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DATA
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Abstract. In this paper, we study the time series generated by the event counts
of the stationary Hawkes process. Using the cluster properties of the stationary Hawkes
process, we prove an upper bound for its strong-mixing coefficient, and for its count series’,
provided that the reproduction kernel has a finite (1 4 3)-th order moment (for a 8 > 0).
When the exact locations of points are not observed, but only counts over fixed time
intervals, we propose a spectral approach to the estimation of Hawkes processes, based
on Whittle’s likelihood. This approach provides consistent and asymptotically normal
estimates provided common regularity conditions on the reproduction kernel. Simulated
datasets illustrate the performances of the estimation, notably, of the Hawkes reproduction
mean and kernel, even with relatively large time intervals.

Keywords. Hawkes process, Strong mixing, Bartlett spectrum, Whittle estimation,
Time series

1 Introduction

In this paper, we study the time series generated by the event counts of a Hawkes process.
We propose a spectral approach to the parametric estimation of the process from its
count data sequence and prove strong-mixing properties necessary to get good asymptotic
properties for the estimator.

Hawkes eponymous self-exciting point processes [1, 2] form a family of models for
point processes for which the occurrence of any event increases temporarily the proba-
bility of further events occurring. Importantly, the Hawkes process exhibits clustering
properties: it is a special case of the Poisson cluster process, where each cluster is a
subcritical continuous-time Galton-Watson tree with Poisson offspring distribution [3].
These self-exciting and clustering properties are appealing in point process modeling, and
while first applications concerned almost exclusively seismology [4, 5], the use of Hawkes



processes quickly spread to many other disciplines, including neurophysiology [6], finance
[7], genomics [8] and epidemiology [9].

Parameter estimation of Hawkes processes has been studied thoroughly when events
are fully observed, first relying on spectral analysis techniques [4], then on maximum like-
lihood methods [5, 10, 11]. However, when count data are only observed in discrete time
(i.e. the timeline is cut into bins and the numbers of events in each bin is counted) these
methods are not directly applicable. Kirchner [12] proposed a non-parametric estimation,
approximating the distribution of the bin-count sequence by an INAR(o0) sequence, and
showed that the INAR conditional least-square estimation yields consistent and asymp-
totically normal estimates for the underlying Hawkes process when the binsize tends to
zero [13]. However, while adapted for most event data which live on relatively discrete
time grids, these estimates are biased for those with large binsize.

Another approach often taken for the estimation of Hawkes processes, for example
when the processes are multivariate [14] or when the immigration intensity is a renewal
process [15], is using an Expectation Maximization algorithm which considers the branch-
ing structure of the process as a latent variable. For a process sampled in discrete time,
an analogous approach which would consider the arrival times as latent variables is un-
fortunately not adapted, since there is no closed form for their conditional distribution
given the event counts. Stochastic expectation maximization algorithms [16], which ap-
proximate this conditional distribution, do not alleviate this issue since usual convergence
results are based on likelihoods of the exponential families [17], which excludes Hawkes
processes.

In this paper we revisit Adamopoulos’s spectral approach to the parametric estimation
of Hawkes processes [4]. Using the Bartlett spectrum of the Hawkes process (i.e. the
spectral density of the covariance measure of the process), Adamopoulos defined as an
estimator the minimiser of the log-spectral likelihood, first introduced by Whittle [18].
We extend these results to processes whose event counts are only observed in discrete
time.

Section 3 contains our first important result: we establish an upper bound on the
strong-mixing coefficient of the Hawkes process, and therefore of its count series, using its
cluster properties. Rosenblatt [19] introduced the strong-mixing coefficient to formalise
a measure of dependence between random variables, which has been useful in proving
moment inequalities and central limit theorems [20, 21]. While Hawkes processes have
already been shown to be strongly-mixing [3, 22], this has not yet led to any development
in their estimation. Only recent results [23], that hold specifically because the o-algebras
generated by countable sets are poorer than those generated by continuous sets, enable
the mixing properties to be used in the estimation of Hawkes processes.

In Section 4, we focus on the estimation of Hawkes processes from their count data.
We adapt Adamopoulos’s work by taking into account the aliasing of the spectral density
caused by sampling the process in discrete time. we introduce a correction to the spectral
density function by taking into account the spectral aliasing that occurs when the process



is sampled in discrete time. Then, using the strong-mixing condition and the work of
Dzhaparidze [24] on Whittle’s method, we propose a consistent and asymptotically normal
estimator to the parameters of the Hawkes process.

Finally, Section 5 provides some numerical experiments to illustrate the results of the
two preceding sections and in Section 6, we discuss some of the appealing features of this
approach.

2 The Hawkes process and its count series

2.1 Notation

In this paper, we consider locally finite point processes on the measure space (R, B(R), ¢),
where B(A) denotes the Borel o-algebra of A and /¢ the Lebesgue measure. A point process
N on R may be defined as a measurable map from a probability space (X, F,P) to the
measurable space (DM, ) of locally finite counting measures on R. The corresponding
random set of points, i.e. the atoms of N, is denoted {T;}. For a function f on R, we
write

Ny = [ rwane = )

the integral of f with respect to N. Finally, for a Borel set A, the cylindrical o-algebra
E(A) generated by N on A is defined by

E(A) =a({N eN: N(B) =m},B € B(A),m € N).

2.2 The stationary Hawkes process

A stationary self-exciting point process, or Hawkes process, on the real line R is a point
process N with conditional intensity function

At)=n+ / h(t — u)dN (u)

0
=n+>» h(t—-T).

T;<t

The constant n > 0 is called immigration intensity and the measurable function h : R, —
R, reproduction function.

Moreover, the Hawkes process is a specific case of the Poisson cluster process [3].
Briefly, the process consists of a stream of immigrants, the cluster centres, which arrive
according to a Poisson process N, with intensity measure 7. Then, an immigrant at time 7;
generates offsprings according to an inhomogenous Poisson process Ny (+|T;) with intensity
measure h(- — T;). These in turn independently generate further offsprings according to



the same law, and so on ad infinitum. The branching processes N(-|T;), consisting of an
immigrant at time 7; and all their descendants, are therefore independent. Finally, the
Hawkes process N is defined as the superimposition of all branching processes:

VA € B(R), N(A) = N.(N(A])).

This cluster representation links to the usual Galton-Watson theory. Without loss of
generality, consider one branching process whose immigrant has time 0. Define Zj, as the
number of points of generation k, i.e. Zy = 1 for the immigrant, then Z; denotes the
number of offsprings that the immigrant generates, Z, the number of offsprings that the
offsprings of the immigrants generate, etc. Then (Zy)ren is a Galton-Watson process.

In particular, (Zg11 | Zx = z) (k, z € N) follows a Poisson distribution with parameter
zp, where y = [ h(t)dt. Then, by the usual Galton-Watson theory, a sufficient condition
for the existence of the Hawkes process is ;x < 1 which ensures that the total number of
descendants of any immigrant is finite with probability 1 and has finite mean. This
condition also ensures that the process is strictly stationary.

2.3 Count series

We are interested in the time series generated by the event counts of the Hawkes process,
that is the series obtained by counting the events of the process on intervals of fixed length.
We give a definition for both time-continuous and discrete time count series, according to
whether the interval endpoints live on the real line or on a regular grid respectively (see
Figure 1):

Definition 1. The count data time series (or count series in short) with binsize A asso-
ciated to a point process N is the process (X;)ier = (N (A, (t + 1)ADt€]R or (Xy)kez =
(N(kA, (k + l)ADkGZ, generated by the count measure on intervals of size A.

X Xy

tA 1A tA (t+1)A

(a) Time-continuous: {X;}ier

Xk Xk+l

ka (1) (2

(b) Discrete time: { Xy }rez

Figure 1: Count series with binsize A



3 Strong-mixing properties

Here, we control the strong-mixing coefficients of Hawkes processes and their associated
count series. We recall that, for a probability space (X, F,P) and A, B two sub o-algebras
of F, Rosenblatt’s strong-mixing coefficient is defined as the measure of dependence be-
tween A and B [19]:

a(A, B) = sup{ |[P(AN B) —P(A)P(B)| : A€ A, B € B}.
This definition can be adapted to a point process N on R, by defining (see [23])

OéN(T) = sup CY(E’.t—oo7 5ﬁr>7
teR

where £ stands for 5((@, b]), i.e. the o-algebra generated by the cylinder sets on the
interval (a, b]. For a given sequence (X})gez, the strong-mixing coefficient takes the form
ax(r) =sup o F" o, F3,),
nez
where F? stands for the o-algebra generated by (Xj)a<k<p-

The point process N (resp. the sequence (X})) is said to be strongly-mixing if a ()
(resp. ax(r)) — 0 as 7 — oo. Intuitively, the strong-mixing condition conveys that the
past and the future of the process are asymptotically independent the further they are
separated. Note that, since F. C £((a,b]), we have that a(x,)(r) < ay(r) for all r.

We here state the first important result of this article:

Theorem 1. Let N be a Hawkes process on R with reproduction function h = uh*, where
= fR h <1 and fR h* = 1. Suppose that there exists a f > 0 such that the distribution
kernel h* has a finite moment of order 1 4 3:

Vigg = /tHBh*(t)dt < 00.
R

an(r) = O (%ﬂ) |

In brief, the proof has two parts: first, we rescale the problem to a single continuous-
time Galton-Watson tree using the cluster representation of the Hawkes process; second,
we derive a upper bound for the strong-mixing coefficients of the tree. The idea for
the latter is that since the Galton-Watson process goes extinct almost surely and the
reproduction distribution kernel h* has a finite moment, then the probability that there
exists an offspring of generation k at a far distance from the immigrant goes quickly to 0
when £ increases. We refer to Appendix A for the detailed proof of the theorem.

Finally, as an immediate consequence to Theorem 1, we get the following corollary for
Hawkes count series:

Then N is strongly-mixing and



Corollary 1. Let N be a Hawkes process as in Theorem 1, and (Xy)rez = (N (KA, (k +
DA]), ., its associated count series. Then (Xy) is strongly-mizing and

-0 (L)

4 Parametric estimation of count series

kEZ

In this section, we apply the strong-mixing properties of the Hawkes count series to
parametric estimation using a spectral approach. First, we derive the spectral density
function for both the time-continuous and discrete time Hawkes count series. Then using
Whittle’s method, we define a parametric estimator of a Hawkes process from its count
data.

4.1 Spectral analysis

We recall that the Bartlett spectrum of a second order stationary point process N on R
is defined as the unique, non-negative, symmetric measure I" on the Borel sets such that,
for any rapidly decaying functions ¢ and 1 on R, (see [25, Proposition 8.2.1])

—~

Cov(N(g), N(1)) = / B(w) (w)T(dw), 1)

where ©*(u) = 1)(—u), and - denotes the Fourier transform:

For the stationary Hawkes process, the Bartlett spectrum admits a density given by
(see [25, Example 8.2(e)])

-2

(2)

m ~
=—|1—-h
W) = 5= [1 =)
where m =E[N(0,1]] =n (1 - [; h(t)dt)_l.
We then derive the spectral density of the time-continuous count series with binsize

A:

Proposition 1. Let N be a stationary Hawkes process on R, and {X;}ier = {N(tA, (t + 1)Al}, g
the associated count series. Then X; has a spectral density function given by

fx,(w) = m Asinc? (g) ’1 —h (%) ‘_2. (3)



Proof. Let ¢ = 1(g,a] and ¢ = Liay,au+1). We have

~( )_/A —iwsd _i[—iwA_l}
o(w) = i e s=—lc :
—Au

ZZ)\;((A)) _ / e—iwsds — ieiwAu [1 _ eiwA] )

Au+1) w
Then, using (1) and (2), the autocovariance function of X} is

VX (u) = COV(X(]a Xu)
= Cov(N(p), N ()
_ / L gienufgiod _ 12 p(dw)

R W2
—2

1

=5 Rei“’“mA sinc? (g) ‘1 —h (%) dw.

]

For the Hawkes process sampled in discrete time on a regular unit time grid, we must
take into account spectral aliasing, which folds high frequencies back onto the apparent
spectrum:

Corollary 2. Let N be a stationary Hawkes process on R, and { X }rez = {N(EA, (k +1)Al}cs
the associated count series. Then X has a spectral density function given by

ka(w) = Z th(w + Qkﬂ-)
kEZ

where fx,(+) is the function defined in (3).

4.2 Whittle estimation

For a stationary linear process (Xj)rez with spectral density fy(-), € an unknown param-
eter vector, both Hosoya [26] and Dzhaparidze [27], building on the cornerstone laid by
Whittle [18], proposed as an estimator of 6 the minimizer

-~

0, = arg Ieréiél L,(0) (4)
where
L[ og fo(w [n(w) w
£0) = 5= [ (oo + 7450 ) )

is the log-spectral likelihood of the process, and I,(w) = (2mn)~! |ZZ:1 X5 e_ik“‘Q is
the periodogram of the partial realisation (Xj)i<p<n. They also gave the asymptotic
properties of the estimator under appropriate regularity conditions.

7



Dzhaparidze [24] extended these results to more general cases, and in particular
to stationary processes verifying Rosenblatt’s mixing conditions. The following con-
ditions and theorems are thus adaptations of those found in Dzhaparidze [24, Theo-
rem I1.7.1 and I1.7.2] for stationary Hawkes count series.

Theorem 2. Let N be a Hawkes process on R with reproduction function h = uh*, where
p=Jgh <1and [ph* =1, and (Xp)rez = (N(k, k +1]),, its associated count series
with spectral density function fy. Assume the following reqularity conditions on fy:

(A1) The true value 6y of the parameter 0 belongs to a compact set © of RP.
(A2) For all 01 # 05 in O, then fo, # fo, for almost all w.

(A3) The function f; ' is differentiable with respect to 6 and its derivatives (0/00y)fy
are continuous in 60 € © and —mw < w < 7.

Further assume that there exists a 8> 0 such that the reproduction kernel h* has a finite
moment of order 2+ (3. Then the estimator 0,, defined as in (4) (with L,,(0) given by (5)),

is consistent, i.e. 0, — 0y in probability.

Proof. The only condition from Dzhaparidze [24, Theorem I1.7.1] that we need to verify
is that there exists a 7 > 2 such that E[|X}|*"] is finite and the following inequality holds:

o0

Z (ax(r))lﬂ/'y < 00. (6)

r=1

Since the stationary Hawkes process admit finite exponential moments if ~* has a moment
of order ¢ € (0,1] [28, Theorem 4], E[|X}|*"] is finite for any . Then using Corollary 1
there always exists a v > 2 that satisfies (6). O

Define the matrix I'y, which would actually be the limit as n — oo of the Fisher’s
information matrix if the process (X}) were Gaussian [24, Section I1.2.2], by the relation:

1 (™ 0 0
Iy = <E o a—eklog fo(w) O_QZlog fo(w) dw)

1<k,<p

Since the asymptotic properties of the Whittle estimator, when (X}) is not Gaussian,
depends on the fourth-order statistics of the process, further define the following matrix:

1 T 0 1 0o 1
Chp = —// w1, —Wi, —Wg) —— — dwdw)
4,0 (87’(’ . f479( 1 1 2) aek f@(wl) 801 fG(WQ) 1H2 I<ki<p

where fy4(-,-,-) is the fourth-order cumulant spectral density of the process. We have the
following result:




Theorem 3. Let N be a Hawkes process as in Theorem 2, and (Xy)ez = (N(kA, (k +
1)A])k€Z its associated count series with spectral density function fy. Assume conditions
(A1), (A2), (A3) and:

(A4) The function fy is twice differentiable with respect to 0 and its second derivatives
(02/00,,00,) fo are continuous in 0 € © and —7 < w < 7.

Then the estimator gn 15 asymptotically normal and

n'2(0, = 0o) ~ N (0,15 + 5! Cialy)) -
Remark. The computation of the integral of the fourth-order cumulant spectra in Cyg, is
not straightforward. We refer to the work of Shao [29] for an elegant way to compute an
estimate of this integral.

5 Simulation study

We illustrate the estimation procedure and asymptotic properties of the spectral approach
for Hawkes count series. To highlight the different theorems of the previous sections, we
consider two kernels h* for the reproduction function: the exponential kernel for which
all moments exist and the Pareto kernel whose higher moments are not finite.

All simulations and analysis have been done using R [30] and the package hawkesbow,
freely available online'. The code and estimate datasets are also openly accessible?.

5.1 Procedure

Exponential kernel. We first consider a stationary Hawkes process with exponentially
decaying reproduction function:

A(t) =n+ u/ﬁe‘ﬁ“‘“)dN(U),

i.e. with reproduction kernel h*(t) = Be™P! for t > 0. Note that the process verifies the
conditions of both Theorems 2 and 3.

Using the cluster representation of the Hawkes process, we simulated 1,000 realisations
of the Hawkes process on the interval [0, 7] with parameter values n = 1, p = 0.5 and
£ = 1. For each of the simulations, we created four time series by counting the events in
bins of size A = 0.25, 0.5, 1 or 2 respectively. We then estimated the parameters 7, u and
[ as in Section 4.2 for each of the four time series. We compared these estimates to the
usual maximum likelihood estimates (Figure 2). Since the latter use the full information

Thttps://github.com/fcheysson /hawkesbow
2https://github.com/fcheysson/code-spectral-hawkes
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on the location of events, they are arguably better that any estimate based on the count
series, and provide a best case scenario for the Whittle estimates when the binsize tends
to 0. With an exponential kernel, a set of 1,000 simulations and their Whittle estimation
with 7" = 1000 and binsize A = 1 takes approximately 4 minutes on a laptop computer
with an i5 Intel CPU.

Pareto kernel. We now consider a stationary Hawkes process with a Pareto reproduction
kernel: h%(t) = ya"t™7 " fort > a. Werecall that the moments of a Pareto distribution are
all finite up to, but not including, the order v. We illustrate the theorems of the previous
sections by considering three cases for the shape, with each increasingly satisfying the
necessary assumptions: (i) v = 1, the mean is infinite and the process does not satisfy
the condition of Theorem 1; (i) v = 2, the process is strongly-mixing, but the variance
is infinite and the process does not satisfy the assumptions of Theorem 2; (7ii) v = 3,
the process is strongly-mixing and satisfies the assumptions of Theorems 2 and 3, but the
moments of order 3 and higher do not exist.

Similarly to the exponential kernel, we simulated 1,000 simulations of the Hawkes
process for each v € {1,2,3}, with parameter values n = 1, p = 0.5, and a3 = 2/3 for
v =3, ag = 1/2 for v = 2, such that the Pareto kernels i} and h} and the exponential
kernel have the same first-order moment. For the Pareto kernel hj, we chose a; = 1/3
arbitrarily. We could not compare the Whittle estimates to those of maximum likelihood,
since the latter were computationally too expensive as the likelihood criterion contained
a large number of discontinuity points with respect to the kernel position parameter
a: p(p — 1)/2 discontinuity points, with p the number of events of the process, though
O(p) discontinuity points for acceptable ranges of a. Estimation figures can be found in
Appendix B. With a Pareto kernel, a set of 1,000 simulations and their Whittle estimation
with 7" = 1000 and binsize A = 1 takes approximately 14 minutes on a laptop computer
with an i5 Intel CPU.

5.2 Interpretation

Exponential kernel. For 7" = 100 and small binsizes, the Whittle estimates fare almost
as well as the maximum likelihood estimates. The estimation deteriorates massively for
higher binsizes, notably for the exponential kernel rate 5. This is intuitive, since large
binsizes with respect to the kernel scale make it difficult to detect interactions between
points. This can be related to the probability that a point in a bin has an offspring
in the same bin: assuming the stationarity of the process, this probability is equal to
AN fOA qu Be Bt dtdu = 1—(BA) 1 (1—e #2). For example, with 5 = 1 and A = 2, we
get a probability of 0.57, i.e. 57% of the information about the interaction of the Hawkes
process is located within bins, with only 43% remaining between bins. Thankfully, by
increasing 7', the asymptotic properties ensure that the Whittle estimates improve, even
for large binsizes.

To further illustrate the asymptotic properties of the estimation, notably its rate of

10



n=1, u=0.5 h{t) = 1e " on (0,T) | true values in red

Regular MLE binsize = 0.25 binsize = 0.5 binsize = 1 binsize = 2
4 . . ' |
i i : : i
3 :
. H =
1 % . - v i?‘ | . O T
[%)] [ 1
g | - = T=T|T | T T ]
g 4 ] T
ki I
3 i
; | |3
2 s =
IR 1+ L)L :
e =
- | " =T + - T | =TT L‘J —+
’ n K B n H B n H B n H B n K B

Parameters

Figure 2: Estimates of parameters n, u and 8 for 1,000 simulations of the stationary
Hawkes process with kernel h*(t) = Be=?! on the interval [0, T]. True values (in red) are:
n=1, u=0.5,5=1. The left column refers to the maximum likelihood estimates. The
other colums refer to the Whittle estimates according to different binsizes.

convergence, we compute the mean square error, defined by MSE = S—! Z(@n — 0p)?, for
the estimates of each set of S = 1,000 simulations at given T's and binsizes (Figure 3).
For large T's, the slope of the mean square error with respect to T reaches —1 (in log-log
scale) for all parameters and almost all binsizes, illustrating the O(n ') rate of convergence
stated in Theorem 3. For small T's and both the Whittle and the maximum likelihood
estimation methods, the estimates of the immigration intensity 7 and reproduction mean g
have already reached the optimal rate of convergence, while the MSE for the exponential
kernel rate  is up to one and a half orders of magnitude higher than what would be
expected by extrapolating the MSE for large T's. Finally note that, for reasonable binsizes
(A < 1), the Whittle estimates of the reproduction mean p have a MSE comparable to
those of the maximum likelihood.

Pareto kernel. Performances for the point estimates are remarkably similar amongst all
values of 7. Both the immigration intensity 7 and the reproduction mean p exhibit the
optimal rate of convergence O(n~!) throughout all T's considered for almost all binsizes.
On the other hand, the estimates for the Pareto kernel position a show a curious behaviour.
While for binsizes 0.5, 1 and 2, the mean square error with respect to 1" asymptotically
reaches the ideal slope of —1 (though with an order of magnitude between binsize 0.5 and

11
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Figure 3: Mean square error of the estimates of parameters n, u and § for 1,000 simulations
of the stationary Hawkes process with kernel h*(t) = Se~?! on the interval [0, T, in log-log
scale. The dashed grey line represents the ideal slope of —1, i.e. a rate of convergence of

O(n™).

binsize 1, and another between binsize 1 and binsize 2), it does not seem to have reached
a similar asymptotic regime for binsize 0.25, which exhibits MSE almost comparable to
binsize 2. We are not able to explain this behaviour.

Interestingly, that the point estimates exhibit good asymptotic behaviours for all val-
ues of vy, binsize 0.25 excepted, even though the Pareto kernels h} and hj do not satisfy
the assumptions of Theorems 2 and 3 would suggest that the upper bound found on
the strong-mixing coefficient is not optimal. This can be expected since Theorem 1 only
proves a strong-mixing condition for kernel with finite moments 1 + 3, § > 0, while it
has been shown that all stationary Hawkes processes are strongly-mixing, irrespective of
their reproduction kernels [3, 22]. Nevertheless, the assumption on the moments of the
kernels are mild enough that the spectral approach developed in this article can be useful
for applications in many disciplines.

6 Conclusion

In this article, we propose a Whittle estimation procedure for the Hawkes process from
their count series. This approach has appealing features: (i) it has good asymptotic

12



properties, similar to maximum likelihood estimation; (%) it is easy to implement and
flexible, since the only user-specified input is the Fourier transform h of the reproduction
kernel h*; (i) it is computationally efficient, with a complexity of O(nlog n), n the
number of bins, from calculating the periodogram with a fast Fourier transform, compared
to O(p?), p the number of events, for the maximum likelihood method (except when the
kernel is exponential, in which case the complexity is reduced to O(p) with minimal efforts
[11], making it more efficient than our approach); (iv) it is particularly well-adapted to
applications where the binsize cannot be chosen arbitrarily, i.e. the events are only
counted in bins of fixed size.

A direct extension of the results proved hereby concerns non causal Hawkes processes,
for which the reproduction kernel h* may take non-negative values on R_. Indeed, all
but Lemmas 7 and 8 from Appendix A are directly applicable to non causal Hawkes. For
Lemma 8, split the integral into two: one from —oo to ¢ + r/2, the other from ¢ 4 r/2
to co. The first integral is treated as written. For the second integral, Lemma 7 can be
extended using a symmetry argument regarding the location of the immigrant and the
interval considered. Then the spectral estimation procedure proposed here is applicable
to non causal Hawkes processes, with a central limit theorem for its estimator.

We expect that the results of our paper also hold in a multivariate setup, with minimal
modifications. Strong-mixing properties were derived using some properties of the Galton-
Watson tree that extend to the multitype process. Moreover, the spectral analysis of the
Hawkes count series can be straightforwardly extended to the multivariate case, using
the results of Daley and Vere-Jones on the multivariate Bartlett spectrum of mutually
exciting point processes [25, Example 8.3(c)]. Nevertheless, we decided to concentrate on
the univariate case for brevity and added clarity.
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A Proof of Theorem 1

By definition, for a given Hawkes process N, we have

ay(r) == sup a(Et_OO,Ef_fr) =sup sup |C0V(ILA(N), HB(N))
teR teR Acgt
Begs,

Y

where 1 4(V) is the indicator function of the cylinder set A, i.e. for an elementary cylinder
set Agn = {N € M N(B) =m}, la,,,(N) =1if N(B) =m and 0 otherwise.

13



We recall that a point process N is said to be positively associated if, for all families of
pairwise disjoint Borel sets (A4;)1<i<x and (B;)1<;<;, and for all coordinate-wise increasing
functions F : N¥* = R and G : N' — R, it satisfies

Cov(F(N(Al), o N(Ap),G(N(By), ... ,N(Bz))) > 0.

We start by stating a useful property (see [31, Section 2.1, key property (e)]), which
follows from Hawkes processes being infinitely divisible processes:

Proposition 2. The stationary Hawkes process is positively associated.

Using this proposition and Poinas et al.’s work on associated point processes [23], the
following lemma controls the covariance of the indicator functions by the covariance of
the count measure of the process, then rescale the problem to a single branching process,
thanks to the independence between clusters of a Hawkes process.

Lemma 1. Let s,t,u € R andr > 0 such that s <t < t+r < wu, andlet A € E.,B € E},,.
Then,

|Cov (L4(N), 15(N))| < / ‘COV (N((s,t]\y),zv((t Y u]|y)> \ M,(dy)

where M.(+) refers to the first-order moment of the centre process N..

Proof. Using Proposition 2 and [23, Theorem 2.5], we have
|Cov (14(N), L(N))| < ‘Cov(N((s,t]),N((t+r, u]))‘.

Then, conditioning by the cluster centre process NN, (see for example [25, Exercise 6.3.4]):
Cov(N((s,t]),N((t +r, u])) = /Cov(N((s,tHy),N t~|— r,u !y)) (dy)
—l—/E[N((s,tHx)}E[N((t—l—r u ‘y)} (dz x dy),

where M,(-) and C.(-) refer to the first-order moment measure and the covariance measure
of the centre process N, respectively. Since the centre process is Poisson, C. = 0 and the
second term is zero. O

We are now interested in deriving an upper bound for the covariance of counts of a
single branching process. Without loss of generality, we consider a cluster whose immi-
grant is located at time 0. Let Z; denote the number of points of generation k, and by
Z,is’t] those that are located in the interval (s, t]. By definition, we have

st|0 ZZSt]
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Then, the covariance between two intervals for a branching process is

+00 +oo

Cov (N((s, t]]0), N ((t + 7, u] ‘O)) = Z Z Cov (Z,is’ﬂ, Zl(t+T’u]> :

k=0 1=0
Before continuing further, we will need a few results on the Galton-Watson process
(Zk)k€N3

Lemma 2. The expectation, variance and second-order moment of Zj. are

k—1 1 . Mk
Var(Zy) = ukzlﬂ = u” 1=
=0 H
2 k S pl— Mkﬂ
ElZ;] = n ZM] —H T
=0 H

Proof. Call ¢ the probability-generating function of Zj:
Vs € [0,1], ¢i(s) = E[s™].
It is well-known, for a Galton-Watson process, that (¢x)ren verifies

Vk €N, 1 = ¢ 0 1

where in our case ¢; is the probability-generating function of a Poisson process with
parameter p. Differentiating the recurrence relation up to order 2 then evaluating it in
s = 1 gives the following relations:

Prepr (1) = 91(1)4(1),
S (1) = (1) (1) + (41(1))*Bk(1),

where ¢ (1) and ¢}(1) are related to the moments of the process by

E[Zy] = (1), Var(Zy) = ¢§(1) + ¢,(1) — (#4(1))%.
Finally plugging in the initial conditions for the Poisson variable Z;, ¢7(1) = p and
@ (1) = p?, yields the expected result. O
Lemma 3. The covariance and second-order product moment of (Zy) are
kNAl—1 1 ;j,k/\l
kvl k\/l —
COV(Zk, Zl Z ﬁ,
kAl kAl+1

u
kvl ZM _ ule

where k V1 = max (k,l) and k Al = min (k, l).

— i
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Proof. This is a straightforward recurrence, noting that

—+o00
Cov(Zy, Zktn) = Cov (Zk, Z ]l{Zk+h1>i}Zl7i>

=1

+o0
=K [Zl,l] Cov <Zk7 Z ]l{Zk—o-h—lZi})

=1

= U COV(Zk, Zk+h—1)-

wherein Z;; denotes the number of offsprings of the point 7 of generation k£ + h — 1, is
independent of Z; ; (i # j), of Zyyn—1 and of Z, and has the same distribution as Z;. [

Let TF denote the time of arrival of the i-th point of generation k. It has a parent
7}(‘5—1 (when k > 0). Let A be the associated inter-arrival time, i.e. AF = TF — Tf‘l.

Then, for each point 7 of generation k, there exists a sequence (Oégjk?)lgjgk, with a(lz) =1,

2

denoting the indices of the ancestors of T, such that

k

Tz‘k = Z Ai“}i'

For the stationary Hawkes process, the A¥ are independent of all other Aé-, and iden-
tically distributed according to the measure h*. As a consequence, we get the following
lemma:

Lemma 4. For k € N and 1 <1i,5 < Z,

(i) TF and Tjk are identically distributed, with distribution measure equal to the k-
multiple convolution of h* with itself,

(ii) For m > 1, there is a upper bound on the m-th moment of TF:
E[(TT)"] < k™ E[(AD)™] = k™ v,
where vy, = [ t"h*(t)dt.

Proof. This uses the upper bound on the m-th moment of a sum of random variables from

[32]: )
E[(TF)™] < k™! ; E {(Aiﬁz) m] .
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Additionally, since for any point of the branching process offsprings are generated by a
Poisson process, the arrival times, say A¥, are independent from the number of offsprings
generated at the current or past generations. Conversely, since the reproduction mean
i does not depend on the time, the number of offsprings generated at any generation,
say Z;, are independent from the past arrival times. Consequently, we have the following
lemma:

Lemma 5. For k,l € N and 1 <i < Zy, TF and Z; are independent.

Remark. This lemma separates the genealogy of the Galton-Watson process (Z) from
the arrival times (7F) of the branching process, analogously to how the Poisson process
is a binomial process with Poisson-distributed number of points. Then, a cluster in a
stationary Hawkes process is equivalent to a Galton-Watson process (Z;), upon which
the ancestors (agi_l)) are drawn equiprobably from the Z;_; possible ancestors and the
(AF) independently from h*. Intuitively, since each point j of generation k — 1 generates
offsprings according to the same intensity measure, then each point of generation k has
ancestor j with equiprobability. This is analogous to the backwards simulation of a

Wright-Fisher process without the constant population size restriction.
We state a useful lemma for the covariance of the product of independent random
variables.

Lemma 6. Let (X])iren and (Y])jen be two collections of random variables such that,
for alli, j, k,1 € N, the variables XF and le are independent. Then

]

Cov(X[Y}, XIY)) = E[X[ X} Cov(Y}", Y]) + E[Y}*| E[Y]] Cov(X}, X}).
Proof. Writing the expression of the covariance then adding and substracting the term
E[X} X! E[Y}] E[Y]] yields the relation. O
We can now derive an upper bound for Cov (Z,Es’t], ZZ(HT’“}):

Lemma 7. Suppose that there exists m > 1 such that v,, < co, and | > 0. Then

lm U, i 1— /Lk/\l—H

t+rm" 1o

‘Cov (Z]gs,t]’ Zl(t-i-r,u])‘ <9

Proof. We have

Zy, 7y
s,t t+ru
=1

=1
“+oo 400
= Z Z Cov (H{Zkzi}]l{Tike(s,t]}v I[{ZZZJ'}]L{T]@e(tﬂ",u]}) .
i=1 j=1
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Then, by Lemmas 5 and 6,

Cov (ﬂ{ZkZi}ﬂ{Tike(s,t}% ]l{Zle}IL{TJZ-e(H-r,u]})
= E [1{z,>11{z>] Cov <H{Tfe(s,t}}’ H{T;e(t+r,u]}>
B [Lgseo | B | Lmeqanan] Cov (Tzon, Lizz)

For the first term,

Cov (1{Tfe<s,t1}’ 1{T}e(t+r,ul}) =k [H{Ti’ce(s,ﬂ}1{T}e<t+w]}] -k [H{Tfe(s,tl}} E [E{T;emr,u}}}

<E |:IL{TJZE(t+7’,u]}]

<P(T;>t+r)

_E[T)]
(t+r)m

< v,

T ()

using Markov’s inequality for the second to last inequality, and Lemma 4 for the last one.
Similarly,

Cov <1{Tik€(s,t]}7 H{T;e(t+r,u]}) =E [ﬂ{Tﬁe(s,t}}ﬂ{T;e(tJrr,u]}] —E [B{Tfe(s,t]}} E [H{T]@E(t—l—r,u]}}

> —E [H{T;G(H—r,u]}]
v,

The second term is straightforward,

‘E [H{Tfe(s,t}}] E [H{T;e(t+r,u]}] ’ <E [H{T;e(t+r,u]}]
< v,
T ()™
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Then:

“+o0 400
Z Z Cov (1{Zk2i}1{Tﬁe(s,t}}> H{Zsz}ﬂ{T}E(tJrr,u]})
i=1 j=1
+00 400 +oo +oo
HT D D Ellzenlzen] + )Y Cov (Lizzy, Lzzp)
i=1 j=1 =1 j=1
lm
E [ZiZ)] + Cov (Zy, Z,
(t—l—'r’ ‘ kZ1) + OV( ks z)‘

kAL+1
Vi L=

<2
- (t+r)mu 1—p

Y

using Lemma 3 for the last inequality. O]

Straightforwardly, since Y % and >~ I™u! are summable for m > 0, we get the follow-
ing lemma:

Lemma 8. Suppose that there exists m > 1 such that v, < co. Then,

Cov(N((s,t]|0),N((t+r, u]|0)>‘ =0 ((t +17~)m) :

All that is left to prove Theorem 1 is to integrate the upper bound with respect to the
first-moment measure of the centre process. Using the notations of Lemmas 1 and 8, and
with M.(-) = nl(-) where £(-) is the Lebesgue measure,

|Cov (T4(N), 15(N))] g/R‘Cov(N((s,tHy),N((t+r,u]|y)>‘ M,(dy)
= /too ‘Cov(N((s,t]}y),N((t+r, u”y))’ M.(dy)
~o([ @)
1
o(L)

This upper bound is valid for any s, u € R, therefore holds for A € ', B € £7,.
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Figure 4: Estimates of parameters 7, p and a for 1,000 simulations of the stationary
Hawkes process with kernel h%(t) = 3a3t~* on the interval [0, T]. True values (in red) are:
n=1u=0.5 a=2/3.
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