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We perform a covariant 1þ 3 split of the Newton-Cartan equations. The resulting 3-dimensional system
of equations, called the 1þ 3-Newton-Cartan equations, is structurally equivalent to the 1þ 3-Einstein
equations. In particular it features the momentum constraint, and a choice of adapted coordinates
corresponds to a choice of shift vector. We show that these equations reduce to the classical Newton
equations without the need for special Galilean coordinates. The solutions to the 1þ 3-Newton-Cartan
equations are equivalent to the solutions of the classical Newton equations if space is assumed to be
compact or if fall-off conditions at infinity are assumed. We then show that space expansion arises as a
fundamental field in Newton-Cartan theory, and not by construction as in the classical formulation of
Newtonian cosmology. We recover the Buchert-Ehlers theorem for the general expansion law in Newtonian
cosmology.

DOI: 10.1103/PhysRevD.103.064064

I. INTRODUCTION

The Newton-Cartan theory is a formulation of Newton’s
theory of gravitation in a 4-dimensional Galilei manifold.
The structure on this manifold called a Galilei structure,
follows from Newton’s ideas of absolute time and absolute
space. Similarly to general relativity, the goal behind the
Newton-Cartan formulation is to describe the gravitational
force with a spacetime connection. The physical equations
constraining this connection, called the Newton-Cartan
equations, are equations relating the Riemann tensor
associated to this connection and the energy content.
The Newton-Cartan theory, originally introduced as a

spacetime geometrization of Newton’s theory [1,2], has
then been developed to study the Newtonian limit (e.g.,
Ref. [3]) and to define post-Newtonian approximations to
general relativity (e.g., Refs. [4,5]). Ehlers [6] also pro-
posed a unification of Newton-Cartan theory and general
relativity, within his frame theory (see the overview of
literature related to the frame theory in Ref. [7]).
The Newton-Cartan equations can be written as

3-dimensional equations if adapted coordinates are chosen.
However, to recover the classical Newton equations, special
Galilean coordinates are often assumed (e.g., [6,8,9]), and
an additional constraint on the Riemann tensor, called the
“law of existence of absolute rotation” by Ehlers [6] needs
to be added so that the Coriolis field does not depend
on space.
Newton-Cartan theory was also applied to cosmology in

Ref. [10] where the authors introduced a fluid model with a

4-velocity similarly to general relativity. They projected the
Newton-Cartan equations with respect to this velocity and
then assumed homogeneity to derive the expansion law in
Galilei coordinates.
The aim of this paper is to present the covariant 1þ 3-

split of the Newton-Cartan equations with respect to the
fluid 4-velocity, similarly to the 1þ 3 and 3þ 1 split in
general relativity. The resulting system of equations will be
called the 1þ 3-Newton-Cartan equations. We will show
that there is no need to choose specific coordinates, like
Galilean coordinates, to recover the classical Newton
equations. We will also complete the work of [10] as we
will study space expansion in Newton-Cartan without
assuming spatial homogeneity or perturbations.
In Sec. II we recall the definition and properties of

Galilei spacetimes. Section III presents the construction of
the 1þ 3-Newton-Cartan equations. We solve the system
of equations in Sec. IV and show that space expansion
arises as a fundamental field of the theory. After defining
the gravitational field and observers in Sec. V, we finally
compare the solutions of the 1þ 3-Newton-Cartan equa-
tions to the solutions of the classical Newton equations with
a homogeneous deformation in Sec. VI.
The main application we envision for the 1þ 3-Newton-

Cartan equations is to define a non-Euclidean Newtonian
theory, i.e., a theory which is locally equivalent to Newton’s
theory of gravitation but in a compact 3-manifold with a
non-Euclidean Thurston geometry. This would be a power-
ful tool to study the effects of a non-Euclidean global
geometry on the structure formation in cosmology, as well
as on the “backreaction” of these structures on the global
expansion of the Universe (see Ref. [11]): a candidate for*quentin.vigneron@ens-lyon.fr, quvigneron@gmail.com
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the dark energy. We discuss the possibility of defining such
a non-Euclidean Newtonian theory with our new frame-
work in Sec. VII.

II. GALILEI SPACETIMES

A. Notations

We denote a tensor of any type, except scalars, in bold
(example: g). In the case where the type is of importance, a
tensor of type ðn;mÞ will feature n overbars and m
underbars (example: g for a type (0, 2) tensor).

We define the symmetric part TðabÞ, the antisymmetric
part T ½ab� and the symmetric traceless part Thabi of a rank-2
tensor T as

TðabÞ ≔
1

2
ðTab þ TbaÞ; T ½ab� ≔

1

2
ðTab − TbaÞ;

Thabi ≔ TðabÞ −
T
D
gab;

where g is the metric of the manifold on which T is defined
and D the dimension of this manifold.
An antisymmetrization over three indices is defined as

T ½abc� ≔
1

3
ðTa½bc� þ Tc½ab� þ Tb½ca�Þ: ð1Þ

An index which should not be included in a antisymmet-
rization (over two or three indices) or a symmetrization is
denoted between vertical bars. For instance, in the case of
two indices antisymmetrization:

T ½ajbjc� ≔
1

2
ðTabc − TcbaÞ: ð2Þ

The Lie derivative on a manifoldM of a tensor T along a
vector field Ā is denoted LAT. The Lie derivative does not
commute with the metric, so for instance, for a rank-1
tensor B, gðLAB̄; ·Þ ≠ LAB. We will then use LABa,
respectively LABa, to denote the coordinate components
of LAB̄, respectively LAB.
Then for a vectorA and a tensor T on a manifoldM, we

have

LATa1…
b1… ≔ Ac∇cTa1…

b1…

þ
X
i

Ta1…
…c…

↑
i

∇biA
c −

X
j

T
j
↓

…c…
b1…∇cAaj ;

ð3Þ

where ∇ is the Levi-Civita connection of M. The ↑
i

c

notation means that c is the ith index.

Finally, we denote indices running from 0 to 3 by Greek
letters (α; β; γ;…) and indices running from 1 to 3 by
Roman letters (a; b; c;…).

B. Galilei structure

This section is largely inspired on the presentation of
Galilei spacetimes by Künzle (1972) [12].
A Galilei spacetime is a 4-dimensional differentiable

manifoldMwith aGalilei structure ðτ; ¯̄h;∇Þ, where τ is an
exact 1-form, ¯̄h is a symmetric (2,0)-tensor of rank 3, with

hαμτμ ¼ 0, and ∇ is a connection compatible with τ and ¯̄h,
called a Galilei connection:

∇ατβ ¼ 0; ∇γhαβ ¼ 0: ð4Þ

Avector ū is called timelike if uμτμ ¼ 1, and an (n,0)-tensor

T is called spatial if τμT…α
↓
μ

… ¼ 0 for all α ∈ ⟦1; n⟧.
No spacetime metric, i.e., a symmetric (0, 2)-tensor of

rank 4, is part of the Galilei structure. Furthermore it is not
possible to define a spacetime metric compatible with the
connection (4) (see Ch. 12 of Ref. [13]). Thus raising and
lowering indices is not possible a priori. Then when
defining new tensors for the first time, we will use the
over and under bars notation introduced in Sec. II A to
avoid confusion. Once they have been defined, we will
however return to the simpler bold notation.
The exact 1-form τ defines a foliation fΣtgt∈R in M,

where Σt are spatial hypersurfaces in M defined as the
level surfaces of the scalar field t, with τ ¼ dt.
From the knowledge of τ and h, the connection ∇ is not

unique. Its coefficients Γγ
αβ are defined up to a timelike

vector B̄ and a two form κ as follows:

Γγ
αβ ¼ BΓγ

αβ þ 2τðακβÞμhμγ; ð5Þ

where

BΓγ
αβ ≔ hγμ

�
∂ðαBbβÞμ −

1

2
∂μ

Bbαβ

�
þ Bγ

∂ðατβÞ; ð6Þ

and where Bb is the projector orthonormal to the vector B
with

BbαμBμ ≔ 0; Bbαμhμβ ≔ δα
β − ταBβ: ð7Þ

We have the following properties

BμB∇μBα ¼ 0; hμ½αB∇μBβ� ¼ 0: ð8Þ

where B∇ is the connection associated with the coeffi-
cients BΓγ

αβ.
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The connection coefficients (5) naturally define a
Riemann tensor Rσ

αβγ with the formula

Rσ
αβγ ≔ 2∂½βΓσ

γ�α þ 2Γσ
μ½βΓ

μ
γ�α: ð9Þ

The Ricci and Bianchi identities are still satisfied for this
Riemann tensor:

Rσ ½αβγ� ¼ 0; ð10Þ

∇½μRσ jαjβγ� ¼ 0: ð11Þ

The definitions (4) leads to the following additional
relations:

τμRμ
αβγ ¼ 0; ð12Þ

hμðαRβÞ
μγσ ¼ 0: ð13Þ

The Ricci tensor Rαβ is defined as Rαβ ≔ Rμ
αμβ.

C. Coordinates in a Galilei spacetime

In this section, we define objects which will be used in
the construction of the 1þ 3-Newton-Cartan equations.

1. Adapted coordinate systems

A coordinate system fxαgα¼0;1;2;3, associated to the
coordinate basis vectors f∂̄αgα¼0;1;2;3, is said to be adapted
to the foliation fΣtgt∈R if the three vectors f∂̄aga¼1;2;3 are
spatial and ∂̄0 is timelike.1 Such coordinates are not unique
and are determined up to the spatial vector freedom in the
definition of the timelike vector ∂0.
In any adapted coordinate system

τα ¼ δ0α; Tα1…αn ¼ Ta1…anδα1a1…δαnan ; ð14Þ

where T is a spatial tensor.

2. Pull-back

The relation (14) shows that any spatial tensor T is
totally determined by its components Ta1…an in an adapted
coordinate system. We can then consider that Ta1…an are
the components of a tensor living in a 3-dimensional
(hereafter 3D) Riemannian manifold Σ whose metric
contravariant components are hab, thus defining a pull-
back Tα1…αn → Ta1…an .
As Σ is a Riemannian manifold, indices of tensor

components on this manifold can be raised and lowered
with the metric h on Σ. We then define Ta1…an as

Ta1…an ≔ Tc1…cnhc1a1…hcnan ð15Þ

where hab is the inverse matrix of hab and corresponds to
the covariant components of the Riemannian metric on Σ.

3. Classes of adapted coordinates

Given a timelike vector u, one can characterize with
respect to this vector any adapted system f∂̄αgα¼0;1;2;3 by
introducing a vector β̄ as

β ≔ ∂0 − u: ð16Þ

The vector β is spatial and is called the shift vector of the
system f∂̄αgα¼0;1;2;3 with respect to u. The shift vector
defines a class of adapted coordinate systems, denoted Xu

β .
This class is the set of all adapted coordinate systems whose
shift vector with respect to u is β. The systems inside a class
are related by time-independent spatial changes of
coordinates.

4. Spatial covariant derivative

In an adapted coordinate system, the spatial projection
Γγ
ab of the connection coefficients (5) are

Γγ
ab ¼ δγchcd

�
∂ðahbÞd −

1

2
∂dhab

�
; ð17Þ

for any timelike vector B chosen in the relation (5). This
comes from the fact that Bbab ¼ hab for any timelike
vector B.
The coefficients (17) correspond to the coefficients of the

Levi-Civita connection D of the metric h on Σ. Then the
pull-back of hβγ∇γTα1…αn on Σwith T a spatial tensor gives

hβγ∇γTα1…αn → DbTa1…an ; ð18Þ

and the pull-back of the divergence ∇γTα1…γ…αn gives

∇γTα1…γ…αn → DcTa1…c…an : ð19Þ

III. THE 1+ 3-NEWTON-CARTAN EQUATIONS

A. The Newton-Cartan equations

The Newton-Cartan (NC) equations are:

∇μTμα ¼ 0; ð20Þ

Rαβ ¼ τατβð4πGτμτνTμν − ΛÞ; ð21Þ

hμ½αRβ�ðγσÞμ ¼ 0; ð22Þ

where Λ is the cosmological constant and ¯̄T is symmetric
and corresponds to the stress-energy tensor of the matter.

1Actually ∂̄0 only needs not to be spatial. But by convention
we take it to be timelike.
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Equation (20) is the energy and momentum conserva-
tion; Eq. (21) is the equivalent to the Einstein equation and
links the geometry of M to its energy content; Eq. (22) is
the Trautman-Künzle condition.

Remark.—In most of the literature, the condition (22) is
called the Trautman condition, citing Trautman (1963)
[14].2 However Trautman originally gave the condition
hμ½αRβ�

γσμ ¼ 0, i.e., without the symmetrization. This
original condition is stronger than (22). In particular it
already implies the proportionality Rαβ ∝ τατβ, i.e.,
Eq. (21). Based on a count of the remaining degrees of
freedom in the Riemann tensor, Künzle (1972) [12]
proposed instead the condition (22). It has the advantage
of still implying the irrotationality of the gravitational field
and the closeness of κ, i.e., the original reasons for the
introduction of the condition by Trautman in 1963, but
without the stronger proportionality implication. That is
why we propose to call this condition the Trautman-Künzle
condition.

For the remainder of this paper, we will only consider
that the matter is a fluid described by a timelike vector ū
and which stress-energy tensor T is3

Tαβ ≔ ρuαuβ þ phαβ þ 2qðαuβÞ þ παβ; ð23Þ

where ρ is the mass density, p the pressure, q̄ the heat flux
and ¯̄π the anisotropic stress of the fluid. By definition
qμτμ ¼ 0, πματμ ¼ 0 and ubμνπμν ¼ 0.

B. 1 + 3 split in Newton-Cartan

The basics behind the 1þ 3 split of the NC equations is
to decompose the Ricci tensor along and normal to the fluid
velocity u. To do so, we first introduce the kinematical
variables of the fluid in Sec. III B 1 and then realize the split
in Sec. III B 2.
This section also completes Sec. IV in Ref. [10] by

taking a general fluid, and using all the NC equations.

1. The kinematical variables

Similar to general relativity (GR), we introduce the
expansion tensor ¯̄Θ and the vorticity tensor ¯̄Ω of the fluid
as the projection orthogonal to the fluid of the 4-velocity
gradient ∇u:

Θαβ ≔ uPðβ
ν hαÞμ∇μuν; Ωαβ ≔ uP½β

ν hα�μ∇μuν; ð24Þ

with uPβ
α ≔ ubμαhβμ ¼ δα

β − ταuβ. We denote θ ≔ ubμνΘμν.

We also introduce the acceleration uā of the fluid
4-velocity u as

uaα ≔ uμ∇μuα: ð25Þ
The tensors ua, Θ and Ω are all spatial.
We have the following additional relation

Θαβ ¼ −
1

2
Luhαβ: ð26Þ

Remark.—Relation (26) was originally introduced by
Ref. [15] as the definition for Θ. Note that the relation
“ubαγubβσΘγσ ¼ 1

2
Lu

ubαβ” given in Ref. [3] is incorrect.

2. 1+ 3-Newton-Cartan equations

In this section we project the NC equations (20)–(22)
with respect to τ, u, ub, and h.
The conservation equation (20) projected along ub and τ

gives

Luρ ¼ −ρθ −∇μqμ; ð27Þ

ρuaα ¼ −hμα∇μP −∇μπ
μα

− ½Luqα þ qαθ þ 2ubμνqμðΘνα þΩναÞ�: ð28Þ

The NC equation (21) projected respectively twice along
u, along u and h, and twice along h gives:

Luθ ¼ −4πGρþ Λþ∇μ
uaμ

− ubαμubβνΘαβΘμν þ ubαμubβνΩαβΩμν; ð29Þ

hμα∇μθ −∇μðΘαμ þ ΩαμÞ ¼ 0; ð30Þ

hμαhνβRμν ¼ 0: ð31Þ

In the Trautman-Künzle condition (22), the indices α and
β are spatial. Then only the indices γ and σ need to be split
along u and h. The condition projected respectively twice
along u, along u and h, and twice along h gives:

LuΩαβ ¼ 4ubμνΘμ½αΩβ�ν þ hμ½α∇μ
uaβ�; ð32Þ

hμ½α∇μΩβγ� ¼ 0; ð33Þ

hμγhνσhζ½αRβ�ðμνÞζ ¼ 0: ð34Þ

For the system to be closed, the relation (26) needs to
be added.

C. The equations

The 1þ 3-NC equations (26)–(34) are all scalar or
spatial equations onM. By pulling them back they become
3D-equations living on a 3D-Riemannian manifold Σ. A

2Paper written in French and available on the website
of the Bibliothèque Nationale de France at the following
web page: https://gallica.bnf.fr/ark:/12148/bpt6k4007z/f639
.image.

3For an electromagnetic fluid in NC theory, see Ref. [3].
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pull-back is defined for each Σt, i.e., each time t. This
implies that the geometrical properties (Riemann tensor and
metric) of the manifold Σ, as long as all the other tensors
defined on it, are parametrized by the time.
In Sec. II C 4 we detailed the pull-back of the spatial

derivative, but to fully write the 1þ 3-NC equations as 3D-
equations, there remains to pull-back the operator Lu
present in the evolution equations. This is done by
introducing a class Xu

β of coordinates. Then Lu applied
on a spatial tensor T becomes, under the pull-back,

LuTα1…αn → ð∂t − LβÞTa1…an ; ð35Þ
where the Lie derivative LβTa1…an applied on the spatial
components of a spatial tensor corresponds to the Lie
derivative on Σ.
The 1þ 3-Newton-Cartan equations (26)–(34) on Σ can

then be written as: evolution equations

ð∂t − LβÞρ ¼ −ρθ −Dcqc; ð36Þ

ð∂t − LβÞhab ¼ −2Θab; ð37Þ

ð∂t − LβÞθ ¼ −4πGρþ ΛþDc
uac

− ΘcdΘcd þ ΩcdΩcd; ð38Þ

ð∂t − LβÞΩab ¼ D½auab�; ð39Þ

and constraint equations

Daθ ¼ DcðΘac þ ΩacÞ; ð40Þ

D½aΩbc� ¼ 0; ð41Þ
3Rab ¼ 0; ð42Þ

3Rd½abc� ¼ 0; ð43Þ

with

ρuaa ¼ −DaP −Dcπ
ca

− ½ð∂t − LβÞqa þ qaθ þ 2qcðΘca þ ΩcaÞ�: ð44Þ

Equation (43), coming from Eq. (34), is the Ricci
identity for the spatial Riemann tensor, and thus is not a
constraint.
In the system (37)–(43), the shift vector β is not physical

and corresponds to a choice of coordinates. In the Sec. V
we will see what choice of β leads to a Galilean coordinate
system.

Remark.—Reference [16] showed that even in the
classical formulation of Newton’s theory, the choice of
time-parametrized coordinate systems is characterized by a
vector, similar to a shift vector.

D. Discussions

In the 1þ 3-NC system, the expansion and vorticity
tensors are not defined as the symmetric and antisymmetric
gradient of a spatial vector. Instead, they are defined via the
constraints (40) and (41). This is a major difference with the
classical definition of Newton’s equations (see Sec. VI A).
In Sec. IVA we will see what the consequences for those
two tensors are.
Because of these constraint equations the 1þ 3-NC

system is nearly formally equivalent to the 1þ 3-
Einstein system of equations (see Ref. [17]). This was
also spotted by the seminal paper on the comparison
between Newton’s theory and GR [18]. However in that
paper, Θ and Ω were not defined via the constraints (40)
and (41), but directly as the gradients of a spatial vector.
The main difference between the 1þ 3-NC and 1þ 3-

Einstein systems is the missing of the 1þ 3-Ricci equation in
the former. It is replaced by the flatness of space, i.e., Eq. (42).
Reference [16] showed that this results from the fact that this
equation becomes a relation for the second order, in 1=c2, of
the spatial curvature in the Newtonian limit.
The 1þ 3-NC system does not suffer from the lack of

the Hamilton constraint of GR. This is because this
constraint is only needed when only the 1þ 3-Ricci
equation is considered, without the Raychaudhuri equation.
As the latter equation is present, only the 1þ 3-Ricci
equation is missing. In other words, in GR from the
knowledge of the Raychaudhuri equation and the 1þ 3-
Ricci equation, one can derive the Hamilton constraint.

Remark.—The 1þ 3-NC system does not feature a
dependence on the choice of Galilei connection. This is
discussed in Appendix A.

IV. SPACE EXPANSION IN NEWTON-CARTAN

In order to derive the expansion law (in Sec. IV B), we
first need solve the constraint equations (40) and (41) (in
Sec. IVA).

A. Solving the constraint equations

Equation (41) implies that the 2-form Ω is closed, which
translates into

Ωab ¼ D½awb� þ ωab; ð45Þ
where ω is a harmonic 2-form on Σ, i.e., DcDcωab ¼ 0.
The manifold Σ being flat with Eq. (42), we can use the

decomposition theorem showed by Straumann [19] to
uniquely decompose the expansion tensor into scalar,
vector and tensor parts (hereafter SVT decomposition) as

Θab ¼ χhab þDðavbÞ þ Ξab; ð46Þ
with χ a scalar field and Ξ is a transverse-traceless (TT)
tensor, i.e., Ξc

c ≔ 0 and DcΞca ≔ 0. The theorem is valid
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for a Riemanian metric of constant scalar curvature, with
zero traceless Ricci curvature. Fall-off conditions at infinity
or compactness of Σ also have to be added.
The link between the vectors in the expansion and

vorticity tensors is made by the momentum constraint
(40), which becomes, with the decomposition (46),

Daχ ¼ DcðD½cva� −D½cwa�Þ; ð47Þ

using the fact that Dcωca ¼ 0 for a harmonic 2-form.
The right-hand side (hereafter rhs) is divergence free,

whereas the left-hand side (hereafter lhs) is vorticity free.
Then the Hodge decomposition implies that

Daχ ¼ 0;DcðD½cva� −D½cwa�Þ ¼ 0: ð48Þ

The first equation implies that χ is only a function of time.
The second equation implies that the 2-form D½cva� −
D½cwa� is co-closed, but as it is also exact, we have
D½cva� −D½cwa� ¼ 0. We finally have

Θab ¼ χðtÞhab þDðavbÞ þ Ξab; Ωab ¼ D½cva� þ ωab:

ð49Þ

We see that in general, the tensor Θ is not the gradient of
a vector, but also features nonzero scalar and tensor parts.
The same applies for the vorticity tensor which features a
nonzero harmonic part ω. The physical role of these terms
will be discussed in the next section.

Remark.—From the NC equations (20)–(22), there are
no more constraints on the harmonic 2-formω. However, if
one derives these equations from a limit of general
relativity, an additional constraint appears on the Galilei
connection (see Eq. (B4) in Appendix B), which eventually
implies ω ¼ 0. Then, the only physical choice on ω that is
compatible with general relativity is ω ¼ 0. This is derived
in Appendix B. As we did not consider the NC theory as a
limit of general relativity in this paper, we will keep ω ≠ 0.

B. Space expansion in the Newton-Cartan theory

The expansion rate HΣðtÞ of Σ is defined as

HΣðtÞ ≔
1

3

∂tVΣ

VΣ
¼ 1

3
hθiΣðtÞ; ð50Þ

where h•iΣ ≔ 1
VΣ

R
Σ •

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhabÞ

p
d3x is the spatial average

over the whole manifold Σ and VΣ ≔
R
Σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðhabÞ

p
d3x is

the volume of Σ.
The definition (50) of the expansion rate shows that

HΣðtÞ ¼ χðtÞ ð51Þ

and thus that χ is the space expansion rate of Σ.

As we explained in the previous section, the scalar χ
enters in the SVT decomposition of the expansion tensorΘ.
This tensor, along with the vorticity tensor, characterizes
the fluid. Then any part of the decomposition of Θ
corresponds to a physical fundamental field characterizing
the fluid. In particular, Eq. (51) shows that the expansion,
through χ, is a fundamental physical field of the 1þ 3-NC
system (36)–(44).
This system does not explicitly feature an evolution

equation for the scalar χ. Such an equation can be obtained
by taking the spatial average of the Raychaudhuri equa-
tion (38), which gives

3½ð∂t − LβÞHΣ þH2
Σ� ¼ −4πGhρiΣ þ Λ

− hΞcdΞcdiΣ þ hωcdω
cdiΣ: ð52Þ

To get this equation we used the fact that divergences
averaged over a compact domain are zero due to Stokes’
theorem. Equation (52) is the Friedmann equation for the
acceleration rate of HΣ with two additional terms being
hΞcdΞcdiΣ and hωcdω

cdiΣ.
While we have an evolution equation for χ, this is not the

case for the TT tensor Ξ and the harmonic 2-form ω which
are totally free, in their spatial and time dependence. We
call Ξ the global shear, andω the Coriolis field. The reason
for this name will be given in Sec. V D.

V. GRAVITATIONAL FIELD AND OBSERVERS
IN NEWTON-CARTAN THEORY

A. The gravitational field

In the literature concerning the Newton-Cartan theory,
the gravitational field is often defined using the coefficients
Γγ

αβ of the Galilei connection as (e.g., Refs. [6,8])

ga ≔ Γa
00: ð53Þ

This definition is however valid only in a specific adapted
coordinate system (defined by a time vector g∂t) such that

g∂t ≔ B; ð54Þ

where B is the vector freedom in the definition of the
Galilei connection of Eq. (5). The definition (53)
implies that the gravitational field is the opposite of the
4-acceleration of B, with Bμ∇μBα ¼ −gα, and that it is s
solution of the cosmological Poisson equation {Eq. (16)
in Ref. [8]}.
In this paper we are interested in giving a purely

coordinate independent definition of g. We propose the
following definition:

ga ≔ ð∂t − LβÞva þ 2vcðΘc
a þΩc

aÞ − vcDcva − uaa:

ð55Þ
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In the following and in Sec. V C we will see that it is
coherent with the standard definition (53).
Our definition (55) implies that the vorticity equa-

tion (39) becomes

D½agb� ¼ −ð∂t − LβþvÞωab; ð56Þ
and the Raychaudhuri equation (38) becomes

Dcgc ¼ −4πGρþ Λ − 3½ð∂t − LβÞχ þ χ2�
− ΞcdΞcd þ ωcdω

cd; ð57Þ
which can be rewritten, using the expansion law (52), as
follows

Dcgc ¼ −4πGρ̂ − dΞcdΞcd þ dωcdω
cd; ð58Þ

where f̂ ≔ f − hfiΣ with f a scalar field.
Equations (56) and (57) are equivalent to Eqs. (12) and

(16) in Ref. [8] implying that the vector field g we defined
in Eq. (55) can indeed be interpreted as the gravitational
field. This is further confirmed in Sec V C.
The definition (55) could be used as a covariant

definition of the gravitational field in GR, as it uses the
same kinematical variables Θ and Ω. However it requires
the knowledge of the vector v defined from Θ using the
SVT decomposition. This decomposition is a priori not
possible in general in GR as the curvature orthogonal to the
fluid is not necessarily zero. Thus it seems nontrivial to
adapt the definition (55) in this theory.

Remark.—Equations (56) and (58) were also obtained
from NC by [6,9]. But these studies neither assume
expansion, nor global shear and therefore do not have

the term dΞcdΞcd and the averages given by the operator •̂ in
the gravitational field source equation (58).

B. General observers

An observer in the NC theory is described by a timelike
vector o. A choice of coordinates can be associated to a
choice of observer whose timelike vector is the time basis
vector, i.e., o ¼ ∂t. In this sense, solving the NC equa-
tions (36)–(43) in such coordinates corresponds to solving
the dynamics of the fluid u with respect to the observer o.
For a general observer o ≠ u, and we define the spatial

vector V as

V ≔ o − uþ v: ð59Þ

We have V ¼ βþ v. The acceleration oa of this observer
can then be written as

oa ¼ −ga þ ð∂t − LβþvÞVa þ VcDcVa

þ 2VcðΘc
a þΩc

a −DcvaÞ; ð60Þ

which simplifies into

oa ¼ −ga þ ∂tVa þ VcDcVa þ 2Vcðχδca þ Ξc
a þ ωc

aÞ:
ð61Þ

C. Galilean observers

When the observer is chosen such that V ¼ 0, then

oa ¼ −ga: ð62Þ

This corresponds to an observer whose acceleration is the
opposite of the gravitational field created by the fluid u.
Such an observer is called a Galilean observer. A class of
coordinates associated to a Galilean observer is called a
Galilean class.
With the above definition, there seems to be a unique

Galilean observer, i.e., the observer o ¼ u − v. However,
this is true only if v is unique from the knowledge of Θ.
This is not the case as v is defined up to a spatial vector A
whose spatial gradient DaAb is zero. For a flat space, the
solution to the equation DaAb ¼ 0 is a “constant” spatial
vector, i.e., corresponding to a global translation. Thus v is
defined up to a global translation, and therefore a Galilean
observer is also defined up to a global translation.
However once we choose the vector v this fixes the

Galilean observer. We denote this observer with the vector
G, where G ≔ u − v. Then the vector V ¼ o − G of a
general observer o corresponds to its spatial velocity with
respect to the Galilean observer G. Therefore, the vector
v ¼ u − G is the spatial velocity of the fluid with respect to
the Galilean observer.

FIG. 1. Representation of the different vectors involved in the
definition of the fluid u, the Galilean observer G and a general
observer o. These vectors are represented with respect to a slice Σt
of the foliation fΣtgt∈R. In black are the vectors defining the
fluid; in green are the vectors defining a general observer. Note
that because there is no global metric in the structure of the
embedding Galilei manifold M, the orthogonality on the figure
between the timelike vector u and the slice Σt has no signification
and is just a representation convention.
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General and Galilean observers are represented with
respect to the fluid in Fig. 1.

Remark.—If the Galilei connection is chosen such that
B ≔ G, then in the coordinate class Xu

−v, i.e., ∂t ≔ G, we
retrieve the usual definition (53) of Refs. [6,8] for the
gravitational field.

D. Test observers

We define a test observer with timelike vector T as a
geodesic observer, i.e., Ta ¼ 0. The equation of motion of
these observers with respect to the Galilean observer, i.e.,
the evolution equation for V, is

∂tVa þ VcDcVa ¼ ga − 2Vcðχδca þ Ξc
a þ ωc

aÞ: ð63Þ
This corresponds to the second law of Newton with the
velocity acceleration on the lhs and three noninertial terms
on the rhs: −2χVa, −2VcΞc

a and −2Vcωc
a. The first one

corresponds to an expansion force; the second one to an
anisotropic force resulting from the global shear; the third
one is a Coriolis force created by the Coriolis field ω.
The term −2Vcωc

a corresponds to the Coriolis force
created by a global rotation only if the Coriolis field
components ωab are constants in Cartesian coordinates.
As ω is harmonic along with compactness or fall-off
conditions at infinity, this is the case in the present paper.
This confirms the result of Ref. [9]. Note that Ref. [6] does
not suppose closing conditions, but instead adds an addi-
tional constraint to the NC system in order for ω to be a
global rotation: the “law of existence of absolute rotation”
{Eq. (23) in Ref. [6]}. However, this equation does not
have a relativistic equivalent, and therefore cannot be
obtained from a Newtonian limit.

VI. COMPARISON WITH THE CLASSICAL
FORMULATION

We recall the classical Newton equations with a homo-
geneous deformation in Sec. VI A, and compare them with
the 1þ 3-NC equations in Sec. VI B.

A. Homogeneous deformation in the
classical Newton theory

The classical Newton equations, in their kinematical
forms, are

ð∂t þ LvÞρ ¼ −ρθ; ð64Þ
ð∂t þ LvÞθ ¼ −4πGρþ ΛþDcac≠grav

− ΘcdΘcd þ ΩcdΩcd; ð65Þ
ð∂t þ LvÞωcd ¼ D½aða≠gravÞb�; ð66Þ

where a≠grav corresponds to the nongravitational acceler-
ation, and with

Θab ≔ DðavbÞ; Ωab ≔ D½avb�; ð67Þ

where D is a flat connection not depending on time.
For the above system to be well defined, closing con-

ditions need to be added. There are two possibilities:
(i) the system is isolated, and fall-off conditions are

taken at infinity, i.e., ρ→
r→∞

0 and v→
r→∞

0.
(ii) the velocity v is decomposed into a homogeneous

deformation velocity vH with vaH ≔ Hc
axc (in Car-

tesian coordinates) where Hc
a are functions of t

only, and a peculiar-velocity P: we have
v ¼ vH þ P. The peculiar-velocity is periodically
defined on R3, with the constraint

R
Padx ¼ 0 in

Cartesian coordinates, where the integral is taken
over the volume defined by the periodic conditions.

The first case is used for astrophysical flows, and the second
one for cosmological flows. In the second choice, the trace
Hc

c ¼ ∶3H corresponds to the volume expansion of the
periodic boundary conditions imposed on P; the symmetric
traceless part of Hc

a corresponds to the anisotropic expan-
sion of these conditions. Once the homogeneous deforma-
tion is introduced, the spatial velocity which describes the
fluid is considered to be the peculiar-velocity P.
The vector vH, and consequently v, is defined on R3,

implying that the periodic boundary conditions imposed on
P only effectively define a compact space. Therefore the
homogeneous deformation is only a construction allowing
for the description of expansion, in an effective compact
space, in the classical formulation of Newton’s theory. In
other words, the expansion rate H quantifies the expansion
of the boundary conditions imposed by construction on
the peculiar-velocity, and not the expansion of a compact
space.

Remark.—Newtonian cosmological simulations use a
trace homogeneous deformation, called a Hubble flow, to
“simulate” expansion while using Newton’s theory. In this
case the velocity v is

va ¼ HðtÞxa þ Pa; ð68Þ

in Cartesian coordinates.

B. 1 + 3-NC vs classical Newton

The expansion and vorticity tensors in the classical
theory with homogeneous deformation can be written as

Θab ¼HðtÞhab þDðaPbÞ þHhabi; Ωab ¼D½cPa� þH½ab�:

ð69Þ

These expressions are equivalent to those in NC [Eq. (49)],
if we make the following associations:

P→ v; H→ χ; Hhabi → Ξab; H½ab� →ωab: ð70Þ
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As Hab is only a function of time in Cartesian coordinates,
this implies: first, thatHhabi is divergence-free and falls into
the class of TT-tensors, and second, that H½ab� is harmonic.
This justifies the last two associations.
Furthermore, as the Raychaudhuri and the vorticity

conservation equations are formally the same in both
formulations [Eqs. (38) and (39) in NC; Eqs. (65) and
(66) in classical Newton], then the equations governing the
peculiar-velocity P and the homogeneous deformation are
exactly the 1þ 3-NC equations in a compact space with
the association (70). This shows that the solutions to the
classical Newton equations with the addition of a homo-
geneous deformation are equivalent to the solutions of the
1þ 3-NC equations.
As an example, the expansion law we derived in NC

[Eq. (52)] is the same as the one in the classical theory, given
by theBuchert-Ehlers theorem{Eq. (B.6) inRef. [20]}. This
theoremwhich states, in particular, that for aHubble flow the
expansion is given by the Friedmann equation, has been
retrieved in the present paper from the NC theory.

Remark.—From the association Hhabi → Ξab we can
interpret Ξ as an anisotropic expansion if its components
are spatially constant in Cartesian coordinates. However, as
the TT condition on Ξ is more general (see Ref. [21] for the
study of the TT tensors in flat spaces) and a priori allows
for nonconstant components in Cartesian coordinates, we
expect the physical effects of this tensor to be more than an
anisotropic expansion. If this is indeed the case, the NC
theory would be slightly more general than the classical
Newton theory.

VII. ON NON-EUCLIDEAN
NEWTONIAN THEORIES

One of the candidate for the dark energy, i.e., the recent
acceleration of the expansion, is the effect, called ‘back-
reaction’, of inhomogeneities on this expansion (see
Ref. [11]). The Buchert-Ehlers theorem we retrieved shows
that, in Newton’s theory, an isotropic expansion is neces-
sarily given by the Friedman equation [Eq. (52) with Ξ ¼ 0
and ω ¼ 0], and therefore needs at least a cosmological
constant to feature an acceleration.
This theorem is therefore a major result of cosmology as

it tells us that if our Universe has an Euclidean geometry
and is well described on small scales by Newton’s
gravitation, dark energy could not be explained by inho-
mogeneities (see Refs. [22,23]). This result is however
limited to Euclidean geometries, and therefore needs to be
generalized for non-Euclidean ones. This requires the
definition of a non-Euclidean Newtonian theory (NEN),
i.e., a theory locally equivalent to Newton’s theory but
defined in a non-Euclidean 3-manifold. In addition to
generalizing the Buchert-Ehlers theorem, such a theory
would be a powerful tool to study the effects of topology on
the structure formation.

Several attempts have been made to define a NEN theory
[24,25]. Both rely on keeping formally the Poisson equa-
tion of the classical Newton theory and assuming that the
metric is not flat anymore, but has a curvature correspond-
ing to the desired topology. A first issue with this approach
is that it is purely formal, and is not justified from GR.
Furthermore, it depends on the equations we consider: in
Newton, one can derive the Poisson equation from the
Raychaudhuri equation and vice versa, but if we assume a
nonflat metric, this is not the case anymore. So the
gravitational field obtained with a nonflat metric, i.e., in
a non-Euclidean geometry, would be different depending
on the equation we kept to define the NEN theory.
In this paper, we showed that Newton’s theory can be

written as a 3D-system which is formally equivalent to the
1þ 3-Einstein system (apart for the 1þ 3-Ricci equation),
and has zero Ricci curvature. Then if one wants to keep a
formal approach in the definition of a NEN theory, and
have a possible justification from GR, we think that this
should be done with the 1þ 3-NC system.
This was indirectly proposed by Künzle [3],4 who

modified the NC equation (21) as follows

Rαβ −
RðtÞ
3

ubαβ ¼ τατβð4πGτμτνTμν − ΛÞ; ð71Þ

with RðtÞ a spatial constant. This modification implies the
same 1þ 3-NC equations of the present paper, with
Eq. (42) replaced by

3Rab ¼ R
3
hab: ð72Þ

This corresponds to our proposed formal approach to
define a NEN theory. However solving this new system,
especially deriving the expansion law, is beyond the scope
of this paper.
This approach being only formal, it lacks of clear

justifications from GR. These could be found by adapting
the Newtonian limit from GR (e.g., [3]) to allow for
nonzero spatial curvature at the limit.

VIII. CONCLUSION

This paper aimed at presenting the equations result-
ing from a covariant 1þ 3-split of the Newton-Cartan
equations, called the 1þ 3-Newton-Cartan equations
[Eqs. (36)–(44)], and the solutions to these equations.
The main results are:

(i) The 1þ 3-Newton-Cartan equations have the same
algebraic structure as the 1þ 3-Einstein evolution
and constraint equations (apart the 1þ 3-Ricci

4Künzle claims to give references for the modification (71), but
these are unrelated to this equation. We can therefore consider
Ref. [3] to be the first occurrence of this modification.
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equation). In particular, as in the relativistic theory, a
choice of spatial coordinates in Newton-Cartan
corresponds to a choice of shift vector.

(ii) We give a covariant definition of the gravitational
field [Eq. (55) in Sec. VA],

(iii) When solving the constraint equations, the space
expansion arises as a fundamental physical field in
the theory. This contrasts with the classical theory of
Newton where the expansion is only a construction,
called homogeneous deformation.

(iv) The solutions to the 1þ 3-Newton-Cartan equations
are equivalent to the solutions of the classical
Newton equations with a homogeneous deforma-
tion, assuming fall-off conditions at infinity or
spatial compactness.

(v) We retrieve the Buchert-Ehlers theorem (Ref. [20])
in the Newton-Cartan theory, with the expansion
law (52).

(vi) We show that the Coriolis field should be zero if one
derives the Newton-Cartan theory as a limit (e.g.,
Ref. [3]) of general relativity (see Appendix B).

We also discussed the possibility of defining a non-
Euclidean Newtonian theory from the 1þ 3-Newton-
Cartan equations.
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APPENDIX A: CHOICE OF GALILEI
CONNECTION

Throughout this paper we made no assumption on the
choice of Galilei connection, i.e., choice of B and κ in
Eq. (5). However once we wrote the 1þ 3-NC equations
and pulled them back on Σ, the Galilei connection
disappears. Then the intrinsic freedom ont the definition
of this connection disappears too. As in most of the
literature on NC, reasoning is often made with B and κ,
we detail in the present section the relation between these
two tensors and the kinematical variables.
We have

Θαβ ¼ hμðαB∇μuβÞ; ðA1Þ

Ωαβ ¼ hμ½αB∇μuβ� þ hμακμνhβν; ðA2Þ
uaα ¼ uμB∇μuα þ 2uμκμνhαν: ðA3Þ

If we choose B ¼ u, then using Eq. (8) we have

Θαβ ¼ hμðαu∇μuβÞ; ðA4Þ

Ωαβ ¼ hμακμνhβν; ðA5Þ
uaα ¼ 2uμκμνhαν: ðA6Þ

In this choice of connection, we see that the spatial
projection of κ is the vorticity of the fluid. Then this
projection cannot be taken to zero as this would be a
physical restriction to the fluid.
Only if B ≠ u, one is allowed to take hμακμνhβν ¼ 0

without loss of generality. But in any case, the tensors B
and κ do not appear in the 1þ 3-NC equations on Σ, and
thus their choice, in addition to having no physical
implications, is not relevant to the solving of these
equations. Only the choice of adapted coordinates via β
defining the partial time derivative, i.e., the choice of
observer, plays a role in Eqs. (36)–(44).

APPENDIX B: ω= 0 FROM GENERAL
RELATIVITY

1. The Newtonian limit

We consider a manifold M and a Lorentzian structure

(g, ∇g ) on this manifold, where g is a Lorentzian metric and

∇g the Levi-Civita connection associated to g.
The limit allowing for the recovering of the NC

equations from general relativity is based on a Taylor
expansion of g in powers of λ ≔ 1=c2 so that (e.g., Ref. [3])

gαβ ¼ hαβ þOðλÞ; ðB1Þ

gαβ ¼ −
1

λ
τατβ þOð1Þ; ðB2Þ

where τ is an exact 1-form and h is a (2-0)-tensor of rank 3.

From Eqs. (B1) and (B2), the connection ∇g can be
developed in powers of λ (see the first equation on page 452
in Ref. [3]), giving

Γ
g
γ
αβ ¼ BΓγ

αβ þ τατβhγμ∂μϕþOðλÞ; ðB3Þ

where ϕ is an arbitrary scalar field and BΓγ
αβ is defined by

Eq. (6) with B a vector satisfying Bμτμ ¼ 1.
We see that the leading order of the Lorentzian con-

nection corresponds to a Galilei connection. Then from

Eqs. (B1)–(B3), the Lorentzian structure (g, ∇g ) is a Galilei
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structure ðτ;h;∇Þ at leading order. It is then possible to
develop the Einstein equation, the momentum conservation
and the Bianchi identity at leading order to obtain the
Newton-Cartan system (20)–(22).

2. Constraint on ω

Contrary to the Galilei structure considered in this paper,
the one obtained from general relativity is constrained:
Eq. (B3) implies the contraint

2τðακβÞμhμγ ¼ τατβhγμ∂μϕ: ðB4Þ

Then hμακμνhβν ¼ 0, which from Eq. (A2), implies

Ωαβ ¼ hμ½αB∇μuβ�: ðB5Þ

Then using Eq. (8), we have

Ωαβ ¼ hμ½αB∇μðu − BÞβ�: ðB6Þ

As p ≔ u − B is spatial, thenΩab ¼ D½apb� andΩ is exact,
which shows that ω ¼ 0 from the unicity of the Hodge
decomposition. ▪
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