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ABSTRACT: Using topological string techniques, we compute BPS counting functions of 5d
gauge theories which descend from 6d superconformal field theories upon circle compact-
ification. Such theories are naturally organized in terms of nodes of Higgsing trees. We
demonstrate that the specialization of the partition function as we move from the crown to
the root of a tree is determined by homomorphisms between rings of Weyl invariant Jacobi
forms. Our computations are made feasible by the fact that symmetry enhancements of
the gauge theory which are manifest on the massless spectrum are inherited by the entire
tower of BPS particles. In some cases, these symmetry enhancements have a nice relation
to the 1-form symmetry of the associated gauge theory.
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1 Introduction

Theories with extended supersymmetry have interesting massive spectra protected against
decay by the BPS constraint (see e.g. [1]). Many techniques have been developed for com-
puting exact counting functions on the BPS spectrum, notably topological string methods
and localization, see [2] and [3] for reviews. Rather than starting with a set of fundamental
fields and their interactions and deriving the resulting spectrum of the theory, the start-
ing point of many of these approaches is a wholesale construction of the theory from the
outset, in terms of its embedding in string theory. Having access to a subsector of the
complete spectrum, we can ask how the latter is constrained by consideration of just the
low lying spectrum. Ultimately, we would like to understand, if and if yes then in how
many ways a given low lying spectrum can be completed to a consistent spectrum of a UV
complete theory. The swampland program, as initiated in [4], is an overarching term for
work attempting to address this question, with the emphasis that the UV complete theory
encompass gravity; see [5, 6] for recent reviews.



In this work, we will be concerned with the BPS spectra of 5d gauge theories with 8
supercharges obtained via compactification on a circle of rank 1 6d theories with (1,0) super-
symmetry. These theories are dubbed 5d KK theories in [7]. Much work has been expended
in studying their superconformal limits [8-11]. Here, we will be interested in the theories
at a generic point on their Coulomb branch and the associated spectrum of BPS particles.

Rank 1 theories are readily constructed via F-theory compactifications [12, 13] on el-
liptically fibered Calabi-Yau manifolds X [14-16]. The rank in the context of 6d theories
indicates the dimension of the tensor branch, which geometrically corresponds to the num-
ber of compact homology 2-cycles in the base of the fibration. Requiring that an elliptic
fibration X over a given base be a Calabi-Yau manifold imposes a minimal singularity
on the elliptic fiber, which maps to the gauge algebra g of the 6d theory obtained by F-
theory compactification on X. Resolving the singularity via blow-ups does not change the
6d physics, but moves the associated 5d KK theory away from the origin of its Coulomb
branch. Upon specializing the complex structure of X, the singularity can be enhanced,
leading to a larger gauge algebra g’ of the compactified theory. Physically, the transition
g — g corresponds to Higgsing. The graph with nodes consisting of elliptically fibered
Calabi-Yau manifolds and links describing the process of specializing complex structure
to a singularity, then resolving it by blowing up, is referred to as a Higgsing tree. Rank
1 Higgsing trees, constructed over the base surfaces O(—n) — P!, for n = 0,...,8,12,
provide the setting for our computations.

A counting function for 5d BPS states is famously given by the topological string
partition function Zop, [17-19]. In [20, 21}, examples of the type of transformation encoded
in the links of Higgsing trees were dubbed geometric transitions and studied in detail for
several 2 and 3 parameter Calabi-Yau manifolds. The genus 0 Gromov-Witten invariants
of the 1 parameter Calabi-Yau models obtained after the transition were shown to be
related to those of the parent theory by summing over the Kahler parameters associated
to the blown-down curves. In this work, we will obtain a stronger form of this result for
the nodes and links of rank 1 Higgsing trees. By invoking modularity results [22-25], the
computation of Zi,, at a given order in an expansion in the base curve exponentiated
Kahler parameter ), schematically Ziop ~ > Z,Q%, reduces to the determination of a
holomorphic weak Weyl invariant Jacobi form [26-28]! of determined index and weight,
with the coarsest choice of Weyl group possible being that of the gauge group of the
engineered theory, W(g). We conjecture that the topological string partition functions of
nodes of the Higgsing tree specialize upon moving towards the root of the tree according
to maps J(g') — J(g) relating the ring of Jacobi forms of the associated Weyl groups.?
We provide ample evidence for this conjecture by computing Z; at £k = 1 for a host of
examples and demonstrating the specialization explicitly.

Note that the topological string is insensitive to complex structure deformations.?
From its vantage point, all nodes of a Higgsing tree can hence be seen as singular geome-

!This being the only class of Jacobi forms we will be concerned with in this paper, we will drop the
adjective weak in the following.

2The connection between different nodes of rank 1 Higgsing trees was studied for some examples in a
different presentation of Zip in [29, 30].

3Here and in the following, we speak from the perspective of the so-called A-model [31].



tries lying on subslices of the Kéhler moduli space. One parent theory (which on infinite
length Higgsing trees would depend on infinitely many parameters) should hence capture
all geometries subsumed in a Higgsing tree. This perspective could offer a path towards the
proof of our conjecture; the point to be addressed is that the topological string partition
function exhibits singularities on the subslices of moduli space corresponding to the sin-
gular geometries. For the models that we consider, we demonstrate by computation that
these singularities are only apparent.

The elements of J(g) at given weight and index span a finite dimensional vector space
over Q. The computation of Z; in the class of models we are considering is reduced to
obtaining the expansion coefficients in an appropriate basis of this space. The reduction
of the computation to a finite dimensional problem is conceptually important. Practically,
the number of coefficients grows rapidly with the rank of g and the base degree k. Luckily,
Z. for many of the geometries we consider turns out to exhibit a higher symmetry than
merely the Weyl group W(g). These enhanced symmetries have various origins. The
most straight-forward cases are 1-form symmetries as well as constraints arising from the
fact that a theory arises via Higgsing. Somewhat more surprisingly, the fact that some
maps J(g') — J(g) are injective, hence invertible on their image, can lead to enhanced
symmetries motivated by moving opposite the Higgsing arrow. We call this phenomenon
“reverse inheritance”. This latter class of enhanced symmetries can also be explained
intrinsically, without reference to Higgsing, via a cancellation mechanism described in [32].
Notably, we argue for symmetry enhancement at the level of the massless 6d spectrum of
the parent theory of the 5d theory, yet find computationally that the symmetry extends
to the full BPS spectrum, begging the question (which we leave for future study) whether
this had to be the case. The elliptic genus in 6d or 4d theories as expressed in terms of
Jacobi forms or related structures is enlisted to study various conjectures relating to the
swampland program in the works [33-38].

We conclude this introduction with a summary of the ensuing sections. We begin
with a rapid review of the physical setting, and discuss the general structure of Zj in
section 2, completing the discussion in the literature to encompass all rank 1 theories. In
section 3, we take a first look at the constraints arising from being a node of a Higgsing
tree, and discuss in detail the specialization of Z; upon descending a Higgsing tree towards
its root. We also derive how our specialization results for Z,% manifest themselves at the
level of Gromov-Witten invariants. Section 4 is dedicated to the discussion of symmetry
enhancements of Z; derived both from the perspective of neighboring nodes in the Higgsing
tree and intrinsically. Several technical appendices conclude the paper: in appendix A, we
explicitly give Z; for one among the many models for which we have computed it, to convey
the general flavor of our results. Appendix B contains tables of Gromov-Witten data which
exemplify the specialization results derived in section 3. Appendix C summarizes data on
simple Lie algebras which is relevant for the discussion in the main text. Appendix D gives
explicit formulae for the generators of the ring of Jacobi forms for all simple groups other
than F,, n = 6,7,8. Appendix E provides further details regarding the specialization maps
between these. Appendix F provides a brief introduction to Weyl invariant polynomials,
and explains how these enter in our calculations. Finally, appendix G provides a very brief



review of elliptically fibered Calabi-Yau manifolds, and reproduces some rank 1 Higgsing
trees for the reader’s convenience.

2 How to capture BPS degeneracies via Weyl invariant Jacobi forms

2.1 The topological string and BPS states of the 5d theory

The topological string was born as a worldsheet theory [31, 39]. To a Calabi-Yau manifold
X and to each worldsheet genus g, it assigns a power series F, in Kahler parameters
Q; associated to the homology 2-cycles of X (see footnote 3). The coefficients are the
celebrated Gromov-Witten invariants of X. Upon introducing a formal parameter gop, a
putative theory tying together all Fy is assigned the partition function

Zyop(X) = exp (Z Ey gggp_2> : (2.1)
g

In [17, 18], it was shown that Zi,,(X) is not merely a formal construct; it captures the
non-perturbative BPS spectrum of M-theory compactified on X, arising from M2 branes
wrapping holomorphic curves in X (see [19] for a succinct summary of these matters).

The 5d theories of interest in this paper arise upon compactifying M-theory on a certain
class of elliptically fibered, interlinked Calabi-Yau manifolds X constituting the nodes of
so-called Higgsing trees, as we review in appendix G. We will call the theory obtained upon
compactification on X M[X] for the purposes of this section. The massless perturbative
spectrum of M[X] is captured by the compactification of 11 dimensional supergravity on X.
For non-compact X, this spectrum consists of A"} (X)) massless vector fields and h?1(X)+1
uncharged massless hypermultiplets.

The symmetries constraining Zi,,(X) become manifest at special points in the Kéhler
moduli space of X in which this massless spectrum is enhanced. The description of these
points of enhancement is most natural from a 6d perspective, arising from compactifying
F-theory on X. In this description, only the complex structure of the elliptic fiber of X is
physical. Considering a representative of the geometry in which all exceptional curves in
the fiber are blown down brings the gauge symmetry g associated to the resulting singular
fiber to light, together with hypermultiplets charged under g. This theory yields M[X] upon
circle compactification, as follows from M-theory/F-theory duality [40]. In contrast to the
F-theory compactification, the elliptic fiber now is fully physical, with its size inversely
proportional to the size of the compactification circle [40]. Away from the singular limit of
the fiber, we recover the perturbative massless spectrum described above.

2.2 The topological string and Jacobi forms

On an elliptically fibered Calabi-Yau manifold X, an astute rewriting of the holomorphic
anomaly equations [39, 41] can be used to demonstrate that the topological string partition
function inherits modular properties of the elliptic fiber [22, 42-44]: upon extracting a
universal fiber independent contribution Zy and expanding in the base class @ p,

Ztop = ZO 1+ Z Ck(Q)Q%Zk 3 (22)
k>0



with ¢;(Q) a coefficient on which we shall comment momentarily, the expansion coefficients
Zy, can be shown to be meromorphic Jacobi forms (with a simple multiplier due to a
contribution from the Dedekind 7 function). An alternative route towards unearthing this
modular structure proceeds by identifying Z; with the elliptic genera of k non-critical
strings in the spectrum of the 6d theory describing F-theory compactified on X [24, 25,
29, 45-48]. From either route, the following ansatz for Zj can be motivated:

Zk - #M(qa Q7gtop) 9 (23)

1" ®)(q) D
where N and D are holomorphic Jacobi forms with modular parameter the Kiahler param-
eter g of the generic fiber,

q= Qo H(Qi)“i : (2.4)

Here, Qo and Q;, i =1,...,rk(g), denote exponentiated Kahler parameters of fibral curves
(Qo being associated to the only curve among these which intersects the base B of the
fibration).* The a; coincide with the marks® of g. The elliptic parameters of the Jacobi
forms are given by @Q; as well as gtop, with the Weyl group W(g) acting on the former.

The denominator D has a universal contribution present for all rank 1 models which
depends only on 7 and giop. Its form is largely fixed by comparison with the Gopakumar-
Vafa expansion [17, 18] of the topological string:

k
Duniv = H ¢—2,1(mgtop) . (2'5)
m=1

For all X leading to gauge symmetry, the denominator also depends on the Ké&hler param-
eters of the resolved curves in the fiber. The expression for this contribution that we will
use is derived in [51] by lifting the result for Ziop, in the gauge theory limit [52] to 6d [53].
Recall [54] that an instanton solution for the gauge group SU(2) [55] can be embedded
into the gauge group G via the embedding of the gauge algebra a; into g, with image a
generator T¢ of the Cartan subalgebra associated to a given root « and the corresponding
lowering and raising operators. The bilinear form on g takes the form

te(TOTY) = cadap (2.6)

on these three generators. Choosing the normalization of the bilinear form such that ¢, is
equal to 1 for all long roots, the constant takes the following values for short roots:

Ca =2, G = B,,C, and Fy,

2.7
Co — 3, G = G2. ( )

4Note that in addition to these parameters, dependence on flavor fugacities can be introduced in the
elliptic genus [29, 30]. At the level of the geometry and the topological string partition function, this
requires including additional divisors in X. For further discussion of flavor symmetry in the SCFT limit of
5d theories, see [49, 50].

5Note that this equation appears with the a; identified as comarks in several previous works. The
distinction is of course irrelevant for simply laced groups.



In the following, we will drop the index a: ¢ will refer to the appropriate value given
n (2.7). An SU(2) instanton with instanton number kgy(2) maps under this embedding to
a G instanton with instanton number kg = caksuy(2)-

Following [51], we identify the contribution of an SU(2) instanton of instanton number
k to the denominator D as

D= II  ¢_11((@=bgiop+ma)d_;1((a—b)giop — ma) (2.8)
ab<k,a,b>0

my is the contribution of the gauge fugacity or Kéhler parameter associated to the positive
root o of A7 to which we will return below.
The contribution for a general gauge group G can then be expressed as

Dlgc = DI?:L'D]%/C,S , (2.9)
with
A A
Dir= 1l Prh Dis= Il DPias (2.10)
acA} aEA]

where we have indicated the set of positive long and short roots as Az and A; respectively.
Note that (2.9) is invariant under permutations on the sets of long and short positive roots,
and D,ﬁg is invariant under o — —a. As the Weyl group W(g) is a subgroup of the
permutation group on all roots that does not mix long and short roots, this establishes the
invariance of Dg under its action.

Note further that at k = 1, (2.9) is independent of ggop.

The power n(k) of the Dedekind 7 function occurring in (2.3) has been determined from
topological string considerations [22] for the minimal singularities over the base surfaces
F,, equal to Fy, F; and Fa to be —12kCp - K = 12k(n — 2). Here, Cp is the base curve
of the Hirzebruch surface, K is its canonical divisor. In [24], it was given for minimal (i.e.
maximally Higgsed) models for n > 2 as n(k) = 4khy,, with h} the dual Coxeter number of
the gauge group of the corresponding model, which happens to be given by hY = 3(n — 2)
for all occurring cases, as noted by [56]. By matching to Gromov-Witten invariants, we find
that expressing n(k) in terms of the dual Coxeter number of the gauge group is misleading.
In fact, it is the self-intersection number of the base curve which determines this quantity.
The correct expression valid for all rank 1 Higgsing tree geometries is

n(k) = 12k|n — 2| . (2.11)

Turning now to the prefactor ¢;(Q) which enters in extracting Z;, from Zp, in (2.2),
it was given in [22] as ¢x(Q) = qfw for the minimal models over Fo,F;,Fy. For the
minimal models over IF,,, n > 2, [24] identified it as ¢(Q) = (/a/ I QU)*he/3 . We find
that this latter formula should be modified by adding a factor of @)y to the product in the
denominator, and replacing k% by 3(n — 2) for all geometries over a base F,,. This yields

an expression valid for all bases FF,;:

k(n—2)
B \/a _ 7k(n272)



The final ingredient is the numerator N of Z,. Its exact expression depends sensitively
on the geometry considered. Upon determining the appropriate ring J of holomorphic
Jacobi forms in which it lies, an ansatz can be made in terms of the finite basis of J at
appropriate weight and index. The expansion coefficients must then be fixed by imposing
appropriate boundary conditions, as we discuss in subsection 2.5. Beyond the problem of
providing sufficient boundary conditions, the sheer number of coefficients to be determined
quickly becomes computationally untenable. By imposing the symmetries of the massless
spectrum of the 5d theory on all of Zj, the number of coefficients can be sufficiently
reduced to render many more calculations feasible. In this work, we provide an a posteriori
justification for this procedure by demonstrating that the constrained ansatz is consistent
with Gromov-Witten invariants obtained via mirror symmetry.

2.3 The map between the Kahler cone and elliptic parameters

The exceptional fibral curves of the class of elliptic fibrations we are considering organize
themselves in terms of representations of the corresponding Lie algebra g. As such, each
curve can be identified with an element of the weight lattice A, of g. It is therefore natural
to identify the fiber components m of the Kéhler form with an element of the complexified
dual lattice, the coroot lattice, such that the Kahler parameter m¢ associated to the curve
C, obtained by integrating the complexified Kéhler form against the curve class, is given
by the pairing

My, = (w,m), (2.13)

with w € A,, the weight identified with C.

—2 rational curves in the fiber of the elliptic fibration organize themselves into the
adjoint representation. FEach such curve thus maps to a root « of g, which just as any
other weight lies in A,,. The corresponding Kéhler parameters

ma = (o, m) (2.14)

are identified with the gauge fugacities of the elliptic genus. They have already featured
in the formula (2.8) above, while the exponentiated Kéhler parameters

Q; = e?r(em) (2.15)

with «; a simple root, appear in equation (2.4) above. Note that the dependence of the
elliptic genus on the gauge fugacities will generically contain fractional powers of e?7/me
as the weight lattice is generically finer than the root lattice.

In theories with a Lagrangian description, m can be identified with the VEV of the
real scalar field ¢ in the 5d gauge multiplet, under identification of the complexified coroot
lattice with the Cartan subalgebra of g. This gives rise to masses for hypermultiplets
as follows. The scalar fields (Q, Q) of a hypermultiplet transforming in the irreducible

representation p of the gauge group couple to ¢ via

(@, p(0)Q) . (2.16)



Recall that Q and Q transform in dual representations; in the above formula, (+,-) indicates
the pairing between the dual spaces. ¢ acquiring a VEV gives rise to the mass term

(@Q, p(m)Q). (2.17)

Decomposing the vector @) in terms of weight eigenspaces, @ = >, @) (assuming non-
degenerate eigenspaces for notational simplicity), this yields

(Q.p(m)Q) =D _(Q5, (A, m)Qx) = > _(A,m)(Q5,Qx), (2.18)

A A

where we have denoted by A the conjugate weight to A. Note that if the irreducible
representation p has highest weight Ay, all the weights A occurring in the mass term (2.18)
are of the form
)\:)\h—Zniai, n; EN, (2.19)
K3

where the sum is over the simple roots of g. The hypermultiplet in representation p hence
introduces dependence on the parameter (A,, m) in addition to the parameters (a;, m).

As explained in the previous subsection, the numerator of Zj as presented in (2.3) is
a Weyl invariant Jacobi form with, aside from giop, m featuring as the elliptic parameter.
Correctly identifying the dependence on m requires some care. We will mostly take the
generators of the ring J(g) of Weyl invariant Jacobi forms as derived in [28] as our starting
point. These depend on rk g parameters x;, which determine a point in a Euclidean lattice
E,.. The action of W(g), the Weyl group of g, on these parameters, as well as their behavior
under shifts by elements of A,(g), the root lattice of g, follows from the embedding of the
root lattice into E,, (note that n can be larger than rk (g); as is the case e.g. for the A-series).

From our identification of Kéhler parameters with (2.13), we conclude that it is shifts
of m via elements of the coroot lattice which should be symmetries of the theory. When
studying the elliptic genus for the Lie algebra g, we hence need to consider Weyl invariant
Jacobi forms of the Lie algebra g whose root lattice equals the coroot lattice of g. For
simply laced groups, we can identify roots with the corresponding coroots as elements of
the orthogonal lattice, and this distinction is irrelevant. For Fy and Gs, root and coroot
lattice are isomorphic, the map between the two does not however preserve the inner
product: short roots are mapped to long coroots and vice versa. E.g., in our conventions,
the set of coroots for G2 as embedded in Ej is given by

+(ej—ej), i#j  t(Rei—ej—er), i#jFkFG

while the set of roots is given by
., 1 ., .
i(ei_ej)a Z#]? i§(2€i—€j—€k), 275']75]{7#2
Finally, the root lattice of B,, is isomorphic to the coroot lattice of C,,, and vice versa. We
must hence use the Weyl invariant forms assigned to the Lie algebra C,, in the conventions
of [28] to describe Zj, on a background leading to gauge symmetry B,,, and vice versa.

5Note that in the following, it will be convenient to refer to all the roots of simply laced root systems
as long.



2.4 Determining weight and index

Z is a weight 0 Jacobi form whose index is determined by the anomaly polynomial of the
elliptic genus or equivalently by the holomorphic anomaly of the topological string partition
function [23]. The anomaly polynomial for the elliptic genus of a string carrying charges
Q; (not to be confused with the exponentiated Kéhler parameters; in the type IIB picture,
these charges encode the class of the base curves C; that the D3 brane giving rise to the
string is wrapping) is given by [56, 57]

090Q;Q
1= O (1) eo(R) + (2.20)
1 ia 2 2 - Q¥ v
Qi [ o @ ag P2~ 2 (1)~ 2ea() — 2ea(R)) + WD) )
where QY = —C; - C; is (minus) the intersection matrix of the curves in the base, co(L) and

c2(R) are the second Chern classes associated to the left and right parts of the Poincaré
symmetry SU(2)z, x SU(2)g of the normal bundle of the string in the 6d spacetime, c(I)
is the second Chern class for the SU(2) R-symmetry bundle, p;(7") is the first Pontryagin
class of the tangent bundle of the 6d spacetime, and F, is the field strength associated to
the curve C, in the base. This latter index a includes compact curves associated to gauge
fields indexed by ¢ above and non-compact ones associated to global symmetries.

Specializing to rank 1, i.e. to the case of only one compact cycle in the base B, giving
rise to one tensor multiplet, making the replacement co(R) = co(I) = 0, c2(L) = —g2 for
the unrefined string [23-25], and introducing the norm

1
() = 570 Trags (2.21)

on the Cartan subalgebra of the Lie algebra, which is normalized so that short coroots have
norm squared 2, we obtain the index bilinear form for Zj,

Iz = Z'Z,topggop + Z.Z,gauge("na m) (2-22)
with
. 5
17 top = —§(nk +(2—-n)k), (2.23)
17, gauge = —kn. (2.24)

Here, —n = Q' = Cp - Cp is the self-intersection number of the base curve, and we have
replaced F' by m, which we will use from now on.

To compute the index of the denominator in the presentation (2.3) for Zj, we add the
index bilinear form of each factor. For the universal part Dy, in (2.5), it is given by

k
2 2
Z m-Geop -
m=1



G | Simply laced B, C, Gy Fy

o - 1 n-1 1
G In—1 ntl 1 3

Table 1. (m,m)s = kg(m,m).

For the gauge group contribution Dg, the index bilinear form is

|AL Z (a— b)2 + |Ag] Z (a— b)2 gtzop + te L2k (m,m); + tp s2h" (m,m)s,

ab<k ab<k/c
a,b>0 a,b>0
where
tk,L = #{ab <k | a,b> 0} ) tk,S = #{ab < k/C ‘ a,b> O} ) (225)
and 1
(m7m)S/L = 2]17\/ Z My - (226)

aclAg/g,

As the Weyl group does not mix short and long roots, the two inner products (-,)g /1 are
Weyl invariant and therefore proportional to the inner product of the lattice,

(m,m)s = kg(m,m), (m,m)r = (1—kg)(m,m). (2.27)

The value of kg for all simple Lie algebras is given in table 1.
Combining these contributions, the index bilinear form of the denominator reads

Ip = ipjtopgfop + 1D gauge (M, M) | (2.28)
where
k
iDgop = P m>+[AL] Y (a—b)*+|As] D> (a—10)?, (2.29)
m=1 ab<k ab<k/c
a,b>0 a,b>0
iD gauge = 21" (1 — K@)ty L + KGty,s) - (2.30)

By Ixy = Iz + Ip, the index bilinear form of the numerator A/ of (2.3) is then easily
determined to be

IN = i topTiap + TN gauge (M, M) , (2.31)
with
1 k
iN?top:—f(nkQ—l—@—n)k)—l- Z m?+|Ap| Z (a—b)2+|Ag| Z (a—b)?, (2.32)

2 m=1 ab<k ab<k/c
a,b>0 a,b>0

iN,gauge = 7kn+2hv ((1*’QG)tk,L+"€Gtk,S) . (233)

For the case k = 1, inrtop = 0 and we conclude that the numerator does not depend on giop.
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To determine the weight wys of the numerator, note that the weights of N and D
must be equal, as Z; has weight 0. The factor involving the Dedekind 7 function in
equation (2.3) contributes the weight in(k) = 6k|n — 2|, the universal contribution Dyyiy
to the denominator has weight —2k, and the gauge contribution D has weight —|Ay |ty —
|As|tr,s. Adding these contributions, we obtain

wy = 6k|n — 2| — 2k — |Ap|te.r — |Asltes - (2.34)

2.5 Imposing boundary conditions

As the numerator A in the ansatz (2.3) for Zj is a holomorphic Jacobi form, it can
be expanded in terms of a finite basis of forms of given weight (2.34) and index (2.32)
and (2.33). Most of this work will be concerned with identifying the ring of Jacobi forms
best adapted to a given gauge theory, i.e. maximally constrained by the symmetries of
the problem. Once the ring is chosen and the expansion of N in appropriate generators
is performed, appropriate boundary conditions must be imposed on Zj to determine the
expansion coefficients.

In [22, 23, 25, 58], these boundary conditions are imposed in the form of so-called
vanishing conditions: the constraint that Gopakumar-Vafa invariants of a given curve
class must vanish at sufficiently high genus. In [22], it was argued that imposing generic
vanishing conditions (i.e. requiring that these invariants vanish eventually) is sufficient to
fix Zj for theories without gauge symmetry; this argument was extended to the refined
context in [23]. In [25], it was argued that imposing generic vanishing conditions does not
suffice to fix Z; for theories with gauge symmetry. Imposing sharp vanishing conditions,
it was conjectured, does suffice. This was demonstrated in the case of the Ay theory over
the base F3 up to base wrapping number 3 and the D4 theory over Fy for base wrapping 1.

An alternative would be to compute Gopakumar-Vafa invariants for these geometries
by imposing elliptic blow-up equations [30, 59-61]. For the purposes of this work, we rely
on the technically less arduous path of mirror symmetry and impose genus 0 Gromov-
Witten invariants as boundary conditions. This allows us to fix Z; at base wrapping k = 1
completely, and some coefficients in the expansion of N for higher k¥ (only in the case of
the E-string (of arbitrary rank) can Zj for all k£ be determined solely by imposing genus 0
invariants [62]).

To determine the Gromov-Witten invariants for the various nodes of rank 1 Higgsing
trees, we construct, where possible, the underlying geometry as hypersurfaces in toric
varieties [14-16, 32] to which we apply well-established mirror symmetry techniques [63, 64].
We organize the invariants in terms of a basis of curve classes adapted to the gauge theory
interpretation by identifying the distinguished curves in the geometry as intersections of
toric divisors with the hypersurface. We refer to [32] for a detailed exposition of these
techniques.

C, and D,, singularities cannot be imposed torically on the elliptic fiber over base a
Hirzebruch surface F,, [15, 32]. We hence cannot compute the elliptic genus for theories
with these gauge groups directly using our techniques. However, the fact that all D,
theories in rank 1 Higgsing trees arise via Higgsing of theories that we can solve provides
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us with an alternative path to obtaining their elliptic genus, as we explain in section 3.
Reversing the arrow of dependencies, we can thus compute the genus 0 Gromov-Witten
invariants for these geometries, invariants which are not available via traditional mirror

symmetry techniques.

3 Specializing along Higgsing trees

Descending via Higgsing from a theory with gauge group g imposes constraints on the
spectrum of charged matter of the resulting theory with gauge group g’. While the nature
of these constraints generically strongly depends on the details of the Higgsing considered,
some general statements can be made. E.g., when rk (g) = rk (g’), the Weyl symmetry of g
decomposes into W (g') x DynkinSym(g’), with the Dynkin diagram symmetries continuing
to act as an automorphism on the theory. The charged matter spectrum of the Higgsed the-
ory must therefore be invariant under the action of DynkinSym(g’) on the representations
of g’. We see many examples of this phenomenon in the rank 1 Higgsing trees:

o W(G2) = W(A2) x DynkinSym(Ajy): the Dynkin diagram symmetry exchanges the
fundamental representations 3 and 3 of Ay. Symmetry under this exchange is however
already required by CPT invariance, hence does not constrain the Ay gauge theories
further.

o W(Fy) = W(D4) x DynkinSym(Dy): the Dynkin diagram symmetry of D, famously
permutes its vector and two spinor representations, and indeed, all D4 theories oc-
curring in rank 1 Higgsing trees (all descending from Fj theories via Higgsing) have
a charged matter spectrum invariant under such permutations.

o« W(B,) = W(D,) x DynkinSym(D,,): the Zs Dynkin diagram symmetry of D,, (n >
4) exchanges the two spinor representations. For n odd, these are conjugate to
each other, hence the Zs symmetry is imposed by CPT invariance. However, for
n even, the spinor representations are self-conjugate, allowing for the presence of
half hypermultiplets in the spectrum of these theories. Here, DynkinSym(D,,) is an
additional constraint on the spectrum. In perusing the rank 1 Higgsing trees, we
indeed observe that this symmetry is not realized only in the case of the Dg theories
of the Fo and F3 Higgsing trees; these are the only Ds,, theories not descending from
a By, theory.

In section 4, we will see that these symmetries of the massless spectrum of the theory are
inherited by the elliptic genus. What is more, at least at the level of the elliptic genus,
symmetries of a Higgsing theory can be “reverse inherited” by the unHiggsed theory. Thus
e.g., via the By and Fy to D4 branch of a Higgsing tree, W (F}) has repercussions for the By
theory, even though it does not descend via Higgsing from a theory with gauge group Fj.

In this section, we will study the relation between the elliptic genera of theories related
by Higgsing g — ¢’ in detail. We will define for each Higgsing a linear embedding

L:h —=p (3.1)
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between the Cartan subalgebras. In practice, these maps have simple presentations in terms
of the orthogonal coordinates x; on the Euclidean lattices in which A..(g') and A..(g) are
embedded. The map ¢ induces a map ¢* between functions on the complexified Cartan
algebra and in particular the Jacobi forms associated to the corresponding Lie algebras.
Up to some possible change of coordinates, dictated by our explicit embeddings of A.,.(g)
in Eg, the map ¢* corresponds to restricting the modular forms to the subspace ¢(h’). We
give these restrictions for all simple Lie algebras, except Eg, E7 and Eg.

It is natural to ask whether the relation between Z® and Z9 is governed by ¢. In all
the models we consider, we find this to be the case, at least at base wrapping 1:

(Z98) = 29 (3.2)

In particular, when the Higgsed gauge algebra has fewer roots, the apparent extra diver-
gences in equation (2.9) disappear.

We will discuss this specialization separately for the numerator and the denominator
of the ansatz (2.3) for the elliptic genus.

3.1 Restriction maps between rings of Jacobi forms

The specialization map ¢* takes Jacobi forms of the Lie algebra g to Jacobi forms of the
Lie algebra g’. We begin by studying how to specialize the generators of the ring of Jacobi
modular forms along the Higgsing trees. Some technical details are relegated to appendix E.

3.1.1 G2 to A2

The (co)root lattices of the Lie algebras Ay and Gy are isomorphic. We can therefore
choose ¢ to be the identity. The Weyl groups of the two algebras are related via

W(Gq) = W(A3) x DynkinSym(As). (3.3)

The ring J(G2) of G Jacobi forms is thus equal to the subring of the ring J(Asz) of A
Jacobi forms whose elements are Dynkin diagram symmetric. At the level of the standard
basis of the orthogonal lattice E3, the latter symmetry is realized by exchanging the lattice
generators e; and e3 and flipping the sign of all three generators. Note that e; <> eg is
already an element of W (Ajy). Of the three generators of J(Az), only gbf%?l is not invariant
under x; — —x;; it changes by a sign. This observation fixes the relation between the two
sets of generators, as summarized in figure 1.

The relation between the generators of J(As) and J(G2) in particular implies that the
numerator N of the elliptic genus of all A5 theories obtained via Higgsing from a G theory
must permit an expansion in an even power of the generator ¢i‘§,1~ This however does not
impose an independent constraint, as the weight of the numerator in the expression (2.3)
for the elliptic genus is even for all k, and gzﬁ’:‘%,l is the only generator of odd weight.

3.1.2 B3 to G2

All rank 1 models with G2 gauge group arise via Higgsing of theories with gauge group Bs.
We recall that the relevant ring of Jacobi forms for the latter, in the conventions of [2§],
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G G G
0,1 231 ¢ 52

L |

A A A
01 51 (675,1)?

Figure 1. The map between J(G2) and J(A3) generators. The vertical arrows denote equality.

Cs Cs Cs Cs
0,1 21 ¢4 ~6,2
Go Go 0 G2
0,1 —2,1 —6,2

Figure 2. The specialization of J(Cs) to J(G2) generators. The vertical lines correspond to setting
1 + x9 + 3 = 0 and multiplying by a constant.

is J(C3), as its elements are shift symmetric under coroots of Bs. We identify the Cartan
algebras of G and Bs with the subspace 1 + 22 + 23 = 0 of R3 and R? itself. The map ¢
is then the inclusion

v {xy 4 20+ 23 = 0} — R,

The root lattice of ('3, as embedded in the orthogonal lattice E3, reduces to the root
lattice of G5 upon restriction to the subspace x1 + x2 + x3 = 0; likewise, the Weyl group
of C3 (equal to the Weyl group of Bs) maps to the Weyl group of Gy. The restriction ¢*
hence provides a map from J(C3) to J(G2). In fact, this map is surjective: it maps one of
the generators of J(C3) to 0, and the other three to the generators of J(G2), see figure 2.

3.1.3 F4 to D4

All rank 1 models with D4 gauge group arise via Higgsing of theories with gauge group Fj.

The root lattices of Dy and Fj are isomorphic, but are embedded differently in R* in
the conventions of [65]. We give a map ¢ between these two realizations in appendix D.5.
The Weyl group of Fj coincides with the semi-direct product of the Weyl group of D4 with
the Dynkin diagram symmetry of Dy,

W(Fy) = O(Fy) = W(Dy4) x DynkinSym(Dy) = W (Dy) x Ss.

Therefore, t* embeds J(Fy) as a subring into J(Dy), its elements consisting of W (Dy)
symmetric Jacobi forms which in addition exhibit D4 Dynkin diagram symmetry. Imposing
this symmetry on the generic elements of J(D,) of appropriate weight and index, we arrive
at the generators of J(Fj) given in figure 3.

3.1.4 A-series

The Higgsing tree over F; and over Fo both exhibit a branch of A, gauge theories for n
arbitrarily large, with a sequence of Higgsings A,+1 — A, all the way down to a theory
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Fy Fy ¢F4 Fy Fy

0,1 —2,1 —6,2 —8,2 —12,3
D4 2E ¢ Dy Dy _ i(b Dy + 3 2 Dy Dy 2 _ l Dy 3
4 -21 P-62  18%-21 4 1 —4,1 w? 4 1 —4,1 (W41 9 \P-41

Figure 3. The specialization of J(Fy) to J(D4) generators. The vertical lines correspond to
composition via an isomorphism of the two lattices which is given explicitly in appendix D.5.

An A’VL ATL A"L
(Z)O,l —-2,1 ¢—3,1 te (b—n,l ¢—n—1 1 0
Ap_ Ap— Ap— Ap_ J/
gitehd ety o oty 0
A A A
0.1 ¢34 ¢34 0
b1 $—21 0

Figure 4. Restriction of the A-series Jacobi forms. The vertical arrows correspond to setting the
last coordinate to 0 and multiplying by a constant.

with gauge symmetry A;.7

The root lattice of A, is embedded in the orthogonal lattice [E, 1 via the constraint
Z" 1 z; = 0. The Weyl group of A, is the group S,41 of permutations on the n + 1
generators of E,, 1. The map ¢ for the 4,11 — A,, Higgsing is induced by the inclusion of
the orthogonal lattices: E, 1 < E, 2. Restricting to the sublattice x, 12 = 0 thus maps
the root lattice and the Weyl group of A,,11 to that of A,. This restriction maps the lowest
weight generator ¢_(,,1)1 to 0, and otherwise preserves weight and index, leading to the

relation between generators summarized in figure 4.

315 ...—»Dyy1 -+ B, -+ D, — ..

The Higgsing trees over F,, for n = 0, 1, 2, 3, 4 exhibit branches of B,, and D,, gauge theories
for n arbitrarily large. Along these branches, the pattern of Higgsing is ... — Dp11 —
B, — D, —...58

"The Higgsing of certain theories over the bases F; and Fs is studied from the perspective of the 2D
quiver theory living on the BPS strings in [66].
8These branches over the bases Fa, F3 and Fy were studied from the perspective of brane-systems in [67].

~15 —



<7

Dn/cn Dn/cn Dn/cn Dn/cn C, _ Dn\2
P01 P91 P41 e M—2,2 oma = (W 1)
Dn—l/cn—l anl/cnfl anl/cnfl Ch—1 _ ( Dy_1 )2 O
0,1 2,1 4,1 m—2,2 — \Wp_11

Dy/Cy Dy4/Cy Dy4/Cy Dy/Cy Cy _ 2
%,1 2,1 4,1 ¢6,2 ¢8f§ = (w4j)
D3/Cs D3/C3 D3/Cs C3 __ ¢, D3\2
¢)0,1 2,1 4,1 ¢6,32 = (Ws,f) 0

Figure 5. Restriction of the D/C series Jacobi forms. The vertical arrows correspond to setting
the last coordinate to 0 and multiplying by a constant (for Cs we picked a different basis). This is
the same table as in [68].

Recall that in the conventions of [28], J(C),) is the appropriate ring of Jacobi forms
for the construction of the elliptic genera for B, gauge theories, as its elements are shift
symmetric under A.(By) = Ar(Cy).

The orthogonal lattice for C,, and D,, is E,,. For the Higgising B,, — D,,, the map ¢ is
simply the identity. The root lattices of ), and D,, coincide. Furthermore,

W(Cy) = Sp X (Zo)" = W(D,,) x DynkinSym(D,,) ; (3.4)

in addition to permutations of the generators of the Euclidean lattice E,, W(C,,) includes
arbitrary sign flips, whereas W (D)) includes only even numbers of sign flips. The gener-
ators of J(D,) and J(C,) can be chosen to reflect the close relation between these two
groups: n of the generators can be chosen to coincide (i.e. are in particular invariant under
arbitrary sign flips). The final generator for J(D,,) is odd under an odd number of sign
flips. Its square provides the missing generator for J(C,).

For the D,, — B,_; Higgsing, the map ¢ is induced by the inclusion E,,_; — E,. By
restricting to x, = 0, the root lattice and Weyl group of D,, are mapped to A,(Cp,—1) and
W(C,—1), respectively. Consequently, setting z, = 0 maps the generators of J(D,) to
those of J(C),—1). These relations are summarized in figure 5.

For the case n = 4, the restriction to x,, = 0 does not yield the standard basis of Cj
Jacobi forms (as given for instance in [28]), which introduces some awkwardness in the
reduction. The details are given in appendix E.
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B B B B
Po.1 51 7% 4 e P lon—2)1 P51 0
anl anl anl anl J’
P01 P54 ¢4 e —2(n—1),1 0
Bsg Bs Bs 0
0,1 21 ~41

Figure 6. Restriction of the B-series Jacobi forms. The vertical arrows correspond to setting the
last coordinate to 0 and multiplying by a constant.

3.1.6 C-series

The numerator of the elliptic genus of models with C), gauge symmetry, which arise as nodes
of the F; Higgsing tree, take value in J(B)). As the necessary singularity enhancements
of the elliptic fiber cannot be obtained torically [15, 32], we did not study these models in
this work. However, as we will discuss in the next section, due to symmetry enhancement,
the numerators of the elliptic genus of theories with gauge symmetry of D- and B-type
over F4 are elements of these rings.

The map ¢ for the C,, — C,_; Higgsing is induced by the inclusion E,,_; — E,,. Once
we set x, = 0, the Weyl group and root lattice of B, map to the Weyl group and root
lattice of B,,_1, yielding the simple transformation law in figure 6.

3.2 Specialization of the elliptic genus

The structure of the denominator as given in (2.9) is dictated by the roots of the Lie algebra.
As explained in section 2.3, we choose conventions for the roots in the orthogonal basis
(i.e. the embedding of roots in a Euclidean lattice) such that the coroots of the Lie algebra
g coincide with the expressions as given by [65] for the roots of the dual Lie algebra. We
recall that this is the natural normalization for us as the argument of the elliptic genus is
an element of the (complexified) Cartan algebra hc periodic under translation by elements
of the coroot lattice (rather than the root lattice).

In subsection 3.1, we defined for each Higgsing g — ¢’ a restriction map +*. Under
this mapping, the image of a W (g) invariant function is W (g') invariant. Furthermore, the
positive roots of g’ are mapped by ¢ onto a subset of positive roots of g. It follows that

v(D})
Dy
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is an element of the ring J(g') ® J(A1) (the second factor having elliptic parameter gop)-
Our prediction is that this element factors out of t*(N7), thus establishing (3.2).° Below,
we perform this reduction explicitly for various Higgsings.

Once we have established (3.2), we can invoke the specialization mechanism to improve
our ansatz for Z; as we move away from the root of a Higgsing tree. We distinguish between
two cases.

The first case is when the map induced by ¢* between J(g) and J(g') is one-to-one.
In this case, we can impose the reduced denominator (L*)_I(Dg) for the theory with g
gauge symmetry. In fact, the elliptic genera Zg and Zg/ as functions on the Euclidean
lattice (which coincides for both algebras) coincide. The two differ as functions of gauge
fugacities or Kéhler parameters, as the map between the Euclidean lattice and the Kéhler
cone of the underlying geometries (explained in subsection 2.3) differ.!® In section 4, we
will discuss symmetry enhancements which allow to choose A? to lie in a smaller ring
than J(g). For such an ansatz to be sufficient, it is necessary to impose the reduced
denominator; otherwise, factors not invariant under the enhanced symmetry are required
in the numerator to cancel corresponding terms in the denominator. This effect becomes
apparent in the base degree 2 example that we study in section 4.5.

The second case arises when Higgsing to a theory with smaller rank. In this case, the
map ¢* : J(g) — J(g’) has a non-trivial kernel. We again have

i.e.

Aﬂe;uﬂ—lcvwﬁaﬁn>.

Now, any two elements in this preimage differ by an element of the kernel. The kernel of ¢*
is a principal ideal 1J(g) generated by an element ¢ € J(g) which can be read off from the

~ ;LU* g
figures in section 3.1. If we pick a particular element in the preimage ¢ € (+*) ™! (N B Ll(ﬁf’“))
k

(for instance by going to section 3.1 and following the arrows in reverse), we have that
N = ¢+ g

If one has already computed N 9/, this reduces the calculation of N'® to the determination of
¢, whose weight and index are (in absolute value) smaller than those of A'?, thus reducing
the number of coefficients that must be determined. In practice however, this reduction is
not substantial: the weight and index of 1) are small against those of N'® already at k = 1;
as 1 is a fixed form while the weight and index of the numerator increase rapidly with base

degree k, the reduction becomes even more marginal as k increases.

9Note that the power of the Dedekind 7 function in (2.3) only depends on the base of the elliptic fibration.
10This is why [25, 47] could extract Gopakumar-Vafa invariants of the D4 geometry over base Fy from
the By geometry one node up the Higgsing tree, resolving an issue raised in footnote 14 of [32].
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3.2.1 G2 to Az

As the long roots of Ay and G2 coincide in our conventions (see the discussion at the end
of subsection 2.3),

D3 =D .
For the short roots, we have for m € A (G) ® C that by S35, a; = 0,

2 1 1 2 1 1 L .
(361—36]'—36]{;,717,) = 3% — 3% — 3Tk = Ti, i #£JFkF£I

Thus,
3
Gy _ Az
Dys = H Die,-
=1

As the map ¢* : J(G2) — J(A2) is one-to-one, equation (3.2) actually implies that we
can refine our ansatz by taking the A denominator in all of the theories with Ga gauge
symmetries, as all of them can be Higgsed to As.

We have computed Z; for all A2 and G2 nodes of rank 1 Higgsing trees (these occur
over F,,, n =0,...,3). At k = 1, only the long roots contribute to the denominator. Hence,

D2 = pfiz (3.5)
We have verified that as functions of orthogonal coordinates z;,
782 = 72

3.2.2 B3 to G2

The map ¢* associated to the Higgsing Bs — G5 is implemented by imposing the condition
21 + z2 + x3 = 0 on the orthogonal coordinates of the Cartan algebra of Bs. The six long
roots of Ga, given by +(e; — e;), coincide with 6 of the 12 long roots of Bs, while the
contribution of the remaining long roots maps under ¢* to that of the short roots of Gs.
Thus,
Diilya—o=D0 I Dih =D5D
a=e;+e;
Furthermore, t* maps the contribution of the short roots of Bs to the contribution of the
short roots of G2. Hence,
Dlﬁ%|x1+xz+x3:0 = Dl(c},ZS :

We thus expect that (*(N, ,f %) factorizes to cancel the contribution DE%

We have computed Z; for all Bs nodes of rank 1 Higgsing trees (these occur over the
base F,, for n =0,...,3).1!

At k=1, D,??g evaluates to

[I it =D ]o-2alm) = —6%,. (3.6)

a=e;+e;

1The maximally Higgsed theories over the bases Fo and Fy are equivalent [12]. This however is no longer
the case once one moves up from the root of the trees [32].
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and we verify that L*(./\le %) is indeed divisible by —qﬁ(jg’% such that

1 NBs _ LN G
in:() - nn(l) DBs Z - nn(l) DG — 71

x; =0

Bs
Zl

3.2.3 F4 and B4 to D4

The respective maps ¢ map the long roots of Dy to those of By, Fj respectively. As
t: bp, — bp, is the identity, we suppress it (as well as the corresponding ¢*) in this
subsection to lighten notation. ¢ in the following will thus refer to the map (D.27). With
this understanding,

VDY =Dpt =Dt =Dt

For the specializations ¢*(Z ,f =27 ,? *and Z ,? t=Z kD * (the latter as an identity of functions
of the orthogonal lattice coordinates) to be correct, we thus expect

% ( NP * (T F. D B B D
L (Nk4) =1 (Dk;lc,S)Nk4’ Nk4 :Dk/zlcvsj\/‘k4. (37)
We have computed Z; for the By and Fj nodes of rank 1 Higgsing trees over the base F,
for n =0,...,4 and checked the specialization equations by verifying
Gz =zP (3.8)

As explained in section 2.5, we could not directly compute the elliptic genera for Dy,
as we cannot compute the required Gromov-Witten invariants using toric methods. But
having demonstrated that specialization holds by verifying (3.8), we can use our results to
compute ZlD * and extract the associated Gromov-Witten invariants. A non-trivial check
on our results is that they specialize correctly (for F,,, n =0,...,3) to the appropriate B3
gauge theories, whose elliptic genera we compute independently.

In section 4.5, we test the factorization (3.7) at base degree 2 and genus 0.

3.2.4 A-series
The map ¢* for the Higgsing A, — A,_1 is given by

*

= (3.9)

'|$n+1:0 :

The roots of A,, are given by the roots of A, _; together with the set £(e; — ep41), @ =
1,...,n. Therefore,

Ay
Dk

Tn+1=0

n
_ An—l A1
- Dk: H Dk),ei *
=1

For the specialization L*(Z]?”) = Z,?”’l to be correct, we thus expect
- A
N = (H D,ﬁ;) N (3.10)
i=1
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At base degree 1, the prefactor of N} An-1 {0 the above equation evaluates to

n n
A Ap_
1D =[] (=¢—21(zi)) = (=1)"(¢27)?.
=1 Zpt1=0 i=1

We have checked the factorization (3.10) for the gaugings A3 — As over the bases F)
and F5.

325 ...+ Dy - B,—D, —...
The map ¢* for the Higgsing D,, — B,,_1 is given by

*

= (3.11)

'|xn:0 .

The long roots of D,, are given by the long roots of B,,_; together with the set £(e; £e,),

i=1,...,n—1, which gives rise to the second factor on the r.h.s. of the following equality,
B n—1 A
DTL —_ n— 2
i=1
For the specialization L*(Zl?") = Z,f”fl to be correct, we thus expect
n 2
Dn A an
N = (H Dk}ei> N (3.12)
i=1

At base degree 1, we have
B o ’ B c
Dy, _ n— _ n— n—
ooyt (T omanten) =P (650 07
i=1

For n = 4, we checked the factorization (3.12) and thus the specialization

zn=0

zbs = 7P (3.13)

x4=0

for the corresponding nodes of the rank 1 Higgsing trees over bases Fo,F{, and Fo, with
ZlD 4 computed as explained in subsection 3.2.3
The map ¢ associated to the Higgsing B, — D, is the identity, the induced map
2 J(Cy) — J(Dy,) is injective. The long roots of both gauge algebras coincide, hence
B7L J— DTL
Dy =Dy
For the specialization L*(Zf”) = Z,?” to be correct, we thus expect
% ArBn By, Dy
(NS = (Dk/C )N, (3.14)
Furthermore, as ¢* is injective, we expect

as functions of orthogonal coordinates.

Since we cannot compute Z ,? " directly (see the discussion in subsection 2.5), we cannot
check (3.14) and (3.15) directly. However, given the numerous checks that our specialization
formulae have passed, we feel confident in invoking (3.15) to identify the elliptic genera of
D,, gauge theories.
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3.2.6 C-series
The map ¢* for the Higgsing C,, — C),_1 is given by

L*

(3.16)

= '|xn:0 .

The denominators Dg" are mapped to zero under ¢*, as the root e, leads to a factor ¢(2x,,)
which vanishes at =, = 0. However, one of the generators of J(B,,) also lies in the kernel
of ¢*, and must factor out of the numerators N, kc ™ to cancel these apparent poles.

The long roots of C,, are given by the long roots of C,,_; together with the roots +e,.'?
Then

Chr_ Ch_
D{y =D Dt = =6 002x,) [ d—20l(a—b)giop) Dyt + O(a2).
ab<k,a,b>0
ab#0

The short roots of C,, are given by the short roots of C,,_1 together with +e;+e,. Therefore,

C
Dy's

n—1 " o
= H (Dk,;)QDk,’f{l .
i—1

Tn=0
At base degree 1, these relations reduce to

Ch—

DY = —¢-20(22,)Dy "

We did not study models with C,, gauge symmetry, as the Gromov-Witten invariants
are not accessible torically, see the discussion in subsection 2.5. They could presumably
be solved by imposing vanishing conditions on Gopakumar-Vafa invariants, but we did not
pursue this approach here.

3.2.7 Eg, E7, Es

Rank 6 puts already the smallest of the Lie algebras FEg, F7, Eg out of computational
reach. We do however want to briefly discuss the specialization of the denominator for
these theories. Similar to the C-series, the denominator for a theory with F,; gauge
symmetry vanishes once we restrict to the Cartan algebra of E,,.

In somewhat more detail, the contribution of the roots +(e7 + eg) of Eg to the denom-
inator cause it to vanish once we impose the Fr constraint z7 + xg = 0:

DE o o®(x7 + g) Lrtrs=0, a?(0)=0.
We expect the Eg numerator to be proportional to a?(0) once we restrict to z7 + xg = 0.
Checking this claim however lies beyond the scope of this work: the ring J(Es) being the
only ring of W (g) invariant Jacobi forms for g a simple Lie algebra which is not polynomially
generated [27, 69], the strategy employed in this paper does not extend straightforwardly
to this case.

12Note that (m, en) = 2z, as the inner product here is 2dz?, see the B-series column in table 6.
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For the F7 — Eg Higgsing, the story is very similar. The roots £(e; — eg) lead to a
divergence once we impose the Eg constraint x7v — xg = 0:

DE o o®(x7 — 6) LT 26=0, a?(0) = 0.

Again, we expect this divergence to be cancelled by the numerator. Contrary to the Fg case,
theories with Eg and E; gauge symmetry could be solved with our techniques, given more
computational power, or more patience, and this claim could thus be checked explicitly.

3.3 Specializing Gromov-Witten invariants

The specialization in equation (3.2) implies that the Gromov-Witten invariants of theories
related by Higgsing g — ¢’ are closely related. Naively,

FO= N g0 Qi =logZ¥ = log 28 = SRS = N gohes QR
kEH2(X9') KEH2(X9) ( )
3.17
such that
=y, T (3.18)
KEH2(X9)
Q=@

This reasoning must however be applied with care: the map ¢ was introduced in (3.1) to
relate Weyl invariant expressions. As such, composition with any Weyl transformation
yields an equally suitable map. However, Weyl transformations on the parameter m in-
troduced in section 2.3 map the set {Q; = exp(2mi(a;,m))} of exponentiated fibral Kéahler
parameters to a new set {Qz} involving negative powers of the @; (a consequence of the
fact that any Weyl transformation maps a Weyl chamber to a distinct Weyl chamber).
They hence do not commute with the Taylor expansion, indicated in (3.17), required to
extract Gromov-Witten invariants from Z;. When comparing Gromov-Witten invariants,
the appropriate representative in the Weyl orbit of the map ¢ needs to be chosen in order
to relate the Taylor expansions in terms of positive powers of the respective exponentiated
Kahler parameters. Note that +* only acts on the exponentiated fibral Kéahler parameters,
not on those of the base curve (Jp nor of the general fiber q. The action on the affine
parameter Qo follows from Qo = ¢/ []Q;".
How to determine the appropriate representative?

1. When a choice exists such that :*Q% is a monomial in only positive powers of QY,
this uniquely determines the map ¢ which commutes with the Taylor expansion.

2. Else, if in terms of orthogonal coordinates on the coroot lattice, +* identifies the
denominator of Z9, in the presentation (2.3), with that of Z9 | the appropriate repre-
sentative is the one which allows the identification (up to a constant) of the prefactors
pi and pg in the presentation

Dy, = pr(Q) (1 +> %Q“) (3.19)

k>0

of the denominator, as functions of orthogonal coordinates.
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For k = 1, the prefactor takes the simple form

pl(Q) = eXp(_(2i7T)mpL) ) (320)
where pr, is the sum of all positive long roots.

3. Finally, only in the case of specializations A,, — A,,_1, neither condition 1 nor condi-
tion 2 apply. It turns out that the composition of the Weyl transformation x,, > 11
with the map ¢ which sets x,11 = 0 gives the correct transformation in this case.

3.3.1 G2 to Az

For the specialization from Gy to As, no choice of ¢+ exists which maps the fibral Kéhler
parameters for the G2 geometry to monomials of the Kéhler parameters for the Ay geom-
etry. However, the denominators of the associated Z; coincide, see the discussion around
equation (3.5). We are hence in case 2. With

mgf =1, mﬁj =1 — T2 (3.21)
and
mﬁf =x1 — T3, mﬁj = a1 + 229, (3.22)
we obtain
mff = —2x1 — 214, mfz =4z, + 229 . (3.23)

Ga
PL

we thus perform the Weyl transformation z; — —xo,z9 — —x1. This yields the map

. Ag\ 1/3

2 2

Ql — ( A2> 9
1

Q5 — Q17, (3.24)

The map ¢ proposed in section 3.1.1 is the identity. To match the quantities m$’? and m;f‘?,

so that
Go q q Ao
@@ e

We conclude that the Go Gromov-Witten invariant associated to the curve agCp +

apCy+a1C1 +asCs coincides with the As Gromov-Witten invariant associated to the curve
apCp + agCo + (a2 — %)Cl + (%202:

r&2 = o o - (3.26)

ap,a0,a1,a2 aB7a07a2_?,%1

3.3.2 Bg to G2

For the specialization Bs to Go, we are in case 1. Performing the Weyl transformation

X1 — X3,
xTo — —I2,
I3 = —T1,
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we obtain the map

Q1B3 N Q?Q

Q233 — ng

Q5 — QF?, (3.27)
and

B B G G

(QF)2(Q5°)? (Q17)%(Q2)
which involves only positive powers of the exponentiated Kéhler parameters of the Go
geometry. The relation among Gromov-Witten invariants which follows from this map is

G2 =y P (3.29)

raB ,00,01,02 Z TQBv“Oval —as,a2,a3 *
as

Table 5 in the appendix exemplifies this relation.

3.3.3 F4 and B4 to D4

Both specializations Fy — D4 and By — Dy fall under case 2. For D4 and By,

By

mf‘* = 6x1 + 4x9 + 223 = myt,

while for F}, the choice for ¢ corresponding to (D.27) yields
mbt & 621 + 4wy + 203 (3.30)

It follows that no additional Weyl transformations are needed. We obtain the maps

Dy
B D B D B D B 4
QT Qe QY Q3" = Q37 , Q) Dy (3.31)
3
and
F. D F. D F. 5 F. s
3 4
1@yt Qy m QT Q3 TR Dy’ (3.32)
1 3
such that
q _ q _ q
Bi( B B Bi\a  ~Di/D DinDi  (F. F. F. F.
QU ( 24>2(Bs4>2( £h)? 1 24)D2Q34Q44 (@1")( 24)3](: 3@ (3.33)
Q04 — QO 4 —_ Q04
This implies the following relation between Gromov-Witten invariants:
By _ ..D4 _
Tap,a0,a1,02,a3,04 = raB,ao,al,(lQ,agf%,% = Tap,a0,a2,01+a3,2a3,a4 ° (3.34)

Table 3 in the appendix exemplifies these relations.
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3.3.4 A-series

For the As — As specialization, we find that composing ¢ with the Weyl transformation
x3 <> x4 yields the correct map between Kéhler parameters:

Q1 — Q12
A2\1/3
?3 — (Q?Az)l/g )
(@12)
Q3 = (@1)*(@52)*?, (3.35)
so that,
ds = Q2. (3.36)

This gives the relation among the invariants

ri = il . (3.37)

ap,a0,a1,a2 ap,ap,a1+az2—az,3a2—2a3,a3
as

We conjecture that this generalizes to the general case A,11 — A, yielding the map
QM s QM i=1,...,n-2,
Ap_
(Qn—ll)l/n

A

Qnﬁl =
9, A1
i (Qyhyim

n—1
A Anfl i/n
A L@y, (3.39)
=1
so that
An _ Anfl
Q" =0Qy" - (3.39)
The relation among the invariants is then
T.An—l — T.An
ap,a0,a1,...,an—1 aB,a0,01+an—1—0n,...;a4;+i(An—1—an),....an—2+(n—2)(an—1—an),Nan+1—(n—1)an,an *

an
335 ...—=Dypy1 =B, —=>D, — ...

Dy, B, . .
op and mJn coincide, no extra

Weyl transformation is required. The map between Kéhler parameters is

For the B,, — D, specialization, we are in case 2. As m

QP QP  i=1,...,n—1,
Dp\1/2
(Qn—l)
so that
Qo"=Qy", (3.41)
implying the relation
Bn, _ .Dn
raB7a07ala---7an - raB,ao,al,..‘,an_g,an_lfCLT",‘ZT” (342)

among the Gromov-Witten invariants.
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Regarding the D,, — B,,_1 Higgsing, the naive transformation reveals this to be a case
1 specialization, with map between Kéhler parameters

D By .
Q" — Q. i=1,...,n—1,

By
Q" = Q. (3.43)
The relation among the Gromov-Witten invariants that follows is

,,,,anl . — Z an = ’]"Bn . (344)
an

ap,a0,a1;---,an— aB,00,a1;-+,an—2,0n—1—0n,0n ap,a0,a1,.--,an—2,0n—1,an
an

We check this relation for the specialization By — Bs in table 4.

4 Enhanced symmetries

The methods developed up to this point in this paper allow us to express the elliptic genus
for any of the rank 1 models in terms of Weyl invariant Jacobi forms. However, depending
on the matter representations present, some theories exhibit a higher symmetry than that
implied merely by the gauge symmetry. Invoking this higher symmetry, the elliptic genus
can be expanded in terms of a set of more restrictive Jacobi forms, in some cases drastically
reducing the number of expansion coefficients which need to be determined.

Symmetry enhancement due to the absence of certain matter representations is rem-
iniscent of center symmetry in gauge theory: a given Lie algebra g is compatible with a
maximal center symmetry (the center of the simply connected Lie group among all Lie
groups associated to g), but part or all of this symmetry is ruled out by certain matter
representations. We will show that the symmetry enhancement we are seeing can indeed
in some cases be interpreted in terms of center symmetry, though we also have examples
in which the symmetry is enhanced beyond what full center symmetry would suggest.

What is remarkable is that the symmetry enhancement that we see at the level of the
massless matter spectrum, or equivalently, at the level of fibral curves, turns out to persist
at the level of the entire elliptic genus. We present abundant evidence for this enhancement
at base wrapping degree 1, and further evidence at base wrapping degree 2 in section 4.5. To
solve for the elliptic genus completely at higher base wrapping degree requires an alternative
to genus 0 Gromov-Witten invariants as a source of boundary conditions. The elliptic genus
for the Ag theory over base F3 was computed in [25] up to base degree 3 by invoking exact
vanishing conditions on Gopakumar-Vafa invariants. Those results further corroborate
the claim that symmetry enhancement persists beyond the massless spectrum. It would be
important to establish this fact independently from explicit computations, both by arguing
within the framework of gauge theory and, independently, geometrically.

In terms of explicit computation, imposing the additional constraints dictated by en-
hanced symmetries puts otherwise burdensome models within computational reach. The
extent of these simplifications is tabulated in table 2.

The symmetry enhancement in our computations rests on two pillars: the enhancement
of the Weyl group, and the enhancement of the shift symmetry. We will discuss these two
mechanisms in turn.
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4.1 Enhancement of the shift symmetry by elements of the coweight lattice
and center symmetry

Let w lie in the subspace of Ha(X,Z) spanned by the classes of exceptional fibral curves of
X. The elliptic genus depends on the exponential of parameters

(w,m) (4.1)

whenever the class w is represented by a holomorphic curve. If a generating set of the entire
weight lattice A,, is represented by such curves, the theory will possess the minimal amount
of shift symmetry of m compatible with the gauge symmetry, namely shift symmetry by
the dual lattice to Ay, the coroot lattice A... Conversely, the presence of enhanced gauge
symmetry with Lie algebra g implies that at least the classes « corresponding to roots of
g (in particular the simple roots «;) are represented by holomorphic curves. If only these
classes are represented, the shift symmetry of m will be enhanced from A, to the dual of
the root lattice A, the coweight lattice Ae, of g. The cases in between are when only some
weights in Ay, /A, are represented by holomorphic curves. Let A represent such a class.
The shift symmetry of m compatible with the presence of A will then be given by elements
of the sublattice of A, for which

Asnite () = {w” € Ao | (A ") € Z} . (4.2)

Now let us connect this discussion to center symmetry. Recall that the center of a Lie
group equals the intersection of all possible choices of maximal tori, hence lies in the image
of any choice h of Cartan subalgebra of the Lie algebra under the exponential map. Recall
also that for given Lie algebra g, the exponential map depends on the particular Lie group
G associated to g. For any G,

Z =exp(Acw), Ao C ker(exp), (4.3)

the identification h = A, ®C being understood. The kernel of the exponential map however
depends on the choice of G. For G simply connected, ker(exp) = A, hence

Z 2 A/ Aer . (4.4)

The question of the amount of center symmetry preserved by a representation A of the group
(we are using bold faced symbols to distinguish between representations of the group and
of the algebra) hence amounts to deciding when an element of the center is represented
trivially. The following lemma answers this question:

Alexpw’) =1 & (\w')ezZ. (4.5)

We conclude that the lattice of shift symmetries of the elliptic genus due to the absence of
certain matter representations is equal to exp~!(Z), with the Z the largest center compat-
ible with the matter representations present.
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4.2 Enhancement of the Weyl group by Dynkin diagram symmetries

At the level of the gauge theory, the Weyl symmetry acting on the Coulomb moduli of the
theory is a remnant of the full gauge symmetry not fixed by the choice of which maximal
torus the gauge symmetry is broken to. In contrast, symmetries of the Dynkin diagram of
the gauge algebra, if respected by the matter representations present in the theory, give
rise to an additional automorphism of the theory.

4.3 Further symmetry enhancements

We also encounter examples where the shift symmetry is enhanced even beyond the maxi-
mal amount of center symmetry compatible with the Lie algebra g, i.e. beyond Ay, (g), and
the Weyl symmetry beyond the extension by the Dynkin diagram symmetry. All examples
of such symmetry enhancements that we encounter arise when the specialization maps ex-
hibited in the previous section are invertible (e.g. in the case Gy — As). In these cases,
the theory with larger gauge group can “reverse inherit” the enhanced symmetry of the
Higgsed theory. In such cases, the enhancement can be explained intrinsically (i.e. without
reference to the Higgsed theory) by noting that certain weights associated to the matter
representations present in the theory coincide with roots of g, and their contribution to
the elliptic genus cancels. The cancellation is best described geometrically [32]: a root
contributes the value -2 to the Gromov-Witten invariant of the associated curve class, and
each half-hypermultiplet associated to a weight contributes +1. It is not at all evident
that the enhanced symmetries of the lattice obtained due to this cancellation should be
inherited by the full elliptic genus. In all of the examples we study, this however turns out
to be the case. It would be interesting to study whether this symmetry enhancement has
repercussions in the gauge theory beyond its effect on the elliptic genus.

4.4 Examples
4.4.1 A, and G2 over F3

The model with Ay gauge symmetry over F3 has no matter. Hence, the shift symmetry
is enhanced from A-(a2) to Acyw(az), and the Weyl group symmetry is enhanced by the
Dynkin diagram symmetry Zsg, yielding the Weyl group of G, see (3.3). Our task is thus
to construct Jacobi forms invariant under the action of W (G2) and shifts by Aqy(az).

Conveniently, the As coweight lattice is isomorphic to the coroot lattice of Ga, upon
multiplying the inner product of the former by a factor of 3.3 With regard to the realiza-
tions of these two lattices in the conventions of Bourbaki [65], an explicit isomorphism is
given by

(—6‘142 + 26’242 — 6?2) = €2GQ - 63G2
2

P xle’fb + xge’242 + $36§12 — (2 — 113)6?2 + (z1 — $2)e§2 + (a3 — :1:1)63G .

LS N
P 1
3

13We thank Haowu Wang for pointing this out to us, as well as further very useful comments both
regarding the A2 theory over base F3 and the Dy theory over base Fy discussed further below.
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Note that this isomorphism pulls back the metric on A.-(g2) to 3 times the metric on
Acw(a2), as announced:

P* (dsQGZ = _(dwi) ) = 32 da;)?

The map ¢ thus induces via composition a map from J(G3) (whose elements for the
purposes of the composition are considered as functions on A.-(g2)) to J(Az) which triples
the index. The image of this map is a subring of J(Az) generated by

B3 = o630,

23_¢ Owa

Ay

—6,6 — —6,2 0. (4.6)

By the underlying assumption of this section that symmetries of the massless spectrum are
inherited by the elliptic genus, the numerator A in the ansatz (2.3) of the elliptic genus
of the massless As theory should be an element of this subring. The subring of Dynkin
diagram and Ay, (az2) shift symmetric forms was already identified in [25] as the appropriate
ring in which N should lie, and it was conjectured that this ring should be generated by
the set of generators (4.6). We have now integrated the former observation into the larger
context of enhanced symmetries of elliptic genera of rank 1 models, and provided a proof
of the latter statement.

In [25], it was furthermore noticed that the function ¢ has a very simple expansion in
terms of the coefficients m; = (m, a;), m = mywy + mowy:

Y o = 2T M2 4y mma Mg 4, = 2ma g,
m = Mmiw; + Mawy = (3 3 €y 3 ()

3
Ga

v §2 + (—my — ma)es

— mlel 2 4+ maey

Now let us climb up one node in the Higgsing tree, and consider the theory with gauge
group Gy arising over the base F3. As we discussed in detail in section 3, the elliptic
genus specializes when moving from the branches towards the roots of the Higgsing tree.
The specialization from a G2 node to an Ay node is particularly simple, see figure 1; in
particular, it is invertible: the numerator A of the elliptic genus of an Ay theory obtained
via Higgsing from a G5 theory necessarily involves only even powers of the generator Qﬁ%,l-
Replacing the square of this generator by d’(—;?i,? and retaining the two other generators
which coincide between the two gauge groups yields the numerator of the Go theory. This
however poses a conundrum: the symmetry enhancement of the matterless As theory just
described must be reverse inherited by the G2 theory with matter in the 7 representation.
How does the enhancement of the shift symmetry to A.y,(a,) arise in this theory? The
answer to this puzzle was already explained in general terms above: the weights of the
7 representation coincide with the short roots of Go. The curves giving rise to the 2
half hypermultiplets in the 7 hence contribute to the same Gromov-Witten invariants as
those giving rise to the gauge fields associated to these roots, and in fact cancel the latter
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contribution. The remaining contributions are those due to the long roots. The lattice
spanned by these is precisely the As root lattice, with dual lattice Ay (a,).

Note that as the two fundamental representations of As are complex conjugates, the
spectrum of any As gauge theory with 8 supercharges will always be Dynkin diagram
symmetric, hence cannot present an obstruction to the theory descending via Higgsing
from a G theory.

4.4.2 The B4 and F4 to D4 branch

All rank 1 Higgsing trees branch above a D4 node, to a branch with adjacent node By,
and another with adjacent node Fj;. The matter content of the D4 theory over the base
Fy, is VEE—1 g Sf(k_@ IR o particular, it is invariant under the Dynkin diagram
symmetry of Dy, consistent with the fact that the theory is obtained upon Higgsing an £}
theory, given that the Weyl group of D4 enhanced by the Dynkin diagram symmetry yields
the Weyl group of Fj.

By the hypothesis underlying this section, the numerator N of the elliptic genus of
the Dy theory should therefore lie in the subring of J(D4) whose elements exhibit Dynkin
diagram symmetry. As the root lattices of D4 and F, are isomorphic, this subring is
isomorphic to J(Fy), as explained further in appendix D.5, hence spanned by {qﬁfj ok oi 1},
the generators of J(F}) composed with the isomorphism i~! : A.(Dy) — A.(Fy).

The specialization of the elliptic genus for B,, theories to that of D,, theories is equally
simple as that from Gy to Ag theories: all but one generator of the two rings J(C),) and
J(Dy) coincide.'* The remaining generator of the former, ¢€§n72, is the square of that
of the latter, W?;Z,l- This implies in particular that the expansion of the numerator N of
the elliptic genus of the Dy theory in J(Dj) generators should exhibit only even powers
of w?” 1,1~ However, as only even powers of w? 41 occur in the subring of J(Dy4) compatible
with the Fy Higgsing, this provides no further restriction on N.

Inverting the specialization map from B4 to D4, we can conclude that B4 must exhibit
the same symmetry enhancement as the Dy theory, i.e. from W (By) to W (Fy). To explain
this enhancement intrinsically (i.e. without reference to the Dy theory), we can invoke a
more intricate realization of the mechanism at play in the transition from Go to As: the By
theories have matter content VEW—k+1 g §&(4—k) gyer F;.. Two half hypermultiplets in the
vector representation cancel the contribution of the short roots of By to the Gromov-Witten
invariants of the theory. The long roots of By coincide with the roots of Dy, hence are
invariant under W (Fj). Furthermore, having cancelled one vector representation against
the short roots, the remaining matter content, (V ®S)®*=%) is also invariant under W (Fy),
thus explaining the occurrence of this symmetry for these By theories.

4.4.3 D4, B4 and F4 over F4

The symmetry enhancement of the Dy theory over Fy was already noted in [25]. The
absence of matter means, once again, that the numerator A of the elliptic genus is invariant
under translations by the coweight lattice A.,(Dy4), and that the expansion is Dynkin-
diagram symmetric.

1Recall that J (Ch) is the appropriate ring to expand the elliptic genus of B, theories in.
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The Dy coweight lattice is isomorphic to the coroot lattice of Fy upon multiplying
the inner product of the former by a factor of 2. The Dy Weyl group is enhanced by the
Dynkin diagram symmetry of Dy to the Fy Weyl group. We conclude that the ring J(Fy)
can be mapped to the subring of J(D,) with precisely the enhancement of shift and Weyl
symmetry that we require. Note that unlike the situation in section 4.4.2, we do not need
to invoke the map ¢*, as the two lattices Ac,(D4) and A (Fy) coincide as embedded in
the Euclidean space R*. In particular, this implies that due to the factor of 2 relating the
inner products, elements of J(Fy) interpreted as elements of J(D4) with enhanced shift
symmetry have twice the index. Specifically, the subring of J(Dy) in question is spanned
by the generators

dos = Bh4 (4.7)
Da* 2= 0",
Dé 4= ¢Ij%,2 )
Dia=0"%,

126_¢ 12,3 -

We can move up the Higgsing tree to the F4 node as in the previous subsection via
the map (¢*)71. As only the generators (4.7) arise, the Fj theory will inverse inherit the
enhanced symmetry of the D4 theory. In particular, the numerator of the corresponding
elliptic genus will permit an expansion in terms of the generators

126'

To argue for this enhancement intrinsically, note that the contribution of the 2 half hy-
permultiplets in the 26 representation of Fj cancel the contribution of the gauge fields
associated to the short roots of Fy to the Gromov-Witten invariants. Hence, following the
logic of this section, we expect the numerator AN of the elliptic genus of this Fy theory to
have an expansion in the subring of J(F}) whose elements have a shift symmetry under the
dual lattice to the sublattice of A, (Fy) spanned by the long roots. This dual lattice is iso-
morphic to Aq,(Dy), as we can verify explicitly by considering the image of the sublattice
of long roots of Fy under the map ¢. Recall that we are identifying the embedding of the
lattice A,(Fy) in Z* as given in table 7 (which reflects the conventions of Bourbaki [65])
with the isomorphic lattice A.-(Fy). We can obtain the dual lattice A, (Fy) via the map
a = (avav)av, which in particular maps short coroots to long roots. The image of the
long roots under the map 7 is thus equal to the image of the short coroots, which we readily
identify with A, (D) = Acr(D4). The dual lattice is hence A, (D4), as we wished to argue.

~32 -



Choosing the other branch of the Higgsing tree, the next node up from the minimal Dy
theory is a theory with B4 gauge symmetry and 2 half hypermultiplets in the vector repre-
sentation. In addition to the symmetry enhancement discussed in section 4.4.2, this theory
must also reverse inherit the enhanced shift symmetry under A.,(D4) which is particular
to the massless D4 theory. This enhancement follows the general pattern exhibited in this
section: the contribution of the two half hypermultiplets to the Gromov-Witten invariants
of the geometry cancels that of the gauge fields associated to the short roots of By. The
remaining lattice of long roots of By is the D4 root lattice, with dual the D4 co-weight
lattice.

4.4.4 D, and B, over [F4

As already pointed out in [70], the only rank 1 models with matter present which does not
break all of the center symmetry are the D,, and B,, models over 4. These exhibit matter
in the vector representation.

We first consider the theories with D, gauge symmetry. The Zs Dynkin diagram
symmetry (for n > 2) exchanges the two spinor representations. As the only matter
present in the D, series over 4 is in the vector representation, this is a symmetry of these
theories, enhancing the Weyl group symmetry to that of By:

W (D,,) x DynkinSym(D,,) = W(B,,). (4.8)

Furthermore, the shift symmetry consists of all elements of the coweight lattice of D,, which
have integral pairing with the fundamental weight w; associated to the vector representa-
tion: in our conventions, this yields the lattice Z™, which is the root lattice of B,. The
subring of J(D,,) which exhibits the enhanced symmetry of the D,, theory over Fy, is thus
the ring J(By,). Note however that the inner product on the enhancement of the lattice
A (Dy) is the conventionally normalized Euclidean inner product dz?. With regard to
this norm, the indices of the generators of J(B,,) (defined with regard to the inner product
2dz?) are doubled.

Following the general strategy of this section, we expect the numerator of the elliptic
genus for the D,, theory over 4 to lie in this subring.

We have computed the elliptic genus explicitly at base wrapping 1 for the model Ds.
The ansatz in terms of the ring J(Bj) with indices doubled indeed allows us to match all
Gromov-Witten invariants as obtained via mirror symmetry.

For theories with B,, gauge symmetry, the shift symmetry is enhanced from A.,(B,)
(identified with A,(C,,), as explained above) to the sublattice of Ay, (By) whose elements
have integer pairing with wy, the fundamental weight associated to the vector representation
of B,. As w; is also a root of B, this sublattice is indeed all of A.y,(B,), i.e. Z"™ with
inner product dz?. We are hence seeking a subring of .J(C,,) with this shift symmetry. The
ring J(B,) provides this subring, as W (B,,) = W(C,), and A,(By) = Z". The indices of
the canonical generators are defined however with regard to the inner product 2dz?. As a
subring of J(C},), they need to be doubled.

In table 2 we summarize the reduction in the number of coefficients.
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Base | Gauge algebra | Naive number of coefficients | Improved number of coefficients
Dy 902
Fy B, 495 197
Fy 197
Az /Go 4 1
Dy 295
Fo
By 161 64
Fy 64
Dy 310
Fj B, 171 69
Fy 69
Dy 287
Fy 69 2
By 163
Fy
D5/ Bs 1088 280
Bg 7086
1950
Dg 13248

Table 2. By looking carefully at the symmetries of the low energy theory and assuming they hold
for the full theory, we could reduce the number of coefficients for some models. The naive number is
the number of coefficients one would have to fix using an arbitrary ansatz in J(§) and the improved
number of coefficients is the number of coefficients one would have to fix if one refines the ansatz
to the subring of J(g) invariant under the previously mentioned symmetries.

4.5 A result at base wrapping 2

Several new features arise when we consider Zj, at base wrapping k > 1. Most importantly,
the index of the numerator in the topological string coupling (2.32) is no longer 0, so
the numerator depends on giop. This dependence is through the Jacobi forms ¢ ; and
¢—_21. Expanding these in x = (2sin (gt;p))2 ~ thOp yields ¢o1(gtop) = 2 + o(z) and
b—20 =+ o(z?).

The universal part of the denominator (2.5) at base degree k scales as x*. Therefore, a

term of order " in the numerator will contribute only to the Gopakumar-Vafa invariants
of curves of genus g, or higher, with

gm —1=m —k.

Consequently, expanding the numerator as

Z'top

Niomicw = > NI 60,1 (Gtop) 6.1 (grop) ™ (4.9)
m=1
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where N(™) is an element of J (g) and we have indicated weights and indices by subscripts,
the N will contribute at genus g,, and higher. For m < k — 1, N is completely

fixed by requiring a cancellation of the contribution of order z!*™~*

in the free energy
F =3, Fgg§§g2 = log Ziop- N1 can be fixed by imposing genus 0 Gromov-Witten
invariants.

As the dimension of the space of Jacobi forms of which A is an element increases
rapidly with k, results beyond k£ > 1 are computationally expensive. We will here only
discuss one example, the Fy gauge theory over the base F,. For this model, invoking the
enhanced shift symmetry discussed in subsection 4.4.3 allows us to compute N’V at k = 2.

From the expansions
_ ~ ~ 1 -
F =Y g9 F, =log Ziop = log Zo + Qv Z1 + Q} (ZQ - 225) T
g9
Fo=F" + Fy)Qu+ FQ} +o(Q)),

where we have denoted Z;, = ck(Q)Z, we conclude that

Fﬂ(z) Fé2) 0 5 1 2
0 _Z0 =75 — —J%. 4.10
e . + o(z") 2= 521 ( )

The universal contribution of the denominator for Z;, Z, scale as z, x>

respectively. The
corresponding contributions must vanish in the linear combination appearing on the r.h.s.
of equation (4.10). This fixes N (.

To fix N, we need to impose Gromov-Witten invariants obtained by mirror sym-
metry. The naive ansatz requires fixing 13189 coefficients. As explained in subsection 3.2,
we can impose the D4 denominator in the ansatz (2.3), i.e. we expect only divergences
corresponding to the long roots of Fy. This reduces the number of coefficients to be fixed
to 8620. Imposing the enhanced shift symmetry of this theory finally reduces the number
of coefficients to be fixed to determine NV to 21.

We find that the ansatz with 21 coefficients is sufficient to match a large number
of genus Gromov-Witten invariants at base degree k = 1. We consider this strong evi-
dence that our considerations in this and the previous section are also valid at higher base
wrapping.
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A The numerator of the F;, B;, and D, theory over F,

To give a flavor for the form of our results, we give one explicit example in this appendix.
Further explicit results are available upon request.
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The numerator A7 for the By and Dy theories over the base Fy is given by

1¢F4 Fy
2 —8,2%—-6,2 -

¢> 12,3

The numerator for the Fj theory can be obtained from this result by application of the
map (+*)71.

To exemplify the power of imposing enhanced symmetries, we also give the result in
term of standard D4 forms:

E1d’ 6, 2¢ 4, 1% 1 (45?3,1)4 _ E6¢?é,2¢’€2.1 (¢?§,1)5 _ ¢33,2¢?3,1(¢€%)3(¢D4 )2 + ¢ ( 4, 1) (¢ )
1492992 6718464 497664 82944
_5E3028, (074,)2 (624,)1 | Paolds (024)7 (904)* (¢24,)7 B0, (024,)° (904)° | TEe0Cds (¢70,) 00 (074,)°
8957952 990328 248832 4478976
+23E?¢?§,2(¢£?)2( ?3A1)4+EfOD22( —21) ¢ (45 41)3_E4E6¢13§,2( ?31)3( ?3,1)3 E6¢ 620 21((7’(?‘11)2( ?3,1)3
995328 186624 839808 248832
35E3e 8 0001 (6041)°  35E3e 8, (6741)% (¢01,)" . EiBop 8 5078 1001 (6741)*  BR6T8,(0741)(074,)*
4478976 13436928 165888 26873856
_ SEREse ¢ 1004, (624,)° n 2583678, (04,)°  5EaBZeCE 5 (s04,)° N B304 004 (024,)°
2239488 26873856 26873856 4478976
E4( ) ‘7’ (‘7’?31);+E5( ?(!,.2)2(“4’?%,1)4 Eﬁ( 752) [ 41%1(¢ 2, 1)2+( —62) (‘7’ 4)%?3,1
165888 746496 41472 55296
+F ( ?g 2) 0?3,1( 133,1)3 _ 5E3(¢?g, ) (oDj 1) ¢§?¢?3,1 + “E‘lEﬁ(0)?2,2)2((3?;‘.1)2( ?3,1)2 + Eﬁ(é?g,z)z( 911)2(@??)2
124416 82944 497 18432
+E42E6 (‘9?;2)2(4’?11)4 + 7E§'(¢f§’2)2<b?‘2111 (‘5’?3‘1)3 _ E4Es (¢ ) % 1 (‘D 4 1)3 _ Ebz' (4’2312)2‘75?%,1 (‘75?2.1)3
41472 186624 13824 373248
7E3(¢f’3&11)f7§¢5’3,2)3 | Eild ¢ (¢ 2)° Ba(set 4)60259 62)° | Pool4 ¢ ( e’
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8907952 1492992 + 161243136 497664
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+ + +
373248 1679616 40310784 53747 12
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5971968 40310784 17910904 27648
1028 (022,) "1 (0011)? | Baold, (904)*(¢24,)% (W011)7  11Bu02d,004 (0)* (@041)° | BeoZd oot (674,)° (w24,)°
2980984 110092 82944 1492992
+Ef 7é 2 74 1‘30 1 (‘D 2 1)2(“’93,1)2 + EF 7é 2(‘1’ 4, 1) (¢3?)2( 22 1)2 _ E1E6¢eé,2¢?3,1( 23,1)3(‘”?2,1)2 Eg —6 29 4 (‘Js ) ?‘21 1 (“’D: 1)2
20736 6144 139968 27648
_ Egd’?g,z (¢?2.12;6(f8?3,1)2 (""?}.1)2 _ 61EZ}¢?§,2 (¢7464)96¢0 1 ( —4, 1)2 + 13E4E6¢?é,2( ?5418)82;; ¢0 1 ( 74.1)2 + 11E§‘7’E)<43.2 (éi}lig;g(;’;%l)z (“’?4/11.1)2
_TEREe0C 5008 (004,)0(w041)? | 109B T, (071 )N (W01)? | 1EaEReRE, (604,) (w241)? | EReZEaend (0041)" ()2
373248 8957952 8957952 746496
_E42(¢ ) ¢ ¢ ( ?3,1)2 +E4E6(¢?é2)2(¢?‘21,1) (anl)z _ E4E6(0?§,2)2‘3133,1¢3% (W?il)z +E6(¢?é2)2(¢tl)),‘11)2(“’fﬁ,1)2
55296 460 6144
EzEﬁ (¢—6<2) (d’gg,l)z(wf)g,l)z Eg (¢ 4612)3(“133,1)2 EE (¢€é,2)2¢€3,1¢€% ( ?21 1)2 Eé (013461,2) 74 1‘1572 1( 74,1)2
+ 13824 6912 + - 13

_ER(e28, )00t (W) | Baol4,(0nt) (JD;‘I)4+E§(¢?3 )“(w"ﬁl)z7Ee(¢?3,1)2(¢5%)2(w?2,1)4

E?
+

2980984 497664 6912 1990656
Ej¢” 41(¢ zl)v (“D?1)47E2¢ 410—11(¢ ) ( W_yg 1)4+5E4E6(¢?3.1) (WD21)47E4E6¢?3A1( D4 ) 001( ?2,1)4
2239488 497664 53747712 1492992
+5E2E6( ?3,1)2(¢?3,1)2(W?},1)4 _7Ejf( 1) ¢ ¢ ( Wy, |)4+E4E6( ?3,1)2(4’3?) (“’thl |)4 _EZ(O?Zi,l)z@?g,l@?,? (W?il)d
4478976 2985 84 248832 2985984
BB (671 ) («P11)"  E3Es(674,)3 001 (wP1,)" | 13E4(871,)%678, (WPh,)" | BaBZ(674,)%07 8, («71,)"
+ 5971968 1 6624 + () 184 64 + 6718464
Eid’ ‘012(9 z1)2(“’D21)47E§¢?2‘2(®0,1) (“D31)4+E1Eb® ¢ ¢0,1( 74,1)47Eg(¢?3,1)4(“’£)31)4
497664 110592 160888 17915904
7EfEB‘p?g.zd’?z.ld’?g,l(W?},l)ll +E§¢—o 20 2‘,1 UD} (“’f)}.ly +E§¢?Z. (ODE 1)2(“)?2,1)‘1 7E§¢?é,2¢?2,1¢0.i} (w?2,1)4
248832 . , s 1 55326 \ ) oy 993328D4 \ i 1%348886
+ —2 1¢ ( W_yq, l) HE —62( —4,1) (w—zl,l) +7E4E —62(¢ ) (‘*’—4,1) _E4E6(¢0.1) (W—.m)
1990656 995328 995328 497664
_EgEﬁ(éeg,l)Q(ng,l)s+E3E5¢ ¢“4 (w 21)6_E3‘¢'€2.1¢€% ( f)311)6_~_’—EQ(/’U’1 ¢ ( W4, 1)6
4478976 575248 1492992 5971968
77E2E6(¢?3,1)2(WD2 1)6 + E4‘P 6, 2(“’ 4, 1)6 _ E4E§¢‘ d’ 2.1 (“’ 4, 1)6 + 553 (‘3?3,1)2(“’?3,1)6
5971968 331776 /1478976 17915904
EQES(“’ 41)8 E4Eg¢?é.2(“’?2,1)6 Eg( —4, 1)8
+ 5971968 - 331776 T 5971968
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B Tables of Gromov-Witten invariants and their specializations

In tables 3, 4, 5 we provide some data to check the relations in section 3.3.

C Root systems

Root systems, and consequently finite simple Lie algebras, enjoy a classification into four
infinite families, the A, B, C, and D series, and five exceptional cases Go, Fy, Eg, E7,
FEg. In this section, we will summarize the properties of these root systems, following the
conventions of [65]. Note in particular that in these conventions, short roots are normalized
to have norm squared 2; roots of simply laced Lie algebras are considered as short.

It is natural to embed the root systems in a Euclidean space R™. We will we denote
the standard basis of this space by e;, i = 1,...n and the coordinates in this basis by ;.
We refer to this coordinate system as the orthogonal basis. In most cases, n equals the
rank of the gauge group, i.e. the dimension of the root system. When it does not, the root
system lies in a subspace of R"™ and the last n—r coordinates of this space can be expressed
in terms of the first r of them.

In tables 6, 7, and 8 we summarize the properties of all root systems.

As we explain in section 2.3, the elliptic genus of a gauge theory with gauge algebra
g is a meromorphic Jacobi forms whose elliptic parameters (aside from giop) take values
in the complexified coroot lattice A.-(g) ® C. The Weyl invariant Jacobi forms defined
in the literature [28, 68, 71] have elliptic parameters taking values in A,(g) ® C (in the
conventions of [65]). Rather than redefine these forms, we use conventions in this paper in
which the root systems as defined by [65] are interpreted as the coroots of the dual algebra
g. In these conventions, short coroots have norm squared 2. The roots that enter in the
definition of the denominator of the elliptic genus (2.3) are obtained from these coroots,
hence are normalized such that all long roots have norm squared 2; with regard to these
normalization conventions, roots of simply laced algebras are considered long. The roots
of the Lie algebra G2 in our conventions are worked out as an example in section 2.3.

D The rings of Jacobi forms

To simplify notation, we set
e(z) = exp(2miz).

We use the following conventions for the Jacobi 6 functions,

e} [Z} (7.7 Z) _ Z 627ribnq%(n+a)2Zn+a7 where ¢ = 6(7’), 7 — e(z)7 (D.l)
nez
12 1/2 0 0
1 ze[m], : 9[01’ : 9[0], 4 9[1/2]7 (D2)

for the Dedekind 7 function,

n(r) = ¢/ T[(1 - ¢"), where ¢ = e(r), (D.3)
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(ao, af“,af“) B4 and D, invariants Fy invariants
o ol 12235314250 %+1 3223531714295
0 |20 —-20—-40 —6 0 —8 0—-10]—2 0 0o o o o 0 0 0 0 O
% 00 0 0 0 0 0 O 0 0 O 00 0 0 0O 0O 0O O 0 0 O
1 o0 0o —20—-60—-100—-140 —18 -2 0 —2 0 o o 0o 0 0 0 O
(0,0,0) % 000 0 0 0 0 0 O 0 0 O 00 0 0O 0O O 0 O 0 0 O
2 oo o 0o—6o0—-120—-180 —24|—-4 0o —6 0o —6 0o —4 0o —6 o —8
g 00 0 0 0 0 0O O 0 0 O 00 0 0 0 0O 0O O 0 0 O
3 oo o o —40 —120 —200 —28 —6 0o —10 0 =12 0 —12 0 —10 0 —14
% 000 0 0 0 0 0 O 0 0 0 00 0 0O 0O O 0 O 0 0 O
4 oo o 0o—6o0 —100 —200 —30] -8 o0 —14 0 —18 0 —20 0 —20 o —18
% 00 0 0 0 0 0O O 0 0 O 00 0 0 0O O 0O O 0 0 O
5 o 0o o 0o =80 —140 —18 0 —30|—10 0 —18 0 —24 0 —28 0 —30 o —30
o ol 1223 37 42502113 23371425
0 00 0 0 0 0 0 O 0 0 0 00 0 0O 0O O 0 O 0 0 O
% 0 012 016 0 32 o 48 o 64| 0o o o 0o O 0 O 0O O 0 O
1 00 0 0 0 O O O O 0 O o o 12 o o o o 0o o o0 o0
(1 1 0) % o o o o016 0o 48 o 8 o 112, o o o o o 0o 0 0 0 0 0
e 2 00 0 00 O 0 0 0 0 0 o o 16 o 16 o o o o o0 o0
g oo o o o o 48 o 96 o 144, 0o o o o 0o 0 O 0O O 0 O
3 00 0 0 0 0 0 O 0 0 O 0 0 32 o 48 o 48 o 32 o 48
% o o oo oo 32 0o 9 0160 o o o o o o o o 0o 0 O
4 00 00 0 0O O O O 0 O o o 48 o 80 o 96 o 96 o &0
% oo o o o o 48 o 8 o160 o o o o o 0o 0o 0 0 0 0
5 00 0 0 0 0 0 O 0 0 O o 0o 64 o 112 o 144 o 160 o 160
o @lol 122331 42 502113 23371425
0 00 0 0 0 0 0 O 0 0 O 00 0 0 0O 0O 0O O 0 0 O
% o o 4 0120 20 o 28 o 36 00 0 0O O O 0O O 0 0 O
1 00 0 0 0 0 0 O 0 0 0 oo 4 o o o 0o 0 0 0 O
© 1 1 % oo o o016 0 32 o 48 o 64| 0o o o 0o 0o 0 O 0O O 0 O
T2 2 0 00 00O 0 0 0 0 0 o o 12 o 16 o 12 o 20 o 28
g oo o 0120 3 o 60 o 8 | o o o o o 0 0O 0 O 0 0
3 000 0 0 0 0 0 0O 0 0 0 o0 0o 20 o 32 o 36 o 32 o 48
% oo 0o 0200 32 o 64 o 96| 0o o o 0o 0O 0 O 0O O 0O O
4 00 0 0 0 0 0O O 0 0 O 0 0 28 0o 48 o 60 o 64 o 60
% o o o 0328 0 48 o 60 o 100 o o o o o 0 O 0O O 0O 0
5 00 00 00O 0 O O 0 O o o 3 o 64 o 8 o 96 o 100

Table 3. Some genus 0 Gromov-Witten invariants of the By, D4 and F} theories over Fy. On
the left, we give the values of ag, af 4,af 4 which determine the values of ag, a4 for Fy and D, via

2af 4 af 4 and af 4 %, % respectively. Inside each block, a1 (resp. az) grows from 0 to 5 in steps
of 1/2 from top to bottom (resp. left to right); this growth in steps of 1/2 is artificial for Fy, as all
the possible weights have integer indices, but it makes it simpler to visually compare the invariants.
In accordance with (3.34), this presentation allows us to record the values of the Gromov-Witten
invariants for the B4 and D, geometries in a single table. Regarding the F; geometry, we note that
if we reflect the By invariants through the diagonal and shift them horizontally by the value of a3,

we recover the Fy invariants, again in agreement with (3.34).
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(ao,a1,as) By invariants Bs invariants
a
a24o%1gzg3g4g5
0 —2 0 0 0 0 0 0 0000 —2
% 0 0 0 0O 0O 0 0 0000 0
1 —2 0 0 0 0 0 O 0O0O00O —2
% 0 0 0 0 0O 0 O 0000 0
(0,0,0) 2 |4 0 o 0o 0 0 0 0000 —4
g 0 0 0 0O 0O 0 0O 0000 0
3 —6 0 0o 0 0 0 O 000O00O —6
% 0O 0 0 0O 0O 0O 0 0000 0
4 -8 0 o0 0 0 0 0 0000 -8
% 0 0 0 0 0O 0 0O 0000 0
5 |[-100 o o o o 0 0000 —10
Mo L1 2 2 53 1495
az
0 0 0 0 0 0 0 0 0000 0
% 0 0 0 0 0O 0 0O 0000 0
1 —2 0 4 0 —2 0 0 0000 0
% 0 0 0 0O 0O 0 0O 0000 0
(0,1,1) 2 |-200 =160 =200 0 000 0 —56
g 0 0 0 0 O 0 0O 0000 0
3 |—40 0 =32 0 —40 0 0o o000 O —112
g 0 0 0 0O 0O 0 0O 0000 0
4 |—60 0 —48 0 =60 0 o 00 0 0 —168
% 0 0 0 0 O 0 O 0000 0
5 |—80 0 —64 0 =80 0 0o 0000 —224
a
a240§1323354g5
0 0 0 0 O O O O 00O0O0O 0
% 0 0 0 0 0O 0O 0 0000 0
1 o o 12 o 12 o o o000 24
% 0 0 0 0 0O 0 0O 0000 0
(1,3.2) 2 16 o o o o o 16 0000 32
g 0 0 0 0 0O 0 0O 0000 0
3 48 0 —36 0 —36 0 48 0 0 0 O 24
% 0 0 0 0 O 0 0O 0000 0
4 80 o0 —60 0 —60 0 80 o0 0 0 0 40
g 0 0 0 0 0O 0 0O 0000 0
5 112 0 —84 0 —84 0 112 0 0 0 © 56

Table 4. Genus 0 Gromov-Witten invariants for B, and Bj3 theories over Fy. We see that adding
the rows of By, we get the Bs invariants in agreement with equations (3.40) and (3.43).

-39 —



(a0, a2) Bs invariants G2 invariants
o Blo L1 8 2 5 3 I 4 ¢ 5
0 -2 o0 0 0 0 0 0 0 0 0 0 —2
% o 0 0 0 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0 0
% 0 0 0 0 0 0 0 0 0 0 0 0
(0,0) 2 o o0 o 0 0 0 0 0 0 0 0 0
g 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 0
% 0 0 0 0 0 0 0 0 0 0 0 0
4 0 0 0 0 0 0 0 0 0 0 0 0
g 0 0 0 0 0 0 0 0 0 0 0 0
5 0o o0 0 0 0 0 0 0 0 0 0 0
h Blo L1 2 2 3 3 I 4 % 5
0 —6 o 0 o -8 o 0 o —6 o 0 —6
% o 32 o 32 0 32 0 32 0 0 0 0
1 —8 0o =56 o —160 o —56 o -8 o 0 24
% o 32 o 32 0 32 0 32 0 0 0 0
(1,2) 2 | —6 o o o -8 o 0 o —6 o 0 —6
g 0 0 0 0 0 0 0 0 0 0 0 0
3 0 0 0 0 0 0 0 0 0 0 0 —96
% 0o 0 0 0 0 0 0 0 0 0 0 0
4 0o o 0 0 0 0 0 0 0 0 0 —6
% 0o 0 0 0 0 0 0 0 0 0 0 0
5 0o o 0 0 0 0 0 0 0 0 0 24
o Plo 1 2 2 3 3 I 4 9 5
0 |—10 o 0 o —6 o 0 o —6 o 0 —10
% o 64 o 24 0 32 0 32 0 24 0 0
1 |-16 o —168 o —-166 o —112 o =166 o —168 48
3 o 9 o 256 o 392 o 392 o 256 o 0
(1,3) 2 |—18 0 —224 o —-308 o —224 o —-308 o —224 —72
g 0o 96 o 248 o 288 o 288 o 248 o 0
3 |—16 o —168 o —432 o —-336 o —432 o -—168 —22
% o 64 o 448 o 512 o 512 o 448 o 0
4 |—-10 o =280 o —710 o —560 o —710 o —280 132
% 096 o 672 o 768 o 768 o 672 o 0
5 |—14 0o =392 o —994 o —-784 o —-994 o —392 132

Table 5. Genus 0 Gromov-Witten invariants of Bz and Gs over Fs. Adding the entries in the
diagonals given by a; + ag constant gives the Go invariant with afz = af S+ af 3
with equation (3.29). For example, the sum of the Bs invariants in the blue box gives the Go

, in accordance

invariant in the blue circle.
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g Ay B, C, D,
Embedding V= {Zz}l T; = R" R™ R™
space 0} c R*H!
Root i —ej, o L te; + ey,
00ts ¢—epi] te; tej, i #j te;tej, i #j citejiF]
. . QO = €; — €41 Q; = €; — €441 Q; = €; — €41
1 i = € —€i41, 1= . . .
Simple &= & Git1, t i=1,...,n—1 i=1,...,n—1 i=1,...,n—1
roots 1,....n
Qp = €p a, = 2e, Qp = €n—1+€n
A, 7+ AT gn x € Z" such that x € Z" such that
ZIZ' €27 Z‘Ti €27
wi=61+"'+€i,i7é
n—1n
w; =
Fund. w; = ! . Wn—1 =
. i egt+--Fe,1FEN wi=¢e1+: - +e
Weights 61+~~+ez~—n—+126i ! w :lzzzé ¢ 1 v %(61+-~~+en,1—e")
n 2 1 w’n/ —
3lert+-ten_1+en)
Ay <Ar,e1 _ﬁze» 7n+ (A% e)Z zr 7'+ (A% e)Z
ds? dx? 2dz? dx? dz?
Sp X Z% permuting S, x Z% permuting | S, x Z5 ™! permuting
W S, permuting the z; x; and multiplying x; and multiplying z; and multiplying

each coordinate by
+1

each coordinate by
+1

an even number of
coordinates by —1

Table 6. Description and properties of the A, B, C, and D type root systems.

and for the Eisenstein series,

E,(1)=1+

2

C(1—k) 2

_gn’
neN* 1 q

where N* ={1,2,...} and ¢ = e(7).

(D.4)

A weak Jacobi modular form of weight w and index n of the Lie algebra g is a holo-
morphic function ¢, : H x hg — C, where H is the upper-half plane, and bg is the
complexified root system, satisfying the following conditions:

e Modularity:

at+b =z w
oun (ea o) =" 3

e Quasi-periodicity:

Guwn(T, 2+ AT +p) =€ [_n (

e Weyl Symmetry:

¢w,n(7—7 wz) = QZ)w,n(Ta Z)a

nc

(AN

_41 -
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and taking © — —x number of coordinates and Ss is
generated by the reflection
along 1> e;

Table 7. Description and properties of the G2 and Fj root systems.

» Fourier expansion: ¢,,, can be expanded as

¢w,n - Z

leNv'YeAcw:(Ar)*

C(l, 7)ql€77 where CPY = 6[(2, 7)]

Note that no negative powers of ¢ occur in the Fourier expansion. Other classes of Ja-
cobi forms can be defined upon dropping this requirement or imposing conditions on the
coefficients ¢(l,~y) [26]. For every finite simple Lie algebra, except Es, the space of Jacobi
modular forms is a freely generated algebra over C[Ey, Eg] (the space of holomorphic mod-
ular forms) [27, 72]. Below, we will give explicit expressions for the generators of the rings
of Jacobi forms we consider in the text. The forms are compactly written in terms of

01

o= (1)7171/2 = l$ . (D5)
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Table 8. Description and properties of the E type root systems.

D.1 A, Jacobi forms

We can construct the Jacobi forms of the Lie algebras A,, by repeated use of the differential

operator [28]
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on the lowest weight form. Let
n+1

o = T a(z), (D.7)
=1

then

o, = (21 k) k=0,2,34,... n+1 (D.8)

Z z;=0 ’

where the Y x; = 0 condition is imposed after acting by the operator Z.

D.2 B, Jacobi forms

The Jacobi forms were given in [28]. We follow the conventions in [51].
In terms of the Weierstrass function
03(0)02(0)* 04(2)

oz) = DS — (0 +0200)"). (D.9)

we have

L op() - o 2)(v)

1 p(z1) - 9(2”_2)(:1:1)
n (2i-2) (,, () = — 1 1 p(xy) - p(21172)(xn) n e
;p (V)p—2i1(z) = 27=2(n — ) [1 p(a1) --- @D (a7) g (z;), (D.10)

1 p(xn) T p(2n_4)(xn)

where p(=2 is to be understood as 1.

D.3 D, Jacobi forms

The Jacobi forms for D,, (n < 8) were built in [68].

In D, there is a form of weight —n and index 1 given by
n
wﬂ’;,l = Ha(mi). (D.11)
i=1

The remaining forms of index 1 can be obtained from the lowest weight form by the repeated
use of Hecke operator. On forms of weight k£ and index m, the Hecke operator is given by

2k -8
24

1

The forms of index 2 follow from the inclusion D, (2) < nAj;.
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Explicitly, all the Dg forms are given by

w21 = [T, (D.13)
i=1
5 1 4 8 4 8 5
*271 = Y E4 Z H 9](331) — Z 9]'(0)8 H QJ(.CCZ) — E4w87§, (D.14)
N j=li=1 =2 i=1
5?% = (2H2¢ - E™34), (D.16)
o 2k,2 = k:( k) Z ¢ 2.1(T Z0(1)) -+ xo 51(7, 25 k))% (T Zo(k41)) ¢o (75 20(1))
T oEeS,
(D.17)
k=3,4,5,6,7. (D.18)
Besides wn i, the D,, forms with n < 8 can be obtained by setting x; = 0, for ¢ > n.

For Dy, to agree with previous conventions [25, 28], we use the forms whs 11 and

1
Dil= o, : (D.19)
’ 16 Ti>4=0
1
D41 = —§¢9§1 ; (D.20)
Zi>4=0
ol = 2005 (D.21)
Zi>4=0
1
Di — —pPs D.22
Pha= g0 (D22
D.4 (C,, Jacobi forms
For n > 4, we have
Weyl(C,,) = Weyl(Dy,) X Zs. (D.23)

From the basis of D,, Jacobi forms, the only one that is not invariant under the extra
involution is wg T which switches sign. We thus get a basis of (), Jacobi forms by squaring
this last form

Cn _ 4 Dn —
qb*kt,l - Y-k, k= Oa 274
¢S, =0,  k=6,8...,2n-2
¢ B2 = (W ?3,1)2-
For (5, we can get a basis of the forms by going down from D, as sketched in figure 5
but, we decided to use the convention from [28] that uses the fact that the C5 and A3 root

lattices are isomorphic and the Weyl group of Cs compared to the one of A3 just has an

extra involution [28].
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Consider the map

03 — A3
z1—To—x3
. 1 _ _
j: w (D.24)
R I R
3 961+122+:23
2
we then set
0% =00k 0d k=024 (D.25)
C A .
¢_?é,2 = (¢_§,1)2 °J (D.26)

D.5 F, Jacobi forms

The generators of the ring J(Fy) can be built from the results in [27, 28] and were already
given explicitly in [71].

The Fy and Dy lattices are isomorphic.'® An explicit isomorphism is given by

F4 — D4
z1 T3 — T4
1 X9 —I3 — T4 . D.27
. (D-27)
T3 1 + X2
Iy r1 — T2

The Weyl groups of the two lattices are different, however. The F; Weyl group is the
full orthogonal group of the lattice which is given by the semi-direct product of the Dy
Weyl group and the D4 Dynkin diagram symmetry, Ss:

W(F4) = O(F4) = W(D4> X DynkinSym(D4) = W(D4) X Sg.

The generators of the ring J(Fy) can then be obtained from the D4 forms by imposing the
extra S3 symmetry.

In terms of Weyl invariant polynomials, see appendix F, this symmetry is straightfor-
ward to impose. As Ss permutes the three external legs of the D4 Dynkin diagram, this sym-
metry simply permutes the Weyl invariant polynomials p1,p3, ps. Hence, J(Fy) C J(Dy)
is the sub-ring of Jacobi forms invariant under permutations of p1, ps, p4.

151f one takes the Euclidean norm, the exact statement is that Fy(2), the Fj lattice with norm scaled by
2 ((+,-)Fa2) = 2(-,-)), is isomorphic to D4. In the present paper, we fix the norm by imposing the condition
that short coroots have norm squared 2.

163We choose this particular isomorphism as it maps the vector p;, = Za eat @ of F4 to the corresponding

vector of D4. This is only relevant for the considerations of section 3.3.
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By looking directly at the expansion in terms of Weyl invariant polynomials, the fol-
lowing are the generators of J(Fj):

= (oB1 - 2wt ) o (D.28)
¢Th =P8, 0 (D.29)
o <¢ ——¢> 51 41> oi (D.30)

_ << P1) ?31)2) o (D.31)
_ (¢D 1 (02)" - 5 (6%4)°) o (D.32)

D.6 G5 Jacobi forms

The G2 and As root lattices are the same and the Weyl groups differ only by the involution
x +— —z which is in W(G2) but not in W(Az). The only generator of J(Az) not invariant
under this transformation is ¢_31 which gets maps to minus itself. Therefore we can get
a set of generators of J(G2) by squaring this form.

0 1= d’ (D.33)
.= i‘%,l (D.34)
ha = (6732)" (D.35)

E Specialization formulas

E.1 A series

The derivative of a modular form is only quasi-modular form. The term proportional to
E5 in (D.6) is precisely what is needed to cancel the anomalous modular transformation
of the other term. This second term is important because if it weren’t there, the action
of Z in a Jacobi modular form wouldn’t give another Jacobi modular form. However, at
this point, we only want to find the proportionality constant between the different forms
in figure 4, therefore it is enough to focus on the first term.

Consider then, the form d)f",; 1 with k =0,2,...,n restricted to the subspace x,, {1 =0

B 1 ntl g ntl=k 11
%1 lenpa=0 = miyn ik (; 69@) l;[l a(x;) +..

Tn4+1=0

) (n=1)+1-k n41

H a(a:z) +

i=1

1
:(n—i—l—k)m (Z ox;
—(n+1-— )¢ kl’

where ... means a term proportional to Ey and we used «(0) = 0 and o/(0) = —27i.
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We repeat the formula for reference

0 k=n+1

A
N o E.1
¢—k:,1’$n+1*0 { —(n+1-— k’)ﬁbf;;]l k=0,2,3,...,n (E1)

E.2 B series

The Weierstrass function is divergent at the origin. Then one has to be careful when going
to x, = 0. The series expansion of the Weierstrass function is given by

p(rn) = —a," + o(7,), (B.2)
then
22 o) ()], o = —(2k — 1)1,
Using this, and % 0= 1 in equation (D.10) we find that
n Tp=

B 0 t=n
—2i1lzn=0 = B, _ .
%1 (2n—1)¢ 51 i=0,...,n—1

Because the denominator for theories with C), gauge algebra goes to 0 after Higgsing,
we give the reduction of the lowest weight form of B,, to the smallest order in x,

2
Bn 1 Bn-1 xn Bn-1

—2n,1 = mﬂf(%) —2(n-1) — 2(n —1)" —2(n—1) +o(z;)

E.3 C/D series

For n > 4, by definition of the forms there is no extra factor and the results in figure 5 are
exact. For n = 3, the last line in the figure, our bases for Dy and Cj forms are different.
A calculation shows:

4 ) )
¢0%|x4z0 = §E4¢€f1,1 + Q%Cj

D C!
¢—§,1|$4=0 = _6¢Oj|m4=0

D C:
¢—?1,1|964=0 = 2¢—i71|w4=0

D C
¢—é,2|x4=0 = _d)—36,2|564=0

Dy —
wZj1lza=0 =0

E.4 F4, C4 and D4

The root lattices for Fy, C4 and D4 are isomorphic; the Weyl groups on the other hand
decrease in order from Fy via Cy4 to Dy,

O(D4) = Weyl(F4) D) Weyl(B4) D) Weyl(D4) .
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The formulas going from Fj to D4 and By were already given, but we repeat them explicitly:

o = (661 - 5B, ) oi = (o) - SEw0"Y,) o

¢ 21*¢ 21‘”2¢72,10Z

¢ 6,2 = (Cf’?éz - 1¢9§,1¢€1,1> 01 = (ﬁbl—)é,z - 1¢?§,1¢l—)3,1) o1
( 41 +3¢ sz)oi:(( ?3,1) +3(w 41)2>0’5

< “in 82 % ( Ci,1>3> 01 = ( E)fi,l (WD2111>2 - %( Di,1)3> o i.

E.5 Cg to Gz

We just have some coefficients in the relations in figure 2. An explicit calculation gives
<75g,gi‘2x:0 = _4¢0G€
¢€3§,1‘sz0 = —2¢€§ 1
¢€i’l,l‘2x:0 =0
¢€%,2‘Zz:o = ¢€%,2

F  Weyl invariant polynomials

The most straightforward path towards determining the coefficients in the expansion of
the numerator N of Zj in the ansatz (2.3) is to expand Zj in the exponentiated Kéhler
parameters and compare coefficients to the corresponding expansion of the topological
string partition function. We have found it computationally advantageous to first express
all quantities at a given order in ¢ and giop in terms of Weyl invariant polynomials.

A Weyl invariant polynomial for the algebra g is a function p : h* — C such that

p(r+aY) =p(x), Va' e A.,(g)

and
p(wz) =p(x), Ywe W(g).

It is shown in [65, 73] that a set of generators for the ring of W (g) invariant polynomials
is given by

pi(z) = Z exp[2mi(w, x)], w; a fundamental weight.
weW (g){w:}

The Weyl invariant polynomials are also useful in imposing Dynkin diagram symmetry.
This symmetry permutes simple roots of the gauge algebra or, equivalently, fundamental
weights. It hence acts by permutation on the p;, rendering the construction of invariant
polynomials straightforward. For instance, Weyl and Dynkin diagram symmetric polyno-
mials for the Lie algebra D,, consist of all polynomials in the corresponding p; which are in-
variant under permutations of p1, ps and p4 (the index 2 being assigned to the central node).
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G Rank 1 Higgsing trees
The manifolds underlying rank 1 6d theories are elliptic fibrations

F——X

|-

B

We assume that the fibration contains a global section, so that X can be described by a
Weierstrass model. Defining X as the zero set of an anti-canonical section of the weighted
projective space

P23 (2Kp @ 3Kp @ O), (G.1)

where O and Kp denote the trivial and the canonical line bundle respectively of the base
B respectively, guarantees that it is both Calabi-Yau and an elliptic fibration. With x, vy,
z denoting sections of the vector bundle being projectivized, a generic such section can be
written as

y? =2+ fezt 4 g2, (G.2)

with f and g sections of O(—4Kp) and O(—6Kp) respectively. The zero set of the sec-
tion (G.2) is generically singular. The singular locus lies along the zero set of the discrim-
inant of the fibration, given by A = 4f3 + 27¢3 € O(—12Kp). Along the locus A = 0,
the elliptic fiber degenerates. In F-theory parlance, this signals the presence of D7-branes.
The singularities can be resolved by successive blow-ups. For this process to preserve the
Calabi-Yau condition, the vanishing order of (f, g, A) along any divisor in the base must
be strictly smaller than (4,6,12). As a result, the possible singularities along a divisor in
B must be of Kodaira type. The resolution of the singularity can be worked out explicitly
using Tate’s algorithm [15, 74].

For rank 1 models, the base can be chosen as the total space of the line bundle O(—n) —
P! (which coincides with the normal bundle of the base curve of the Hirzebruch surface F,,).
The bases that lead to good F-theory models have 0 < n < 8 or n = 12 [75]. The zero set of
the generic section of the anti-canonical bundle of the projective bundle (G.1) is singular for
n > 2. The generic singularity leads to the maximally Higgsed or non-Higgsable model, in
the terminology of [75]. Upon specializing to a subset of sections (this is the process of spe-
cialization of complex structure referred to in the body of this paper), the singularity can be
enhanced, leading to gauge theories with higher rank gauge symmetry and charged matter.

We give a few examples of the resulting Higgsing trees in figure 7, 8 and 9, follow-
ing [15, 76]. The base of the trees corresponds to the maximally Higgsed models, and
each successive node corresponds to a further specialization of the complex structure and
resolution of the ensuing singularity. The nodes are labelled by the gauge group and mat-
ter content of the corresponding F-theory compactification. We denote, following [76], the
fundamental representation of Ay_; by A stands for; V' and S (Si) denote the vector
and spinor (Weyl spinors) representation of By (Dy) respectively. For exceptional Lie
algebras, we label the irreducible representation by its dimension.
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DspV® g S, Eg @ 2793
B,aV®2 g S Fy @ 2692

Bs @ 592

Go 7

Ao

Figure 7. Finite length Higgsing tree over the base O(—3) — P!, with the maximally Higgsed
gauge group A, at its root.

Dy @ V®(2N-6)

!

By & VeEN-T)

E; @ 156%1
D5 ® Vo2 Eg ® 2792
B,V Fy @ 26

Dy

Figure 8. Infinite length Higgsing tree over the base O(—4) — P!, with the maximally Higgsed
gauge group Dy at its root.
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/
B; &V @ 1592 Er & 55696
|
Ds & V&t g 32 Eg @ 2794
|
By @V g §92 Fy @ 2693
/
An_1 @ AN D, ® Ve @ 5T g 592
BsaV @ 59t

AS e AEBS G2 P 7@4
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A1 @ A4

(270) Al type

Figure 9. Infinite length Higgsing tree over the base O(—2) — P!, with the M-string theory at
its root.
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