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Abstract

Let ¢ : R® — R U {400} be an even convex function and Ly be its Legendre transform.
We prove the functional form of Mahler conjecture concerning the functional volume product
P(p) = [e % [e *% in dimension 2: we give the sharp lower bound of this quantity and
characterize the equality case. The proof uses the computation of the derivative in ¢ of P(tp)
and ideas due to Meyer [M] for unconditional convex bodies, adapted to the functional case
by Fradelizi-Meyer [FM2] and extended for symmetric convex bodies in dimension 3 by Iriyeh-
Shibata [IS] (see also [FHMRZ]).

1 Introduction

In the theory of convex bodies, many geometric inequalities can be generalized to functional in-
equalities. This is the case of Prékopa-Leindler, which is the functional form of Brunn-Minkowski
inequality. Let us mention also Blaschke-Santalé inequality [San], which states in the symmetric
case that if K is a symmetric convex body in R™ (in this paper, K symmetric means K = —K) and

P(K) = |K|[K"],
where K* = {y € R"; (y,x) < 1, for all x € K} is the polar body of K then
P(K) < P(By),

with equality if and only if K is an ellipsoid, where B3 is the Euclidean ball associated to the
standard scalar product in R™ and |B| stands for the Lebesgue measure of a Borel subset B of R"
([P], see [MP] or also [MR] for a simple proof of both the inequality and the case of equality).

Mabhler conjectured an inverse form of the Blaschke-Santalé inequality for symmetric convex
bodies in R™ in [Mah1]. He asked if for every symmetric convex body K,

4TL

P(K) = P([-1,1]")

It was later conjectured that the equality case occurs if and only if K is a Hanner polytope (see
[RZ] for the definition). The inequality was proved by Mahler for n = 2 [Mahl] (see also [Me] and
[S] Section 10.7, for other proofs and the characterization of the equality case). This conjecture has
been proved also in a number of particular cases, for zonoids by Reisner [Re] (see also [GMR]) and
for unconditional convex bodies by Saint Raymond [SR] (see also [M]), for hyperplane sections of
By = {z € R"; ) |z;[’ < 1} and Hanner polytopes by Karasev [K]. The 3-dimensional case of the
conjecture was proved by Iriyeh and Shibata [IS] (see [FHMRZ] for a shorter proof).



Some functional versions of the previous inequalities were proposed with convex bodies replaced
with log-concave functions, and polarity with Legendre transform. Let ¢ : R — R U {400} be an
even convex function. Then the Legendre transform Ly of ¢ is defined for y € R™ by

Lo(y) = sup ((z,y) — o(x)).

We define the functional volume product of an even convex function to be

P(p) = /e—so(w)dx/e—ﬁso(y)dy,

The functional version of the Blaschke-Santalé inequality for even convex functions states that

|- P

P < P (15) = e

where |.| stands here for the Euclidean norm in R", with equality if and only if ¢ is a positive
quadratic form. This statement was proved by Ball [B] (see also Artstein-Klartag-Milman [AKM],
Fradelizi-Meyer [FM1] and Lehec [L1, L2] for more general results). For ¢(x) = |z||% /2, one has
Lo(y) = ||lyl|%~/2, thus it is not difficult to see that

(2m)"

T

P(K).

This shows that the functional form indeed implies the geometric form of the inequality. We deal in
this article with a functional version of Mahler conjecture for even convex functions. The following
conjecture was stated in [FM2]. We prove it for n = 2.

Conjecture 1. Let n > 1 and ¢ : R" — R U {+o0} be an even convex function such that 0 <

fR" e @ dy < 400. Then
/e‘“o/e_ﬁw > 4"

with equality if and only if there exists ¢ € R and two Hanner polytopes K1 C Fy| and Ko C Fy,
where Fy and Fy are two complementary subspaces in R™, such that for all (x1,x2) € F1 X Fy

p(x1 +x2) = ¢+ [[x1 5y + Try (22),
where I is the function defined by Ix(x) =0 if x € K and Ix(x) = 400 if x ¢ K.

For unconditional functions (and in particular if n = 1) the inequality in conjecture 1 was proved
in [FM2, FM3] and the equality case was proved in [FGMR]. For a symmetric convex body K of
R™ and for any y € R™ one has

LIk(y) = sup ((z,y) — Ix(z)) = sup(z,y) = hx(y) = |yl k=,

z€R™ zeK

where hx denotes the support function of K. In addition, using Fubini, we have

+oo +o0 +oo
/ e~ MWl gy — / / e tdtdy = / / e tdydt = / [tK*|e~tdt = n!|K*|.
" ™ Syl rex 0 Uyl e <t} 0

Thus if ¢ = I we get
P(o) :/ e—fK/ e~ Wlice — \K!/ Wl — | K| K| = n!P(K).
n n RTL
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Hence Conjecture 1 implies Mahler conjecture for symmetric convex bodies. Notice that recently
Gozlan [G] established precise relationships between the functional form of Mahler conjecture and
the deficit in the Gaussian log-Sobolev inequality, thus our results implies better bounds in dimen-
sion 2 for these deficits.

In the proof, as in [IS, FHMRZ|, we use the notion of equipartition. Denote by (eq,...,e,) the
canonical basis of R™. A function ¢ : R — R U {+o0} is equipartioned if

1 1
pe ¥ =— we ? and / e ¥ =— e 7,
/Rg 2" Jgn R? 2" Jgn

where Ve € {—1,1}", R? = {x € R";¢g;2; > 0,Vi € {1,...,n}}. We use that in dimension n < 2, for
any even convex function ¢ there exists a ”position” of ¢ which is equipartioned. Moreover we also
prove that if one has an even convex function ¢ on R™ such that ¢ and ¢; = PleL are equipartioned
for all 1 <4 <n and ¢; satisfy the inequality of the conjecture in dimension n — 1 then ¢ satisfies
the conjectured inequality in dimension n.

This paper is organized in the following way. In section 2, we present some general results on the
Legendre transform. In section 3, we establish some properties of the functional volume product.
In section 4, we apply the results of sections 2 and 3 to prove the inequality and the case of equality
of the functional volume product of ¢ in dimension 2. Finally, in section 5 we prove the inequality
in dimension n for ”strongly” equipartioned convex functions.

2 General results on convex functions and Legendre transform

Let us recall some useful facts about convex functions and the Legendre duality that can be found
in the part I and V of the book of Rockafellar [R]. Recall that if K is convex, closed and contains
0 then (K*)* = K. Let ¢ : R - R U {+00} be a convex function. We denote the domain of ¢ by

dom(p) = {z € R"; p(z) < +o00}.

It is a convex set. If ¢ is moreover lower semi-continuous and dom(yp) # @ then LLp = ¢. The
following lemma recalls some standard facts that can be found for example in Lemma 4 of [G].

Lemma 2. Letn > 1 and ¢ : R — RU {400} be a convex function such that min p = ¢(0) = 0.
Then the following are equivalent.

1. One has 0 < fR" e @) dy < +00.
2. The set K, = {x € R",p(x) < 1} is convex bounded and contains 0 in its interior.
3. There exists a,b > 0 such that for every x € R" one has alz| — 1 < ¢(x) < Iypp(v) + 1.

Notice that for every z € R™ one has alz| — 1 < ¢(z) < lpy(x) + 1 if and only if for ev-
ery y € R™ one has bly| — 1 < Lo(y) < Iupp(y) +1. Thus 0 < [p, e™¥ < +oo is equivalent to
0 < fR" e—ﬁgp < +o00.

We define the analogue of sections and projections of convex sets for convex functions. The
section of ¢ by an affine subspace F' is simply the restriction of ¢ to this subspace and is denoted
by ¢|p. The projection Pry : F' — RU{+00} of ¢ onto a linear subspace F' is defined for » € F' by

Pro(z) = inf ¢z + 2).
zeF+



The term projection comes from the fact that if Pp : R" x R — F x R denotes the orthogonal
projection on F x R parallel to F+ then Pr(Epi(¢)) = Epi(Pry) where Epi(p) = {(z,t) € R" x
R; p(z) < t}. The infimal convolution of two convex functions ¢,7) : R — RU {400} is

Ly (x) = inf (p(z - 2) +9(2)).

z€R"™

The infimal convolution is a convex function and it interacts with the Legendre transform in the
following way: L(@Oy) = Ly + L. One can also define the projection using infimal convolution
by noticing that for any = € R”

POlp- (@) = inf (p(e —2)+ Ip:(2)) = inf (o —2)

Hence for z € F one has ¢OIpi(xz) = Pry(z). Thus the same nice duality relationship between
sections and projections that holds for convex sets holds also for convex functions, for any y € F

Pr(Lo)(y) = LeDIpi(y) = LeOLIF(y) = L(¢ + IF)(y) = f&gl«x’ y) — p(x) — Ip())

= gsclellg(@,w — SD(CU)) = L(¢r)(y),

where, by an abuse of notation, we have denoted in the same way by L the Legendre transform

applied to a function defined on R™ or on a subspace F. In each situation the supremum in the

Legendre transform should be understood as taken in the subspace where the function is defined.
For 1 < i < n we denote the restriction of ¢ to e;- by p; = Plet and we define the analogue of

the projection onto e;- to be the function Py : e — R U {+00} defined for = € e;- by
Pip(x) = Pro(x) = gﬂg o(x + te;).

From the preceding, for every y € ez-L one has

Lpi(y) = sup ((z,y) — p(z)) = PiLe(y) = inf Lop(y + te;).

L
Z‘Eei

Lemma 3. Let ¢ : R" — RU{+o0} be differentiable and strictly convex such that 0 < [e™% < +o0,
and for 1 <i<n let p; = Plet then

1. The function V is a bijection from R™ to dom(Lyp).
2. One has V(ef) = {y + ti(y)e;;y € dom(Lip;)} where ti(y) = (Voo (V) L(y), e;).

Proof. Since ¢ is differentiable, we deduce from [R] Theorem 26.3 that Ly is strictly convex.
1. The fact that V¢ is a bijection can be found in Corollary 26.3.1 in [R].
2. Since the supremum of Lo (y) = sup((z,y) — ¢(x)) is reached at = = (V) 1(y) one has

Lo(Vo(r)) = (z,Ve(z)) — p(z)

and one can conclude from Corollary 23.5.1 of [R] that (Vp)™! = V(L¢p). Let now y € dom(Ly;) be
fixed and gy(t) = Ly(y + te;). The function g, is strictly convex and tends to infinity at infinity so
there exists a unique ¢;(y) € R at which the function g, reaches its infimum and it satisfies g, (t;(y)) =
0, i.e. (VLo(y+ti(y)ei),e;) = 0 which means that (V)1 (y + t;(y)e:) = VLo(y + ti(y)e:) € ef.
This also means equivalently that ¢;(y) is the unique t € R such that y + te; € V(e ). Hence



V(ed) = {y+ti(y)e;;y € dom(Lyp;)} and the orthogonal projection P; onto e;- is a bijection from
V(ei) onto ei-. Moreover one has

PiLo(y) = gglg Lo(y+te;) = gglg gy(t) = gy(ti(y)) = Lo(y + ti(y)es).
Thus

PiLp(y) = sup ((z, y+ti(y)ei)—p(x)) > sup ((z,y+ti(y)ei)—¢(x)) = sup ((z,y)—p(x)) = L(:)(y)-

reER™ :BEef- erf-
But in fact, we know that in the above, the left hand side supremum is reached at
z= (Vo) 'y +ti(y)e:) = VLo(y + tiy)es) € e,

hence the above inequality is an equality. But the right hand side supremum is reached at x =
(Vei)~L(y). Since they are reached at the same point this implies that (V)™ (y + t;(y)e;)
(Vi) "M (y), and y + ti(y)es = Ve o (Vi) 71 (y), thus ti(y) = (Ve o (Vi) 7! (y), e:), where (Vi)

o
is a bijection from e;- to dom(Lyp;) = domP;(Lp). O
3 General results on the functional volume product

Let T : R™ — R"™ be an invertible linear map. Then putting z = Tz we get for every y € R”

L(p o T)y) = sup((@,y) — p(T2)) = sup((T~'2,y) — ¢(2)) = (L) (T7H)*(v)) -

z

Therefore L(¢ o T) = (Ly) o (T1)*. Hence changing variables, we get P(¢ o T) = P(y). The
functional P admits another invariance: for any ¢ € R one has L(¢ + ¢)(y) = Lo(y) — ¢. Thus

Plo+c)= /e_(9”+c)/e_£9”+c = P(p).

Hence one may assume in the following that ¢(0) = 0. Since we are dealing with even functions
one has also ¢(0) = miny and Lp(0) = —infyp = —p(0) thus if p(0) = 0 then Lp(0) = 0. On
the opposite, when ¢ is replaced by tp, for ¢ > 0, the functional P is not invariant. We shall take
advantage of this. For every y € R” and ¢ > 0, one has

L(te)(y) = sup({(z,y) — tp(x)) = tsup((z, %> —o(z)) =tLyp (%) )
Hence, changing variables, we get

P(ty) :/ e—tso(m)dx/ e—ﬁ(tso)(y)dy:tn/ e—tgo(m)dx/ e tEeW) gy

In the following we denote by p, the measure on R™ with density e™¥ with respect to the Lebesgue
measure and for an oriented hypersurface S of R” whose normal is defined a.e., we denote

Vs(p) = /S ns(y)e*Wdy and Qs(p) = /S (v, ns(y))e @ dy.

Notice that if S is the boundary of a cone with apex at the origin then Qg(¢) = 0. The following
proposition generalizes ideas from the proof of Theorem 10 in [FM2] and Proposition 1 in [FHMRZ].



Proposition 4. Let n > 1 and ¢ : R" — RU {+o00} be convex such that 0 < [g, e @ dr < 400,
Let A be a Borel subset of R™ such that j1,(A) > 0 and such that 0A is an hypersurface of R™ and
the exterior normal n4 is defined a.e. on 0A. Then for any x € R™ one has

. _VaA(gD) ol n_ dﬂcp(y)_QaA(QD)
() et <n [ - SHEE .

ie. Lo (—%) <n—[,oy) i‘:”(%) - Cff:—(%). Moreover, if for some xg € R"™ there is equality in

(1) then xg € dom(p) and ¢ is affine on [z, z] for every z € AN dom(yp).

Proof. By convexity, the function ¢ is differentiable almost everywhere on dom(y) and one has for
almost all y € dom(p) and for all x € R™

(2, Vo(y)) — (@) < (¥, Vo(y)) — o(y).

We multiply by e=#®) integrate in y on A and divide by teo(A) to get

(e, | Vet 2 — @) < [ (5ot — o) . ©)

Recall the following consequence of Stokes formula, known as Green’s identities : for any sufficiently
smooth f,g: A — R one has

/ (fAg+ (V£.Vg) = / (Vg ma),
A 0A

where the integrals are taken with respect to the Hausdorff measure. Applying this formula to
f(y) = e ?W and g(y) = (x,y), where z is a fixed vector gives

/ Vipdpy = — / na(y)e ?Wdy = —Vaa(p). (3)
A 0A
Applying it to f(y) = e #®) and g(y) = @ gives

/A (W, Vo)) dpg (y) = npre(4) — Qoa(p). (4)

Replacing these values in the inequality (2) we conclude that inequality (1) is verified. Moreover,
if for some zp € R™ there is equality in (1) then for almost all y € dom(p) one has p(y) + (xo —
y, Vo(y)) = ¢(xg). We conclude using Lemma 3 in [FGMR]. O

Corollary 5. Let n > 1 and ¢ : R" — RU{+o00} be convex such that 0 < [g, e~ $@)dy < 400. Let
A, B be Borel subsets of R™ such that j1,(A), pre(B) > 0 and such that 0A and OB are hypersurfaces
of R™ and the exterior normal n4 is defined a.e. on 0A and the exterior normal ng is defined a.e.
on O0B. Then

<VaA(<P) VaB(&P)> S2n_/(p(y)dﬂgo(y) _/ &p(y)duw(y) Qoaly)  Qop(Ly)
A B

- - .5

1p(A) " pry(B) fip(A) fico(B) fp(A) fice(B)
Moreover, if there is equality in (5) then ¢ is affine on [— % a) for every a € ANdom(p) and

Ly is affine on [— MaA((“D b] for every b € BNdom(Ly).



Proof. Since we are working with integrals, we may assume that ¢ is lower semi-continuous. We
apply the inequality (z,y) < p(z) + Lo(y) to x = — ?CB ((ﬁ Ef)) and y = ‘;‘9’4(%) apply Proposition 4
@

twice to ¢ and Ly and use that £(Lp) = ¢ to deduce that

—Voalp) —Vos(Lyp) Voaly) ~ Vap(Ly)
<:“30(A) Re) ) < D’D< N¢(A)>+ ( Nﬁso(B)>

< _/ (p(y)d/«o(y) _/ Lo(y) dpce(y)  Qoaly)  Qon(Ly)
A he(4) B pee(B)  pp(A)  pce(B)
Moreover if there is equality in (5) then there is equality in (1) for z = _/Y‘Zi%((é;o) hence from the
equality case of Proposition 4 we deduce that ¢ is affine on [—%ﬁ?, a] for every a € ANdom(yp).
The same argument gives that Ly is affine on [— Yf’:k%) ,b] for every b € BN dom(Lyp). O

Notice that, changing variables, for ¢ > 0, one has

it (tA) :/ e_t‘p(x)dzlt:t"/ e =) gz,
tA A

Using again that L(t¢)(y) = tLp(¥) we have also

(i) (tB) :/ e—ﬁ(teo)(y)dy - 25n/ e tLe(2) g,
tB B

We define
Fa,p(t) = pio(tA) pig ) (EB).
In the next lemma, we compute the derivatives of pi1,(tA), pir(,)(tB) and Fa p(t).

Lemma 6. Let n > 1 and ¢ : R" — RU {400} be convex such that 0 < [p, e ?@dr < 4o00. Let
A, B be Borel subsets of R™ such that j1,(A), pre(B) > 0 and such that 0A and OB are hypersurfaces
of R™ and the exterior normal ny is defined a.e. on OA. Then

1. (pp(tA)) = — /tA pd iy, + %QtaA(t‘P)-

2. (pep)(tB)) = Mc(w (tB) / L(tp)e 1),

Fyst) n / dpy 1 / roy Hiie) 1 Quoalte)
t A tB

" Fap(t) o p(tA) ¢ 4 fraey(tB)  t g (tA)

4. In particular, if A is a cone with apex at the origin then

Fjyp(1) :nFA,B(l)—/ 906_“0/ e_w—/ e‘“”/ Lpe E¥
A B A B

Proof. 1. We compute the derivative of 14,(tA), change variables and apply Green’s identity (4) to
ty and tA, this gives

(o (tA)) = nt"™! / e )y — ¢ / (p(tz) + t{Vp(tz), 2))e =) dz
A A
N ?“t@(”‘) - /t | Phe /t (Vel@) z)dp ()
= _/ @dllt@—i—%QtaA(t@).

tA
2., 3. and 4. The computation of the derivatives of s (tB) and Fa p(t) are direct. O
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Corollary 7. Letn > 1 and ¢ : R" — RU{+o00} be convex such that 0 < [g, e~ $@)dy < 400. Let
A, B be Borel subsets of R™ such that j1,(A), pre(B) > 0 and such that 0A and OB are hypersurfaces

of R™ and the exterior normals na and ng are defined a.e. on OA and OB. Then

% (t"Fap) > "' ((Vioa(te), Viop (L(t9))) + 2Quoa(te) e 1p) (EB) + Quon (L(te)) e (tA)) . (6)

Moreover, if there is equality in (6) then ¢ is affine on [— % a] for every a € (tA) N dom(y)

and L is affine on [— }tﬁ)fA((:j b] for every b € BN dom(Lyp).

Proof. Applying inequality (5) of Corollary 5 to tA, tB and tp, and using 3) of Lemma 6 we get

Vioa(te) Vios(L(tp))y tFa () Quoalty)  Quan(L(ty))
fo(tA) 7 pppe) (tB) © T Fap(t) [t (tA) L) (tB)

We multiply by t"~1F4 p(t) and get inequality (6). O

Lemma 8. Let n > 1 and ¢ : R" — RU {400} be convex such that 0 < [p, e~ ?@dr < 4o0. Let
e e {-1, 1}” Then
1) Vorn (o Z&Q/ e 7.

R"ﬂe
2) If moreover ¢ is differentiable, strictly conver and the normal of Vp(RZ N eil) is chosen exterior
to Vo(R?) then

<VV¢(Rgmeil)(£<P)=€i> = —ai/ e~ L)
RZ?Ne

Proof. 1) It follows directly from the definition.
2) We assume that R? = R’}, the general case being the same. From the definition of V' one has

N — n Ne=LPW) oy
Ve (L) e = [ PR Ot

Using the parametrization S; := Vo(R™ Nei) = {y + t;(y)ei;y € R Ne;j} obtained in Lemma 3
the surface S; is the graph of the smooth function ¢; : R} N el-L — R. Hence the surface element of
Si is y/1 4 |Vti(y)|>dy and so for any smooth function g : S; — R one has

/ g(z)dr = / gy +ti(y)ei)/ 1+ |Vt (y)|2dy.
S Rfﬁﬂe

We apply this equality to g(y) = (ns,(y), e;)e “?¥) and use that ng,(y) = % to deduce
N — ) S
that (ns,(y),e;) ST TE and thus

/ (nvw(m)(y),eﬁe‘ﬁﬂy)dy = —/ e~ Lolttied gy

Si Riﬂef‘

From Lemma 3 we have Lo(y + t;(y)e;) = L(p;)(y) for all y € e and thus we conclude. O



For every convex function ¢ : R” — RU {+0o0} and every m € N* we define the function ¢, by

_ =[* . m 2
pm(@) = 5 +inf (p(=) + Tl — =)
|2

Notice that ¢, = % + QDD% thus Lo, (y) = inf, (&p(z) + % + |z — y|2> We shall need the

following approximation lemma.

Lemma 9. Letn,m > 1 and ¢ : R" — RU{+o00} be even convex such that 0 < [, e 9@ dr < +oo.
Then

1. dom(gy,) = dom(Lyy,) = R™, ¢, and Lo, are differentiable and strictly convex on R™ and
Vi is bijective on R™.

2. When m — +oo one has ¢, (x) — o(z) and Lon(z) = Lo(x) a.e.

3. When m — 400, for every measurable set A one has [,e” %™ — [,e™?, [, ppe ¥m —
1) 4 e % and moreover for every t > 0

Pltgn) > Pltg) and - (Pltgn)) = - (P(t)) @

Proof. 1. For every x € R" one has ¢, (z) < % + ¢(0) + Z|z|* < 400, hence dom(py,) = R™. In
the same way Lom (y) < Lo(0)+2y[* < +o0, hence dom(Lyy,) = R™. Moreover it is clear that ¢,
is strictly convex and, using [R] Theorem 26.3, it is not difficult to see that ¢,, is differentiable. It
follows that the same holds for L,,. The fact that V,, is bijective on R" deduces from Lemma 3.
2. These convergences are classical. Let us prove for example the first one. On one hand one has
om (o) < |5§$7L2 + ¢(z0). On the other hand if xy € dom(y) then there exists a hyperplane touching
the epigraph of ¢ at (zg,p(xg)) thus there exists y € R™ such that ¢(x) > p(z¢) + (x — g, y), for
all x € R”. This implies that

. m . m
om(z0) > ugf <<p(:1:) + 5|:17 — x0|2) > usgf (gp(xo) + (x — z0,y) + E|x — :130|2> = () Sy

Letting m — +o0 gives the convergence. If zo ¢ dom(y) then, using that ¢ > min @ + Iom (e, we
deduce that

©m(zo) > minyp +  inf m\x — 20> = mingp + md(azo, dom(¢p))?.
zedom(yp) 2

Therefore ¢, (o) = p(xo) when m — +oo for every gy ¢ 9(dom(y)), that is a.e.

3. First notice that we may assume that ¢(0) = 0. From Lemma 2, it follows that there exists

a,b > 0 such that for every x € R" one has alz| — 1 < ¢(x) < Iypp(v) + 1. Hence we get

2

1 1
() > in (so(Z) + gl 2\2) > inf <a\zr 14 (el - W) =l - % -1 ®)

a2
Thus e~ ¢m@) < 7Tzl for all m, then from the dominated convergence theorem one deduces
that [, e #m — [, e~¥ when m — +o00. In the same way, one has bly| — 1 < Lo(y) < Lpp(y) +1

thus
2

. 1 b
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Hence from the dominated convergence theorem one deduces that [ A e~ Lem 1) A e~ %9 when m —
+00. We conclude that P(¢,,) — P(¢) when m — +o0o. Similarly we prove that for every ¢ > 0
one has P(tg,) — P(tp) when m — 4oo. Using that ue™ < 2e72 for every u € R we get

e
that ¢,,e” %™ < %e_va and we conclude again by the dominated convergence theorem. The same
method gives the result for tp,, and L(tp,,). O

4 Proof in dimension 2

Theorem 10. Let ¢ : R? - R U {+00} be even convex such that 0 < [g. e @) dx < +oo, then

P(yp) = /R2 e @) dy /R2 e LeWdy > 42 = 16,

with equality if and only if there exists a € R such that either ¢ = Ip +a, or ¢ = || - ||p + a with P
being a parallelogram centered at the origin or there exists a basis (u1,uz2) of R? and b,c > 0 such
that p(z1u1 + z2u2) = clri| + I[|_pp)(z2) + a for every x1,z2 € R.

4.1 The inequality in dimension 2

Proof of Theorem 10. Let ¢ : R* — R U {+oc} be even convex such that 0 < [po e~ ?®dr < +o0.
First let us reduce to the case where ¢ is strongly equipartioned, in the sense that

1 1
©(0) =0, / e~#lte) gy — / ePlte2)gy — 1, / e’ = —/ e ?, / pe ¥ = —/ we ¥,
Ry R, R 4 Jg2 R 4 Jgr2

: :
Since P(p) = P(¢ — ¢(0)) we may assume that ¢(0) = 0. For any u € S!, let C'(u) C S* be the
open half-circle delimited by u and —u containing the vectors v which are after u with respect to
the counterclockwise orientation of S*. For v € C(u) let C,, = Riu + Ryv be the cone generated
by u and v and define f,(v) = py(Cyuy). The map f, is continuous and increasing on C(u),
fu(u) = 0 and f,(v) — py(R?)/2 when v — —u, thus there exists a unique v(u) € C(u) such
that fu(v(u)) = pp(Cyp@)) = 1e(R?)/4. Notice that v : ST — S is continuous and, since ¢ is
even, one has v(v(u)) = —u for any u € S*. For u € S, let g(u) = [,

u,v(u)

pe ¥ — 1 [oo pe™%. Then

g is continuous on S' and, since ¢ is even,

g(u) + g(v(w)) = /C e + /C pes— 1 /Rnge_“D:O.

u,v(u) v(u),—u

Hence g(u) = —g(v(u)). By the intermediate value theorem there exists u € S! such that g(u) = 0,
thus ) 1
/ pe ¥ =7 / pe™? and g (Cuoq) = JHe (R?).
C R2

u,v(u)

Let S be the linear map defined by S(e1) = u and S(ez) = v(u), then S(R3) = Cy (). Moreover,
changing variables, for any Borel set 4 in R? we have pip05(A) = py(S(A))/ det(S) thus

K (S(R2 )) M (Cu,v(u)) O (R2) M oS(R2)
poos(RY) = SDdet(s; - gpdet(S) - 4&0@(5) =
I

In the same way, one has

(poS)e¥°S — % / (po §)e+°S

2 2
2 R

10



Let o; = 0+°° e=#ei)dr and A be the linear map defined by A(e;) = aye; and T'= S o A then

a change of variables shows that ¢ o T is strongly equipartioned. Since P(¢) = P(p o T) we may
assume that ¢ is strongly equipartioned.

From Lemma 9 we can assume that dom(yp) = dom(Ly) = R?, ¢ is differentiable and strictly con-
vex on R?. Then, up to sets of Lebesgue measure zero, we have the partition R? = U, (—1,1)2 Vi (R2).

Using the equipartition , we get
X L
Vip(R2)

0 B o
ch]R2

ee{—1,1}2 e€{~1,1}?

Using the fact that ¢ is even we get

Ply) = 8/ e—w/ e Lo 4 8/ e—w/ e™L0 = 8(F1 (1) + Fa(1))
R% Vo(R2) RyxR_ V(R xR_)

where Fi(t) = FRi,Vw(Ri)(t) and Fy(t) = Fr, xr_ ve®, xr_)(t). Using 4) of Lemma 6, we have

F/(1) =2F((1 / e ‘p/ ‘p—/ e_‘p/ Loe F
R2 V(R2) R2 Ve(R2)

Fi(1) = 2F»(1) —/ cpe_“”/ i —/ e_‘p/ Lpe ©¢.
Ry xR_ V@(R+XR7) Ry xR_ V@(R+XR7)

Then we get

d
dt(t2(F1( )+ Fa(t)))j=1 = 4(F1(1) + Fa(1 </ pe g0/ e kv +/ e_“o/ Lpe E¥
R? V(R R2 Ve(R2)

+/ cpe_w/ e_ﬁ“o—i-/ e_“o/ Lpe 5% .
R+XR, VQO(R+><R,) R+XR, VQO(R+><R,)

Thus using the fact that ¢ is equipartioned, we get that

RZ

1 1
=-P(p)— = / cpe_“”/ e_ﬁ“”—i-/ e ¥ Lpe 57 .
2 8 R2 R2 R2 R2

On the other hand applying Lemma 6 one has

i 2 — _ —so/ —Leg / —p —Ly
o (t P(tgp))‘tzl = 4P(p) </R2 e - e ¥+ - e - Lye

_ 8%@2(}1(:5) + F2(t)))j1=1-

% (2(F1 () + Fa()))ees = 4(F1(1) + Fo(1)) — /RQ e x %/RQ Lo /R2 e x % Loe b

We apply Corollary 7 for A = ]R%r and B = V@(Ri) and use the equipartition to get

d 2% (R2)
4

7 (Rt ))|t 1 2 (Vorz (#0), Vavemz ) (£0)) +

Qoverz)(Lp)- 9)

11



From Lemma 8 one has
+oo +o0o
VaRi(‘P) = —61/ e ¥ — 62/ e %2 = —(e; + e2). (10)
0 0

Similarly one has Vg, ®2 y(Lp) = —W1 — Wy, where

Wy = —/ nyom e “¥ and Wy = —/ Ngom2 e =P
Vo({oxry) L) VoRax{o) T

Thus the equation (9) becomes

d p1(R?)

o ( 2F1(t))|t:1 > (e + eg, W1 + Wa) + “’(4 Qove2)(Lp)- (11)
Moreover, since ¢ is even, one has

Vam, xr_)(#) = —e1+ €2, Vovum, xr_)(Lp) = —W1 + Wy
and
Qé)Vgp(R+ xR,)(QP) = / <y,nv¢(R+ xR,)(y)>€_w(y)dy = _Q8V¢(Ri)(£¢)'
OVip(Ry xR_)

Applying Corollary 7 for A =R; x R_ and B = V(R4 x R_) and using the equipartition we get

d R2
LR, = @ - e - w) - g ) (12)

Adding (11) and (12) we obtain

% (EPE) oy = 8%<t2<F1 (£) + F2(t))ji=1 = 16((e1, Wh) + (e2, Wa)).

Moreover from Lemma 8 for ¢ = 1,2 one has
“+oo
(e, Wi) = / (—ei gz (@)e 7 dr = / e £eDW dy > 1,
V(R Nejt) + 0
where the last inequality comes from the result in dimension 1 proved in [FM2, FM3]. Thus we get

—+00 +oo
% (£2P(tp)),_, = 16 < /0 e L) 4 /0 e—ﬁ(m) > 32. (13)

Applying this relation for ¢ replaced by s¢ and using the fact that

2

d , . 2P(tsp) — P(sp) . o=Plup) —Plsp) 1d
at (t P(tscp))|t:1 - }Eﬁ t—1 a 1111315 41 T sdu (u P(ucp))‘uzs
one gets, Vi > 0, %(FP(tcp)) > 32t. Integrating this inequality we conclude that for every 0 < & <t
t d t
t2P(ty) = 2P () —I—/ T (82P(8(,D)) ds > 32/ sds = 16(t* — £%). (14)
€ § €

Letting ¢ tends to 0 we conclude that t>P(tp) > 16t> and thus P(p) > 16.

12



4.2 The equality case in dimension 2

Now we establish the equality case. Notice first that the inequalities (13) were so far established
only for ¢ being differentiable, strictly convex on R? and strongly equipartioned. Let us prove that
(13) still hold without these regularity assumption. We adapt the arguments of [FHMRZ] to the
functional case. This requires to develop new functional inequalities. We first prove that the set of
convex functions which are equipartioned has some compactness property.

Lemma 11. Let ¢ : Ry — RU {400} be a convex, non-decreasing function such that p(0) =0 and
0+°° e~ ?@)dy = 1. Then for every z € Ry

r—1< () <lIpqy(z)+z < Ipqy(z) + 1.

Proof. For t € [0,1] we define () = sup{x > 0;¢(z) < t}. One has p(¢(t)) <t for almost all
t > 0. From Jensen inequality we get

e(l)=¢ </0+00 e_“p(x)da:> =g < 0+00 l/J(t)e_tdt> < /0+00 o(ap(t))e tdt < /0+00 te~tdt = 1.

By convexity we deduce that p(z) = ¢((1 —z) -0+ 2 -1) < x for x € [0,1] and thus p(z) <
Ijo () +z < Tio,1 (z) + 1, for every & > 0. For the proof of the lower bound, the idea is exactly
the same as in the proof of Proposition 4. By convexity, the function ¢ is differentiable almost
everywhere on dom(p) and one has for almost all y € dom(p) and for all z > 0

p(x) > ¢(y) + (x — y)¢'(y).

We multiply by e~ ¢®) and integrate in y on [0, +00) to get that for every z > 0

+o00 +o0
o(z) = /0 o(y)e W dy + /0 (z — )¢ (y)e *Wdy.

Using that ¢ > 0 and integrating by parts we deduce that for every = > 0

+oo
() > /O (z — ) (g)e P Wdy = = 1.

Now we prove the analogue lemma in dimension 2.

Lemma 12. Let ¢ : R? — R U {400} be a convex, even and strongly equipartioned function such
that ©(0) = 0. Then for every x € R?, one has

]l 2 / - 2
o3 2< p(x) < Ipe(x) + 1 thus . e dz < (2e(e + 2))

Proof. The bounds on the integral follows directly from the bounds on the function. Let us prove
these bounds. From Lemma 11 applied to t — ¢(te;) we deduce that ¢(e;) <1 for 1 <i¢ < 2. Since
¢ is even and convex we deduce that ¢(x) < 1 for every x € B? = Conv(+e;, +e3). This proves the
upper bound.
To prove the lower bound define ¢ = (e +2)~! < 1. Let assume by contradiction that there
exists a = (a1, az) € R? such that
o(a) < clally — 2

13



By symmetry we may assume that a; > as > 0. Moreover if as = 0, from Lemma 11 applied to
@9 one has ¢(a) = ¢a(a1) > |a1| =1 = ||a||; — 1, which is not possible since ¢ < 1. Thus one has
ag > 0. For every x = (z1,22) € Ry x R_ by convexity, one has

a —X a —X
") < 2 o+ 2 a) < 2 o(x) + 2 o(a).
as — I as — I as — Iy as — I2

Since asz — xoa = (a2x1 — x2a1)e; € Rieq, we may apply Lemma 11 and get

cp( a2 T + Bt a>> @2 T+ 2 ap — 1.

a9 — To as — T2 T ag — X9 a9 — T2

Thus we deduce that
(—22)

a2

p(z) > 21 + (—¢(a) =1+ a1) -1
Since aj > ag > 0, using the upper bound on ¢(a) we get

—p(a) —1+ay > —clag +az)+a1+1> (1 —c)ag —caz > (1 —2c)as.
Therefore for every x € Ry x R_ we deduce that

o(x) > x1+ (1 —2¢)(—x2) — 1.

Integrating on Ry x R_, and replacing ¢ by its value, we get

=) g < —_——
/R+X]Re = 1-2¢ ¢

Now we apply Proposition 4 to the cone A = }Rﬁ_. Recall that in this case the term Qg4 (p) vanishes.
Thus we get

- _V})L(SD) dﬂcp(y)
ola) > —2+ (a, W(Ri)H/R cp(y)w(Ri).

Using that ¢ > 0 and VaRi (p) = —(e1 + e2) that was established in equation (10) we get

2
+

el +e a
ola)> 2+ (g, b2y — oy lah o o oap,

Mw(Ri) Nw(Ri) N
which is in contradiction with the definition of c. O

Remark 13. The same argument applies inductively and shows that there exists a constant ¢, > 0
such that for any even convex function @ on R™ such that all its restrictions to coordinate planes
are equipartitioned and ¢(0) = 0 one has

en! Cn,

A 2¢\ "
cnllzli —n < p(z) < [By(x) +1 thus — < / e~ P@) gy < <_e> )

Lemma 14. Let ¢ : R? - R U {+oc} be an even convezx function such that 0 < [e™% < +oo and
©(0) = 0. Then there exists a sequence (V)i of differentiable strongly equipartioned even strictly
convex functions with dom(zpy,) = R? and there exists an invertible linear map T such that

(i) for every x € R2, (¢y(x))i converges to ¢ o T(x) and e~¥+&) < Ce=U | for some C,d >0

(ii) for every x € R?, (Lapy () converges to L(poT)(x) and e~ “¥%@) < Ce=Ul | for some C,d > 0.
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Proof. We define the set K, = {z € R%¢(z) < 1}. From Lemma 2, K, is a symmetric convex
body, and there exists a,b > 0 such that alz| — 1 < ¢(z) < Iypz(x) + 1. We recall the definition of

©m used in Lemma 9: for every z € R?

_ e

om(T) + iIzlf (gp(z) + %|x - z|2) )

m

Using the lower bound obtained in (8) we have ¢, (z) > alz| — % — 1. Hence for every m € N*,
{w; om(z) <1} C RB3,

where R = § + % There exists a sequence of invertible linear maps 75, such that o,, 0T}, is strongly
equipartioned. From Lemma 12 one has ¢,,(T},(e;)) < 1, for all 1 <4 < 2 thus

Tm(Bf) CA{x;pm(x) <1} C RB22.

Thus the sequence (T;,),, is bounded in the normed spaces of linear maps and thus there exists a
subsequence (T}, )i of linear maps that converges to some linear map 7. Let us prove that T is

invertible. For every m € N*, using Lemma 12 and denoting ¢ = (e + 2)~! one has c||z|; — 2 <
||

©m(Tmz) for every x. Moreover since ¢, (z) < o(z) + 5- and ¢(z) < Iyp2 (z) + 1, it follows that
|33|2 b2
om(w) < Lypz(x) + 1+ 5 = Typz(®) + 1+ 5

Thus for any = € R?
2

b
>+2S3+—.

bellz |1 < <bTma:
" 2

L] = ™ \[Ta

This gives that for every z € R?
3

b
(3+3) Tl > lel

Hence T satisfies the same bound and thus is invertible. Moreover since ¢, (T,z) > c||z||1 — 2, we
conclude that the sequence ¥, = @, 011y, is a sequence of strongly equipartioned even differentiable
strictly convex functions such that (¢ (z)) converges to ¢ o T'(x) and e ¥*(®) < e2=¢llzlr | Thus
¢ o T is strongly equipartioned. Moreover, from Lemma 12 one has ¢ (Timx) < Ip2(x) + 1, hence

Llpm o Tu)(@) 2 £ (Ing +1) (&) = 1zl — 1.

Therefore L1), = L(pm, 0Ty, ) satisfies the same bound. From Lemma 9 one has Ly, (z) = Lo(x),
for every z € R%, when m — +o0. Since T}, converges to T' we conclude that for every z € R,
L (z) converges to L(p o T)(z). O

Proof of the equality case. Let ¢ : R?> - R U {+occ} be an even convex function such that
0 < [po e ?@dy < 400 and P(p) = 16. By Lemma 14 there exists a sequence (1), of differentiable
strongly equipartioned even strictly convex functions with dom(;) = R? and a bijective linear map
T such that poT is strongly equipartioned. Since P(¢poT) = P(p) and our equality case is invariant
by invertible linear maps, we replace ¢ o T by ¢ in the rest of the proof. We have thus established
that ¢ is the limit of a sequence () of differentiable and strongly equipartioned strictly convex
functions. Thus the inequalities (13) and (14) are valid for the functions ;. By taking the limit
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and using Lemma 9 we deduce that these inequalities are also valid for . Then applying the same
reasoning as in inequality (14) for ¢ = 1 and using that P(p) = 16 and P(ep) > 16 we get

1 d 1
16 = P(p) = £2P(cyp) +/ = (s*P(sp)) ds > 16e* + 32/ sds = 16 + 16(1 — %) = 16.
€ €

Thus there is equality in the intermediate inequalities. Hence for every 0 < ¢ < 1 one has P(ep) =
16. Thus for all 0 < ¢ <1 we have % (t2P(tp)) = % (16t%) = 32t. Hence there is equality in (13).

This implies that
+00 “+oo
/ e £ =1 and / e £¥2) = 1.
0 0

From the equality case in dimension 1 and since g; is equipartioned, we deduce that for ¢ = 1,2
either o;(z) = I|_1 1)(x) or @;(z) = |z| for every x € R. Following the proof in [FGMR] we distin-
guish three cases.

A. If po(x) = p(z,0) = I|_1 3(z) and p1(z) = ¢(0,2) = |z| for every z € R. Then let us prove
that for all (z1,22) € R? one has ¢(x1,22) = I|_11j(21) + |22]. This deduces from the following
more general lemma, which extends observations done in the unconditional case in [FGMR].

Lemma 15. Let n > 1 and ¢ : R" — RU {+00} be an even convex function such that there exists
two convex bodies K1 C Iy and Ko C Fy, where Fy and Fy are two complementary linear subspaces
in R™ such that o(x1) = ||z1||x, for all 1 € Fy and o(x2) = Ik,(x2) for all zo € Fy. Then
o(x1 + x2) = ||x1|| K, + Ik, (x2), for all z1 € Fy and x4 € F;.

Proof. Let 1 € F} and 2 € K. From the convexity of ¢ and using that

1
1— 22|k,

T2
+ ”952HK2H$7

r1 +x2 = (1 — ||72] k) N
2

)

we deduce that

1 x2
o1 +22) < (1— 2]l (7) Tzl (—) .
T el Tl

On the other hand, using that £t = (1 + x2) + 5(—2) one gets

1 1 1
”x12HK1 = (%) < §¢(x1 +x2) + 590(—@) = 590(331 +a2).
We deduce that p(z1 + x2) = ||z1||k; -

Let x1 € Fy and z3 ¢ Ko. Let 1 < p < ||z2||x, and A = p/||z2||x, € (0,1). Then Az ¢ Ko and

—)\l‘l

AxQZA(x1+$2)+(1—A)1_)\.

Hence using the convexity of ¢ we get

4o = p(Az2) < Ap(z1 +a2) + (1 — g <1—ix;> .

Since (1—X)p <_1)_‘”f\1> = M|z1||k, < 400, we deduce that p(x;+x2) = +00 = Ik, (z2). We conclude
that o(z1 + x2) = ||1 ||k, + Ik, (z2), for all 21 € F} and x9 € F5. O
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B. If p2(s) = @(se1) = I_11)(s) and @1(s) = @(se2) = I|_1 1)(s) for every s € R. Let U =
{z;¢(z) = 0} and K = dom(yp). From the hypothesis one has ¢(+e;) = 0 thus +e; € U. Since
ming = 0, the convexity of ¢ implies that U is convex. Thus one has B} ¢ U C K. Since
te; € OK for i = 1,2 one deduces there exists u; € OK* such that (e;,u;) = 1 and one has
K C {x;|{z,u;)| <1,i =1,2}. We distinguish two cases:

- if uy = ug: since (e;,u;) = 1 one has u; = up = ey + e3. Thus K C {z € R%;|z; + 22| < 1} := D.
Hence Conv(0,e1,e2) C UNR2 ¢ KNR2 € DNR2 = Conv(0, ey, e2). Therefore Pr2 = Ip2rr2 -
Using the equipartition and the fact that ¢ < T B2 We conclude that ¢ =1 B2

- if uy # ug: using that for every x € K one has (u;,z) <1 and ¢(x) > 0 then for every s > 0 and
for i = 1,2 we get

Lo(su;) = sgp((sui,@ —p(x)) = :g}g(s(uz,@ —p(x)) = s,

with equality for z = e;. Since ¢ is even we deduce that for every s € R
Lep(sui) = |s].

Define Cy = Ryug +Riug and C— = Riug +R_uy. Since e; € K and u; € K* one has [(u1,e92)| <1
and |(uz,e1)| < 1. Denote by v; the unitary exterior normal of Cy to the line Ru;. We have
Vac, (Ly) = =V1 — V, where

—+00 —+00
i = —1)2/ e Y = —1)2/ e‘ﬁw(s“ﬂds]uﬂ = —Ug/ e *ds|uz| = —vo|us|
Ryup 0 0

and in the same way Vo = —wvqfui|. Hence Vi, (L) = vilui| + valug|. It is easy to see that
Vac, (Lp) € RE. We also have VaRi(‘P) = —(e1 + e2). Using that (e;,u;) = 1 one has (e;, V1) =
—(e1,v2)|ug| = (e2,u2) = 1. In the same way one also has (ez,V2) = 1. We reproduce the same

argument as before with V@(Ri) replaced by Cy and V(R4 x R_) replaced by C_. Some terms
are simplified because Cy and C_ are cones. Using again that ¢ is even we have

P(y) :8/R2+ e™¥ /C+ e_ﬁ‘p+8/R+XR e ¥ /C e EP = 8(F1(1) + Fy(1)),

where Fi (t) = Fr2 o, (t) and Fy(t) = Fr, xr_,c_(t). We apply Corollary 7 for A =R?2 and B = C;
and use the equipartition to get

a ( 2F1(t))‘t:1 > (Vorz (), Voo, (L)) = (e1 + €2, Vi + Va). (15)

Applying Corollary 7 for A =R, x R_ and B = C_ we also get

d

y (PF2(1) 1y 2 (Vom, <) (9): Vac_ (L)) = (e1 — ez, Vi — Va). (16)

Adding (15) and (16) we obtain

32— ¢ (t2P(t<p))|t:1 _sd (t*Fy(t) + 2 Fa (1))

= % 7 > 16((61,V1> + <€2, V2>) = 32.

t=1 =
Hence we have equality in the inequalities (15) and (16). From the equality case of Corollary 7 with

A =R?% and B = C; we deduce that ¢ is affine on [— Voo, (£¢)

2o (C1) ,a] for every a € R?,_ N K. Moreover
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L. VBC+ (Ly) 2 . . Vi+Va :
frcz)m Prop‘c/)sm‘ion 4 one has ~az.Cry € KNRZ. Smcevgp ‘I/S affine on [“w oL 0] and vanishes on
+Vo —2
Bf then ucL(CH € U. In the same way we prove that M;(C,) € U. Hence
i+ V Vi =V
Conv<B%,j: 1+ 2,i ! 2>CU.
pro(Cr) " pee(C-)

Then

e ¥ >|UNRY| >
RZ

N +€2>. (17)

1 i+ Vs
Conv <O,€1,€2,M>‘— 1+ V2

pee(Co) )| 2 neg(Cy)
Thus we get (1,(R2)pce(Cy) > $(Vi 4+ Va,e1 + e2). Similarly we have (R x R_)pug,(C-) >
%(Vl — Va,e1 — e3). Adding these two inequalities we obtain

2 = 11p(RE) (1£(C4) + neg(C-)) 2 (Viyen) + (Va, e2) = 2,

so we get equality in (17). Hence [p. e =|UNR3| and ¢ = Iy = Ik, then P(p) = 16 = 2P(K)
s

therefore P(K) = 8. Thus K satisfies the equality case of Mahler inequality in dimension 2, which

implies that K is a symmetric parallelogram by [Me]| and [Re].

C. If pa(s) = p(se1) = |s| and ¢1(s) = ¢(se2) = |s| for every s € R, then Lp1 = Lz = I|_y
and dom(Ly) is bounded. Indeed, let’s prove that ¢(z) < ||z||;. For all z = (z1,z2) € R%

1 xo
T, = T+ x2)e; + T+ x2)e
(1, 22) (’0<x1+x2( 1+ a2)er a:l—i—a;g( 1+ x2) 2>

o((x1 + x2)er) + o((x1 + x2)eg) = 1 + x2.

1 + X9 1 + X2

Applying this in the other quadrants, we get that ¢(z) < ||z|/; for all z € R2. Hence Lp(x) >
Iz (x) and dom(Lyp) C B2, is bounded. Thus there exists a linear invertible map T such that
¥ = (Lp)oT is strongly equipartioned and P(¢) = P(Ly) = 16 then for all i = 1,2, P(¢;) = 4 and
Yi(r) = Ij—1,1)(x) or |z|. Since dom(t)) is bounded, then 1; = I|_; ;. From case B one concludes
that ¢ = Ix where K is a symmetric parallelogram hence Lo = Iy where L = T7Y(K) is a
symmetric parallelogram. O

5 The inequality in dimension n

Theorem 16. Let ¢ : R" — RU{+o0} be even convex such that ¢ and y; are equipartioned for all
1 <i<n and P(p;) > 4" then P(p) > 4"

Proof. We can assume that ¢(0) = 0. From Lemma 9 we reduce to the case where dom(p) =
dom(Ly) = R", ¢ is differentiable and strictly convex on R"™ and R" = Use{_m}nV(p(]R?). Using
the equipartition, we have

P(p) :/ e_“p/ 6_590:2"/ e_“p/ e ke = on Z F.(1),

ee{-1,1}"

where F.(t) = Fgrn vymn)(t) for every ¢ € {~1,1}". Using 4) of Lemma 6 for A = Rl and
B = Vp(R?) we get that for every € € {—1,1}" one has

F!(1) =nF.(1) —/ e_“”/ Egpe_ﬁsp—/ gpe_‘p/ e k¥,
¢ Ve (RZ) ¢ Ve (RZ)
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Thus, using the equipartition, we have

SEEW) = nE)+ EQ)

= 2nkF.( / _50/ P —/ gpe‘“o/ e k¥
z Ve(RE) z Vo(RY)
= 2nF.( / _‘p/ ﬁ‘p—/ goe_“p/ e ke ).
2" n W(Rn n Ve (Re)
Summing these terms and using again the equipartition, we get
PTG OISR SIS M iy 2o [ e / oo
< " VSO(R" Ve(RE)

O — / go/
—%2—”—2—”(/”6 e SR

Now applying Lemma 6 one has

%(t"P(w))\t:l = nP(p) + <np(¢)_ / e 5 Lope=te — / pee /ne—w)

We apply Corollary 7 for A = R? and B = Vp(R?) and use the equipartition to get

j (t"P(tp)) ;=g = 2" Z <<V6Rn ), Vov(rn) (L)) + “DQIEH)QWMRQ)(W))-

Notice that

Z Qoveo(e) (£9) = ) ZQVso Rened) (£9) = Z Z / y?nch(Rgmej-)(y»e_ﬁ@(y)dy’

e i=1 Vel R"ﬂe

where in Vip(R? N e;-), the normal is chosen exterior to Vo(R?). Since in each hyperplane e;-,

each cone RI' N el appears twice with two opposite orientations thus the sum of these two terms
vanishes. Hence the whole sum vanishes. Using that in each e;- the function ¢; is equipartitioned
and Lemma 8 it follows that

SEP) 2 Y Y / (=eici, Vo pmznes) (£9))

e 1<ij<nRENe;

> 2 Z Z/ e i 67«617VV4P(R"06 )(£¢)>

1<i,5<n ¢ e

Noticing again that in each hyperplane e+
orientations one has for every fixed ¢ # j

Z €iVoempnes) = 0-
I3

3 each cone R? N ejL appears twice with two opposite
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Thus
d . = o
T (t"P(te)) =1 = QZ/l e Z<_5ieiaVV@(Rgmeil)(ﬁ‘p»-
i=1"¢ €

Using Lemma 8 we get

j(t P(ty)) t1>22/ E%Z/ane £(ei) —22/ (/ E(w)>:4gp(%)‘

Since P(p;) > 4" we get
d n n
S P(tg)) g 2 .
Applying this to s¢ we deduce that for all £ > 0

d

t"P(tp)) > 4"nt" L.
dt( (tp)) > 4"n

Integrating this inequality we conclude that for every 0 < € < t one has

t t
1" Pltg) = e"P(e) + / % (s"P(sip)) ds > 4" / 1ds = 4n (1 — 2n).
£ €

Letting € tends to 0 we conclude that t" P(ty) > 4™t" and thus P(p) > 4".
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