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Fractional dynamics in silk: From molecular picosecond subdiffusion to macroscopic
long-time relaxation
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Structural relaxations in humid silk fibers exposed to tensile stress have been reported to take

place on a very wide range of time scales from a few milliseconds to several hours.

The time-

dependence of the measured tensile force following a quasi-instantaneously applied external strain
on the fibers can be understood in terms of a fractional viscoelastic relaxation function introducing
memory effects by which the mechanical state of a fiber depends on its tensile history. An analog
fractional relaxation also gives rise to the subdiffusion observed on picosecond time scales which
governs the mobility of the amorphous polymer chains and adsorbed water on the molecular level.
The reduction of the subdiffusive memory effect in stretched fibers compared to native fibers is
consistent with the higher order of the polymers in the stretched state.

PACS numbers: 62.20.F-, 87.14.em, 87.15.H-, 87.15.La, 87.64.Bx, 02.50.Ey

Silk fibers from spiders and silkworms are known for
their extraordinarily high toughness defined as the inte-
gral over the stress-strain curve [1, 2]. An underlying
hierarchical nanocomposite polymer arrangement gives
rise to this toughness. In particular, the combination of
nanocrystallite, amorphous, and smectic regions [3, 4]
within the polymer material is assumed to contribute
most significantly to the mechanical properties. Silk
fibers from various invertebrate, and notably from spi-
ders and silkworms, are morphologically similar [5, 6] and
based on similar proteins, with spider silk fibers being the
mechanically most advanced fibers. Silk fibers appear to
undergo a continuous rearrangement when exposed to an
externally applied constant mechanical strain [7]. This
assumed molecular rearrangement is macroscopically re-
flected by a continuously decreasing tensile force [8, 9].
The decrease of the tensile force sets on immediately fol-
lowing the application of the external strain and contin-
ues with an asymptotically decaying effect on a time scale
of several days. Water adsorbed by the silk fibers drasti-
cally alters the mechanical properties by giving them an
increasingly rubber-like habitus [10] and seems to even
enhance the long-time structural rearrangements. Im-
portantly, it has been confirmed that water only accesses
the amorphous fraction of the silk fibers [4, 11], where
it contributes to a breakup of the hydrogen bonds and
a subsequent plasticization of the polymer chains. The
mechanical properties of silk fibers appear to be consis-
tent with a model of entropy elasticity known also for
rubber [10], where the increasing order of the amorphous
polymer chains constitutes the restoring force opposing
the external tensile force.
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It is of high interest to explore the changes occuring in
the silk fibers on molecular length and time scales and
to establish a link with the changes observable on macro-
scopic observation scales. In recent years, the viscoelastic
mechanical properties of various polymer materials have
been successfully described based on fractional relaxation
relations [12-14] inspired by the more general theory
of memory effects by Zwanzig [15]. This motivates the
idea to also apply a fractional model to the underlying
molecular processes. In this paper, we analyze both the
macroscopically observed mechanical relaxation of humid
silk fibers as well as the Brownian diffusion occuring on
a level of molecular dynamics within the silk’s water-
plastized polymer chains using the fractional model. We
experimentally access the molecular motion on nanome-
ter length scales and picosecond time scales using inco-
herent quasi-elastic neutron spectroscopy probing the dy-
namic self-correlation function of the prevailing hydrogen
atoms in silk fibers, and we test the effect of a tensile
force by applying it in situ during the neutron scattering
experiment. The difficulty in this approach arises from
the fact that the neutron scattering experiment requires
an integration time of a few hours during which the silk
fibers undergo the above-mentioned slow structural rear-
rangement. Nevertheless, the fractional dynamics model
incorporates this fact.

Similar to the ‘classical’ viscoelastic and diffusion phe-
nomena, the description of the anomalous sub-diffusion
and fractional viscoelasticity is based on a relaxation
equation, but with derivatives of non-integer order [16—
18]. The latter can be formulated in terms of the frac-
tional calculus as [16]:

€D (8] (1) = ——B(1). (1)
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Therein, ©D® is the fractional derivative of Caputo type,



which for the case 0 < a <1 can be defined as
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where ®'(&) denotes the first order derivative of the func-
tion ®(§). The solution of Eq. (1) is given by the Mittag-
Leffler function E, 1(—|t/7|*), generally defined as

Enil?) = 3 oy ®

For @ — 1 Eq. (1) becomes the usual (Debye) relaxation
with the exponential function as its solution. However,
for a # 1 this equation becomes a non-local integro-
differential equation with a solution that interpolates be-
tween a (stretched) exponential law for small ¢ and an in-
verse power law for large t. The solution of this equation
(or its inhomogeneous version) appears in all fractional
viscoelastic models, where it governs the behavior of the
so-called fractional dash-pot viscoelastic element.

Single-fiber mechanical test experiments (Fig. 1, sym-
bols) were performed using the sample cell previously de-
scribed in Ref. [9] consisting of a piezo-electric actuator
and highly sensitive force sensor embedded in a humid-
ity chamber at ambient temperature. The fit function
describing the fractional viscoelastic response based on
Eq. (1), also denoted generalized Zerner model of frac-
tional viscoelasticity [14], (solid line in Fig. 1) was eval-
uated using block-pulse functions [19]. The resulting fit
parameter is @ = 0.62 + 0.03 (7 = 1.11s). The fit us-
ing the fractional model describes the stress relaxation
extremely well over several orders of magnitude in the
observation time with only few parameters. By contrast,
the ‘classical’ exponential decay and inverse power laws
(dashed lines in Fig. 1) can only model the short-time and
long-time limits of the relaxation, respectively. It is re-
markable that the fractional relaxation equation is closely
connected to anomalous (continuous) random walks (of
e.g. trapping or constrained type) [17]. This leads to
the identification of the parameter « in Eq. (1) with the
Lévy index of the waiting time distribution function of
the hopping process (see e.g. [16]). The models of the
trapped random walks are frequently used to describe
glassy or dynamically frustrated systems [16]. Hence the
viscoelastic models based on Eq. (1) are related to the
stochastic behavior on a more microscopic (molecular)
level.

To access the dynamics of silk at the molecular level, in
situ neutron scattering experiments were performed us-
ing the time-of-flight spectrometer IN6 at the ILL with
an incident wavelength of 5.1 A. Neutron spectroscopy
requires a bundle of silk to be illuminated by the beam
to obtain the required scattering volume. An uninter-
rupted fiber of degummed Bombyz mori silkworm silk
was wound repeatedly (11847 turns [20]) around a pair
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FIG. 1: (Color online) Mechanical relaxation of a single Bom-
byx mori silk fiber (symbols). The cyan dotted line depicts
the inverse power ¢~ and the brown dashed line the expo-
nential decay law, while the black dash-dotted line shows the
stretched exponential exp(—|t/7|?). The fractional relaxation
function (solid line) interpolates between these decay laws.

of steel hooks attached to a tensile apparatus and sur-
rounded by a hermetically sealed chamber containing air
saturated with HoO. This setup was inserted into the
sample bay of IN6 such that the neutron scattering plane
was perpendicular to the fiber axis. The total fiber mass
prior to humidification amounted to 190.6 £+ 0.1 mg [20].
The measured data were reported previously in Ref. [20].
The model-free analysis of the elastic incoherent struc-
ture factor (EISF) [20] yields a typical length scale of
1nm for the observed picosecond dynamics. The part
of the spectra associated with quasi-elastic scattering
(QENS) — ie. diffusive motions — was previously an-
alyzed in terms of a superposition of constrained and
unconstrained jumps and constrained continuous diffu-
sion [20]. The previous model describes the QENS data
only in a subregion of the accessible range of energies
and momentum transfers and is rather of a qualitative
character. Nevertheless, the earlier analysis already pro-
vides strong evidence for the presence of sub-diffusional
dynamics.

Incoherent neutron spectroscopy accesses both tempo-
ral and spatial single-particle atomic self-correlations via
the van Hove autocorrelation function W (r,t). The mea-
sured intensity is closely related to the scattering function
S(Q,w) and the intermediate scattering function 1(Q, t);
both are obtained by Fourier transfrom from W (r,t).
Here r denotes the spatial distance, ) the momentum
transfer, t the time, and w the frequency. The fractional
diffusion model [17], sometimes denoted a fractional ran-
dom walk, is used to model the internal molecular dy-
namics of humid silk as seen through W(r,t). In this
model the correlation function obeys the generalized dif-



fusion equation:
CDOW (r,t) = K, VW (1, 1) (4)

where K, is the generalized diffusion coefficient
K,=-—=. (5)

Therein, 0. and 7. are characteristic spatial and time
scales, respectively. The model requires only two param-
eters, a and K, to describe the behavior of the sys-
tem. For a = 1 we have classical Fickian diffusion, while
0 < a < 1 indicates fractional sub-diffusion. The spa-
tially Fourier-transformed Eq. (4) is equivalent to Eq. (1)
and, hence, it is solved by the Mittag-Lefler function,
Eq. (3), resulting in the quasi-elastic component of the
intermediate scattering function:

—1/a

1(Q,t) ~ By 1 (— ‘; a) with 7= (K.Q?) (6)

with the fractional relaxation time 7.
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FIG. 2: (Color online) Neutron spectra recorded on humid
(H20 100 % RH) Bombyz silk silk fibers (symbols) in a native

(displayed only for Q = 1.2 Ail) and stretched (7.3 %) state,
respectively, at ambient temperature. The fits with Eq. (6)
have been carried out simultaneously for all Q.

Fig. 2 depicts the experimental results from neutron
spectroscopy on humid (H2O) silk fibers for different val-
ues of @) and different values of the externally applied
elongation (symbols). All data have been reduced as re-
ported previously [20]. In the numerical implementation
of the fits (lines), the Fourier transform of R(Q,t) - I(Q,t)
was fitted to the experimental data for S(Q,w). Therein,
1(Q, t) denotes the model scattering function (Eq. 6) and
R(Q,t) the analytical description of the experimental res-
olution in the time domain obtained from a spline fit of
the spectrum R(Q,w) of dry silk [20] which was sub-
sequently Fourier transformed using an FFT algorithm.

The fits have been carried out simultaneously for all Q).
The Mittag-Leffler-function, Eq. (3), was computed using
the algorithm by Hilfer and Seybold [21].

strain (%) a Ka i—i

0]0.56 £ 0.02]0.0525 £ 0.0006
4.710.75 £ 0.02| 0.12 £ 0.005
7.310.74 & 0.02| 0.12 £ 0.005

TABLE I: Fit results for the neutron spectra using the frac-
tional diffusion model, Eq. (4). The errors denote the 95 %
confidence limits obtained from the Jacobian of the variable-
metric fit alogorithm subsequent to convergence.

We observe that the fit using the fractional relaxation
model describes our data very well and indeed better
than the ‘classical’ fit published earlier [20]. The result-
ing fit parameters are summarized in table I. The values
for « (table I) strongly deviating from unity indicate the
presence of memory effects in the molecular diffusion in
humid silk. We further observe that the diffusion law in
the unstretched (native) fiber — being in an equilibrium
state — is different from the stretched one, which under-
goes a continuous mechanical relaxation (cf. Fig. 1). The
increase of o with applied strain indicates a partial loss of
the ‘memory’ in the system. Significantly further increas-
ing the strain from 4.7 % to 7.3 % causes only a very small
further variation in the parameters. This is consistent
with a high similarity of the molecular diffusion processes
on which the long-time relaxation is based. Furthermore,
the value o = 0.62 for the mechanical relaxation, lying
between the corresponding fitted values for the molecu-
lar relaxation, is consistent with an interpolation from
the highly stretched state of the fiber towards the native
state [9] over the time of the experiment. Our neutron
spectroscopy results are based on measurements over a
relatively long integration time scale of several hours.

The observation from the fit with the fractional relax-
ation model is also in agreement with the trend observed
using the earlier ‘classical’ fits [20]. The latter already
suggest faster diffusion processes with increasing stress.
Both the old and the new picture are consistent with the
assumption that the water-plasticized humid silk fibers
are further plasticized by the stress: The applied stress
causes a loss of memory and a decrease of the relaxation
time. We hypothesize that this stress-related plasticiza-
tion effect is due to the increased exposure of the unrav-
eled amorphous polymer chains to water molecules under
tensile load.

The success of the model of fractional dynamics leads
us to assume that the movement of single water molecules
and peptide chains in humid silk occurs in a strongly cor-
related fashion: many transport processes are strongly
interconnected and their mutual influence causes mem-
ory effects. We assume that it is this unifying collective
character of the dynamics which allows us to describe the
dissipative behavior of such a complex system by a model
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FIG. 3: (Color online) QENS component of the intermedi-
ate scattering function I(Q,t) for two states of stretching at
Q = 1.2A7'. Squares represent measurements of the na-
tive (e = 0%) and triangles of the stretched sample (¢ =
7.3%), respectively. Solid lines represent the model function
eq. (6) with parameters from table I. The fractional relax-
ation times corresponding to the momentum transfer shown
are T &~ 95ps for € = 0% and 7 = 10ps for € = 7.3%. The
dotted line demonstrates the behavior of I(Q,t) at o = 1/2
(Rouse model [22, 23]). The dashed line denotes the inverse
power and dash-dotted line the exponential relaxation, re-
spectively.

with only a few parameters. In this context we emphasize
that the unstretched fibers in our experiment were at no
time pre-stretched prior to the experiment, but in their
native state. The results concerning the long-time me-
chanical relaxation experiments and our fit of the QENS
spectra by the fractional diffusion dynamics are quali-
tatively similar. Both show the presence of memory ef-
fects: one on the time scale of several hours/days and
the other on the molecular time scales from picoseconds
to nanoseconds. Generally, it appears that memory ef-
fects propagate from the molecular to the macroscopic
level and find their manifestation also in the mechanical
long-time relaxation phenomena. An explanation for the
fundamental cause of this connection between the molec-
ular and macroscopic scales via the memory effect may
find inspiration in the self-similar ladder model [23]. The
fractional diffusion model on a molecular scale is also
promising for applications in other complex soft matter
systems, including proteins in general [24], where mo-
tions take place over a wide range of time scales. Our
new numerical approach introduces a significant innova-
tion compared to earlier work in this direction by allow-
ing for a free fit parameter v and a global fit for all Q.
Compared to the discussion of polymer fibers in terms of
models derived from Rouse’s theory [22], corresponding
to o = 1/2 [23], our much more general fractional cal-
culus allows to descriminate native from stretched fibers

via the inclusion of memory effects. In this context, it
is very instructive to view the QENS data and our fits
after Fourier transformation as intermediate scattering
functions I(Q,t) (Fig. 3). The stretched sample exhibits
a dynamic behavior not explained using the usual Rouse
and stretched-exponential approaches. Not only does
the increased « indicate a considerable loss of memory
by stretching, with the dynamics much closer to Markov
processes than in native silk, but the decrease of the frac-
tional relaxation time 7 by almost an order of magnitude
(from 95 to 10 ps) confirms a much shorter time scale of
the molecular motions.

In conclusion, we have provided experimental evidence
for a link between the macroscopic viscoelastic long-time
relaxation and the stationary diffusion processes on the
molecular scale in polymers: both are described on the
basis of the same fractional relaxation processes, which
strongly depend on the macroscopic stretching state.

We acknowledge funding by the Deutsche Forschungs-
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(ILL), and W. Press (Kiel University).
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