ﬁwlmf\/_z 2 0. (4.17)
For the term —uN'| we use {.8) to write
—uN| = —pu N, —-CT"N,. (4.18)

The only term left is that proportional to 2. Thanks to the positivity of w,,;, and w,,,, using (#.6)
and N, < N, we have

A A

m(wllll — 2wy + wlZIZ)Nf > _mwnzz-/\/f > -CT**N,. (4.19)
Plugging (4.16), @.17), @.18), and (4.19) inside gives (4.10). O
4.2. Upper bound for H,__ ... Let us define the trial function

Vs = Y, cquP NP uPNTOR, (4.20)
—0%,<d<0'12\]
N+d is even

where the symmetrized tensor products are normalized in the above and ¢, are gaussian coefficients,

¢y 1= e ldI < (4.21)
N

with o, a variance parameter to be fixed later, such that 1 < oy < N 12 and Z N @ normalization
factor ensuring ||y, |l = 1. We will prove
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Proposition 4.4 (Upper bound for H,__ ,.)-
Assume that T ~ N~° for some 6 > 0. Then, with the choice

- u,N ifo<2
ot = Vi TN o< (4.22)
C otherwise
with C > 1 a fixed constant, the trial state y,, defined in (4.20) satisfies
H, < Ep+ BV + N2 ES 4 ¢ max (11727, N1 (4.23)
2—mode /Wy 0 N €

We start by computing expectation values with respect to the distribution |c,|>.

Lemma 4.5 (Expectation values for the gaussian trial state).
Let c,; be defined by if N+disevenandc; :=0if N +d is odd, where 1 < 6y < CN'/? and
Z\ is fixed so that 3 ;> |¢y1* = 1. Then

SUN

e Moments. For any n € N we have

2 d’|c,P <Col . Y d"e,*=0. (4.24)

—(; <d<o’ —O'Izvﬁdﬂﬁ?v
o Tunneling term. For any x € Z,

' Z CaCarr — 1

—alzv SdSO'?V —-K

<L (4.25)

oy
Proof. The equality in (4.24) is trivial because of the odd symmetry d — —d. To prove the inequality in
@#24), we note that if f(x) is a differentiable function in L!([0, co[) having a single relative extremum
at x,, which is a maximum, then

D> f@d) < / SO dx+ f([xp]) + f(Lxp] +1)

0<d<5

/262

where |x]| denotes the integer part of x. Taking f(d) = d*e ~4*/203, " which is maximum at X, =

V2n oy, we deduce that

2 fd) < 2"“ / u¥e 12 du + Cajz\f ) (4.26)

0<d<6

The desired result then follows from the even symmetry d — —d and from the following lower bound
on Zy

a2 d?

< — N
ZJZV = Z e N > Z e N > one 2. 4.27)
ldI<oy, |d|<oy
N+d is even N+d is even

Let us prove (4.25)). We have

_ 2icd+i2

— 2
CyCupp = Ch€ N
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Using the inequality 0 < e™* — 1 + x < Cx? vahd for any x e [—log(2C),log(2C)] and extending for
convenience the definition (]Zf_ﬂ'l) of ¢, ford = o3 +1,...,0% + K, we get
2xd + 2 (2kd +x ) C
2 2 2
0< 2 (cdcd+K—cd+Tcd> C Z ——F¢; S poa
|d|<o3, N |d|<o?, N

where the last step follows from the estimates in @#24) proven above. Recalling that 3}, > ¢; = 1,
SUN

this gives
Z CaCare — 1

|d|<o?,

C
< —=
o

2
N

from which we obtain

Z CaCar — 1

—612\, <d<0'12V—K

This proves {.23). O
We are now ready to provide the

Proof of Proposition We take the trial state ,,, from @20) with 1 < 6y < N'/? to be suitably
optimized at the end. We will compute the expectation value of all terms in @.9) on y,,. First of all,
notice that

NJ_Wgauss = 0’
which allows to neglect all ', and N, *-terms in @J9). Hence,
.u+ — H_ /l
<H2—mode>y/gams =E,+ Ey + ( 5 + N 1w1122> (aTaz + a;a1>y/gauss
U 21 (4.28)
2
+ N <(N N ) >Wgauss + N WI122<N >ng“>5.
Let us evaluate the three expectation Values on the right hand side. We have
N+d+2N-d
(a a,+a al)wm Z CyCasn .
’ —02 <d<o?,-2 2 2
NIUSEUN
Since |d| < 6]2\, < N, we can expand the square root around d = 0. We get
<a a,+a al)wgm -N Z CiCasn
—6]2V<d<0'12\,—2
2 d* 2
<N 222 cdcd+z\/1+ﬁ—ﬁ—ﬁ—l‘ (4.29)
—O'NSdSO'N—Z
2 d* 2
SN Z cdcd+2ﬁ_ﬁ_ﬁ

—G?V <d<alzv -2
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We distinguish between two cases:

« if I < o3 <2v/N the second line of #29) is bounded by a constant. Indeed

< i for |d| <2V N

N

2 d*> 2

N N2 N?

and

2 2
C4Cyp Sec; forld| <oy,

d
and we recall that 3, . ¢; = 1.
SUN

« if 63, > 24/ N, we split the sum in the second line of (#29) into a sum runing from —2v/N

to 24/ N and a remaining sum. Taking advantage of the last two bounds, the expression in this

second line is less than
c ) cd+NC ) .
ld|<2V/N 2V/N<ld|<o?
The first sum in the right hand side is bounded by one. The second sum can be bounded as
follows. Setting d, = [2 VN J , we have

2
Z =7 Z eXpy ~ 252 -t 2012\1

2V/N<|d|<o?, Zy 2/N<d<d?, N ONn
d; (@ %
N 2
\—exp{——} Z exp{— } 2e °N
Z 12\/ 2612\/ 0<d'<o%, 2612\/
Hence, in all cases one has
_N
<a a,+a al)wgaus< N Z ¢;Crin| SC+CNe N . (4.30)
—szvgdéalzv—Z
Combining this result with (.23)), we get
_N
(aja +alay),,, - N|<c+S+one 4.31)
o2
N
For the variance term in (4.28) we immediately have, using (4.24),
((Ni=M)), = D &l < (4.32)
|d|<0'
Finally, since N2 < NN_on §" and N_ = (N + N, — ala, — a}a,)/2, we have by @31)
N N -
o2
<N_2>Wgauss < E(N —(dla, + a§a1>wgauss) <SCN(1+ —+ Ne ~). (4.33)
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Plugging (4.31)), (¢.32), and (4.33)) inside (4.28), and recalling the estimates (.4), (4.6), and for

the w,,,,, coefficients and our assumption 1 < 6y < N'/2, we find

Hy — H_
2

2 N _% 6]2\]
+C(u. —p, +CT*°) -+ Ne v | +C—. (434)
oy N

<H2—m0de> < EO + E]u\; + N

Yoauss

We now optimize the remainder terms by choosing o3, as in (.22). Since we assume 7' ~ N~ for some
6 > 0 we have from (A.4)

Ne <CN™

for any n > 0, showing that the exponential term in (4.34) is much smaller than N/ 6]2\,. Using
again (4.22) and (A.4), the two last terms in (#@34)) are bounded by C,T'/>=¢ if 0 < § < 2 and by
C.T'"*N+CN™' ~CN-6-D+é 4 CNif § > 2. The claimed bounds then follow from

~
N

max (T"/27¢, N~1#¢) = T2~ if0<é6<2
’ TN s> 2.

O

4.3. Bose-Hubbard energy and proof of Proposition 2.4, The next result of this Section will allow
us to recover the Bose-Hubbard energy, which is the lowest energy of the Bose-Hubbard Hamiltonian
(2.24), in terms of quantities appearing in the bounds for H,__ ;..

Proposition 4.6 (Bose-Hubbard energy).
Let Egy be the bottom of the spectrum of the Bose Hubbard Hamiltonian Hygy defined in (2.24)) on the

N-body two-mode space ®5Ay/m (PLZ(R")). Then

AN? AN N
Egy — < w Wi+ <ﬂ+_ﬂ—) 7)

AN - 2 <C TV N71%9) (435
AN — DI TN — 1 < € max ( ). (@3%)

Proof. Since Hygy is defined on ®sj\;m
(2.24). This gives
A N? My —H_ ) s AW 2
HBH=m<T—N>wH“+ +2 (ala2+a§a1)+m(./\fl—/\/‘2) .
We then repeat the proof of (4.10]) and (@.23) on this simplified Hamiltonian. This gives
Epy < (HBH>Wgauss
AN? AN
ST TCL I Y2V IEET
4N —1) 2AN —1)

(PL*(R%)) only, we can plug N} + N, = N (i.e., N, = 0) into

Wi + (,U+ - ,“_) % + C,_ max (Tl/z_E’N_l-f-Eﬁ)

and ,
AN AN
Hgy > —— -
BHZ 4N — 1) M T N — 1
which completes the proof. 0

N
Wiy + (M+ - /4—) 5

We may now conclude the
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Proof of Proposition Recall Definition (2.22). We deduce from Proposition .4 that

Hy— Mo

E) mote S Eg+ Ey + N + C, max (T'/?75, N7'*) . (4.36)

Since the ground state of H,__ . entirely lives in the two-modes subspace, for a matching lower bound
we may set N'| = 0 in (@.10). Thus, recalling that U > 0, we deduce from Proposition |4.2| that

My — H_
E; pote = Eg+ EY+ N— )

Let us set

- /1N2 ANZ
Ey=E)— ——— w1 = 2wyy;p) = Nhy; — 4N -1)

TN -1 Quw;jpy = W) -

It follows from the two preceding bounds, Proposition #.6and the definition @.3) of EY; that

Ey mode = Eo - EBH| < )EZ—mode —E - Ey - N’M+ ; = )
+| = Eon+ N2+ B+ By - K|
< C, max (T'/*7¢, N~71*%) + ‘ - 4(]{]—]\:21)%111 + %wllll
+Ey + 4(]/1[—]\]_21)(4“11122 —2wy)n)
< C, max (T1/2—e’ N—1+56> n %wmz-
Proposition [2.4] follows by using Lemma [4.1] again. U

5. DERIVATION OF THE BOGOLIUBOV HAMILTONIAN AND REDUCTION TO RIGHT AND LEFT MODES

The aim of this Section is two-fold: we will prove that the Bogoliubov Hamiltonian H from (3.18)
is the leading contribution to Hy — H,_,, .. and we will show that H can be decomposed into the two
quadratic Hamiltonians H,;.,, and Hy., from (3.21) and (3.22). The most delicate part of this program
is the fact that there are terms in H 5 that contain exactly one aﬁq with m > 3, but that are not a priori
negligible. We keep track of them in Proposition[5.1} and we will show that they are negligible at a later
stage.

Let us state the two main results.
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Proposition 5.1 (Derivation of the Bogoliubov Hamiltonian).
For any excitation vector ® € £*(F ) of the form ® = Uy for some y € H, we have

<UN(H H2 mode) ><I) <IH]><1> - ﬂ+<NL>¢

A
- ®a, D + h.c.
,—2(N_1)<mz>3w+l—m am + C>¢’
—;<Zw+2_m®_lam§)+h.c.>¢|

\/Z(N—l) m>3
? —€ 3/4 1/4
< (V20 0e# (), ) o (L (42

While proving the decomposition of H into right and left modes, we will need to project the problem
on the eigenmodes of A,z with index smaller than some M € N. To this end, we define the spectral
projections

Py = Z (|”2a+1><”2a+1| + |”2a+2><”2a+2|) = Z (lur,a><ur,a| + |uf,a><uf,a|> . (5.2)

1<asM 1<asM

(5.1)

and
Py = Z (12041 gt | + Nt i0) gyl ) = T = Peyy = luy ) uy | = lu_)u_|.
a>M
Let us introduce the versions of the Bogoliubov Hamiltonians H,;,,, and H,., in the right and left
wells with an energy cutoff, obtained by restricting all sums in (3.21)) and (3.22)) to indices «, f smaller
than M,

it = A0(Pey)H g dT(Peyy)
= <ur,a, (hMF — MU + AK11>L{"’ﬂ> bj:abl‘,ﬁ
K;M ' | (5.3)
+_ Z <ura’K11urﬁ> (brabrﬂ+brabrﬁ>
l<a P<M

HM s = dD(Pg ) Hier dT(Peyy)

left
_ i
= Z <Llf’a, (hMF - ,u+ + 1K22>uf’ﬂ> Cf’acf’ﬂ
Wy A (5.4)

A
_|_E Z <ufa,K22ufﬁ><fa fﬂ+cfacfﬂ>

I<a,f<M

where we recall that the operators K, K,, and K, are defined as
(0, K ) = %w Qu, wu, @uy , i=12 (0,Ku)=(0@u, wu,® v).

Proposition 5.2 (Reduction to right- and left-mode Hamiltonians).
Consider ® € (g ) such that

(dU(hyg — ) + N7+ d0(hyp — p )N, ), < C (5.5)
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for a constant C that does not depend on N. For every energy cutoff A, let M, be the largest integer
such that p, > < A, where {p,,},, are the eigenvalues of hyy in increasing order. Then,

KH - Higﬁ) - Hié\;’tl\) —dr, (PzMA (hMF - “+> P>MA)>®‘
C

< Cron (D) + (5.6)

1/2
Homy+2 = My

where the constant C, does not depend on N.

The results of Propositions and [5.2] will enable us to show in the next sections that the expec-
tation value of Hy — H. in the ground state y,, of the N-body Hamiltonian H ) is equal to

2—mode

(H+ u, N 1)1+, Up to error terms oy (1) and, furthermore, that the Bogoliubov Hamiltonian in the
N T8

last expression can be decomposed as a sum of a “right” and “left” Bogoliubov Hamiltonians up to

small errors. Indeed, let us anticipate the following a priori estimates to be proven in Section [6}
(NDy, SC 1, (d0(hyp = u)ND), <C . (ND), < C, min{N, T~}

where the constants C and C, are independent of N. In particular, taking @ = U'yy,, the second term
in the right hand side of (5.1)) is of order T'/27¢.

To prove Proposition [5.1 we will, in the next three subsections, group the terms in Hy — H,__ .
depending on the number of creation and annihilation operators af‘n with m > 3 they contain.The proof
of Proposition [5.2]is provided in Subsection [5.4]

We first collect a few properties that we will use throughout the section.

Lemma 5.3 (General estimates).

(i) For any functions f,g, h € L*(RY) we have

2 — 2
Yreswneu,)| < <g, [ (7h)| g> <CISIE gl Al (5.7)

m=3

(ii) For any two function f,g € L*(RY) we have

2
Y | @ wu, ®u)| <(f @ wf @8 <ClfI gl (5.8)
m,n=3
(iii) We have the following bound
[+ @], = sup 1w x G0l < €1 (5.9)
x€R4

(iv) The operators K,, and K,, are positive and trace-class. Moreover

“Ku < C.TV, (5.10)

Proof. Let us start by proving (5.7). We have N
Z )(f Qg wWh® um)‘2 = Z <g,w * <7h) lu,, ) (u,,|w * <Ef> g> .

m23 m>3
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The first inequality in (3.7)) then follows thanks to the operator bound

D ) u,| < 1.

m=3

To pass to the second inequality of (5.7)) one uses Young’s inequality, recalling that w € L*. A similar
argument proves (5.8)) as well, using instead the operator bound

>, ®u,)(u, @u,| < 1.

m,n>3

To prove (5.9) we write, recalling that 2u,u, = v} — u? and w > 0,

sup
xeR4

/ wix - y>u1<y>u2<y>dy' <2 sup / w(x = »)|lu () = lu_(I|dy
R4 R4

2 xeR4

<C

2 2 1-
P =P | <1

where the second inequality follows from Young’s inequality, while the third one follows from (A.T).
The operators K, and K,, are trace-class since they are integral operators with kernels K;;(x,y) =

%ui(x)w(x — y)u,;(y) and their trace is equal to

/ K, (x,x)dx = l/ w(0) |ui(x)|2 dx = lw(O) < oo, fori,j e {1,2}.
Rd 2 Rd 2

They are positive because of our assumption that w is of positive type, see (2.1). To prove (5.10) we
use the Cauchy-Schwarz inequality to obtain

%

= s [ Kw|< sup // G0y (R0 (x = Yy () u(w)]dxdy
R2d

op u,veL2(RY), ||lull=|lv|l=1 [lull=]lvll=1

) ) 12,
< s (1Pt plu)Pxdy)wlf,
R2d

llull=llvl|=1

and the result then follows from w € L* and (4.7). 0
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5.1. Linear terms. The part of the Hamiltonian containing only one afn is, recalling the identities

Winpg = Wonmg = Wingpn = Wamgps

A =

Z (—A+Ww),, a a,+he.

m>3

+ Z —A+Vpy)_d a,+he.

m>3

_1 +++mT 44
m=3
T ,T
_1 +i+-md,a.,a_a, +h.c.
m>3

_ +—+m 4
1m>3
Tt
+N_1Zw+m+aaaa++hc
m>=3
A Tt
+N_12w+__ma+aaa +h.c
m=3
4 Tt
+ w, ., aaaa +hc
N T & e

The main result of this Subsection is the following Proposition.

Proposition 5.4 (Linear terms).

Let ® € £%(F ) be such that ® = U'yy for some w € HN. We have:

o Elimination of sub-leading terms.

A, = (Dol + w0, (N = Ny a, +he.))

<L
\/_

m=3

+ 1), +C eNT

aaaa + h.c.

aaaa + h.c.

<N >3/4<N2>1/4

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)
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 Conjugation with U’

<UNA1U]>\IF[>(I> - \/ﬁ( Z3w+l m@a @"‘hc >q)
— m>
——t (Y w,,0",D+ h.c.>¢) (5.22)

\/m m>3
((N2+1)q,+( ))

<./\f >3/4 <N2 1/4.

N1/4 N1/4

Some linear terms still appear explicitly in (5.22), of the form
%al(./\fl - Ny)a,, m > 3.

According to the standard prescriptions of Bogoliubov theory (ai ~ 4/ N and afn ~ 1 form > 3), and
using the a priori estimate (6.6)), for the variance, this term would not result to be negligible. We will
prove that it actually is at a later stage of the proof.

Proof. Let us start with (5.21). The terms (5.11)), (5.13), and (5.18)) will be considered together (and
analogous arguments will hold for (5.12)+(53.15)+(5.20)). Their sum gives

G.11) + G.13) + (5.18)
A
= Z [( — A+ VDW)_,'_maI_am + ﬁwHerai(J\er +N—>am] + h.c.
" A (5.23)
N1 n; [(w+_m_ Wypim)a N _a ] +h.c.
=: L, +L,.

In order to estimate L, we write, using N, + N_=N - N, andw,,,, = w * u?),,,

A
Ll = z [(hMF)+maiam - ﬁ ttm +(./\f ) ml + h.c.

m=3

But (hyg) o = MUy, u,,) =0if m > 3 and thus

<L1>W = N— Z w+++m<l//,a (N — Da,y) +h.c.
m=3
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Using the Cauchy-Schwarz inequality twice, inserting (5.7), recalling that N, < N and 2N, < N7 +1,
we have

/2 12
|<L1>l//| +++mlzl lz <||./\/‘i/2a+l//||2||./\/‘j_/2amy/||2 + ||a+1//||2||am1//||2)l
m>3 m23
C 1/2
<= Z <(N+J\Q>W (NN, + <N+)W<.A/m)w>l (5.24)
m=3

C
< —=(N7+1),.
VN
The term L, in (5.23)) can be rewritten as
Z<u+,w* lu_|* = u ) u, ) al N_a,, +h.c.
m>3

Hence

1/2
(L1 < S| 3 s w (P = e, P, >)] lz||N_1/2a+y/||2||J\f_1/2amq/||2

m>=3 m>=3

< 9<u+, (1% (2 = ) )V (NN (N N

<,/\/ >1/2 <N2>1/4 <N‘2>1/4

X

N1/2

N1/4<N >3/4 <./\/2>1/4

In the first step we used the Cauchy-Schwarz inequality for the m-sum and for the scalar product. In the
second step we used (3.7). In the third one we used Young’s inequality, w € L* and the L2-bound (A 7)),
as well as N, < N and the Cauchy Schwarz inequality (N, N_)? < (N, ), (N2),. In the last step we

used N2 NN_.
Having estimated both L, and L,, we deduce

(. (BT + GI3) + GI8)w)l < wa +1),
\/_ (5.25)

+ C <N >3/4 <_/\f2>1/4

\

N1/4

Analogous arguments lead to a similar bound for |(y, ((-12) + G.13) + G20 )w)|.
The remaining terms in A, yield the linear terms in the left hand side of (5.21)). In fact, noticing that

W, py=W_,,,=W,_,.,and using the identity
ala_+ada =N - N,
we find
E1B + 16 + 1D + G19) = (w++_ma1 1w, _yal ) (N = Ny)a, +he. (5.26)
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The estimate (5.21)) is then deduced by merging (5.25) and (5.26).
We now turn to (5.22). Using the definition of u, and u, in terms of u, and u_ (see (2.11))) we can

replace ai and a* with linear combinations of a? and ag. The action of Uy on a a, is then obtained
using (3.17). For example, recalling that [N/ 1,4, = [N 2, a,,] = 0form > 3, and recalling the definition
of ® from (3.13)),

Uyal(N| = M)a, Uy = Uyala, Ul Un(Ny = NYUS

N — D+1
:@\/ N+ +a@

2 m

The action of U’y on the term of (5.22)) containing a; is computed analogously, and the same holds for
the adjoint operators. Thus, acting with U’y on the linear terms in the right hand side of (5.21) and
recalling the definition of u; and u, to re-express the matrix elements of w gives

N _1YN Z(w - ma+ w,__,al) (N =N;)a,Us +he.

m>=3

_ ﬁ Z% [w+1_m®\/N N, +D+1+he. (5.27)

fw, 07\ /N-N - D+ 1)|®a, +he.

The linear terms in (5.22)) are obtained by replacing all square roots in the above right hand side by

V N — 1. We now bound the remainders this operation produces. Consider for example the second line
of (5.27), and denote

R, =

\f(N—l)mZ%w“ ’"< <\/N_M+g“‘\/ﬁ>®am>¢+h.c.

Proceeding as when estimating (L,),, and (L,),, above, recalling that [D, a,,] = 0, one obtains

IR\l < (Z wal?) (VDY

m>=3

We now use the inequality

(5.28)
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for a collection X, ..., Xy of K mutually commuting self-adjoint operators. Inserting (5.7 and using
the Cauchy-Schwarz inequality to get (N D)7 < (N ]D?)(D?)q, we find

1/2
22 1/4 1/4 2

< Sy (2 <—<N 1yt (2 >M> .

Since ® = U’y y, we know that

(N1D)g = ) S @, II” < NN D).

s,d

IR, [ <

Moreover, the commutation relation [D, @] = © implies
(D16 = (ODO))g = (D= 1))g < 2D* + 1)

and we deduce

IR [ <

1/4 1/4 1 @2 12
(NMDa (—) <—<N3+1>¢+<7>¢>

< (W2 1+ (3 >¢)

The remainder for the term in the third line of (5.27) can be treated in the same way, completing the

proof of (5.22). O

N1/4

5.2. Cubic and quartic terms. The part of H, containing three alj with m > 3 is

. A ot T
Ay = N1 [w+mnpa+amanap +w_,,,a’

m,n,p>=3

:
a a,a,l + h.c.,

while the one containing four is
) A ot
A4 .= m Z wmnpqamanapaq
m,n,p,q=3

Proposition 5.5 (Cubic and quartic terms).
For any ® € £%(g,) we have

. C
[(UnAU o] S —=(NT + 1o, (5.29)
VN
and c
(UnAUR)o| < (N Do (5.30)
Proof. To prove (5.30) notice that with the notation (3.6) we have
, A
UNA4UN = mdrl(W),

where w is the operator of multiplication by w(x — y) on L?(R%)®2. Since w € L® we have

,_C C C
UyAUS < dD (A @ 1) = <N (W, =D < <N}
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because second quantization preserves operator inequalities. Since A, > 0, (5.30) follows.
Let us now prove (5.29). Taking the second quantization of the operator inequality (recall that w > 0)

Pt ® (Pt —eP)wP* Q@ (Pt —eP,)+ (P* —eP,)® Prw(P* —eP)Q P+ >0

for some € > 0, we deduce

- atat
Z Woppatal a,a,+he. <edl ) (w s Ju,|*) N, + Z Wpe@) a'aa,
m,n,p=3 mnpq>3
<eCN N, + Z Wppg @ @0,0,.
mnpq>3

In the last step we used the inequality dI” l(w * |u +|2) < CN |, which holds by boundedness of w *
lu,|*. We can use the same arguments for the part of A that contains w Adding the two results
and multiplying by 4/(N — 1) we thus obtain

—mnp*

eCAh

A
3 S N —

N TN+ N+ = A
Using the fact that N, + N_ < N on $”, and then conjugating by Uy, this implies
UyA U SeCN 4+ 'CUGAUS
and plugging (5.30) in the last term gives
UyA Uy SeCN |+ e - € Nf.

We optimize this bound by choosing e = N~1/2

with reversed inequalities, this yields

. Repeating the same proof with € replaced by —e and

C .
_W(J\fl + N7) S UyA U3 <

Using also 2N, < N7 + 1, this concludes the proof. O

(Mo +N2).

%\G

5.3. Quadratic terms. The part A, of H, that contains exactly two afn with m > 3 is composed of 24
=w

terms which can be combined together by using the equalities w,,,,, = W, mapn = Wamgp @0d the
identities

Z (Wi + wimni)ajnan = dri(w * |”i|2 + 2Kii) ,i=1,2
m.n>3

Z (W00 + wlmnz)a;an = dFL(w * (UU,) + Klz)

m.n>=3
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to obtain

A, =) (_A+VDW>mnajna”

m,n=3

t it it
2(N — 1) Z <w“mna a, + 2wnm,1ala2 + w22mna2a2)aman + h.c.

LA
N -1

A

(aIaldFl(w |y |* + ZKH) + a;azdFL(w * |u,|* + 2K22)

The action of U, on quadratic terms of the type a’a was given in Lemma To deduce the action of
U’y on terms of the type a’a’aa as the ones in A,, we can always reduce ourselves to terms of type a’a
by commuting operators, as in

lfaIaaaU' U'aal/'*l/'aa?f* for m,n > 3.

This is allowed because for m,n > 3 the operators aiaﬁ commute with alf and ag. The same argument
holds for terms of the type

o * T * + *
Uya,a,a,a,Uy =Uya,a, U Uya) a, Uy,

Arguing in this way to commute operators, one easily deduces the expression

UNAUY = ) (= A+ V), aa, (5.31)
m,n>3

s , [IN-N, +D+2 [N-N, +D+1

) h.c. 5.32
N-N+D [N-N,-D+1

+2 ;3 Wiap zl \/ lz a,a, +h.c. + h.c. (5.33)

L [IN=N, -D42 [N-N, -D+1
+ ,,;3 W,y O 2\/ lz \/ lz a,a, +h.c. (5.34)
+ (N =N, +D)dl (w * |uy|* + 2K ;) (5.35)
+ (N =N, —D)dl (w * |u,|* + 2K,,) (5.36)

, [N-N +D+2 [N-N,-D
+20 5 5 dr', (w * (uuy) + Ky) + hee. (5.37)
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If we could replace all square roots by /(N — 1)/2 and (N — N| + D) by N — 1, then the expression
on the right hand side would coincide with

H+u N, := dl“l( —A+VDW+§LU * |u1|2+§w* lu,|* + 2K, +/1K22)

+% Y (K +w = (uuy)), 0% a,+he. (5.38)

m,n=3

+% Z ((I<11)mn®2 + (K22)mn®_2 + (Kikz)mn>aman + h.c. 5

m,n=3

see (318). The u, N, term is there to compensate a term which we included in the definition of H but
that does not come from U’y A, U'y,. We will prove the following result, showing that such a replacement
can be done at the expense of negligible remainders.

Proposition 5.6 (Quadratic terms).
Let ® € £*(F ) be such that ® = U'yy for some w € H. Then

C <Nf+®2+ 1>®’ (5.39)

\/ﬁ N

(VAU — (D0 — 1, (M) <

where H was defined in (3.18).

Proof. The result is proven if we show the following three general estimates:

« Controlling terms (5.32)-(5.34): For every i,k € {1,2}, ¢|,c, € Z, j € {-2,0,2}, and
81782 € {_17 1},

A J
‘m< Z Witmn®

m,n=3

y N-N,+£D+¢ N—J\fl+52§)+c2_N—l aa) +he (5.40)
2 2 2 o
<£<N21/2<£+® +ﬁ+g2+i>l/2
SN AN NS N N Nlo
« Controlling terms (5.35)-(5.36): For every i € {1,2},
‘ﬁ(((N — N, 2D)— (N = D)dl, (w * |u;|* + 2Kl.,.)> ‘
- ® (5.41)

C 2 2 1/2 0 1/2
< F<NJ‘+@ +1>q) <NJ.(I> .
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» Controlling the last term (5.37): Finally,

‘ y) <®2 N-N +D+2 N—NL—Q_N_1
N -1 2 2 2

x er(w s+ (uytay) + K12)> + hec.

(5.42)

j\ff @4 _/\fz @2 1/2
(7 + o
Let us prove (5.40). We have

4 J
2(N— 1)< Z wikmn®

m,n>3

X - a,a, ) +hc.
2 2 2 o

S, 2, waml?) (3 Nasa01?)

m,n>=3

. N, N, 2o\
><<®f TEAC TIPS Y A S S L ®—f>
N TONTN N TONTN N °

o (N N |
e D) (F+ et ) ),
where in the first step we used the Cauchy-Schwarz inequality for the sum over m, n and for the £%(g )
scalar product, and in the second step we used (5.8), the inequality (5.28)), the commutation of N, and
D, and the bound N7D* < N2D?. The proof of is complete if we show how to get rid of ®. For
the terms containing A we simply use the fact that [®, N, ] = 0 and that © is unitary. For the D-terms
we use the identity

00 ' =D -1,
which implies @®"0~! = (D — 1)" for each n € N, and therefore
0’0 2= (D-2’<KCD*+C
0’02 (D-2)' <K C(D*+D*+1).
This completes the proof of (5.40).
Let us now prove (5.41)). We have
A

(V=N £ D) = (V= D)dr, (w u + Kff))J

(e e o),

(N2+s>2+ DN,
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where we used the Cauchy-Schwarz inequality for the £2(& ) scalar product, the boundedness of w

lu;|* and K,

ii?

and the fact that |d[", (K)| < || K|| NV for a bounded one-body operator K.

Finally, one may prove (5.42) in a similar way, using the boundedness of w * (u,u,) and K,,, In-

equality (5.28), and commuting ® with N, and D as done above for (5.40).

O

Proposition [5.1] now follows by merging (5.22)), (5.29), (5.30), and (5.39), with a rearrangement of

the remainder terms.

5.4. Reduction to left and right modes: proof of Proposition
Proof of Proposition[5.2] We have the decomposition

3

(M) (M) -

H - Hrlg}/:t |H'leftA drl(P>MA(hMF - M+)P>MA) =Hp + K>MA + Z =
=1

where

(w * (”1”2)),,,,,( -2+0*+ @‘2)61;61

=
S
[
TP

3
S
WV
w

+

K ®%a'a, + K -2 T
12) 2 4,

m, n>3

3
S
4
w

+
SIS Y NS
=
%)
SN—"
3

=

Q
I —+
Q
S =+
+
ST
—_
N*
SN
=

Q
3
S
=

Kom, =4 Z (K11 + Kzz)mnaLan + A Z (K11 + K22)mn (a;an + h.c.)

m,n>2My+2 3Sm<2Mp+2
n>2M\+2

2 [<(K11)mn®_2 + (Kzz)mn(az)ai,az + h.c.]
mn>2Mp+2
Y K(Ku)mn@_z + (Kzz)mn®2>afnaz + h.c.]

3<m<2M )\ +2
n>2My+2

1 = Z <ur,a’ (hMF - P‘+)”f,ﬁ> aj,aaﬁﬁ +he.

1<%ﬂ<MA

) =4 Z <ur’a, (KH + Kzz)ufﬁ> alaaw +h.c.

1<a,ﬁ<MA

+ 4 Z [ m,K“ufﬁ>®2+<ura, 2u57ﬁ>®2]aj,aa;’ﬂ+h.c.

1Sa’,ﬂ§MA

3 1= 4 [ (U Kplty ) @ a, .85+ (tr 0 Kiris ) a;,aaf,ﬁ]

+

YN

[1]

[1]

[1]

A 2 ¢ 2t
+ 5 [ (ur,a, Kzzur,p> C aiaari + <uf’a, K”uﬂﬂ> G a,,a,,+ h.c.] .

(5.43)

(5.44)

(5.45)

(5.46)

(5.47)

(5.48)
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Let us briefly explain the rationale behind the above decomposition. First, in view of the definitions of
hyr and of the right and left modes u, , and u, ,, see (2.6) and (2.26)), one has

AT, (= A Vo + Jw 5 i+ 2005 = )

= Z [(ur,a’ (hMF - M+)ur,ﬂ>a:’aar,ﬁ + <uf,m’ (hMF - M+)uf,n>a;,maf,n:| (5.49)

1<a7ﬂ<MA

+E, + dFi(P>MA(hMF - ;4+)P>MA) — Ml (w * (uyuy))

. . . . . . (M) (My)
where the sum in the first line contains the terms involving Ay — p, in [H]rigﬁt and H_."', see (5.3) and
(5-4). One can proceed similarly for the terms involving K, and K,, in the Bogoliubov Hamiltonian
(5.38). Now, we gather in H,, all those terms that involve the operators w * (u,u,) and K, (including the
last term in (5.49)) For H,, we will prove a cutoff-independent quantitative bound. We then gathered
in dU, (P, (hye — #y) Py, ) and K., those terms of H — H,, for which one or two indices m

and n are larger than the cutoff M,. We will show that the contribution of K, , is negligible, while

dr; (P> M, (hMF - U +)P> MA)’ being non-negative, can be dropped for a lower bound. For the part of
H —H,, in which sums run over modes below the energy cutoff M ,, we want to control those terms that
contain matrix elements that couple ‘right’ modes with ‘left’ modes. They are of different types, and we
collected them in E,, E,, and E;. The remaining terms precisely give I]-I]E?gl}ft) + I]-I]i:lﬁ"). We will show that
(expectations of) all terms in the right hand side of are controllable in the limit N — oo followed
by M — .

We first prove that

()| < QTN + 1), (5.50)
For the first two lines of H,, we write
I =: ‘(% > (s @w), (-2+6°+07) + (Kp), 0 +(K},), 07]ala,] )
m,n=3

; (dr, (w + @) (<2 + €7 + ©72) + (4T, (K ;)€ + he. ) )

(O]
< 4carer oo o« ol oo o 0]

Recalling that the norms of w * (u,u,) and K, were estimated in (5.9) and (5.10), arguing as in Sub-
section 5.3 we find

I, S C.TV* (N D).
For the other terms of H,, we write

I,=: K% 3 (Klz)mnajna;+h.c.>q)‘ < Alo|

m,n=3

Z (Klz)mnamaan

m,n=3

Since we assumed that all elements of the basis {u,, },, are real-valued functions, we have

(U, Kppu,) = u,, @ uy, wuy, @ u,,) = (u,, @, Wy @ uy)
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and this gives

2
Z (um’ K12un>amanq) = Z <um’ K12un> <uq’ K;kzup><a;a:;aman>¢

m,n=>3 m,n,p,q=3
= 2 (u, Qu,, wu, u,){u, u,, wu, ® uq)<a;a2aman>®
m,n,p,q=3
= (dI', (wlu, @ u))u, @ uy|w) ), -
However,
2
Hw|u1 ® Uy )(u; @ u,|wff = sup [{u, wu, ®”2>|2<”1 Q u,, w’ Uy @ u,)

P ueL2(R), |lull=1
2 2
< (/ (w(x =) |u1(x)|2|u2(y)|2dxdy> <CT>,

where the last step is due to (4.7). Since the second quantization preserves operator inequalities, we

conclude

2
Z (U, K pt1,)a,0,®@|| < C.T'"(N 7)o,

m,n=3

from which
L <CTY (N
This completes the proof of (5.50), since the expectation in the right hand side is uniformly bounded by

our assumption (3.5).
We now explain how to bound K, , focusing, as an example, on the term

[KSJ)WA 1= Z [(K“)mn@_zafnal + h.c.] .
3<m<2M 2
n>2M,+2
We have
1/2 1/2
‘(KSJ)VIA>(D‘ <2 Z |<”m’K11“n>|2 Z ||anam<I>||2 ”G)_zd)“

m,n=1 m23, n>2Mp+2

1/2

S2Tr(KP)'2 @I N, D, dla

n’n
n>2My+2 @
The first bound follows from the Cauchy-Schwarz inequality both for the sum over m, n and for the
£%(F | )-scalar product. The second one follows from the fact that K,; and thus Klz1 are trace-class, as
proven in Lemma and by commuting alan with a,, and ignoring a negative term coming from the
commutator. For the last square root we write

N Y da) < ———{( N Y (m-k)ds,

n>2M 42 Hamy+2 — Hy n>2M 42
A @ A o
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We now notice that the sum in the right hand side satisfies

Z (ﬂn - :“+) aian <dry (hMF - M+) )

n>2M,+2

and since all the operators commute with N, we can plug this into the expectation value above. We

thus find
(€Y
‘<K>MA><1>

Since, by the assumptions (5.5)) on @, the expectation value is bounded uniformly in N, we deduce
C

1/2
1
<C <— <NLdFJ_ (hMF - ,“+)><1>) :

Hopm,+2 — My

<

(¢))
‘<K>MA >q> h

All the terms in the second and third lines of (5.45)) can be estimated in this way. For the terms in the
first line the argument is slightly simpler since, arguing as above,

(MZMA+2 - ﬂ+) v

1/2
Z (K“ + K22>mn <ajnan +h.c.>(D <C (Z (afnam>® 2 <aian>®>

3<m<2M \+2 3<m n>2My+2
n>2M,+2
(dTy (Pye = #4))
< C <NJ_>‘1D/2 1 MF +1/2¢.
(ﬂzMA+2 - /J+)
This proves
C
ICSRRE Ve (5.51)
(/42MA+2 - /4+)

We next turn to estimating the E terms in (5.43). Since all sums are finite, it is enough to show that the
e

Z.p
assumption (3.3)) on @ ensures that all expectation values in () are well-defined). For E; we notice

that

L*(R%)-expectation values multiplying affaa in the sums converge to zero as N — oo (notice that our

1
<ur705’ (hMF - #+)uf,ﬁ> = 5 (M2a+l - :u2a+2) 5a,ﬂ’ (552)
and therefore, by (A.7), for any a, g € {1,..., M, },
]\1[1_120 <ur,a’ (hMF - M+)”f,/3> =0.

The fact that (E,)4 and (E;), converge to zero as N — oo is a consequence of the localization of u, ,
and u, ; in the right and left wells, respectively. More precisely, for 2, we notice that, by definition of
TP

1
‘ <ur,a’K11uf,ﬂ> ) = 5‘ <ur,a ®U1,LUL£1 ®uz€,ﬂ> ‘ < C <|uf,ﬂ|7 |u1|>

1/2 1/2
<C(/ |uf,ﬁ<x>l2dx) +C</ |u1<x>|2dx> ,
x 20 x;<0

(5.53)
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and both terms in the right hand side converge to zero as N — oo by (A.8) and (A.9). The expectations
of K,, in &, coincide with those of K, by reflection symmetry, so the same argument applies. For =2,
we argue similarly by noticing that

| (s Kot ) | < C ol ) Clt 1 )

1/2 12
(gl luy]) < C (/ |”r,p(x)|2dx> +C </ |u2(x)|2dx>
x,<0 x;20

and the right hand side of the second bound converges to zero as N — oo, once again by (A.8) and
(A.9). These arguments prove that, for i = 1,2, 3,

(El)q)‘ <Cyon()  asN - o (5.54)

for some constant C,, that does not depend on N. Comparing this, (5.50)), and (5.51)), with (5.43)), proves
(G.6).

0

5.5. Reduction to right and left modes: linear terms. We now prove that the main contribution to
the linear terms surviving in the left hand side of actually comes from terms that couple u, with
the modes u, , and u, with the modes u, . As previously we also show show that we can neglect the
contribution of modes beyond the energy cutoff M. First, we remark that using the definition of b*’s
and ¢*’s from (3.19) we can rewrite the linear terms of Proposition [5.1]as

4 Z Wiy (b,D+he) + A Z W,y (€, D +hec.)

V2(N — 1) m>3 V2(N = 1) m>3

Proposition 5.7 (Reduction of linear terms to right and left modes).
Assume ® € £%(F ) satisfies

2
<NJ_+%+dFJ. <hMF_r“+>> <C uniformly in N . (5.55)

[

For every energy cutoff A large, let M be the largest integer such that p,y, ., < A, where {u,,},, are
the eigenvalues of hy. We have

o Large cutoff limit.

C
<

Y <w+1_m (b, D)y + Wiaom (€aD), + h.c.) (5.56)

_ A
V2N = 1) m>2m,+2

1/2

Homp+2 = My
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e Reduction to right and left modes.

A 3w (B,D+he),

V2(N —-1)

3<m<IM+2
— Z (ul, w (u+u_)ur,a> (bmﬁ) + h.c.)(b < Cyyon(1)
, ety (5.57)
—2(N — 3<m<;4A+2 Wi m <cm§) + h'°'>¢>
_ | ZM (g w s (upuduy ) {cp oD+ h.c.)(b‘ < Cyon(D)
SasMy

Proof. Let us discuss how to prove (5.56), by focusing on the first limit (the second one is treated

similarly). We have
1/2 -
< C( Z |w+1—m|2> LRl
m>2My+2 VN

1/2
¥
X Z amam >(I) ’
m>2M +2

where we have used the Cauchy-Schwarz inequality both for the sum and for the () scalar product
and the identities b, D = (D — 1)b,, and b’ b, = a' a,,. The first sum in the right hand side is bounded
by a fixed constant thanks to (5.7). We now multiply and divide by 1, ,, — 4, to get, arguing as in the
previous subsection,

A Z Wi <bm®+h.c.>®

V2N = 1) m>2m,+2

(5.58)

Z a:;,am < ;drl (hMF - M+) :

m>2M+2 Hamy+2 = Ky

Plugging this inside (5.58)), and using the assumption (5.53)), we get

A C
S A— Z Woim <bme+h.C.>¢ < 7
V2N = 1) m>2my+2 (MzMA+2 - /4+)
which is the desired bound.
Let us now prove (5.57)), again by focusing on the first bound only. By a change of basis we have

(b, D +h.c.)g
D OnD +0-C )0

w

+1-m
3KM<2IM \+2 V2(N - 1)

b, D +h.c.
= Z <u1,w>|<(u+u_)u,’a>< ad - >d)

1<a<M, V2(N = 1)

b, ®+h.c.
+ Z <u1,w*(u+u_)uf’a>< ‘e C>¢.

1<a<M, V2(N - 1)

(5.59)
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The second sum in the right hand converges to zero in the limit N — oo because each summand does,
and the sum is finite. Indeed, for instance

< C<|u1|,|uf,a|>

and the right hand side tends to zero as N — oo by (5.53). The expectations on the state ® in the sum
are well defined thanks to the assumption (5.53). We thus have

b, D +h.c.
Z <u1, w * (u+u_)uf,a>< Lo C >q)

I<a<M, V2(N - 1)
which proves (5.57). [l

)(ul, w * (u+u_)uf’a>

< CMAON(I)s

6. A PRIORI ESTIMATES ON THE GROUND STATE OF Hy

Based on the previous results we can now deduce non-trivial information on the ground state v, of
H , in particular that ((N| — N 2)2)% < CN and (N ¢2>ng < C with C a constant independent of N.

Proposition 6.1 (Number and energy of excitations).

(./\fl>u,gs <C (6.1)
(dI' ) (hyp — '“+)>u/gs <C (6.2)
(ND)y, S Comin {N,T7'7}. (6.3)
Proposition 6.2 (Second moment of excitations).
C 2
(MDD, S (N =No)), +C (6.4)
C 2
(N T, (hyp — y+))wgs < F((M - N,) )Wgs +C. (6.5)
Proposition 6.3 (Variance in the two-mode subspace).
2
“AQ—NQ)%§;CN. (6.6)
Inserting (6.6) in (6.4) and (6.3) yields
(N7), <C
(6.7)
<NJ_dFJ_<hMF - :“+> >l,,gs <C

As a consequence of (6.3), (6.6), and (6.7), if one applies Proposition5.1]to the vector @ = Uy y,,, the
error terms in the right hand side of (5.1)) are small, being bounded by

C T—Zs
~ii +Cei (6.8)
The rest of this section is devoted to the proofs of Propositions [6.146.3] The general strategy for
the first two results is similar to the single-well case (that is, the case of fixed L) and some arguments

are accordingly borrowed from [17]. The two-mode nature of our low energy space however calls for
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additional ingredients, in particular as regards the proof of Proposition[6.2] Proposition[6.3|uses as input
our results of Sections 4| and [3]
We will use several times Onsager’s inequality (see e.g. [34, Lemma 2.6].)

1
Dt =x)> =N [[ =yl coPlu, 0)dxdy
i#j
N (6.9)
+2) / wx; = y)lu, ()’ dy = w(0).
i=1
Proof of Proposition[6.1} Using (6.9) and then the definition of 4, from (2.8)) we get (since the interac-
tion term in the N-body Hamiltonian (1.2)) is non-negative, we may replace the prefactor /(N — 1) by
A/N)
AN 2 2
(Hy)y, > (d0p), =5[] wix = p)lu Pl ¢)Pdxdy -
> (d0(hyp — 1)), + NEWu,]-C (6.10)
gs
> (dI) (hyy — ﬂ+))wgs + NEWu, ] - C.
The last step is due to the identity
AUy — ) = (- = )N +dT (hye — 1) (6.11)

and to the fact that y_ > .. On the other hand, the factorized trial function qu yields the energy
upper bound

<HN>Wgs S N(-C’.H[u+]’ (6'12)
and putting together (6.10) and (6.12)) we find
(dCy (e = 1)), < C. (6.13)
gs

which is precisely (6.2)). Recalling the spectral decomposition (2.25)), and the fact that u,, — u, > C for
m = 3 (by Theorem|A.1)), we deduce

{d, (hyg: — m))wgs > C(N),,

which, together with (6.2)), proves (6.1).
To prove (6.3) we use (6.11) again and notice that, by the spectral properties of Ay from Theorem

ATl
<dr(hMF - M+)>u/gs 2 (p_— /"+)<N—>wgs > ceT1+£<N—>Wgs'

This, compared with (6.10) and (6.12), yields (6.3) after recalling that (N"_), < N also trivially
holds. ] O

Proof of Proposition[6.2] We claim that

(N d0(hy — “+)>wgs <SND),, + %((Af1 - NZ)Z}W +C, (6.14)
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for 6 > 0 arbitary and for some constants C, C; > 0. This implies the bound (6.4)) because
dU(hy = py) 2 e N

on L?>(R?N) with ¢ > 0, and because h,; commutes with A .
To prove we define the operators

N
S =AY w ) - L_l Y wix, = x,)+ E(N) = Ny,

- N et
Jj=1 i<j
and
Py=lug Mu |+ lu)(u ], Pr=1-P
with j = 1,..., N. The latter project a single particle in (or out) the two-modes subspace. We also

denote by hyy; the operator that acts as hye on the j-th variable and as the identity on all the others.
We then have

N
(N Ay (Ayg — py) )Wgs = (N, Z (hyp, — ”+)>wgs = (NLS),, = N(P}S),. (6.15)
j=1
where we have used H vy, = E(N )y, in the second equality and the fact that y, is symmetric under

permutations of variables in the last one. We split the operator .S into the part which commutes with
Pll and the part which does not, according to

S=5,+S,

where

al p

Sy =4 w lu, Px) - ~ T Y wGx—x)+Ey—Npy,

j=2 2<i<j<N

and
/1 N
. 2
Sy 1= dw x Ju ) = ,2; w(x; — x)).

We will estimate separately the contributions of the terms containing .S, and .S, inside (6.13)). For the
contribution of the term containing .S, we use for N — 1 variables, that is,

A
N-1

N
N -1
Z w(x; — x;) 2 —/ITw+++++/IZw * |u+|2(xj)—C.

2<i<j<N j=2
We also take advantage of the upper bound
N
<HN>Wgs S NM-}- - j’_w

5

which follows immediately from (6.12)) if we recall the expression (2.8) of u,. The two last formulae
yield
S, <C.

a

. . J- .
Since S, commutes with P we have, using also (6.1)),

N(Plisa>wgs < C(N),, <C. (6.16)
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To estimate the contribution of .S, we decompose

N(PLS,), = /1N<P1l [w s« lu, |2Cxy) — wix, — xz)]>

Yes

= AN(PEP [w s fu, P = wix, = x,)| )

Wes
+ AN(P;PZ[W il 2e) = wix, — xz)]P2J_> 6.17)
W
+ ﬂN(PlLPZ[w # Juy P(x,) — w(x, — xz)] P2>W
gs

=: Term, + Term, + Term,.

We estimate the last three terms separately. For the first one we use the Cauchy-Schwarz inequality and
the fact that w and w * |u, | are bounded to get

N

Lpl\1/2 _ ] 1\!?
e <cntrir? -ox{picy 3.

21\1/2 2
SC(ND2 < 8(ND),, +C;
with 6 > 0 arbitary, where the last bound follows from \/; < 6x+1/(46) for any x > 0. For the second
term in (6.17)) we argue similarly to get
[ Term,| < CN (PP, = C(NY),, <C,

where the last bound follows from (6.1)).
The third term in (6.17) is more delicate, since it contains only one PjL. We write

Term, = /1N<P1l lu_)(u_|, w = (|u+|2 - |u_|2)(x1)>

Yes

= AN (Pl )Ly + L)y oo g )x) (6.18)

7%
=: Term; ; + Term,,,

where we have used several times the operator identity
lu)(ul, wix; — x,) [v)(v], = |u){v], w* @Wo)(x)).

Use the Cauchy-Schwarz and Young inequalities, then the L'-estimate (A1), and then the a priori
estimate (6.3, we find

|Term, | < CN(Pf)i/Z (lu_)u_l, )
< CT N AN DY

1 1/2 N 12
’ T1+£ } < J‘>Wgs

<CT'V/** (Ng}/gf <CTV*E

1/2

2 _ 2
o T

< C.T'*/min {N
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Recalling that

Z <|u+)(u_|j + |u_>(u+|j> = afra_ +da, =N, -N,

Jj=1

one may write

“Term,, = M (P s ) (N - N))
N

-~ 1<P1lw s (uyu_)(ep)(luy ) u_l; + |u_)(u+|1)>

Ve

The second summand is clearly bounded by a constant and thus we include it into the error. For the first
one we write, using the Cauchy-Schwarz inequality and the boundedness of w * (u u_),

N N 172 2\ /2
—‘<P1w*(u+u_)(x1)<Nl_N2)> |<C<P1> <(N1_N‘2) > .
N -1 Wes Ves Wes
We finally get
((Nl - N2)2> . 1/2 1/2
|Terms,| < C(N )}/ Ve <CN_1/2<(N1 —N2)2> ,
. Wes N Vs
where we have used (6.1)) in the last bound. All in all we proved
o\ 1/2
|Term3’ < CN7I2 <(J\f1 - N,) > +C,
Wes
and therefore
C 2
N(P!Sy), <O6ND), + N«Nl - N2)),. +Cs (6.19)
The annouced bound (6.14)) then follows from (6.16)) and (6.19). We deduce (6.4) by choosing § small
enough. Plugging (6.4) inside (6.14) yields (6.5)) as well. O

Proof of Proposition[6.3] We combine Proposition [5.1] with a computation similar to Proposition §.4]
to obtain an energy upper bound. For a corresponding lower bound we use Propositions 4.2] and §.4]
to control the two-mode energy, and argue that the excitation energy must be uniformly bounded with
respect to N.

Recall the trial state y,,, from @#.20). We apply (5.1) with @ = Uy, Since y,, has no

excitation in the subspace Pile (4, W gauss = 0 for any m > 3), we get

NJ_U‘N :HUN :0.

Wgauss l//gauss

The expectation of the linear terms in a,, in the left hand side of (5.I) also vanish for y = .
Furthermore, we will use

%<@2>U‘NWgauSs - _<(.A/.1 - N2)2> < %O-JZV = H_o — Hy < CETI/Z_S,



52 A. OLGIATI, N. ROUGERIE, AND D. SPEHNER

where the first bound was proven in (4.32)). By the variational principle for the ground state problem of
H we find

C
E(N) < <HN>'//gauss < <H2_m0de>y/gauss + N1/4
w M+ - ﬂ_ 1/2—8 C
SE+E;+N +C.T + N (6.20)
Hy— M_
SEy+EY+N—= T—+C

applying successively (5.1)) and (@.23).
For a lower bound we apply (5.1) with @ = @,  =: U'yy,,, obtaining

|E(N) —(Hy_oqe + ,u+./\/l) (H—I])q, — (linear terms)q, < error terms.

In this inequality,
(i) The error terms are bounded by using (6.3), the identity (%2)4)gs = ((N| = V- 2)2)%, and the
inequality (N )y, S N, yielding

(N = N
e (LT

(ii) The expectation of H,_,, 4 + #, N is bounded from below by using the lower bound of Propo-
sition (.2,
w0 Hy—H_ AU
(Hymoge + Hy N1y, 2 Eg+ Ej + N— Tt 1((J\/1 - J\fz)z)ng
l-¢
- CET <Nl>l[/gs .

Thanks to (6.1]), the term in the second line can be replaced by —C.

(i11) The expectation of H 1s bounded from below using the fact that H is bounded below indepen-
dently of N (this can easily seen as in [21, Equation (A.6)], keeping in mind that Ay — u, has
a finite gap on the excited subspace).

(iv) The expectation of linear terms can be bounded by using the Cauchy-Schwarz inequality as
follows

error terms < <

23 [wion(0a,D+he), +w,,(07a,D+he), |

V2(N = 1) m>3

G Gen) (o) oo
o2 (Snat) (S et

The sums of |w,,_, |2 are bounded by constants thanks to (5.7). The other sums equal (N L>u/gg
for which we use (6.1)). Finally, thanks to the commutation relation (3.15)) one has

DO D |I> = (N} = Ny £ 1), < 2N, = NY),, +2
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and thus 5
. 2
( Linear terms )%‘ < ﬁ< (N = N>) >wgs + C;
for any 6 > O arbitrarily small.
Overall we find

w Hy — H_ c 2
EN>E0+EN+N+2 +N_1((J\/1—N2) Dy,

for a suitable small enough positive constant c. Notice that we used the fact that the constant U in (4.3))
satisfies U > C > 0 independently of N thanks to the estimates of Lemma Comparing this with

(6.20) gives the desired (6.6). O

7. SHIFTED HAMILTONIANS AND LOWER BOUND

- C,

Shifted CCR. Let us introduce the notation

(M) . M) A
[H]right,shift T |H]right + ) lgang <u1’ w * (u+u_)ur,a> (br,a$ + hC) .
A, .
ngft),shift = Hféwft) + Z <“2’ w (u+u_)uf’m> (C,;,,,@ + h.C.).

V2(N = 1) 1<a<m

The linear terms are those appearing in (5.1) up to a change of basis from {u,,},; to the right and
left mode basis {u, 4, u, 4 },5), Where we have ignored the modes beyond the cutoff M and small error
terms, as justified in Proposition

The estimates of Propositions 5.1} [5.2] and [5.7] have for consequence the lower bound

* (My) (My) :
Un(Hy = Hy_nog) Uy 2 Hig i + B i + #e Ny — remainders (7.2)
We will show in this section how to deal with the linear terms in H'» and H™" . The idea is
right,shift left,shift
to define new shifted creation and annihilation operators 5* and ¢ insucha way that HMY and
r,a £ right,shift

I]-I]EMA) .. are quadratic in terms of, respectively, b and & | up to a constant term. We will do this for
eft,shift r,a 7.a

each fixed M, not necessarily the M, from Proposition [5.2]
From now on we will use the notation {r,a} or {#, a} to indicate that the mode u, , or u, , intervene
in an expectation value. For example, for any operator A on L?(R?),

Atayieg) = (lras Atl ) -
Similarly,
Wntraypirp) = (thn © Uy g Wity @ U 5)
and so on.

Definition 7.1 (Shifted creators and annihilators).
For any a > 1 we define

>~

r,a := bl‘,Of + xag

R
Cop =64 +y,D

(7.3)

L

where x,,y,, « = 1,..., M, are real numbers whose values will be given below.
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A simple calculation using the commutation relations (3.15)), (3.20) yields

Lemma 7.2 (Commutations relations for shifted operators).

One has
(b, 4 b 1 =805 = Xpb,o — x,b]

ra a”rp

- (7.4)
[br,a’ r,ﬂ] = - xﬂbr,a + xabr,ﬂ

Similar commutation relations, with straightforward adaptations, hold for the Eﬁ .

We define the following quadratic Hamiltonians, obtained from (3.21) and (3.22)) by replacing the
creation and annihilation operators b* and ¢* by the shifted creators and annihilators (7.3)),

Y 1
Wl =y D, (he—m+ AK11>{ra}{rﬂ (8,3, + 5,5 ,)
1<a,p<M ’ ?
A
+ 5 Z (Kll){r,a}{rﬂ (b:-abz-ﬂ + b’ab"ﬂ> (75)
I<af<M
HOD .= 1 ( K, & T, +E,
left 2 gzﬂ‘; —HLF 22 (fa {fﬁ}( CraCep + cf,acf,ﬁ)
A
5 Z <K22){fa}{fﬁ}(zj’a~;ﬂ +Cralrp)- (7.6)
1<a,n<M

where we have ignored the modes beyond the cutoff M and symmetrized the terms involving one creator
and one annihilator.
Let us introduce the orthogonal projections

Pr,gM = PrP<M = PgMPr = Z |ur,a><ur,a| (77)
1<as<M

Prom 2= PrPeyy = Py Py = 2 |ty o)t g - (7.8)
1<as<M

We will show the following result.

Proposition 7.3 (Shifted Hamiltonians).
For any ® € £*(§,) we have

H) (M) 1
‘( right, bhlft <|H]r1ght> + E Tr (PF,<M(hMF —Hy Tt AKU))

C CETl/Z_E (7.9)
< \/—W(J\fﬁ@ + N <®2>¢

/12

+ m<ul, K“W <MK11 u > <$2>¢

where W,

r?

<um s defined by

W, = Prcr (Prcas (Ayp = 1o +24K1) Pcy) Py (7.10)
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and we picked

X, = /S <ur,a, W,y w * (upu) u1> . (7.11)

V2(N = 1)

A similar bound holds for HM upon replacing K, by K,,.

left shlt t

Thus the quadratic Hamiltonian I]-H( o, together with the linear terms coincides, up to remainders, with

—_—~———

I]-I]Elgh)t minus a constant term given by the trace in (7.9) and minus a term proportional to A>°®?. The

—_—~—

latter term will be absorbed using the variance term from H, . which is proportional to 4, and H*")
right

minus the constant term will give the correct Bogoliubov energy in the lower bound. Note that the trace
in the constant term is finite because we are restricting ourself to modes a < M.

D] = [0,D]a, , = —b,, one finds that HM

Proof. Using the commutation relations (7-4) and [b right shift

is given in terms of the shifted creators and annihilators bt by

1 ~ ~
Hl(‘?glft,shift = 5 Z (h'MF — Hi + AK]]){r’a}{r,ﬂ} (br abrﬁ + br,abj’ﬁ)

I<a.p<M

A 1
+5 > (K parop (BLBl, +B,4b, ) - 5 T (Pcn (g = i, + AK )

I<a,p<M

A ~ ~
Z < Z (hMF_M*‘+2/1K11){r,a}{r,ﬂ}xﬁ_\/ﬁw+l—{r,a}><biag+gbr,a> (7.12)

I<a<M  1<B<M

24
+ Ay — U, + 24K Xy — ——2—w _,a>xa®2
lséM <1<;<:M ( MF + 11){r,a}{r,ﬂ} B /—Z(N D +1-{r,a}

1 22
1<a<g

1<AM S V2(N - 1)

The first and second lines in the right hand side precisely coincide with I]-H(M) defined in (7.5) minus the

ra’

constant term — Tr ( < (Pyp — py + /IKH)) /2. The condition for the Vamshmg of the linear terms in

the third line is .
Z (hMF—M++2/1K11> T IR (7.13)

ra}{r, +1-{r,a}
1 { V2N = D)
which leads to (7.T1), using the projection P, ,, defined in (2.27) and (7.10). With this choice, the
expectation in @ of the last line in (7.12] - ) becomes

R(D=_ Z Wi (ra) <bra+broﬁ>q)

V2(N — 1) 1<asm

This can be bounded with the help of the Cauchy-Schwarz inequality and the boundness of w * (u u_)
as in the proofs of Sec. E], that is,

IRy < { 1041 () }{ ||b,,ac1>||2}E < S
) ) =

a1 a>1
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with C independent of N and M. Plugging (/.13)) inside ((7.12]) we only have to compute the contribution
of the term proportional to D? in the fifth line, which is given by

A 2
T Z Wi fra)Xa D

V2(N = 1) 1<asm (7.14)

/12
= — m<ul, w s (uu )W, w (u+u_)ul>fé)2.

To bring this contribution to the form appearing in we have to show that one can replace the
multiplication operator w * (u, u_) by the integral operator K;; up to a small error. To this end we
notice that, using (I.6), for any f € L*(R?),

w>x<|u1

|<u1, (w * (uu_) — KH) f>|2 = ‘(ul, <w * (upu_) —
2| s )|
11 (o (105 L), )

2
< Cllfllwian,

where we have bounded one of the w * |u,|? in the square by a constant. Using (#.7) this implies

(i, (w s @) = K,y) £)| < CTPI£1L

Noting that the operators W, ,, is bounded (recall that Ay — u, has a finite gap by (A.5)) and K, > 0),
this yields

0l

N

|(u1,w k (U u YW, qw s (upu_Juy) — (uy, Ky W, <MK11”1>‘
< CT'P (W, pp w0 % (u,u >u1 5+ W, Ky lla) < CTV270
This means that we can replace w * (u,u_) by K, in (7.14), thus obtaining the term proportional to D>
in (7.9)), at the expense of a remainder term of the form
CETI/Z—E
N -1
This completes the proof. 0

D2

[H](M) I]_[I(M)

Lower bound on the shifted Hamitonian. We now discuss how to minimize left -

Proposition 7.4 (Lower bound for the full shifted Hamiltonian).
Let E®°¢ be defined in (2.29). Then

e —

M M 1 1
Wi + L SEP2 4 2T [P,y Ui = i+ 2K, )] + 5T [Py (e = 1+ AK)]

(7.15)
— C—M(J\fl +1).

VN



BOSONS IN A DOUBLE WELL: TWO-MODE APPROXIMATION AND FLUCTUATIONS 57

The lower bound is one of the main points in which our proofs significantly deviate from the
standard techniques of derivation of Bogoliubov theory. Indeed, the Hamiltonian H:Irg}:t (with or without
cutoff) is defined in terms of operators which do not satisfy an exact CCR (see Lemma(7.2above). For
this reason, the techniques that are normally used to diagonalize quadratic Hamiltonians (see e.g. [21,
Appendix A]) are not directly applicable here, and we thus need slightly different methods in order
to recover the correct energy EB°¢ in (7.15). We will adopt a method already used in [17], whose
main point is to perform a suitable linear symplectic transformation mixing creators and annihilators
(Bogoliubov transformation). After such a transformation the original Hamiltonian is brought into a
diagonal part in the new creation and annihilation opertors df’a and a part containing commutators of

these operators. If the T)ﬂ . 8 were satisfying the CCR, then the same would be true for the dfa’s and after

the transformation the Hamiltonian would have the form )’ eadj’ad,,a + EB°¢. In our case, however,
this is not true, and the commutators will be corrected by terms that need to be controlled. Since we
work here with a finite number of modes (due to the energy cutoff), we can simplify the analysis by
considering the symmetrized versions of the quadratic Hamiltonians defined in (7.5)-(7.6), instead of

the Hamiltonians obtained from (3:21) and (3:22)) by replacing the creators and annihilators 5" and ci .
by b and Eii .
The proof of Proposition [7.4{ will occupy the rest of the present section. Define the operators
D,:= P (hye—#.) B, . Doy i= Py (har = #y) Prcus - (7.16)

The operators D, and D, ¢, are defined similarly.
Recall from (Z:29) that EP¢ = E;** + EL°® with

EBo¢ ;= _%Tr“ [D, + APK, P — \/ D2 +2AD*P.K, P.D,*| .

The quantity E-* is the ground state energy

EX*® = inf spec(H3 ) (7.17)

of the quadratic Hamiltonian

HOZL 2= D (U (D, + APK, P u, ;) AL A,
a,p>1

1 I, (7.18)

+5 D (e PK Pou,y) (ALA] +he),
a,f>1

where Aﬁ are canonical creation and annihilation operators on a Fock space &, , whose base space is

the span of the right modes u, ,, a > 1, that is, the Ai’s are operators on &, , satisfying the CCR (the

notation ® = 1 is there to recall that this Hamiltonian can be formally obtained from Hi;,,, by setting

® equal to the identity inside the *’s). Equation (7.17) can be deduced by replicating the arguments of

[17, Section 4-5] or [21, Appendix A]. The fact that the operator

D, + APK, P - \/ D2 +24D,*P.K, P,D,”



58 A. OLGIATI, N. ROUGERIE, AND D. SPEHNER

is trace-class on the space P.L?(R?) is part of the proof, cf [17, Equation (53) and below]. The adaptation
to our case is immediate because the method does not depend on the details of D,.
It follows from the variational principle that E, 5°¢ is bounded from above by the ground state energy

EBog of a quadratic Hamiltonian obtained from (7.18)) by ignoring the modes u, ,, « > M, i.e.
M)e=1 .
1(‘1glft = Z (tras (Drcpr + AP cp K1 Prcar) Uy 5) ALA,
1<a,p<M (7 19)
A .
+3 Y (e Pt K Pyt ) (ALA] +hic).

1<a,p<M

The aforementioned arguments adapted to the finite dimensional setting ensure that

B 1 1/2 1/2
EP® = —5Tr,, lD,<M + AP, K Py — \/Dr<M +2AD)2, P, K Py D2,

Notice that E-° is formally obtained from E?Z%w by replacing P, _,, by P, (i.e., M = oo). The ground

state energies E ® and E?‘lgM of the left Bogoliubov Hamiltonians without and with energy cutoff are

given by a similar expressions as in and (7.19)), with r replaced by # and K, replaced by K,,.

Lemma 7.5 (Bogoliubov energies with and without cutoff).
One has

Bo, Bo, Bo
EX*SEZ, . E®<EZ. (7.20)

Proof. As we already mentioned, E, 52 and E b 1, are the ground state energies of the quadratic Hamil-
tonians and (7.19). They are reached (see previous references again) by unique (up to a phase)
ground states. Let ®™)©=1 be the ground state of Higgt’@:ﬂ. We have that

= Bog
HO=! =E
< right DM),e=1 r<M

because all terms with a, f > M vanish, ®™)®=! having no components in the sectors of the Fock
space corresponding to those modes. The claimed result thus immediately follows from the variational
principle. U

We now prove that I]-[I( . can be bounded from below by E up to

r,< M >
 a correcting term orlglnatlng from the symmetrization in the creators and annihilators in the

definitions (7.3) and (7.6).

« a controllable error due to operators entering I]-[I( ., do not exactly satisfy the CCR.

—_—~———

Lemma 7.6 (Lower bounds for the shifted Hamiltonians).
We have

1 w C
Hifglﬁt 2 5 TrlD,cp + AP, o Kl + E, - \/—j‘i(M +1) (7.21)
N

C
H > 1 Te[Dy cp + AP i Kool + E}E, - —2L (NL + 1)' (7.22)
2 VN

left = <M
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The bound of Proposition [7.4 immediately follows from (7.21), (7.22), Lemma and EB¢ =
Bog Bog . .
E,”™ + E_". There thus only remains to provide the

Proof of Lemmal(7.6] We discuss (7.21)) only, since (7.22) can be obtained by completely analogous
arguments. Let us define the M X M real symmetric matrices

D L= ((ur,a’ Dr<M rﬂ)) p=1
V= A((”r,a’ Pr<MK P, r<M ur,ﬂ))i:lﬁ:l (723)

= /D2 +2D'/2V DI/2,
The notation is chosen to allow direct comparison with the arguments in [[1'/7, sections 4-5]. In terms of
these matrices, the Hamiltonian I]-I]Ef:gt reads

on _ 1~ ~\(D+V V b
Hright - 5 ((bl)t . bt> < V D 4 V) <’BT (724)

where we have used the matrix notation b = (b Dol and b = (bT M for the creation and annihilation
operators and ¢ denote the transpose.
Let us introduce new creators and annihilators dfa obtained by means of the Bogoliubov transforma-

tion -
d 1 (AS'+ B! AS'— By b
. 0 0 0 2

(dT> 2 (A‘ -B' A+ B(;1> <bf> (7.25)

where A, and B are the real M X M matrices defined by
A, :=D'?E"'*U,, B, :=(A;") = D'?E'*U,
with U, the orthogonal M X M matrix diagonalizing E,
U,EU, = A = diag(e,).

The inverse transformation is

~

(ﬁ) =5 (d*) ) <A0 ~B, Ay+B,)\d")" (7.26)
The matrix S is symplectic and diagonalizes the 2M X 2M symmetric matrix in (7.24),
D+V V A O
1 —
S( 1% D+V>S_<O A>’
(this can be checked by an explicit calculation, noting that A{(D +2V)A, = ByDB, = A). Thus

M

M
(D _ l oAt A 0O d _ + l ¥
IH]rlght - 2 ((d ) .d ) (0 A d' )~ Zeadradr(l + 2 Zl ea[dr,a’dra]

a=1

If the operators Zf , would satisfy the CCR, the same would be true for the d* s and the last sum would
be equal to

1/2

r<M ’

Tr(E) = Tr \/D2 +24D.2 P, Ky P,y D
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which is precisely the sum of the two first terms in the right hand side of (/.21]).
In our case, the sum involving the commutators can be obtained from the following identity: if R is
areal M X M symmetric matrix, then

[, Rd'] ;= ' Ryld,,. d ;] =Tr(R)—x'ByRA\(b+b'), (7.27)

1<a,p<M

where x = (xa)f]t”= | 18 given by (/.13). The identity (7.27) follows by noting that the commutation
relations of the Zﬁ . S given in Lemma 7.2/ can be rewritten as

[b, 0b] =x'(@- 0", [b, QDb'] =Tr(Q)-x(Q'b+Qb") (7.28)
for any M x M matrix Q. One deduces from (7.25) and from A;' = B, B;' = Aj that
@', Ra'] =~ 7 L[, (A, + BYR(A, - BO)"B] +h.c.
+ 2B (g + BOR(A, + By D] - 7 [B, (40— ByR(A, - BB

from which (7.27) is obtained by relying on (7.28).
Applying (7.27) with R = A yields

HOD — Z did + - Tr(E) A

right €q ro o Fe Z(N—]) +

stands for the vector (w

w' _D'2ET'D'* (b +b"), (7.29)

where w To deduce the above equation we used

)M
+1- +1-{ra}/q=1"

(D +2V)'B,AA, = D'?E"'D'/?,

which follows thanks to the identities B)AA) = D~'/?ED'/*> and D~'?E*D~'/> = (D +2V). The ex-
pectation of the last term in on the vector ® € £%(§ ) can be bounded using the Cauchy-Schwarz
inequality, the boundedness of w * (u,u_), and the fact that E-' < D~! by operator monotonicity of
the inverse and square root (recall that E> = D'/2(D + 2V)D'/> > D? since V > 0), to write

! w. . D'?E'DVX (b + b*)q,'

22N —-1)
1/2
< \/%{ ; +1—{ra} } { Z || Z(DI/ZE Dl/Z)aﬁbrﬂq)H }

w
a1

C 1/2
\/—W o -

The lower bound in the lemma then follows from the fact that the first term in is non-negative
(since E > 0 and thus e, > O for all a). O

8. PROOF OF THE MAIN RESULTS

Recall that Proposition [2.4] follows from the considerations of Section 4]
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8.1. Energy upper bound. We obtain an upper bound on the ground state energy E(N ) corresponding
to (2.32)) by constructing a trial state y,,;,, as follows. Recall that by the decomposition (3.§)), any wave-
function y is uniquely identified by the components @, of U’y w. The d-dependence of the components

of Uy, Will be encoded in the gaussian coefficients ¢, = e~ 4 /4oy /Z, that we already used in
Section @ The s-dependence, in turn, will be chosen so that the expectation of H on Uy, will
coincide (up to remainders) with EB°¢ defined in (2.29). To evaluate this part of the energy, we need a
well-known lemma. Its claims follow e.g. from argumentsﬁ in [17].

Lemma 8.1 (Minimization of quadratic Hamiltonians).

Let V' be a locally bounded external potential such thatlim, . V(x) = +oo, and define h := —-A+V.
Let k be the integral operator on L>(R?) whose kernel is u(x)w(x — y)u(y), for a real-valued u € L*(R?)
and w as in Assumption Given an orthonormal basis {u,} of L*(R?) such that all u, are real-valued,
denote by h,,, = (u,,, hu,) and k,,, = (u,,, ku,) the matrix elements of h and k in this basis. Consider
the quadratic Hamiltonian

1
Hyaa = 2 (R + k), AL A, + 5 mz k(AT AT + A,4,),

m,n

where A,Tn and A, are creation and annihilation operators on the Fock space G with base L*(RY) sat-
isfying the Canonical Commutation Relations. Then the unique (up to a phase) ground state of H
is

quad

UQC’

where Q is the vacuum vector of G and U a Bogoliubov transformation, acting on creation/annihilation
operators as

U*ATU = Z Al + 5,4, ) (8.1)

mn n

Jor suitable coefficients c,,, and s,,,. Moreover, the ground state energy of H,q is

inf (M, ) = —%Tr(h +k — VR + 2RI 2KRIZ). 8.2)
We refer to [21, (17,27, 4, 10, [11]] for more details. It folllows from (8.1)) that we have
(UQATUQ,) =0, (8.3)

L.e. particles appear only in pairs in the Bogoliubov ground state. Moreover, by using the fact that U €2,
is a quasi-free state, one can show that all moments of the number operator N, = ), A’ A, in this state
are finite, i.e., (N f)wgg < oo for all positive integer k.

Recall the Bogoliubov Hamiltonian H,;., for right modes, defined in (3.21). Let us consider its
version in which the d-translation operator ©® is formally set to the identity. This amounts to replacing

®In particular, notice that the transformation in [17, Equation (26)] is implemented in Fock space by eXa, where X, is
defined before [[17, Lemma 3].
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the b*’s with the a®’s, i.e.,

0=1 .__ T
[H]l'igh'[ .— <ur’a, (hMF - ﬂ+ + ﬁKll )ur,ﬂ> ar’aar’ﬁ
a,p>1
A oo
+ 5 Z <um, K“u,’ﬂ> <amar,ﬂ + a,’aa,’ﬂ> .
a,p>1

This operator acts on the right Fock space

3, =G (PLLXRD), Poi= ) lu,)u.,l (8.4)

a>1

Similarly, we consider the Bogoliubov Hamiltonian I]-I]f;f:t]1 for the left modes and the left Fock space §*,
defined by the same formulas with r replaced by # and K, by K,,. We extend both operators to the full
excited Fock space §, by using the unitary equivalence

. =8 ((PLLYRY) @& (P ,L*R))) =F" & F,

and having [l-l]ggzh]i acting as the identity on the left Fock space (respectively HP=" acting as the identity
on the right Fock space). Applying Lemma there exist unitary Bogoliubov transformations U
and U, such that

right
0=1 _ rBog
|]'”right[UrightQ - Eright[Urigth’

0=1 _ pBog
[H]left [Uleftg - Eleft [Uleftg

with Q the vacuum vector of &, and

Eigﬁt = - %TrJ_,r lDr + APrKllPr - \/(Dr)z + ZADi/ZPrKllPrD:/Z l

B 1 2 1/2 1/2
Egt=—3Tr, lDf + AP,K,,P, — \/ (D,)” +24D)*P,K,,P,D) l :
where D,, D, are defined in ((7.16)).

The latter quantities are those given by adapting (8:2) to our case. Their sum coincides with EB°¢
defined in (2.29). By construction, [H]?ig:ht commutes with U,.;,, because the latter is defined in terms of

left modes only. Similarly, I]-Hf;f:t]1 commutes with U Thus

right*

_ _ B B
(H@ U4 HO 1) Uner Urighe @ = (E % +E °g) Usete Urig 2

right left right left (8 5)
B
=E Og[Uleft[Urigth'
We denote by (U, U,h,£2), the component of U,p, U0, €2 in the s-particle sector of .

We are now ready to define our trial state. To control some terms arising from Bogoliubov excitations,
our choice of variance differs slightly from that of Section 4]
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Definition 8.2 (Trial state with fluctuations).
We define

BN =s+d)/2 Q(N—s—d)/2
Virial - Z Z Ca.s4y Qsym Uy Osym D rial s 5 (8.6)
s=0 |d|<5

where the coeficients c,  are defined by

Zy N (8.7)

Cis = .
0 otherwise,

,8

{Le_dz/“"zzv if N—s+disevenand |d| < o3

Z  being a normalization factor such that ZI d]<o? cﬁ , = L jorallsand
0N N

y u_— u, N if 6 < 1in the assumption T ~ N~°
oy = \ ) (8.8)
N2 otherwise
Moreover, let
([Ulett[Urlgth>
trial,s = > . (89)
N
V2L |Watian) |
The excitation content of v, is
(U‘Nwtrial)s,d = cd,sq)trial,s

forO< s < Nand |d| £ 0]2\], and zero otherwise. Note that the function of the s variables Do s does

not depend on d, and that ¢, ; = c, , for all d if s and s’ have the same parity. Note also that v, is
normalized to one. In the rest of this subsection we prove

Proposition 8.3 (Energy upper bound).
Pick a sequence T(N) ~ N~% with 0 < 8. Then, along this sequence,

lim sup ((HN)

N -0

- E®) <. (8.10)

Wtrlal 2 mode
Proof. By using Proposition|S.1|with ® = Uy, to estimate (H ), . one obtains the upper bound

<HN>Wtria] < <H2_m0de>llllria] + <[H]>UNWtrial + ﬂ+<NL>UNWtria]

) (8.11)
+ ( linear terms ), ,, ~— €rror terms.

We first determine the expectations in the trial state of the 2-mode Hamiltonian H,__ .. (Step 1), then
that of the Bogoliubov Hamiltonian H (Steps 2 and 3), before showing that the expectation of the linear
terms and the error terms converge to zero as N — oo.

Step 1: 2-mode energy of the trial state. The 2-mode Hamiltonian (4.9)) does not contain operators

that change the number of excitations (i.e., the index s). The only terms in H,__ . that involve the
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variable s are those containing A, or N'7. For example, we compute

N N
<Nf>ll/ma1 = Z Z |Cd,s|252 ||CI)trial,s||2 = Z S2 ||c1)trial,s||2
s=0 |d|<6]2V s=0

(N,

SN > [Ulefl [UrightgZ

5 -
HHJ\ngNuleft[Urigth“

The denominator in the last line tends to 1 when N — oo and it easily follows from the previous
definitions that

NT) =(N}) +(N7)
< L 7 Ujep Uyign L /U Q2 L/ U@ °

Since both moments in the right hand side are finite, it follows that

(ND), <C (8.12)

Virial
for a constant C > 0 independent of N. By the Cauchy-Schwarz inequality, this implies that (N} ), <

Vc.

For all other terms of H,_
formula of the type

N
<f(a?’ag)>y/mal = Z Z Z Cd,scd’,s ”(I)trial,s”2

s=0 |d|<0?, |d'|<0%,

WYirial

mode 1N (4.9), i.e. those that only contain af and ag, we will use a general

®(N—s+d")/2 ®(N—s—d")/2 f #\ . ®N-s+d)/2 ®(N—s—d)/2
X <ul ®sym u2 s f(al’ a2) ul ®sym u2 >,

To compute the expectations in the second line, we can repeat the calculations performed in the proof
of the upper bound (4.23)) for the 2-mode Hamiltonian, keeping track of the fact that the total number
of particles is now N — s, for a generic 0 < s < N. Let

. Q®(N—s+d)/2 Q(N-s5—d)/2
l//trial,s T Z Cd,sul ®sym u2 ®sym q)trial,s

ld|<o?,

be the component of y,;,; with exactly s excitations. One finds

<<‘N‘1 + Nz)n)‘/’trial.s = (N - S)n ||q)trial,s ||2
1 + + N -5 _112_5 2
<N_>Wtrial,s - §<Nl + NZ B ala2 B a2a1 >V’triaLs < C 1 + 0'2 + (N - S)e N ||®trial’3”
' N

<(Nl - N2)2> < C(N - S)TI/Z_E ”(Dtrial,snz‘

Wtrial,x
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Using Zi\;o Wirials = Wiriat and splitting the sum into two parts for 0 < s < N/2and for N/2 < s < N,
one has for example (C is a generic constant which may change from line to line)

N - -z
Yirial Z (1 + + (N - s)e N ) ”(I)tflalS” + CN Z ”q)trlals”

0<s<N /2 o, N N/2<s<N

__N_
< C(1+£2+Ne 2”?v>
On

< C<1+£2> < C<1+max (CET‘%‘E,NVz)) :
(02

N

(N2)

(8.13)

z[a

where in the second line we have used 3 || @it ||2 = 1 and the bound
N2
T Z ||q)trial,s||2 < Z S2 ||(I)triall,s||2 < <Nf>ll’mal < c ’
N/2<s<N N /2SN

__N
and in the third line we have used (A.4), the assumption T ~ N =%, and the fact that Ne *~ can be
bounded by a constant times N(c2,/N)*"1-9""_ Similarly, we find

((Mi+M2)"), = ((N=ND"),  <CN

< (N—NL—aTaZ—a;aQW 2{N_ >W <1+max <CET_%_£,N1/2>>
trial trial
[ (8.14)
(W =AY, < max (C,NTi N12)
trial
(N2, <SN(N), < CN(I + max (CET—%—E,NVZ)).
trial trial
According to the identity (4.9) of Proposition 4.2} one has
Hy—H_ o — /4
<H2—mode>y/mal = EO + Ew +N - 2 + - <N - aJ{az - a;al >V/trial
AN
- N—((wmz + w1122)<N >V/mal - w1122>
A ¥
+ N _1 <((w1112 + W )N — w1122) (N —a,a; — a;a1)>
— Wirial
U
- M<N >l//t ial 1 <(Nl - ~A/‘2)2>Wtrial
22 A
+ —w1122< )l,,mﬂ t AN -1 (wllll — 2wy + w1212)<NE>WM-

N -1

Plugging (8.12) and m into this identity, bounding the expectation in the third line by (|w,,;,| +
Wi12)N(N — aIa2 a,a,), ,andrecalling the estimates for the various w-coefficients and for y — u,
from Lemma[.1] we deduce that

_/’l—

u
<H2—mode>u/mal < EO + E]LST +N - - ﬂ+<NJ->lI/ma1 + ON(l)
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in both cases of (8.8). Arguing as in Section4.3] we conclude

<H2—mode>u/mal < E2—m0de - 'u+<NJ->1I/ma1 + ON(I)' (815)

Step 2: Bogoliubov energy of the trial state. We want to compute (H), ,, . We decompose analo-

gously to (5.43)):

3
H = Hyighe + Hiep, + Hyp + Z ¢ (8.16)

Jj=1

with Hyjgp, ., Hyep, given by @@’ H,, given by (5.44), and

¢ = Z <ur’a, (hMF - ,u+)um> aj’aam + h.c.
a,p>1
& =4 2 <um, (K“ + Kzz)”f,p> ai’aam +h.c.
a,p>1
+ A a;1 [ (um, Klluf’ﬁ> 02+ <u,’a, Kzzuf,ﬁ> @2] aj’aa;’ﬂ + h.c. (8.17)
&= Z <ur,a’ K22ur,ﬁ> aj,aar,a + Z <uf,a’ Klluf,ﬁ> a;,aaf,a
a,p>1 a,p>1
A _
+ > ;l ( <uw, Kzzu,’ﬂ> G)zaj’aa:’ﬂ + (um, KUW’I;) ] za;’aa;’ﬂ + h.c.) .
a,pz

We will show below (see Step 3) that the main part of the energy in the trial state comes from the
expectation of M., + Hyr,. We now prove that the latter expectation is equal to EB°¢ up to errors of

order N~!T~1/2=¢, Each term of Hyign + Hier, contains © elevated to a certain power, either —2, 0, or
+2 (this power is zero for the b'b and c'c part). We know that the excitation content of v, ;, is

{UNWtrial}s’d = cd,sq)trial,s ’

thus the operator ® acts on U'yy,,;, by simply translating the c, ; coefficient as ¢; ; — ¢,_; ;. Taking

one term of H,;.,, as an example, we have

Z (K“)“ﬂ <®2ar’aar’ﬂ>UNerial
a,p>1
N
= Z (Kn)aﬁ Z( 2 <(UNwtrial>Yd ’ (ar,aar,ﬂUNWtrial>Sd 2>
s=0 \| > :

a.pz1 d|<o?,
N
= Z (Kn)aﬂz< Z cd,scd—Z,s> <q)tria1,s’ar,aar,ﬂq)trial,s+2>7
a,fz1 s=0 N d|<o?,
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where we have used that ¢, ; only depends of the parity of s. For the sum over d, we know that, by
#@.25), for all k € 27,

1 .
—L_ifs<1
D CaCusns 1' < 6% < Q aNT (8.18)

1 .
v 7 otherwise

ld|<o?,

having used the lower bound (A.4)) on the gap for the second inequality and recalled the choice (8.8).
This proves that

D, (Ku),, (0%a,,a,5),. , = D (K, (ratrp)y,

a,fz1 a,pzl1

N
= Z g(S) <thrial,s’ Kq)trial,s+2> < ON(l)’
=0

where

gls)=1- 2 CqsCy_nsand K = Z (K“)aﬂa,’aar’ﬂ.
d ap

We used the Cauchy-Schwarz inequality, (8.18]) and the fact that, K, being trace-class, K is controled

by N2, whose expectation in @, is uniformly bounded. All terms in H;on and Higp, that contain o2

can be treated similarly. This shows that, up to a remainder, H,;,;,, + H,.;, acts on Uy, as if © were

set to the identity, and therefore

right

)(Hright + IH]left> - EBOg

UNWirial

<|(mogt+mest) - e
UnVirial

+ oy (D).

On the other hand, recalling the definition of U'yy,,;,;, the normalization of ¢, and (8.3), we see that
N - -

Zs=0 < ([Uleft[Urigth)s’ < ([H]?lgh]i + [H]l(zft]l) ([Uleft [Uright ) >s>

= | U Ui, |

HO=! 4+ H@:Jl) _
ight left
< e UNWirial

= E®% 4+ oy(1)

where the error is due to sum reaching only to N < co. Hence

|<[H]right + Hleft> — EP®

UN Virial

< op(). (8.19)
Step 3: remainder terms in H. We now have to compute the contributions of H,, and of the &;’s
in (8.17). For H,, we have the a priori estimate (5.50), which implies,

[(Hi) sy, | < €T (8.20)

The terms inside &, and &, each contain exactly one operator af , and one ai 5 Using (8.3) and the fact

f
Z.p

that all the a* s commute with a, , and with U, ;,, we obtain

<§l>l/Nerial - <§2>UNW{rial =0. (8.21)
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We now consider &;, focusing on its second line. As in Proposition[5.2} we introduce an energy cutoff A
and an integer M, which is the largest integer such that y,,, ,, < A, where {4, },, are the eigenvalues
of hye. We have

Z <ur,a’ K22ur,ﬁ> <®_2ar,aar,ﬂ >UNW{rial < Z <ur,a’ K22ur,ﬂ> <®_2ar,aar,ﬁ>UN%rial

a.p>1 1<a.p<M,

+2 Z <ur,a’ K22ur,ﬂ> <®_2arv"a”ﬂ >7/N Virial

a1, p>M,

L <M >M
=: &M oM,

For each fixed « and f, the matrix element (u, ,, K,,u, 5) tends to zero as N — oo by the argument

r,a’

presented in the proof of Proposition see Sec. 5.4, Consequently, fMA vanishes as N — oo for

each fixed M,. For §3> My we argue as in the estimate of K, in the proof of Proposition By
repeated use of the Cauchy Schwarz inequality, we have

1/2 1/2
2
>M
‘53 A < Z ’ <ur,a’ K22ur,ﬁ > ‘ Z ar,aar,ﬂUN\Ptrial
azl, p>M, azl, p>M,
1/2 1/2
T
< Z <ur,a’ K22ur,ﬂ> <ur,ﬂ’ K22ur,a> NJ_ Z ar,ﬁar,ﬂ
a,pf>1 p>M,

UNeria]

The square root that contains K, in the right hand side is equal to Tr K,,,, recalling that K, is trace-class
as proven in Lemma|[5.3] For the other square root we notice that

i t t - i
S o< Y (dyasrayan)= 3 o,

p>M, p>M, n>2My\+2

having passed to the basis (2.23)) in the second step. Since all operators commute with N, we deduce
using the same arguments as in the proof of Proposition [5.2]that

1
NJ. Z a:,ﬂar,ﬂ S————— NJ. Z (iun - /’l+> aian

B>M, Homy+2 = Hy n>2MA+2

UNWirial UNWuial

The operators a’a, commute with A/, and we can bound the sum in the right hand side by dI", (hMF — U +) .
Hence
1/2

§>MA <C — 1 <N¢dr¢ (hMF - M+)

3 D
#2M/\+2 _ 'u+ NWtrial

The matrix element in the right hand side is bounded by a N -independent constant. Indeed, U’y y,,;, be-
ing a quasi-free state, Wick’s theorem gives the expectation of a quartic operator such as N, dI"| (hMF -
y,) in terms of the expectations of N, and dI", (hy — p, ), which are uniformly bounded in N. This
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proves
>M, C
SRR ek (8.22)
(MzMA+2 - M+)
Plugging (8.19), (8.20), (8.21) and (8.22) inside (8.16)) gives the final bound
o C
l<H>va - B < 7 1 Cron (D). (8.23)

(,“2M,\+2 — My

Step 4: error and linear terms. Note that, with the choice (8.5),

(o3

? 2
<F>UNthal N Z Z d2 ||(I)tri.all,s”2 < CWN < ON(l)

s=0 |d|<g

where the second bound follows from Lemma[4.5] In view also of (8.12), the first error term in (5.1))
when ® = Uy y,,;, is bounded by C N~1/4. The second error terms, in turn, can be bounded by a 0, (1),
relying on (8.12)) and (8.13)). Let us now show that the expectation in y,,;, of the linear terms in (5.1))
are also negligible. Using the Cauchy-Schwarz inequality we find

< Z w+1 —m m@ + h.c. >UNWtrldl < Z w+2 —m m@ + h.c. >UNWtrial

2(N - 1 m=3 2(N _ 1 =
2
<[ (B hewal) " ( Dleacal) DL - 201,
W m>3 Tial rial
< oy(D),
where the last inequality follows from (5.7)) and (8.14). Hence we deduce from (8.11) that

<HN>Wtrial < <H2_m0de>wtrial + <|H]>UNW(rial + M+<NJ->Wtrial + ON(l)

Plugging (8.15]) and (8.23)) into this inequality gives precisely (8.10) by passing to the limit N — oo
and then A — oco. U

8.2. Energy lower bound. We now prove the following:

Proposition 8.4 (Energy lower bound).

Assume T < 1. For every large enough energy cutoff A, let M, be the largest integer such that
Hom, 42 S N, where {,,},, are the eigenvalues of hyy in increasing order (this implies that M, — oo
as A — o). Then there exists A, > 0 such that, for all 0 < A < 4,

w H - o cl 2
(Hy),, > Eq+Ey+N * +EBg+N_1<<J\f1—N2) )Wgs
c (8.24)

>1/2 ’

T—E

1/2—e _
Conpis —C.T

Aoy (1) —

(MzMA+2 — Hy

where c is a positive constant.
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We first need to prove that the (negative) coefficients multiplying the variance (D?)4, in (7.9), and its

analog for I]-I]féwﬂ)shiﬂ, can be absorbed by the variance term of the 2-mode Hamiltonian. Recall that

-1
W, cm, = Pocu, <P,’<MA (hyp — 1y + 2,1K11)P,’<MA) P, »
with a similar formula for W, ,, (replacing K, by K,,).

Lemma 8.5 (Variance coefficients).
Let U be the coefficient from (4.3). We have

<“1’ K11VVr,<MAK11“1> <C <”2a K22Wf,<MAK22”2> <C (8.25)

for some constant C that does not depend on A and A. Consequently, if 0 < A < A, with Ay, small
enough, then

A2 A?

for some ¢ > 0.

Proof. Using the positivity of K,, and the finite energy gap (A.5]), one has

Pr,<MA (hMF — MUy + 2/11<11) Pr,SMA 2 Pr,SMA (hMF - M+) Pr,SMA > C_IPr,SMA

for some C > 0. Hence
I/I/r,<MA S CPr,SMA

because the inverse power is operator monotone [6] and we are restricting everything to the range of
P, <y, Since K;; is also bounded, the first inequality in (8.25) follows, and the second one is proven
in the same way. The estimate (8.26)) is a consequence of (8.23). Actually, the right hand side in this
estimate is bounded from below by A(U —CA4) and U — C A > 0 for A smaller than some A, that depends
on C, because U > 0 by @.4). O

The rest of the subsection is devoted to the proof of Proposition We use the a priori estimates
of Section @ systematically, without further mention. We also use the fact that N° f < NN f when
evaluated on ,, and similarly for D,

Proof of Proposition We first use Proposition [5.1| with @ = Uyy,,. For such @, the error terms
are bounded as in (6.8)) and one gets

<HN>1,/gS > <I{2—m0de>y/gs + M+<NJ_>V/gS + <|H]>UNWgs

—(
+ — Wy b, D +w,,_, c,D+he. >
V2(N = 1) Z; (1, * ) Ve (8.27)
C T
TN Cle/z'
Next we use Proposition[5.2]to separate the full excitation energy into the excitation energy of right and
left modes, at the expense of the appearance of the cutoff A. For a lower bound, we ignore the positive
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dU | (P, (e = #y) Poyy, ). We also use Proposition [5.7| to reduce the linear terms to modes below
the cutoff without coupling between right and left modes. We thus obtain for any A > 0 large enough

(M) (M)
<HN>II/gs > <}12—mode>y/gs + /J+<NJ_>II/g5 + <[H]right + [H]left >UN‘I/
gs

a2 |

+— Wit iy DraDtWin 0y CraD+ h.c.))

2(N —-1) 1<§MA ot e UnWes
T* C

~ Cron(1) = Conris =

(/42MA+2 - /“‘+) 2

Let us now plug into the above estimate the lower bound on H,_ ;. from Proposition [#.2] see (@.10).
This produces, among other terms, a term —u, (N l>wgs that cancels the one above. The expectation
in the ground state of the last term in (#.10)) is bounded from below by —C.T'~¢ due to (6.1). We also
recognize that HMY 4 M) together with the linear terms coincide with HMY L HMY from 7.1).

right left right,shift left,shift
Thus
Hy — H_ AU 2 (M) (M)
<}IN>y/gS > EO + E]LST +N 2 + N —1 <(Nl - NZ) >l// + <|H]rigt11\t,shift + |]-I]left/,\shift>U‘NW
gs s
T 1/2-¢ c
= Croy() = Conis = €T =
(:MZMA+2 - M+)

We now use Proposition to bound the term containing the shift Bogoliubov Hamiltonians, which
enable to absorb the linear terms at the expense of passing to b* and ¢* operators and of the appearance
of a negative variance term. According to the apriori bound (6.6) on ( $2>Ungs =(WN, - N 2)2>wgs’ the

error terms in Proposition are bounded by C/+/ N + C,T'/>¢. The new lower bound looks like

Hy —H_ (M) (M)
<HN>Wgs > EO + Eﬁ +N 2 + <|H]rigt/1\t + [H]leftA
UNWgs

1 1

e CIER A

W

/12
Y <”2, Kzsz,zMAK22“2> >l

T—£
N1/2

+

)’2
[AU - 7(“1’ K11VVr,>MAK11“1>

C

—Choy()=C, —C. T -

(#2MA+2 - P‘+) 2

(M)

. " . . (M)
By relying on Proposmon we bound the difference of the expectation of [H]rigﬁt +H,.;,

in the second line by EB, up to remainders C,o0,(1). Finally, the terms in the square brackets can be
bounded from below by using the lemma(8.5|above, see (8.26). This yields the desired result (8.24). [

and the terms



72 A. OLGIATI, N. ROUGERIE, AND D. SPEHNER

8.3. Proof of Theorem 2.3} Putting together Propositions [8.3]and [8.4] we can now conclude the proof
of Theorem [2.3] Taking the limit N — oo in (8.24)) yields

.. Hy — H_ B
lim inf ((HN)%S - Ey- Ey-N=——=-E Og)

N-oo

. A c
> lim sup %((Nl—Nz)2> - 1/2
Vs (.MZMA+2 - /4+)

On the other hand, combining (8.10) and the estimate (4.36) on E which follows from Proposi-

2—mode?
tion [2.4] we have
lim sup ((HN)% - E,—- E} - NE 5 . EB°g> <0.
N—oo &
This gives
C

lim sup g<(./\f1 - N2)2>w < lim sup

N -0 N gs N-ooo )1/2

(P‘zMA+2 — Hy
As argued below Proposition the limit of the eigenvalue y,,, ,, as N — oo is the M ,-th eigenvalue
of a fixed one-well Hamiltonian with compact resolvent. Hence, letting A — oo,

lim sup ﬂ( (M, = N2)Y). =0, (8.28)
N- N Vs
thus proving (2.31). Inserting (8.28) in the energy upper and lower bounds (8.10) and (8.24), we find
by using (4.36) again
C

ON(l) - 1/2 + E2—m0de
Hopy+2 — :“+)

+ EB°¢ <E(N)

<E, + EP® oy (1) .
Thus we may let first N — oo and then A — oo to conclude the proof of (2.32).

—mode
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APPENDIX A. THE ONE-BODY HARTREE PROBLEM

We recall here a number of results that were proved in our companion paper [29], i.e. properties of
the eigenvectors and eigenfunctions of the one-body Hamiltonian /.

In Section[I|we defined u, and u_ as the first and second eigenfunctions of /g, corresponding to the
eigenvalues p_, and p_, and the the full spectral decomposition of Ay is

P = p Yo |+ o)+ Y p ) |
m>3

Moreover, we defined right and left modes as

L Uggyy Tl L W1 T Ugeyo
U, B =_— and Uy, i= ————,

r.a \/5 a \/5

forany a > 1.
We have the following result.

Theorem A.1 (One-body Hartree problem).

(i) Lower eigenvectors convergence.

HWJZ—WJﬂLISCJ”* (A1)
sl = lu_l| . < C.T'* (A.2)
luy| = u_|||,» < C.TY*E, (A.3)
+ L £

(ii) Bounds on the fist spectral gap.
¢, T <u_—pu, <CT"™. (A.4)
(iii) Second gap.
Uy —H_2C Vm >3 (A.5)

independently of L.
(iv) Properties of u_. The function u, is smooth, strictly positive (up to a phase), and even under
reflections across the {x, = 0} hyperplane.

(v) Properties of u_. The function u_ is smooth and odd under reflections across the {x, = 0}
hyperplane. Moreover, up to a phase,
u(x)>0 forx, =20. (A.6)
(vi) Higher spectrum. For any a > 1 we have
%i_f)% (M2a+2 - ﬂ2a+1) =0. (A7)

and, for an appropriate phase choice of the u,,’s

: 2 : 2
lim o |t o dx = lim ) |lusq| dx =0. (A.8)

< X122
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Items (i), (ii), and (iii) follow from [29, Theorem 2.1]. The fact that u, can be chosen as positive is
a standard fact already recalled in Section 2| Since the h,;; commutes with reflection across {x; = 0}
we can choose its eigenvectors to be either odd or even under such a permutation. Since u, is positive,
it must be even. The fact that u_ is odd and its sign follow from [29, Lemma 4.2]. Notice that, for u,
defined in (2.11)), as a consequence of (iv) and (v) we have

/Mgo GO dx = % /X1<0 |, () +u_(x)|* dx = % /xlso i, ()] = lu_(0)||” dx.

Hence, by (A.2)),
/ |u1(x)|2 dx = / |u2(x)|2 dx < C.T"™, (A.9)
x<0 x

20

17

which is the analogous of (A.8)) for the low energy modes.

APPENDIX B. ESTIMATES AND IDENTITIES IN THE TWO-MODE SPACE
We prove here some results that were stated in Section 4]

Proof of Lemma[.1] The upper bound on w,,,, follows immediately from Young’s inequality (recall
that w € L™). To prove the lower bound, we use the pointwise lower bound on u, (see [29, Proposition
3.1

D U, (x) > ¢ 1Mot B.1)
where
A(lx—xLl), x; 20
A(|x+xL|), x; <0,
and A is the Agmon distance (2.12)). Let us notice that, using the definition (2.11)) of u, and u,,

1
Wiy 2 /Lo w(x = PPl G)Pdxdy > /AZO w(x = y)u, () |u, (NP dxdy,
y120

y120

Apw =

having used in the second inequality the fact that u (x) > 0 and u_(x) > 0 for x; > 0, as granted by
Theorem[A.1] Using the lower bound we deduce

w“l] Z Cg /AIZO LU(X —_ y)e—2(1+£)A(|x—XL|)e—2(l+£)A(|y—xL|)dxdy

y120
— _ =2(1+e)A(|x]) ,—2(1+€) A(ly])
c, //clz—Lﬁ w(x — y)e e dxdy
y=>—L/2
> c, ﬂlzo w(x — y)e—Z(l+6)A(IXI)e—2(1+6)A(|y|)dxdy =:1¢>0,
y120

where all the steps are justified since the functions in the integral are manifestly positive and summable.
To prove (@.5) we use the definition of u, and u, in terms of u, and u_ from (2.I1), then Young’s

inequality and (A.T)), to get

1 2 2 2 2 2 2 1-
g Ay Y P Y Uy
R



BOSONS IN A DOUBLE WELL: TWO-MODE APPROXIMATION AND FLUCTUATIONS 75
Similarly, for (4.6) we write
1 2 2 2 2 2 2 2 2—
w < g [0 fluc = bl Pl < - P < €7
R

On the other hand, the positivity of w,,,, is deduced by noticing that
Wi = / @(k)‘b@(k)ﬁdk > 0, (B.2)

since (k) > 0 by assumption.
To estimate w,,,, we use the fact that w has compact support and it is bounded by a constant to write

Wiy S //<o |u, (x)| |u2(Y)| dxdy

ns<C

+ C//x >0 |u1(x)|2|u2(y)|2dXdy.
Y11>—C

In the first integral we recognize that \/Eul(x) =u, (x)+u_(x) = u, (x)| = |u_(x)| for x; < 0 (recall
that Theorem [A.T|ensures that u_ is negative for negative x,’s), and, using (A.2)

C / GO L xdy < €l = I N < €7
x,<0, y;<C

In the second integral we can ignore the region in which —C < y;, < 0, since both u; and u, are
exponentially small there, because u, and u_ are (see [29, Propos1t10n 3.1]). For the region in which

> 0 we argue as in the integral above by recognizing that \/Euz(y) =u, (y)—u_(y) = |lu, ()| —lu_(y)|

for y, = 0. This proves @.7).
To prove (@.8)) we only have to notice that

A
H—Hy = m(wmz — Wi+ (1 =2N)w,),
and the result follows from the estimates above. O

Proof of Lemma.3] Since N_ = (N} + N, —ala,—ala))/2 and [N| + N, ala, + ala,] = 0, one has
AN? = (N] + NP = 2N, + J\/'z)(aIa2 + a;al) + (aia2 + a;al)2
and thus
2N, + N ay + ala) — (N + N> +4N2 = N = N,
=(aIa2)2 (aa)2+aa2aal+aaaa2 N, =N,
= (aIaz)2 + (0201)2 + 2./\f1J\f2 .

¥

where the last equality follows from the commutation relations of a;, a,, a, and a;. UJ
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