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Abstract

We analyse the performance of several iterative algorithms for the quantisation of a prob-
ability measure p, based on the minimisation of a Maximum Mean Discrepancy (MMD).
Our analysis includes kernel herding, greedy MMD minimisation and Sequential Bayesian
Quadrature (SBQ). We show that the finite-sample-size approximation error, measured by
the MMD, decreases as 1/n for SBQ and also for kernel herding and greedy MMD minimisa-
tion when using a suitable step-size sequence. The upper bound on the approximation error
is slightly better for SBQ, but the other methods are significantly faster, with a computa-
tional cost that increases only linearly with the number of points selected. This is illustrated
by two numerical examples, with the target measure p being uniform (a space-filling design
application) and with p a Gaussian mixture.

keywords Maximum Mean Discrepancy; quantisation; greedy algorithm; sequential Bayesian quadra-
ture; kernel herding; space-filling design; computer experiments

1 Introduction and motivation

Background. Quantisation of a probability measure p is a basic task in many fields, such as
probabilistic integration (Briol et al., 2019), MCMC computation (Joseph et al., 2015a, 2019)
or space-filling design in computer experiments (Joseph et al., 2015b; Mak and Joseph, 2017,
2018; Pronzato and Zhigljavsky, 2020), and minimisation of the Maximum Mean Discrepancy
(MMD) defined by a kernel K is a powerful tool for this task!. In particular, it easily allows
iterative constructions that can be stopped when the discrete approximation obtained is deemed
sufficient, a situation where the number of support points is not fixed in advance.

Claims and hint of the contents. We derive finite-sample-size errors bounds for iterative
methods to quantise a probability measure by minimising the MMD for a given kernel. The

"We do not consider quantisation methods based on Voronoi partitions, for which one can refer in particular
to Graf and Luschgy (2000).



methods considered include gradient-type algorithms (kernel herding), greedy one-step-ahead
minimisation, and Sequential Bayesian Quadrature (SBQ) that sets optimal weights on the
current support at each iteration. Two variants of SBQ are considered, with and without the
constraint that the weights sum to one (the bound for the unconstrained version is markedly
pessimistic but our analysis reveals a connection with kernel herding and gives some insight
for the reason of this pessimism). We consider the practical situation where the candidate set
is finite; it may correspond in particular to points independently sampled with u, with the
possibility to use a different set at every iteration. The context of a finite candidate set is the
most widely used in practical situations. It allows us to derive simple proofs that only use
(finite-dimensional) linear algebra, but our results can be extended to the infinite-dimensional
(Hilbert space) situation, where the new support point selected at each iteration is searched
within a continuous set; see, e.g., Chen et al. (2018); Teymur et al. (2020). We show that the
error is O(n~!) for SBQ and for algorithms that use a suitable step-size sequence and construct
nonuniform discrete measures (with a slightly better constant for SBQ). We show that it is also
O(n~1) for the construction of uniform (empirical) measures provided that the measure with
total mass one minimising the MMD over the candidate set is a probability measure. We show
that the complexity of gradient and greedy one-step-ahead methods grows linearly with n. Two
variants of kernel herding are considered, with performance similar to SBQ but less costly in
terms of calculation.

Paper organisation. Section 2 recalls the background on MMD and Bayesian quadrature. It
defines the notation and introduces the methods that are considered in the rest of the paper. The
performance of kernel herding is analysed in Section 3. The results presented in Sections 3.1
and 3.2 are not new, but the analysis of this basic gradient-type algorithm is central to the
investigation of the convergence rate for the other methods, more sophisticated, that we consider
in Sections 3.3 (variants of kernel herding), 4 (greedy MMD minimisation) and 5 (SBQ). Section 6
extends the results of previous sections to the case where the candidate set corresponds to points
independently sampled with . Two illustrative examples are presented in Section 7, one with
uniform (space-filling design), the other with p a Gaussian mixture. Section 8 concludes briefly.

2 Maximum Mean Discrepancy and Bayesian quadrature

2.1 Maximum Mean Discrepancy (MMD)

Let 2 be a measurable set, equipped with a probability measure p. For instance, for application
to space-filling design for computer experiments .2~ is typically a compact subset of R? and s
is proportional to the Lebesgue measure on 2. Let K be a symmetric strictly positive definite
(s.p.d.) kernel defined on 2" x £, uniformly bounded on 2; that is,

K(x,x) <K < +oo, forallxe 2, (1)

and for any n € IN and any xi,...,x, in %, the n x n matrix K,, with element 4, j equal to
K (xi,%x;) is p.d. and s.p.d. when the x; are all pairwise different. Note that K being s.p.d.
implies that K?(x,x’) < K(x,x)K(x',x’) for all x and x’ in 2" with the inequality being strict
when x # x’. Moreover, (1) implies

Ty (p) = /g{ K7 (x,x)du(x) <K' < +oo for any v > 0.
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K defines a Reproducing Kernel Hilbert Space (RKHS) H f, and we respectively denote by (-, -) g
and ||-||7, the scalar product and norm in Hx. We do not assume that H  is finite-dimensional.
We say that K is positive (K > 0) when K(x,x’) > 0 for all x and x" in 2.

We denote by .#(2") the set of finite signed measures on 2”, by .#[,(2") the set of signed
measures with total mass g, by .#Z(2") the set of positive measures and by ://{['ﬁ(% ) the set of

probability measures on 2" (with thus p € //l['f](% )) The reproducing property implies that,
for any v € .#(2"), the energy of v, defined by &x (v) = [,» K(x,x') dv(x) dv(x’), satisfies

) = [ (K00 K D dv dux) < /le 1 ) 1 G () ()
2
— | B @) =) < 4o
z
For any v € # (%) and any x € 2", we denote by

Pg o (x /KXX ) duv(x')

the potential of v at x; Pk ,(-) is also called the kernel imbedding of v into Hx.
For p and v in ///[T](l%” ), any f € Hy satisfies the following (Koksma-Hlawka type) inequal-

ity: [ [, F(x) dv(x) = [5 f(x) du(x)| = [{f, Picp = Prcw)ic| < [1fll3,c MMDi (12, v), where
MMDg (p,v) = sup

f||HK1/ fe dulx /f ) dp(x)| =

- -]

= 1Py = Prcplle

1/2
K x) d(y — p)(x) d( — u)(x’>]
Vf/{?

- [@ﬁK(u) T Ex(v) —2 /% Prc () dv(x)] 1/2 (2)

is called the Maximum-Mean-Discrepancy (MMD) between v and p; see Sejdinovic et al. (2013,
Def. 10). MMDg (u,v) defines an integral pseudometric between probability distributions and
a pseudometric between kernel imbeddings. It defines a metric on ///[1] (Z°), when K is charac-
teristic?.

Analytic expressions of & (1) and P ,,(-) are available for particular measures and particular
kernels, see Table 1 of Briol et al. (2019). This includes the case when y is uniform on 2" = [0, 1]¢
and K is separable, see for example Table 3.1 of (Pronzato and Zhigljavsky, 2020), and separable
kernels K based on variants of Brownian motion covariance yield Lo discrepancies (symmetric,
centred, wrap-around and so on); see Hickernell (1998), Fang et al. (2006, Chap. 3). &x(u)
and Pk ,(-) are not available when p is a posterior distribution with unknown normalising
constant; in that case, Joseph et al. (2015a, 2019) suggest to construct minimum-energy designs
that minimise &x (&) for a particular kernel K. Another way is to minimise a kernel Stein
discrepancy, that is, to minimise MMD for the image K’ of a kernel K under a Stein operator,

2Since K is uniformly bounded, this is equivalent to the condition that K be Conditionally Integrally Strictly
Positive Definite (CISPD), that is, &x(v) > 0 for all nonzero signed measure v € .#[g)(2); see Sriperumbudur
et al. (2010, Def. 6 and Lemma 8); see also Pronzato and Zhigljavsky (2020) for a comprehensive survey including
the case of singular kernels.



so that &k () = 0 and Pk, (x) = 0 for any x; see Chen et al. (2018); Detommaso et al. (2018);
Gorham and MacKey (2017); Liu and Wang (2016); Oates et al. (2017). In the rest of the paper
we consider the general framework where H g is an infinite-dimensional RKHS and assume that
&k (1) and Py, (x) can be easily computed for any x € 2" (Monte-Carlo methods can always
be used as a last resort).

2.2 MDMD for discrete measures

For a collection X,, = {x1,...,x,} of n points in 2, called n-point design, we denote by
€ne = (1/n) > | dx, the associated empirical measure, with dx the Dirac delta measure at x.
For w, = ({wn}1,...,{Wn}n) " € R™ a vector of n weights, we denote by &, = £(w,,) the signed
measure

E(wn) =Y {wn}idx, (3)
=1

(so that &, . = &(1,/n), with 1, the n-dimensional vector with all components equal to 1). An
important area of application for MMD minimisation is space-filling design, where the objective
is to build evenly distributed designs on a compact Z; see, for example, Pronzato and Miiller
(2012); Pronzato (2017). Minimising MMD g (y, &,¢) with g uniform over 2" is then an effective
approach to achieve this goal. One may also minimise MMD g (1, £ (w5, )) with respect to X,, and
w,, and the designs obtained differ depending on the chosen kernel K, the constraints set on
w,, and on the optimisation method that is used.

In this paper, we focuss our attention on the construction of extensive point sequences
X, = [X1,X2,...,Xp), such that X1 = [Xy, Xp41] for all k, with the property that X,, is the
support of a measure £, which approximates p well in the sense of the MMD criterion for a
given K. For a given design X,,, the optimal weights w;,, minimising MMD g (u, &,,) are easily
obtained. Indeed, (2) gives

MMD3 (1, 6n) = Gk (€n — 1) = D _AWnte{walj K (%0, %5) =2 > {wn}iPrcu(xi) + Exc (1),
ij=1 i=1
_ T T
where py, (1) = [P u(X1), - -+, Pru(%n)] T, and w} that minimises MMD% (1, &,) under the con-

straints {w,}; > 0 and 1w, = 1 is solution of a Quadratic Programming (QP) problem.
Releasing the positivity constraints, W, that minimises MMD?% (1, ,) with 1w, = 1 is ob-
tained explicitly as

()

K,'1,1,K,* K,'1
wn: <K;1— n_—N-n—*n > n(/‘b) n_—n

_|_ - v
17K, '1, 1K, '1,

(and w} = w,, when all components of w,, are nonnegative). The unconstrained weights that
minimise MMD?% (i, &,) are given by

Wy, = K:zlpn(/ﬁ) . (6)

Throughout the paper, for any measure &, supported on X,,, we shall denote by &, En and {:n

the measures with the same support and respective weights w, w, and w,,. The measures &,



and En satisfy

- _ 1-p, (1)K, '1,)
MMDZ (1, 60) = 6ic(1) — (0K pup) + 1T;zﬂ_ n)

MMD (1, &) = Ex(p) — P (WK, 'Pa(p) (7)

i

and we also have

MMD%((%fn) = (Wn— {’VVH)TKn(Wn - Wp) + MMD%((,M,%V”) for any &, € A (X,), (8)
MMD%(/L,&J = (Wn - 6\Vn)TI(n(VVn - V/cln) + MMD%{(,Uwgn) fOI“ any fn € %1] (Xn) 9 (9)

see Pronzato and Zhigljavsky (2020, Th. 4.3). Moreover, MMD% (i, &,) = w,) K,, w,, for any
n € M (Xp) and

MMD (1, €n) = (1, Ky, 1) 7 (10)
where {K,,, }ij = Ku(x:,Xj),4,j =1,...,n, and K, is the reduced kernel defined by
KH(Xaxl) = K(val) - PK,M(X) - PK,M(XI) + gK(M) ) X7X/ € 'Q//'? (11)

see Pronzato and Zhigljavsky (2020, Th. 4.4), with the property that K, is s.p.d. when p is
not fully supported on X,, and all x; are pairwise different.
We consider three families of incremental constructions.

2.3 Incremental MMD minimisation
2.3.1 Sequential Bayesian Quadrature (SBQ)

The construction of a design X,, that minimises MMD% (4, &) or MMD% (1, fAn) is called Bayesian
quadrature (BQ); it can be Sequential (SBQ), see Briol et al. (2015), and we shall consider two
versions of SBQ. Bounds on their finite-sample-size error are given in Section 5.

(i) Direct calculation using (7) and block matrix inversion gives

[Pl (0K} ki (xpt1) — Propu(Xk+1)] ’

MMD2 (M?gk 1) = MMD2 (:U’agk) - — .
K i K K (%511, Xe41) — K] (%51 K, K (Xpe1)

Since wy, satisfies (6), we get

2
[PK,gk (Xkt1) = Prep (Xk+1)}

MMDZ (i, Epi1) = MMDZ (p, &) — — .
& {fh Gkt1) W ) e TR (ks ) — Wk () B

(12)

This corresponds to the “standard” version of SBQ, which uses general signed measures gk in
AM(Z): it selects x1 € Argmaxye 2 PIQQM(X)/K(X, x) and then

2
P g, (k1) — PK,M(XkH)]
Xp11 € Argmax

B> 13
W R ox) K 0K, k) O (19



(ii) We shall also consider a second version that uses measures & in M (Z). Equation
(10) gives
- 2 -1
[ngﬂk 1kuk(X1~c+1) _ 1]
Ky (Xiey 1, Xg1) — kg (% 1) Kpug, Ky (Xr1) ’

where ky,, (x) = [Ku(x1,%), ..., Ku(x¢,x)]", x € 27, and where K, is defined by (11). Direct
calculation using (5) gives

MMD% (11, Eg11) = {1;—K}Lk11k +

12
Pre (Xk+1) — Prop(Xk1) + W, pr(p) — @@K(gk)}

MMD%, (11, Ex+1) = MMD (41, &) — . 14
el ) = MMD o8 = = R G ) —wike O, Y
1Jw=1
This version of SBQ selects x; € Argminge 2~ K,(x,x) and then
2
[Prcg, (541) = Prcu(xicn) + W i) — W] Ky
Xjo+1 € Arg max TR T P , k>1. (15)

K(x,x) — k| (x)K; k(%) + TR
Remark 1. When using unconstrained weights wy, we can also consider a sequential construc-
tion where all previous weights {Wy}; are kept fized, i = 1,...,k, and only the next one is opti-
mised (without constraint) when choosing Xy1. Since MMD% (1, &, + w 8x) = MMD%(u, &) +
w? K(x,x) 4 2w [Pr ¢, (x) — Pk (x)], the optimal w is w* = [P ,(x) — Pr e (x)]/K(x,x) ; the
algorithm selects x1 € Argmaxye 2 PIQ(7M(X)/K(X, x) and then

2
P, > (x)— Pk (x)]
K&k ks
>1.
Xpy1 € Arg max x.%) , k>1 (16)

(Note the coincidence with the choice made by kernel herding when K(x,X) is a constant, see
(18).) When a finite set Z¢ is substituted for Z°, (16) corresponds to a coordinate-descent
algorithm (see, e.g., Wright (2015)) operating on the weights w = (wi,...,wc) € RY; see
Section 2.4.

2.3.2 Greedy MMD Minimisation (GM)

To lighten the computations required by SBQ, we can consider the optimal choice of successive
xy, for a predefined sequence of weights wy. The standard version of Greedy MMD Minimi-
sation (GM) uses wy, = 1;/k for all k. It selects x; € Argmingec g K(x,x) — 2 Pk ,(x) =
Argmingc 2~ K, (x,x) and then minimises MMD g (u, §41,¢) incrementally, which gives

k
xici1 € Arg min 3 K(xix) + %K(x,x) (k1) Pa(x), k> 1. (17)

i=1
GM will be considered in Section 4. In Section 4.2 we also consider versions with nonuniform
weights: one must then define the weight wy,1 to be allocated to the next point xji 1, not
selected yet. A convenient way to proceed, usual in the area of optimal design of experiments,
is to take &1 = (1 — apq1) §k + i 10x,,,,» for some ayyq € [0,1]. This construction guarantees
that g1 € ///[T](E?f) when &, € //Z[Jlr](,%”), the choice of aj41 defines the sequence of weights

wy and the point x4 is chosen to minimise MMD g (p, {gv1)-



2.3.3 The Frank-Wolfe algorithm and Kernel Herding (KH)

A further simplification is obtained by considering a steepest-descent type approach. For any
& v e M(X), the directional derivative of the functional & — &x (€ — p) at € in the direction v
equals

Faoy 60 =2 | [ K xx) v d6x) - 61,0 + [ Prcy)ate -]

so that Fyypz. (€,0x) = 2[Pre(x) — Prpu(x) + [, Prp(x') dE(x) — €k (€)]. Tterations of the
Frank-Wolfe algorithm (Frank and Wolfe, 1956) correspond to &xy1 = (1 — ag+1) §k + Qpr1Vk+1,
where v 1 € Arg minye//{ﬁ(%) FMMD% (&, v), for some agiq € [0,1]. This gives vy =0
with

Xk+10

Xpp1 € Arg félgr; Fyamps, (&k, 0x) = Afgfgig} [Pk g, (x) = Preu(x)] - (18)
When «ap = 1/k for all k, & remains uniform on its support (unless the same x is chosen

several times); see Wynn (1970) for an early contribution in optimal design of experiments.
The method is also called conditional-gradient and corresponds to kernel herding (KH) used in
machine learning (Bach et al., 2012). The algorithm selects x; € Arg maxye 2~ P ,(x) and then

k
Xyt € Argmin > K(xi, %) =k Prep(x), k> 1, (19)
9

notice the similarity (but not full agreement) with (17). In particular, (19) can be used with
singular kernels, which have an intrinsic repelling property (Pronzato and Zhigljavsky, 2021)
but for which K (x,x) is not defined, whereas (17) cannot. In Section 3.2 we shall also consider
nonuniform weights, including the case where a1 is chosen optimally in &1 = (1 —ag41) &k +
Qg110x,,,,- In the area of optimal design of experiments, this corresponds to Fedorov’s algorithm
(1972).

We shall also consider two variants of KH (Section 3.3). First, in a Bayesian integration
application, at iteration k Qf the algorithm we can exploit the support of & only, and use one of
the optimal measures &;, &, or {, with respective weights Wk, wy and wy, for integration; we
shall call this variant Off-Line Weight Optimisation (OLWO)3. Second, we can replace & by &

fk, or fk, in the algorithm itself before next iteration; we shall call this variant, closely related
to SBQ, Integrated Weight Optimisation (IWO)2.

In the rest of the paper we derive finite-sample-size error bounds for each of the constructions
above and give a numerical illustration in Section 7. We start with the simplest method, the
Frank-Wolfe algorithm, which has already been much studied in the literature (Section 3). The
derivation of the upper bound closely follows Clarkson (2010), and those arguments will be
central for the derivation of the bounds for GM and SBQ presented in Sections 4 and 5.

3Tt is called Frank-Wolfe Bayesian quadrature in (Briol et al., 2015).
4Depending how the ‘optimal’ measure is constructed, this includes the minimum-norm point (Bach et al.,
2012) and fully-corrective Frank-Wolfe (Lacoste-Julien and Jaggi, 2015) algorithms; see Remark 3.



2.4 Notation

At each iteration, instead of searching x in the whole set 2", we shall use a finite subset
Zo = {x(l), e ,X(C)} of candidate points in 2" (typically, C' points independently sampled from
u; see Section 6). We assume that p is not fully supported on Z¢. We denote I = {1,...,C},

Ke = max K(x,x) <K,
xXeEZc
Kuc = max Ku(xx) = max K(x,x) = 2 Pr(x) + 6 (1)
- —1/2 —1/2 2
< Ko+ 2K mpa(n) + 72(0) = | K% + mapa(n) (20)

and K, 0 < K¢ + 712 when K > 0). We also denote by K¢ and K, the C x C matrices
( 1, 1/2\H Y ]
with i, j elements respectively equal to K (x(¥), x(j)) and Ku(x(i), x(j)), for x(V, x9) in 2, with
K, given by (11); e; is the j-th canonical basis vector of RC.

Any probability measure £ in ///['ﬁ(%c), i.e., supported on Z¢, can be represented as a
vector of weights w in the probability simplex

C
gzcz{wE]RC:ijzl, w; > 0 for all j}.
j=1

In particular, any empirical probability measure &, ¢ is such that all components of the associated
vector wy, € P¢ have the form j,/n, for j =1,...,C, with j, € {0,1,...,n} and Z]C:1 Jn = .
For any € € #(2), any x € 2 and any « € [0, 1], we define

§h(x0) =(1-a)§+adk, (21)

so that T (x,a) € //{['ﬁ(%c) (respectively, .#[;)(Z¢)) when x € Z¢ and € € //Z[Jf](%c) (re-

spectively, .#);)(Zc)). For any x) € 2¢ and any € € .#(2¢) with weights w, the vector of
weights associated with £+ (xV), a) equals w*(xU), a) = (1 — a)w + ae;. Any measure &, with
n support points in Z¢ can thus be represented as in (3), with w,, a n-dimensional vector of
weights attached to its support (w, € &, when &, € . (2¢)), and as a vector w,, € R®

(1]
(wn, € P when &, € ///[Jl“](%c)) We shall denote
. €% the minimum-MMD measure in ///[Jﬁ(%c), with weights w¢ = arg ming,e z,, wTK“Cw;

. €¢ the minimum-MMD measure in M (Ze), its weights &Y are optimal under the total

mass constraint 1@ only: @ is given by (5) where 1,, K,, and p,(u) are respectively
replaced by 1c, K¢ and pe(p) = [Pru(xM), .. Preu(x )T

. €€ the minimum-MMD unconstrained measure in .#(2¢) with weights &€ = K:'po(p),
see (6).

According to (8), any measure { in .#(Z¢) with associated weights w satisfies

MMD% (11, €) = Go(w) + MMDE(p,€7) , (22)



where, for any w € R, we denote
go(w) = w3k, = (-89 Ke(w-a% (= MMD%(¢,£9)). (23)

Similarly, from (9), any measure & in .#[;)(Z¢) with associated weights w satisfies

MMD% (1, €) = go(w) + MMD% (1, £, (24)
where
Jo(w) = [l — &%, = (-0 Ko -a%) (= MMD%(£,£9)). (25)
Denoting
.
MZ = MMD% (1,€9) = w¢ K, wC, (26)

for any measure £ € .4 (Z¢) with associated weights w € P, we define
Ac(€) = MMDR (1, §) — M (27)

the equation (22) implies Ac(€) = go(w) — go(w?), and when ¢ € M1 (Zc) the equation (24)
gives Ac(€) = go(w) — go(w?).

In the next sections we derive bounds on A¢ (&) for the different constructions of & consid-
ered. Note that we are interested in situations where k < C. Those derivations will rely on the

convexity of go(-) and go(-) and on the following lemma. The proof is given in the Appendix.

Lemma 1. Let (t;)r and (o) be two real positive sequences and A be a strictly positive real.
(i) If ty satisfies

t1 <A and tp1 < (1—opyr)te+ Aoy, k>1, (28)

with ag, = 1/k for all k, then tp < A(2+1logk)/(k+ 1) for all k> 1.
(11) If ty, satisfies (28) with o = 2/(k + 1) for all k, then ty, <4 A/(k+3) for all k > 1.
(113) If ty, satisfies

t1 <A and tp1 < (1—20ap41)ts + Aajyy, k> 1, (29)

with oy, = 1/k for all k, then ti, < A/k for all k > 1.
() If ty, satisfies
2
t1§A and tk+1§tk—zk,k21, (30)

then, ty, < A/(k + p2) for all k > 2, with pos = AJta — 2 > 2; moreover, when t; < A/2,
try < A/(k+p1) forall k> 1, withp; = A/t; —1 > 1.



Algorithm 1 Kernel herding, predefined step sizes ay: {1 = KH(E, agi1)
Require: p € //Z[Jﬁ(%) ﬁ//lll(/Q(%), o C 2, nelN;

1: set Sp(-) = 0 and &y = 0; compute Pg ,(x) for all x € Z¢;
2: a sequence (ag)g in [0,1] with a3 = 1;

3 k1

4: while k£ < n do

5: find x;, € Argminge g, Sp—1(x) — Pk u(x);

6: Sk(x) < (1 — ag) Sp—1(x) + ax K (x,x) for all x € Z¢;
7 & +— (1 — Oék) fk,l(x) + o 5Xk;

8: kE—Lk+1

9: end while

10: return X,, = [x1,...,Xy], &

3 Performance analysis of Kernel Herding (KH) and its variants

3.1 Empirical measures

Consider first the case of standard KH, corresponding to Algorithm 1 with o = 1/k. It selects
§1 = 0x,, X1 € Argmaxyeg,, Pk (%), and then &y = §2‘[xk+1,1/(k + 1)] with xp41 given
by (19) where Z¢ is substituted for 2. This choice of «aj implies that wy = 1;/k for all k;
that is, § = ke, the empirical measure on Xj. The complexity only grows linearly and is
O(nC) for n iterations (the Py ,(x(?)) are only computed once for all at the beginning, with
complexity O(C); Si(x") = Pr¢, (x¥) is updated at each iteration for each x() in 2z, again
with complexity O(C')). The finite-sample-size error can be bounded as indicated in Theorem 1.
The proof is given in the Appendix.

Theorem 1. The empirical measure &, generated by Algorithm 1 with ag, = 1/k for all k
satisfies

2+ logn

MMD? < M2+ B
(1, &n) < MG + Be "

,n>1, (31)

where Bo = 4K¢ (Be = 2K when K is positive) and Mg, is given by (26). When EC =¢9,
&n satisfies

B
MMD7 (1, 6,) < ME+ ==, n> 1. (32)

It may happen that the same x(9) is selected several (possibly consecutive) times at line 5 of
Algorithm 1. One may refer to Chen et al. (2018) for the extension to the case where Xy is
searched within the whole set 2" and the selection is suboptimal with some bounded error. Chen
et al. (2010) show that the error can decrease as O(n~2) when Hy is finite-dimensional, but
Bach et al. (2012) indicate that one can only expect the rate O(n™!) in the infinite-dimensional
situation; see also Pronzato and Zhigljavsky (2020, Appendix A). In the next section, we show
that a better convergence rate than (31), without the log term, can be obtained in general
(without the assumption that SAC = ¢9) when we allow &, to be nonuniform on Xj.
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Algorithm 2 Kernel herding, optimal step sizes: {41 = KH(&, o )

Require: p € //1[5(5&”) ﬁ//lfl(/Q(%), o C 2, nelN;
1: set Sp(-) = 0 and & = 0; compute Pk ,(x) for all x € Z¢;
2: k<« 1
3: while £ <n do
4 find x;, € Argminge g, Skp—1(x) — Pr u(x);
5 if k=1 then set o =1, Q1 = K(x1,%1), R1 = Pk ,(x1);
6: else compute Ay = Qr_1 — Rp_1 + PK,u(Xk) — Sk—1(xx),
7: By = Qr-1—2Sk—1(xx) + K (X, Xz),
8
9

and o = min{Ay/By, 1}

: end if
10: if o) =0 then return X;_; = [x1,...,X;1], {—1 and stop;
11: end if
12: Ry < (1 — az,) Ry 1+ Oz]: PK,,u(Xk)§

131 Qp + (1—0a})? Qp-1 +20a5(1 — af) Sk-1(xx) + (af)? K (xp, Xp);
14: Sk(x) < (1 = af) Sp—1(x) + of K(x3,x) for all x € Z¢;

15: & (L—ap)&e—1 + o 0xy;

16: k< Fk+1

17: end while

18: return X,, = [x1,...,Xp], &n.

3.2 Nonuniform weights

Next theorem shows that for a suitable predefined step-size sequence (o) in Algorithm 1, the
squared MMD decreases as O(n~!). The proof is in the Appendix.

Theorem 2. The measure &, generated with Algorithm 1 with ay, = 2/(k+1) for all k satisfies

4B
MMDR (1, &n) < ME + =, n> 1. (33)

Again, it may happen that the same x) is selected several times at line 5 of Algorithm 1; that
is, there may exist repetitions in Xj. The weights {w,, }; that &, allocates to the x;,i =1,...,n,
can be computed explicitly. When oy, = 2/(k+1) for all k, we have &, = > ; 2i/[n(n+1)] ;.
The distribution is thus far from being uniform, as it is the case with a =1 /k; see the right
panel of Figure 1. When the condition £¢¢ = ¢¢ is satisfied in Theorem 1, the bound (32) is
better than (33) and there is no point in using ay = 2/(k+ 1) rather than aj, = 1/k. Example 1
will illustrate that the decrease of MMDg (u, &) may be worse for nonuniform weights; see
Figure 1-left.

As a further attempt to improve performance, we can select X341 € Arg minge 2;, [Pk ¢, (x) —
Px ,,(x)] as previously, and then optimise MMD [, & (X441, )] with respect to « in [0,1]. Due
to the quadratic form of g(-), the optimal value o | = af(xx4+1) is obtained explicitly. The
construction is summarised in Algorithm 2 (see the proof of Theorem 3 in the Appendix for
details). Again, the complexity grows linearly with n. The use of the optimal « implies that
the same x) cannot be selected two consecutive times at line 4 of Algorithm 2.
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Theorem 3. The measure &, generated with Algorithm 2 satisfies (33); when 20 = ¢C it satisfies
(32). The optimal « at iteration k is of | = min{Q1, 1} with

k
~ —~ 11 Wk ‘PK’ X; —PK7 X; —i—PK7 Xk —PK, X
Gt :ak+l(xk+1) _ Zz l{k }z[ §k( Z) u( 2)] u( +1) 5k( +1) (34)
>ict{wi}iPr g, (%) — 2 Pr g, (Xpt1) + K (X1, Xpot1)

where Xp41 € Argmingc g, [Pk, (x) — Pru(x)]. If the algorithm stops at iteration k with
Qg1 =0, then MMD g (u1, £¢) = MMD g (1, £©).

It may seem surprising that the bound obtained with optimal step sizes is not better than
when oy = 2/(k+1) for all k£ in Algorithm 1, since at any given iteration the decrease of MMD is
larger in the former case. However, the global decrease over many iterations with the optimal «
is not necessarily better than with a predefined step-size sequence; one can refer to Dunn (1980)
for a discussion. A numerical comparison in provided in Section 7, showing that Algorithm 2
may perform worse than Algorithm 1; see the left panel of Figure 1.

Remark 2. Dunn and Harshbarger (1978) and Dunn (1980) propose other choices of step-
size sequences which we do not consider here. We also do not consider Frank-Wolfe algorithm
with away steps (Wolfe, 1970; Atwood, 1973)°, for which &py1 = & + qgyr (& — 5’%) moves
away from one of its support points xj, . Here x;j, is taken in Arg maXycsupp(e,) FMMDE( (&, 0x) =
Argmaxye 2 [Pk ¢, (X) — Px (x)] and apy1 € [0,&k(x5,)/[1—Ek(xj, )] to ensure that &41(x;, ) >
0; the decision to use an away step instead of 11 = §Z(xk+1,a) with X1 given by (18) can
rely on the comparison between the criterion values obtained, or on the comparison between the
absolute values of the directional derivatives |Fyyyps (&, 0x;, )| and [Fyyvp2 (€, 0xey0 )| Nei-
ther do we consider vertez-exchange methods, for which &y = & + apy1(0x,; — 5xjk) for
a1 € [0,&k(x5,)]; see for instance Pronzato and Zhigljavsky (2020, Appendiz A.3), Pronzato
and Pdazman (2013, Chap. 9) and the references therein. These methods prove especially effi-
cient for design problems for which the optimal solution is attained on the boundary of Pc, with
many components equal to zero, in particular due to their ability to reduce the support of the
current measure (when a1 = 1). The situation is different for the type of problems we have
i mind here, and we can only expect a rate of decrease of the finite-sample-size error similar
to Algorithm 2. Lacoste-Julien and Jaggi (2015) give a precise analysis of the convergence of
these variants of Frank-Wolfe algorithm and prove that they have a global linear convergence
rate (contrary to the original Frank- Wolfe algorithm®). However, the pyramidal width defined in
the same paper (eq. (9)) decreases as C~1/2 and the constant p in the linear convergence factor
exp(—pk) decreases as 1/C.

3.3 KH with off-line and integrated weight optimisation
3.3.1 Off-Line Weight Optimisation (OLWO)

The first KH variant mentioned in Section 2.3.2 (Frank-Wolfe Bayesian quadrature, Briol et al.
(2015)) uses the support Xy = [x1,...,X] obtained at iteration k& with Algorithm 1 or 2 and

®See also Todd and Yildirim (2007); Ahipagsaoglu et al. (2008) for a recent use in the minimum-volume ellipsoid
problem.

Linear convergence is obtained for the Frank-Wolfe algorithm under the condition that @ is in the interior of
Pc; but even in this favourable case the result has no practical interest for large C'; see Pronzato and Zhigljavsky
(2020, Lemma A4).
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Algorithm 3 Kernel herding + TWO (1), (4i) and (%)
Require: p € //Z[Jﬁ(%) ﬂ//lll(/Q(%), o C 2, nelN;

1: set Sp(-) = 0 and &y = 0; compute Pg ,(x) for all x € Z¢;
2: k+1
3: while £ <n do
4: find x;, € Argminge g, Skp—1(x) — Pk u(x);
5: compute (i) wi = wj (a QP problem), or (it) wj, = Wy, (5), or (iii) wy, = Wy, (6),
6: compute S (x) = % {wy.}i K(x,%;) for all x € 2¢;
T &= Y iwidi o
8: k—k+1
9: end while
10: return X,, = [x1,...,Xp], &n.

constructs an optimal measure &;, Ek, or Ek, respectively in //Z[Jﬁ (Xg), A1) (Xy) or A (X}), with
respective weights wj, obtained as solution of a QP problem, wy given by (5) and wy, given
by (6). By construction, MMD% (1, &) < MMD% (i, &), MMD% (11, &) < MMD% (u, &) and
MMDZ (11, &) < MMD% (11, &) for all k, so that the bounds of Theorems 1-3 remain valid.

3.3.2 Integrated Weight Optimisation (IWO)

The situation is more complicated for the second variant of Section 2.3.2, where we substitute
vk € {&, &k, &k} for & at every iteration (the case v, = & corresponds to the fully-corrective
Frank-Wolfe algorithm, we do not detail the minimum-norm point algorithm, see Remark 3 be-
low). We only consider the situation where the same choice is applied for all iterations and
denote respectively by (i), (i¢) and (i) the three cases v, = &, v, = Ek and v = & for all k.
The choice of xx1 is the same as for KH, but now there is no a1 to choose. The construction
is summarised in Algorithm 3.

Note that Si(-) = Pk, (-) can no longer be computed recursively, so that the complexity
grows faster than O(nC'). The complexity of iteration k equals O(m(k)C), with m(k) the
complexity of the determination of w}, Wi or wy, — in the last two cases, m(k) = k3 in general,
and m(k) = k? if rank-one updating is used to compute K, ' in (5) and (6); see Remark 4.
Kernel herding with IWO satisfies the following error bounds (the bounds for cases (ii) and (i)
are obviously pessimistic since we can have MMD% (11, &) < M2). The proof is in the Appendix.

Theorem 4. The measure &, generated by Algorithm 3-(i) satisfies (33); when EC =¢9, it
satisfies (32). When using Algorithm 3-(ii), &, satisfies (33); when €€ = €€, it satisfies

B
MMD3 (1, &n) < M + =5 n> 2, (35)

where Bc = 4K¢ (Be = 2K¢ when K is positive) and Mg is given by (26). When using
Algorithm 3-(iii), &, satisfies

4K 4K

—ak  nt13/3(°
CRVIVAry /

MMDZ (11, &) < MZ + min

n>1. (36)
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Stopping conditions. The measures used in Algorithms 3-(7) and (744) are not constrained to
belong to //[Jf] (2¢), so that the algorithm can still progress when MMD% (1, &) < MMDZ% (1, £9).
Let g = 2K (& —©“) denote the gradient of g(-) at . By construction, (e; —&x) 'gr = 0

for all j such that xU) e supp(?“), with
k
i=1

Therefore, PK@ (x9) —PK7p(x(j)) equals a constant ¢, for all x() e supp(g‘), and the existence
of an x € Z¢ such that P a (x) — Pk (%) < ¢t implies that Algorithm 3-(4) can still progress.
Conversely, if P a (x) = Prpu(x) > ¢, for all x € Z¢, the algorithm can be stopped. We can
thus add the following line to Algorithm 3-(ii):

4-(43): if Sp_1(xx) — Prp(xk) > Sk—1(xk—1) — P p(xx—1) then return X;_;, &1 and stop;

Similarly, let g, = 2K (@ — @) denote the gradient of §(-) at @j. By construction,
ejgk = 0 for all j with x\9) e supp(g‘), with ejgk =2 [PK,@“ (x(7)) — PK’“(X(]')):|. We thus
have Py o, (x9)) = Pg,(x0)) for all x0) € supp(£¥); Algorithm 3-(iii) can be stopped when

P a (x) > Pk (%) for all x € Z¢ and we can add the following line:
4-(493): if Sp_1(xx) — Pk ,u(xx) > 0 then return X;,_1, &1 and stop;

Remark 3. Algorithm 3-(i) corresponds to the fully-corrective Frank-Wolfe algorithm anal-
ysed in (Lacoste-Julien and Jaggi, 2015). The Minimum-norm point variant, based on (Wolfe,
1976), uses a sequence of affine projections based on the calculation of a sequence Wy, restricted
to give nonzero weights to subsets %, of S, = supp(&k) (at most k weights Wy, need to be
calculated); see Algorithm 5 in (Lacoste-Julien and Jaggi, 2015). Since the Wy, can be ob-
tained explicitly through (5), this construction is simpler than the fully-corrective Frank-Wolfe
algorithm. The bounds in Theorem 4 indicated for Algorithm 3-(i) continue to apply, since
we still have Ag (1) < (1 — apg1) Ac(ér) + Boajyy, k > 1, for apyr = 2/(k 4+ 2), and
Ac(&kr1) < (1—2ags1) Ac(ék) + Be aiﬂ, k>1, for agrqr = 1/(k+1) when 0 = £C; see the
proofs of Theorems 1 and 4.

Remark 4. OLWO and IWO requires the repeated computation of optimal weights W, or Wy,
respectively given by (5) and (6). To lighten the calculation, it is advantageous to directly update
the inverse matrizc K ' as

—1 T

K-l — K, "+ Bariupi1u, 1 —fBni1Unta

n+1 — T )
—Bn+1 U, Br+1

where w11 = K 'k, (Xp11) and Byt = [K (Xna1, Xnt1) =K, (Xpi1)uni1)~t. Rank-one Cholesky
updates can be used too. The details are omitted.

Remark 5. The numerical experiments of Section 7 show that the versions (13) and (15) of
SBQ behave respectively like Algorithm 3-(iii) and (ii). They also confirm the well-known fact
that the approzimation error for SBQ with unconstrained weights (i.e., (13)) decreases noticeably
faster that the bound (36) of Theorem 4. A plausible explanation is that (36) ignores the decrease
of K(Xg+1,%Xk11) — Ky (xp1) K 'ki(Xk11) as k increases in the denominator of (12) (in the
proof of Theorem 4 we simply bound the denominator by K ).
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Algorithm 4 Greedy MMD minimisation, predefined step sizes ay: €11 = GM (&, ar1)
Require: p € //Z[Jﬁ(%) ﬁ//lll(/Q(%), o C 2, nelN;

1: set Sp(-) = 0 and & = 0; compute K (x,x) and Pk ,(x) for all x € Z¢;
2: a sequence (ag)g in [0,1] with a3 = 1;

3 k1

4: while £ <n do

5: find x, € Argminge 2, 2(1 — ay) Sp—1(x) + o K(x,%x) — 2 Pk ,(x);
6: Sk(x) < (1 — ag) Sp—1(x) + ax K (x,x) for all x € Z¢;

7 & +— (1 — Oék) fk,l(x) + o 5Xk;

8: kE—Lk+1

9: end while

10: return X,, = [x1,...,Xy], &

4 Performance analysis of Greedy MMD Minimisation (GM)

4.1 Empirical measures

GM with empirical measures corresponds to Algorithm 4 with oy, = 1/k for all k; it selects x; €
Argminge 2, K (x,x) —2 Pk ,(x) and then chooses x,11 according to (17) with Z¢ substituted
for 2°. It corresponds to Algorithm 1 in (Teymur et al., 2020), where the authors derive a
finite-sample-size error bound using the RKHS framework. Taking advantage of the finiteness of
the candidate set Z¢, we provide a simpler proof using only linear (finite-dimensional) algebra;
see the Appendix. Notice that the bound is smaller than for KH in Theorem 1. The complexity
of Algorithm 4 only grows linearly and is O(n C) for n iterations (the K (x(¥,x(®) and Py, (x®)
are only computed once for all at the beginning, with complexity O(C), the S(x(?)) are updated
at each iteration for all x(¥) € 2, again with complexity O(C)).

Theorem 5. The measure &, generated by Algorithm 4 with oy, = 1/k for all k satisfies
141
MMD% (1, €0) < ME + Ac — &% > 1, (37)
where M2 is given by (26) and Ac = [Flc/2 +712(W)]? (Ac = Fc—FTlQ/Q(u) when K is positive).

4.2 Nonuniform weights

Consider now the case of general discrete measures &, in //Z[Jﬁ(%c), see (3). We show that

allowing nonuniform weights in GM yields a faster decrease of MMD g (u,&,). As for KH, we
consider iterations of the form &1 = 5;(xk+1,ak+1), k > 1, for some apy1 € [0,1] and
Xp+1 € Lo, where & (x, a) is defined by (21). We first consider the same choice o = 2/(k+1)
as in Section 3.2. The proof of Theorem 6 is in the Appendix.

Theorem 6. The measure &, generated by Algorithm 4 with ay = 2/(k+ 1) for all k satisfies
(33). When &€ = €C, Algorithm 4 with oy, = 1/k for all k yields (32).

Remark 6. As for Algorithm 1, when o = 2/(k + 1) in Algorithm 4 the measure &, is not
uniform on its support X,,. It is uniform when oy, = 1/k for all k, but the arguments used in the
proof of Theorem 6 only give (31), which is worse than (37) obtained by Teymur et al. (2020).
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Consider now GM with optimal step size, which selects a1 and xiy1 optimally at each
iteration: [Xpi1,k41] € Argminge g, ae1] MMDk (1, & (x, )], with & = dx, and x; €
Arg minge 9, K(x,%) — 2 P ,(x). For a € [0,1], any x1) € 2 satisfies

Aclgl (x9,a)] = go(wr) = G(wy) +2a(ej — wi) Kelwy —09) + o [lej —willik. . (38)
the right-hand side of which is minimum when

(ej — wy) Ko (@Y — wy)

o le; =l
By restricting o to [0, 1], we obtain [xXg41, api1] = [xUr+1), iy 4] with
1y = max{0, min{@y1,;,1}}
Jes1 = argjnglilg 2047::+1,j (ej — Wk)TKC(Wk - UAJC) + (041?+1,j)2 le; — Wk:“%% .

Using (46) and (47), we obtain that @1, is given by (34) with x) substituted for x;1. The
recursive updating of Q) = Zf’g:l{wk}i{wk}gK’(xi, x¢), R = Zle{wk}iPKu(xi) and Si(x) =
Py ¢, (x) gives Algorithm 5. As in the proof of Theorem 3, MMD (u, &) > MMDg (p, £9)
implies that there exists j € Ic such that (e; — wi) T Ke(wy — %) < 0, and therefore Qpt1) =
a(x1)) > 0. Conversely, a(x) = 0 for all x € 2 implies that MMDg (1, &) = MMDg (1, £€)
and Algorithm 5 can be stopped. As for Algorithm 4, the complexity is O(n C) for n iterations
(it is larger than for Algorithm 2 as a(x) must be calculated for all x € Z¢). The proof of
Theorem 7 is in the Appendix.

Theorem 7. The measure &, generated with Algorithm &5 satisfies (33). When {A’C =& gt
satisfies (32).

Remark 7. As for KH, one may also consider OLWO and IWO variants of GM; see Section 3.3.
The OLWO wvariant does not raise any particular difficulty as it runs in parallel and does not
affect the algorithm: like in Section 3.3.1 for KH, OLWO can only improve performance. The
situation is different for IWO: the fact that the next point xXi+1 and the step size a1 must be
selected simultaneously render its use less adapted than with KH. Indeed, the presence of gradient

terms in the updating equations (12) and (14), see Section 3.3.2, establishes a direct connection
between KH and SBQ.

5 Performance analysis of SBQ

We suppose again that the successive support points are searched within a finite candidate set
Z¢ and consider the two versions of SBQ presented in Section 2.3.1, with 2 substituted for 2.
We do not detail the algorithm which simply implements (13) or (15) — with K; ' calculated
recursively as indicated in Remark 4. For any &, the value of Ac(€k+1) obtained by SBQ
cannot exceed that obtained by IWO applied to KH, and we get the following bounds on the
finite-sample-size error.

Theorem 8. When &, is generated with (13) (respectively, (15)) where Z¢ is substituted for 2,
MMD?Z (1, &,) satisfies the same bounds as those indicated in Theorem 4 for Algorithm 3-(iii)
(respectively, Algorithm 3-(ii)).
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Algorithm 5 Greedy MMD minimisation, optimal step sizes: §x11GM(&x, aj )
Require: p € //1[5(5&”) ﬁ//lfl(/Q(%), o C 2, nelN;

1: compute K(x,x) and Pk ,(x) for all x € Z¢;

2: set So(-) =0, Qo = Ry =0, a1(-) =1 and & = 0;

3: set Ap(x) = P u(x), Bo(x) = K(x,x) for all x € Z¢;

4: k+1

5. while k <n do

6: find x5 € Arg minye 2, o?(x)Bg_1(x) — 2 a(x) Ap—1(x);

7 ag — a(xy)

8 Rp < (1—oag)Re—1+ ag Pk u(Xk);

9 Q< (1 —ap)?Qro1 +200(1 — ) Se—1(xx) + 02 K (xp, Xp.);

10: Sk(x) < (1 — o) Sp—1(x) + oy K (x3, %) for all x € Z¢;

1 &g (1 — ag) § + g Oxy 5

12: compute Ap(x) = Qr — Ry, + Pk (%) — Sk(x), Br(x) = Qr — 2 5k(x) + K(x,x)
13: and a(x) = max{0, min{ A(x)/B(x),1}} for all x € Z¢;

14: if all a(x) equal = 0 then return X; = [x1,...,Xg], & and stop;
15: end if

16: k<—k+1
17: end while
18: return X,, = [x1,...,Xn], &n.

Consider now the version of SBQ presented in Remark 1. For any measure { € .#(Z¢), any

x € Z¢ and any a € R, denote 77 (x, ) = £ + adx. Then, the construction (16) corresponds

to Epy1 = f:+(Xk+1,ak+1), where [Xp11,p41] € Argmingeg,, o MMD? | 2‘+(x, a)]. We can

show that MMD% (i, &,) < M& + Ac exp(—n/C), n > 1, with Ac and M¢ as in Theorem 5.
Indeed, for any signed measure ¢ with weights w and any x\9) € 2%, we have

Ac[§++(x(j),04)] = Ao(é)—|—204ejTKo(w—c~uc)+a2K(X(j),X(j))
< Ac(§) +2ae]Ke(w—a%) +a*Ke,

where Ac(€) is defined in (27). Therefore, min, Ac[§ T (x1),a)] < Ac(&) — [ejTKc(wk -
092 /K¢ and

Ac(&rt1)

IA

Ac(&) — ?é%é([e;rKC(wk — @C)]Q/FC

< Ac(&) — uegg(lggm)[uTKc(Wk -a9?/Ke,

with 2(0,7¢) the ball centered at the origin 0¢ with radius r¢ = C~'/2. From the definition
(23) of G(-), we obtain §(w 1) < §(wr) — Amax(Kc) /(CK )] (k) < (1—1/C) G{awy), and thus,
for all n > 1, g(wy,) < glw1) (1—-1/C)* < Ac (1—1/C)", since G(w1) < MMD% (1, &1) < Ag, see
(20); (22) and MMD% (1, £€) < M2 give MMD% (11, &,) < M2 + Ac exp(—n/C). Although the
decrease is exponential, for n < C this bound is much worse than those obtained for the other

constructions considered in the paper.
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6 Random candidate sets

The extension of the results in previous sections to the case where Z¢ corresponds to C' points
independently sampled from g is fairly simple; see Teymur et al. (2020). For instance, (33)
becomes

4E,{Bc}

EH{MMD%((,U,,{:”)} < E#{M(Qf} + n+3

, n>1.

We thus only have to bound the expected values of the constants A, Bo and M, (21 that intervene
in the various bounds that have been presented. Their values are given in the following lemma,
the proof is in the Appendix.

Lemma 2. Suppose u € //111((38”) and that the C points in Z¢ are independently sampled from
u, then

EdAct < Aw) =K +711ps()? (Alp) = K + 2)5(n) when K is positive),
E.{Bc} < B=4K (B=2K when K is positive),
B {M2} < M*(u)/C=[n(p) - Ex(w)/C,

M2, given by (26), Ac = [Féﬂ +71/2(u)]2 and Bc =4 K¢ (Ac = K¢ + T12/2(M) and B =2K¢
when K is positive).

Teymur et al. (2020) derive a bound similar to (37) (with Ac and Mg replaced by E,{Ac}
and E,{M2}) for Algorithm 4 with a; = 1/k for all k in the situation where a different sample
Zc[k] of C random points is used at each iteration; see also Chen et al. (2019). The extension
to this situation of the approach used in previous sections does not seem straightforward as the
probability simplex #¢ and matrices K¢ and K, refer to a fixed set Z¢. In Appendix B
we provide arguments explaining how our results extend to the case where Z¢ = Z¢[k] de-
pends on k: basically, similar bounds continue to hold provided we consider the expectation of
MMD?Z (11, €,) and bound the expected values of the constants involved as in Lemma 2. Note
that changing the candidate set at every iteration implies that we need to calculate K (x;,x) for
all x; € supp(&) and all x € Z¢[k|, and to recalculate Pk, (x) (Algorithms 1 and 2), or Pk ,(x)
and K (x,x) (Algorithms 4 and 5), for all x € Z¢[k] at every iteration, with a computational
cost thus growing as O(k? ).

We conclude this section by recalling a result on the MMD of the empirical measure &, . of
a random n-point sample from p; see Mak and Joseph (2018, Lemma 2). The proof is given in
Appendix A.

Theorem 9. When x1,...,x, are independently sampled from u, then an\/ID%((,u,gme) 4
Z =32 Nix3;, where the \; are the eigenvalues of the operator Tk, on Lo(Z , ) defined by
Tr, f(x) = [, Ku(x,xX)f(X)du(X'), f € Lo(Z 1), x € 2, and the x3; are independent x3
random variables.

From Lemma 2 and Theorem 9 we have in particular E,{MMD% (11,&ne)} = M?(u)/n =
[71(1) — Exc (1)]/n and n?var, {MMD% (11, &ne)} — 2 325°, A2 as n — oo. Although the bounds
obtained in previous sections suggest that the measures obtained with the algorithms that have
been considered do not perform necessarily better (asymptotically) than i.i.d. samples from u,
the examples in the next section demonstrate the interest of using KH, GM or SBQ.
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7 Numerical study

7.1 Example 1: space-filling design

For illustration purpose we only consider the case d = 2 and take p uniform on 2" = [0, 1]2;
Z¢ corresponds to the first 217 = 131072 points of a scrambled Sobol” sequence in 2. K is a
separable kernel given by the product of uni-dimensional Matérn 3/2 covariance functions, that
is, K(x,x) = Hle K3/2’9(x,-,:c;~) with

Kg/gﬁ(:n,x') = (14 30|z — z'|) exp(—V/30 |z —2']).

We have &x(u) = H?Zl EKyn (1) and Prp(x) = Hf’zl Prey g (%) With pg the uniform
measure on [0, 1], and &k, , , (1) and P, , ., (%) can be computed explicitly; see, e.g., Pronzato
and Zhigljavsky (2020, Table 3.1). Examples of space-filling design based on MMD-minimisation
with d = 10 and recommendations for the choice of 8 are given in the same paper. We use § = 10
throughout the example.

The left panel of Figure 1 shows the evolution of MMD g (i, &) as a function of n (log-log plot)
when &, is generated with Algorithm 1 with o = 1/k and o, = 2/(k+ 1), or with Algorithm 2.
The bound (33) is also shown (Mg is negligible). Although Algorithm 2 uses optimal step-
sizes, its performance is the worst for large n and is never better than that of Algorithm 1 with
ar = 1/k (note that the rate of decrease of MMD g (u, &) for Algorithm 2 closely follows O(1/n)
when n 2 100). Although the bound (33) of Theorem 2 is better than (31) of Theorem 1,
ay = 1/k yields better performance than ay = 2/(k + 1) all along the sequence. This suggests
that there is little interest in using more sophisticated versions of KH than Algorithm 1 with
ay = 1/k. The MMD for the empirical measure of a random n-point design is also presented,
showing a decrease that closely follows O(1/n). The evolution of MMDg (u, &) obtained for &,
generated with Algorithm 4 with oy, = 1/k and ay, = 2/(k + 1) (respectively, with Algorithm 5)
is visually hardly distinguishable from that obtained with Algorithm 1 with o = 1/k and
ar =2/(k+ 1) (respectively, with Algorithm 2) and is not presented.

The right panel of Figure 1 shows the strong non-uniformity of the weights {wiggo}i,
i=1,...,1000, associated with the measures &; goo generated by Algorithm 1 with o = 2/(k+1)
and by Algorithm 2 (note that most recent points are overweighed for the former and down-
weighed for the latter).

We consider now the variants (1) and (ii7) of IWO in Algorithm 3 (here the weights wy
are positive for all k, so that variant (i) coincides with (i), the fully-corrective Frank-Wolfe
algorithm, and also with the minimum-norm point algorithm, see Remark 3). Unsurprisingly,
MMD g (p, vp,) is smaller for v, = &, of variant (i) than for v, = &, of variant (i) since the
weights are unconstrained in the former case, see the left panel of Figure 2. The two variants
perform similarly for large n, however. The bound (36) for Algorithm 3-(4i¢) is accurate for small
n but very pessimistic for large n; see Remark 5. Algorithm 3-(7i) performs as Algorithm 1 with
ag = 1/k for small n (n < 30) but performs significantly better for larger n. The performances
are quasi identical when using OLWO of Section 3.3.1 (Frank-Wolfe Bayesian quadrature, not
shown). When we stop Algorithm 1 (with a = 1/k) at n = 200, all weights {w,}; and
{Wy,}i, i = 1,...,n, are positive. The weights are positive too for Algorithm 3-(ii) and (i) .
The evolution of MMDg (i, &) for &, obtained with version (13) of SBQ using unconstrained

"Note that the question of positivity of Bayesian quadrature weights {W, }; is far from obvious; see Karvonen
et al. (2019).
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Figure 1: Left: upper bound (33) and MMDg (u,&,) for &, generated with Algorithm 1 with
ar = 1/k and oy = 2/(k + 1), with Algorithm 2 and for the empirical measure &, = &, of a
random n-point design, n = 1,...,1000. Right: weights {w1 oo} of &1000-

weights (respectively, with version (15) using weights that sum to one) is indistinguishable from
that obtained with Algorithm 3-(iii) (respectively, Algorithm 3-(7)).

Computational times® are shown on the right panel of Figure 2 for Algorithm 1 with oy, = 1/k
and oy, = 2/(k + 1), for Algorithm 2 and for Algorithm 3-(ii) and (i)°. The choice of the
sequence (o), has no influence on the computational time of Algorithm 1; Algorithm 2 is
slightly more demanding, but its computational time still grows linearly with n; the higher
performance of IWO shown on the left panel comes with a significant increase of computational
cost (which is similar for OLWO).

Computational times for Algorithm 4 with ay = 1/k, Algorithm 5 and the two versions (13)
and (15) of SBQ are shown on the left panel of Figure 3: Algorithm 4 is as fast as Algorithm 1;
Algorithm 5 is slightly slower than Algorithm 3. Note that the two versions of SBQ are much
slower than Algorithm 3-(4) and (7).

MMD minimisation with g uniform on 2 is an efficient method to construct nested space-
filling designs; this is one of the main motivations in (Pronzato and Zhigljavsky, 2020). The
right panel of Figure 3 shows the 25-point design corresponding to the support of the measure
&n generated with Algorithm 4 with «p = 1/k, with a covering radius CR(Xs5) ~ 0.1625.
Algorithm 1 with a; = 1/k yields a very similar design, but with a different ordering of points and
a slightly larger covering radius CR(Xa5) ~ 0.1685. When using Algorithm 3-(ii) (respectively,
Algorithm 3-(74i)), the support of 25 has a covering radius CR(Xa5) ~ 0.1677 (respectively,
CR(Xz25) ~ 0.2024). This illustrates the fact that a smaller MMD is not necessarily synonym
to better space-filling properties: the optimal weighting of a given design improves its MMD,
but space-filling performance, measured for instance by the covering radius, is unweighed. In
fact, when allocating uniform weights to the support of &, generated with Algorithm 3-(ii7),
the MMD obtained is similar to that shown on the left panel of Figure 2 for Algorithm 1 with

8 All calculations are made with Matlab, on a PC with a clock speed of 1.5 GHz and 16 GB RAM
9All computational times start with a positive value at n = 0 since we account for the calculation of P, (x)
for all x € Z¢.
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Figure 2: Left: upper bounds (33) and (36), and MMD g (u, &,) for &, generated with Algorithm 1
with ax = 1/k and with Algorithm 3-(4i) and (4i), n = 1,...,200. Right: computational time
T(n) (in s) of &, for Algorithm 1 with a = 1/k and o = 2/(k + 1), for Algorithm 2 and for
Algorithm 3-(7) and (444), n =1, ..., 200.

ar = 1/k (red %), thus much worse than for the original &, (black o).

Alg. 4 (o, =1/K)

920

7 Alg. 4 (o, =1/k)
8o+ Alg.5 A
O sBQ
04 O SBqumwi=1

Figure 3: Left: computational time T'(n) (in s) of &, for Algorithm 4 with oy, = 1/k, Algorithm 5
and for the two versions (13) and (15) of SBQ, n = 1,...,200. Right: support X,, (ordered)
of &5 generated with Algorithm 4 with oy = 1/k; the radius of the circles equals the covering
radius of X,, (the smallest value that permits to cover Z").

7.2 Example 2: Gaussian mixture

Here p = Z;”:l Bj oy (aj,05) with 3; > 0, Z;n:l B =1 and p 4 (aj,0;) corresponding to the
normal distribution with mean a; and variance 0'J2» I4, with I; the identity matrix. Again, for
illustration purpose we take d = 2. The difficulty increases with the number m of components,
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the problem is also more difficult when the weights and/or variances of the components differ. We
take m =3, a; = (=1,1)T, ay = (1,-1)T, a3 = (1,1) T, 0; = 1/2 for all j, and B1 = B = 2/7,
B3 = 3/7 (this is a slight variation of the example in Figure 1 of (Teymur et al., 2020) where the
three components have equal weights). Figure 4 presents a 3-d plot of the probability density
function ¢, (left) and its contour lines (right) together with the candidate set Z¢ formed by
214 — 16 384 independent samples, among which we select a subset of n representative points.

Figure 4: Left: 3d-plot of the p.d.f. ¢,; right: contour lines of ¢,, and candidate set Z¢ (dots).

We use the Gaussian, or Radial Basis Function, kernel,

Kp(x,x') = exp—(0 |x —x||%), (39)
for which direct calculation gives'®
d
BiBe 0 |la; — a?
Ek (M) = exp | —
’ MZ:l (1426007 + 2007)4/2 1+ 2007 + 2007
d
Bi 0]x —a;|” d
P = LIV ILY ——— |, xe€R". 40
Ko (X) ]z_; (1+ 290?)01/2 oXp 1+ 200]2 x (40)

It is important to choose a suitable order of magnitude for 0, even if a precise tuning is not
essential. This issue is frequently mentioned in the literature, see for example Huszar and
Duvenaud (2012), but is often overlooked. As for the construction of space-filling designs where
the target measure p is uniform on 27, see Pronzato and Zhigljavsky (2020), we recommend to
let 6 depend on the number of points to be generated. If the target size is nmax points, each
point x; will “represent” a fraction 1/npyax of the C' candidate points, and having a correlation
Ky(x;,%x) > 1/2 with C/nmax points seems reasonable. We thus choose 6 such that Ky (x;,x;) <
1/2 for (100/7max)% of the pairs (x), x(*)) in a random sample of 1000 points of Z¢ (that is,
with obvious notation, § = —log(0.5)/Q1 /nmax(Hx(j) — x(#)]12) for the example considered).

9The analytic expression of Px,,(x) is also available for K the product of uni-dimensional Matérn 3/2 kernels
as in Section 7.1, though the expression is more complicated than (40) and involves the error function erf(t) =
(2/+/7) fot exp(—2?)dz; the results obtained are similar to those presented here for the Gaussian kernel.
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Figure 5 shows the first npax points selected by Algorithms 1 and 4, both with aj = 1/k
for all k1 Nmax = 25 (0 ~ 5.7) on the first row, nmax = 200 (6§ ~ 46.4) on the second. The
points location looks roughly the same for both algorithms when ny.x = 25, the ordering being
however different starting at n = 12; the designs look also similar when ny,x = 200 and it is
difficult to separate them.

Alg. 1 (oy, =1/k) Alg. 4 (a, =1/K)
2 T T — T - —— + 2 — . i . i -
; //":\TK\\,// ,//f//;,‘;;"\\\\*zs\\\\ \
=N\ ;
1t [ ﬁ/i ,
d
8 \

Alg. 4 (o, =1/K)

e

Figure 5: Designs X,, obtained with Algorithms 1 and 4 (both with oy = 1/k); nmax = 25
(0 ~ 5.7) on the first row, nmax = 200 (0 ~ 46.39) on the second row.

Figure 6 shows the evolution of MMDg (11, &,) (and its upper bound (33)) for &, generated
with Algorithms 1, 2, 3-(iz), 3-(#4), 4 and 5 and for the empirical measure of a random design,
when npax = 200 (the designs are not shown, but they all look very similar to those on the second
row of Figure 5). Algorithms 1 and 4 (both with o, = 1/k for all k) and 2 and 5 perform similarly;
Algorithm 3-(77) is only marginally superior; the MMD is significantly smaller for Algorithm 3-
(ii1) which does not set constraints on §,. The weights that &, allocates to its support points
are positive for Algorithm 3-(7) and (74 ), with E?gi{wmo}i ~ 0.834 for Algorithm 3-(4ii). The
two versions of SBQ perform similarly to Algorithm 3-(7i) and (74) and their weights {wago}i
are positive too.

Finally, we also evaluate the approximation error by the MMD for the distance kernel
Kp(x,x') = —||x — x'|| of Székely and Rizzo (2013). Since Pk, ,(-) and the energy distance
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Figure 6: Upper bound (33) and MMDg (1, &) for &, generated with Algorithms 1, 2, 3-(44),
3-(iit) (left), 4 and 5, and for the empirical measure of a random design (right).

&k, (1) are not known explicitly, we compute MMD g, (1c, €p), with e the empirical measure
for the candidate set Z¢. Figure 7 shows MMDg, (e, &) for &, generated with Algorithms 1,
3-(i1) and 4, using the Gaussian kernel (39) — &, generated with Algorithm 3-(#) cannot be
tested since its weights do not sum to one'!. The three algorithms appear to perform similarly
and provide better approximations of y than random sampling in terms of MMDg,, (1c, -). Due
to their much smaller computational costs, Algorithms 1 and 4 are preferable to Algorithm 3-
(7i) (and version (15) of SBQ) in this example. Algorithm 3-(iii) is preferable to standard SBQ
with unconstrained weights (13) due to its smaller computational cost. We also tried to use a
Stein kernel, based on the inverse multiquadric kernel K g(x,x’) = 1/(1 + 0 |x — x/[|?)*, 6 > 0,
s € (0,1), instead of (39) to generate &,, but the values obtained for MMDg, (uc, &) were
significantly larger than with (39)12.

8 Conclusions

Bounds on the finite-sample-size approximation error of iterative methods for the minimisation
of an MMD discrepancy have been derived and illustrated by numerical experiments. These
experiments indicate that the bounds give a fair picture of the decrease of the true MMD for
all methods considered, except for SBQ with unconstrained weights (13) for which the bound is
markedly pessimistic (the connection with kernel herding used for its derivation gives a plausible
explanation for this pessimism; see Remark 5). They also indicate that the performances of
kernel herding and greedy MMD minimisation do not improve by considering other step-size
sequences than 1/k (which generate empirical measures), and that a variant of kernel herding
with optimised weights yields performance similar to standard SBQ at a lower computational
cost.

We have restricted our attention to finite candidate sets. This situation is at the same time
simpler and computationally more efficient in terms of practical implementation, and simpler in

" Kp is Conditionally Integrally Strictly Positive Definite and defines a metric between measures in My (L),
12We used s = 1/2 and 6 given by the median heuristic of Garreau et al. (2017); see also Teymur et al. (2020).
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Figure 7: MMDg, (11c, &) for the empirical measure of a random design and for &, generated
with Algorithms 1, 3-(i7), and 4, all using the Gaussian kernel (39), with Kp the distance kernel
of Székely and Rizzo (2013).

terms of analysis since only finite-dimensional linear algebra is used, but the extension to the
Hilbert-space situation remains possible.

Finally, we have only considered the case where one adds one-point-at-a-time to the construc-
tion. Less myopic methods that select several (say m > 1) points at each iterations could also be
considered. The extension of our results to this context, and the development of computation-
ally efficient methods that avoid the combinatorial explosion due to considering all possible (Sl)
subset selections, deserve further studies. One can refer to Teymur et al. (2020) for an exciting
contribution in this direction.

Appendix A: proofs

Proof of Lemma 1.

(i) Suppose that tj satisfies (28) with ay = 1/k for all k. We show that ¢, < A (2 +logk)/(k +1)
by induction on k. The inequality is satisfied for & = 1, assume that it is satisfied for &k > 1, we get
A2+log(k+1)]/(k+2) —tgr1 > Aa(k)/[(k+2)(k+1)?], with a(k) = (k+1)% log(1+1/k)+logk—k > 0,
implying that the inequality is satisfied for all k.

(#) Suppose now that ¢, satisfies (28) with a1 = b/(k+1+¢q) for all k, for some 0 < b < ¢+2. We
prove that ¢y < Aa/(k+ p) for some a,p > 0 by induction on k. Not all values of a, b, p, ¢ are legitimate,
and a natural objective is to have a and p respectively as small and large as possible. We show that the
best choice is that indicated in Lemma 1. For k = 1, since ¢t; < A, to ensure that t; < Aa/(p+ 1) we
need to have p < a— 1. Assume that t;, < Aa/(k+p), and denote 6y = Aa/(k+1+p)—ti41. It satisfies

a(k)
(k+p)(k+1+p)(k+1+q)?’

a
5k Z Am—[(l—ak+1)tk+30ai+l} ZA

where a(k) is a second-degree polynomial in k, with leading term (ab—a —b?) k2. We thus need to choose
a pair (a,b) of positive numbers such that ab — a — b*> > 0; the pair with the smallest value of a is (4, 2).
For this choice of a,b, we get a(k) = 4[k + 1+ p — (p — ¢)?], which increases with k. We only need to
guarantee that a(1) > 0, which corresponds to g +1/2 — (1/2)v/4g+9 < p < ¢+ 1/2+ (1/2)/4¢ + 9.
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Since a = 4, the largest p allowed is p = 3, which is admissible for ¢ = 1. In that case, a(k) = 4k and
9 > 0, showing that ¢, <4 A/(k + 3) for all k when (28) is satisfied with ay = 2/(k + 1) for all k.

(#i) Suppose that t; satisfies (29) with ag = 1/k for all k. We have t; < A by hypothesis; the
induction hypothesis t; < A/k and (29) give A/(k + 1) — tx+1 > A/[k(k +1)?] > 0, and thus imply that
ter1 < AJ(k+1).

(iv) The function t — f(t) = t — t?/A is increasing on [0, A/2) with a maximum on [0, A] equal
to A/4 attained for t = A/2. We have to < f(A/2) = A/4, and thus t;, < A/4 for all kK > 2. Take
p=A/ta —2,s0 that p > 2 and to = A/(p+ 2) < A/4. Suppose that ¢, < A/(p+ k); we have tp41 <
ALY(k+p) =1/ (k+pP) = A(b+p—1)/(b+p)® = A/ (b+p+1)— A/[(k+p)*(k+p+1)] < A/(k+p-+1),
showing that ¢, < A/(p+ k) for all k > 2.

When t; < A/2, we take p = A/t; — 1, which givesp > 1,t; = A/(p+1) < A/2 and t;, < A/2 for all
k> 1. Assuming that ¢, < A/(p+ k), we get ty11 < A/(k+ p+ 1), showing that ¢, < A/(p + k) for all
k> 1. |

Proof of Theorem 1. The proof is based on (Clarkson, 2010). The weights wy, of & belong to &¢ for all
k. For any x\) € 2¢, the definition (27) of Ac(€) gives

Aclgr (X9, apy1)] = Go(wi) — Go(wE) + 2 a1 (6 — wi) TKe(w, —0°) + afyyllej — willk. »

where a1 = 1/(k + 1). The definition of @ implies that u'K.0° = u'pc(p) for any u € R¢
orthogonal to 1¢; therefore (e; — wi) T Ko@C = Pr ,(x9)) — S8 {wi}iPr (), and xpyq = xUre1)
with

Jry1 € Argmin P g, (x9)) — PK,M(x(j)) = Arg min(e; — wy) ' Ko (wp — 09),
Jj€lc Jj€lc

in agreement with (19). The convexity of gco(-) implies that

go(wi) +2 (W*C - wk)TKC(wk - @C)
9o (wi) +2 jI,IelliIICl(ej —wy) "Ke(w, —09), (41)

(A\VARAYS

where the second inequality follows from w¢ € £, implying that

Ac(&ry1) = Aclér (xpt1,ar1)] < (L= are) [Go(wr) — Go(@)] + aiy e, — willi, -

The last term can be bounded as follows: for all j € I, we have

le; — willk,, < Jmax, (W= W) Ke(w-w') = Jmax (e: — e;) ' Kc(e; —e;)

— max K(x?,x?) + K(x¥,x0) — 2 K(x®,x9) < B,

with Bo =4 K¢ (Bo = 2 Ko when K > 0). It implies that
Ac(€rt1) < (1 — apy1) Ac(ér) + Beagyy (42)

Since Ac(€1) < MMD% (11,&1) = K(x1,%1) — 2 Pi (x1) + 6k (1) < Be, Lemma 1-(4) gives (31) when
ap = 1/k for all k.
When £¢ = €€ Ac (&) = go(wi). Therefore,

]I,Ielliln(ej —wi) ' Ke(wy —09) < (@9 —wi) "Keo(wr —@Y) = —go(wr) (43)
C

and we get Ac(&pt1) < (1 —20p41) Ac (&) + Be o, instead of (42). Lemma 1-(iii) gives (32). [ |

Proof of Theorem 2. Ac(&x) satisfies (42) with agy1 = 2/(k + 2). Lemma 1-(i7) gives (33). [ |
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Proof of Theorem 3. Consider again the proof of Theorem 1. We have

Ac(lrt1) = aren[%)nl] Aclgl (xU+0) a)]
< Ac[§,j(x(jk+1),ak+1)] < (1 —ags1) Ac(&) + Be O‘i+1 : (44)

for any arbitrary choice of agy1 € [0,1], and ag+1 = 2/(k + 2) for all k£ has been shown to imply (33)
in Theorem 2. When £ = ¢%, we get Ac(&py1) < (1 — 2ap41) Ac (&) + Be aiy, see the proof of
Theorem 1. When we use o, = 1/k for all k, Lemma 1-(74) implies (32).

The value of a minimising Ac[& (x++1), a)] is
(wk - ejk+1)TKC(wk - @C)

ak+1 = ’ (45)

€511 — whlli,
so that (41) implies @x11 > 0 when MMD g (11, &) > MMD g (1, €Y). The algorithm can thus be stopped
if Qg1 = 0. Since (w —ej,,,) Ko (wr =) = [l —wrlik, + (€ —09) Ko (wr =) —[lejy,, —
@Y%, we have Gpy1 < 1+ (ej, ., —0°) "Ke(wp —©9)/|lej,,, —wrllk,.- When &€ € P¢ (that is, when
0% = wY), the definition of ji;; implies that a1 < 1 (since Zle{ﬁc}j(ej -0 TKe(wy —09) =0
with all {&°}; > 0). However, nothing guarantees that @1 < 1 in general. Direct calculation gives

k k
(wr —e))TKe(wr —@9) = Y {wii{wi e (xi,x0) = Y {wi il (x5, x17)
i0=1 i=1
k
+PK,H(X(j)) - Z{Wk}iPK,u(Xi) ) (46)
i=1
k k
lej — willke. = Z {witi{wi b K (x5,%¢) — 2 Z{wk}iK(xi,x(j)) + K (xW x0)y, (47)
i,4=1 i=1

which together with (45) gives (34). The recursive updating of Qx = Zf,gzl{wk}i{wk}gK(Xi,Xg),
Ry = Zle{wk}iPK,M(xi) and Si(x) = Pk ¢, (x) gives Algorithm 2. [
Proof of Theorem 4. 4
(i) Consider the proof of Theorem 1. When v, = & is substituted for &, we have xj4; = x(r+1)
with ji1 € Argminjey. (e; — w}) Ko (wp — @) and, for any a € [0, 1],
Aclyf (xU1), 0)] = Go(wp) = Jo(w!) +2a(ej,,, — wi) Kelwp = &%) + a?lle;,., — willk, »

where Ac(€) is given by (27) and v (x), @) = (1 — @) & + a0y Since wjy € Pe, |le; —willk.. < Be,
see the proof of Theorem 1. The convexity of go(+) implies

Jo(wS) 2 g (wi) +2 (WS —wi) "Ke(wi —0%) 2 go(wi) + 2 (e, —wi) 'Ke(wi — @)
(since w¢ € Pc). By construction, Ac(€rt1) < Ac[vi (xUs+1) a)] for any a € [0, 1], and therefore
Ac(Erp1) < Aol (kg1 arg1)] < (1= agqr) Ao(vr) + Be iy, (48)

k > 1, for any predefined ag41. When agy1 = 2/(k + 2), the induction used in the proof of Theorem 2
gives (33). When ¢ = ¢€, the right-hand side of (48) becomes (1 — 2 ap41) Ao (vi) + Be ai, ., see the
proof of Theorem 1, and if we take oy, = 1/k for all k, Lemma 1-(4i¢) implies (32).

(4i) Suppose now that vy = &, is substituted for & at iteration k. Equation (14) gives

N . N2
[(ejk+1 - wk)TKC(wk — wC)}

min w € RF ||K(Xk+17 ) - WTkk(')”%{K
1Jw=1

Ac(€kv1) = Ac(8r) —
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As long as go(w®) > go (@), we thus have

[Go @) = go ()]
4K (k1. ) — (] /R)ki ()13,

Ac(&k+1) < Ac(ér) —

= A (fk) _ A%‘(fk)
© 4 I:K(Xk;Jrl,Xk;Jrl) + ].;—Kklk/kz -2 lgkk(karl)/k]
A%
< Ac(ék) 1Be (49)

with A¢(&1) < Be. Lemma 1-(iv) with A = 4 Be and py = 3 gives (33). When £ = ¢©, (43) gives
AC(fk—i—l) < Ac(fk) — AQC(fk)/Bc, and Lemma 1—(i1}) with A = BC and P2 = 2 giVGS (35)

(#ii) Suppose finally that v, = & is substituted for &, at iteration k. Since & is not necessarily in
M1 (Zc), we need to use (22) instead of (25), which gives
Aclvf (x9, a)] = Ge (@r) — Go(wS) + 2 (e; — T) "Ke(@r —&9) + o|lej; — @illk,
for all x) in Z¢ and any « € [0, 1]. The definition of & implies Kc@® = pe (i), and thus x4 = xUk+1)
with

Jrp1 € Argmin Py, (x) — Pk ,(x'9)) = Arg min(e; — @) "Ke (@, — 0°) .
j€lc ) j€lc

The convexity of g(-) implies
go (W) > go(@r) + 2 (W — ) "Ko(@r —&9) > go(@r) + 2 (ej,,, — 0r) 'Ko(@r — @)
(since w¢ € Z¢) and & Ko (@ — @) = 0 (see Section 3.3.2) gives ekaHKc(&k - &%) < ~[go(@r) —
go(w9)]/2. Therefore, as long as go(w®) > go(@y), (12) gives
~ ~ 2
[9¢ (@) — go(wy)]
4 [K(xpp1, %k41) = Ky (x4 ) K Ki (X541

Ac(&ry1) < Ac(ér) -

_ _ A% (&)
= Ac (&) 4 [K (%p1,Xk11) — K, (%041) K, K (xp41) ]
< dcle) - S22 < ac(e) - 28, (50

Since any signed measure supported on Z¢ can be used, we may start with g = 0, with weights wy = O¢,
so that (12) and the inequality above apply from k = 0. We have Ac (&) < MMD% (i, &) = Ex (1) < K;
therefore, Ac(&,) <4K/(k+p), k> 1, for p =4 K/MMD%(u, &) — 1 < 4K /Ac(€) — 1; see the proof
of Lemma 1-(iv). Since Ac(&) < 3K /4, we can take p; = 13/3 in Lemma 1-(iv) and we also have
Ac(&) <4K/(k+13/3), k > 1. This completes the proof of (36).

|

Proof of Theorem 5. We have &k (v — u) = 6k, (v) for any v € #;11(Zc) with K, the reduced kernel
defined by (11); see Damelin et al. (2010), Pronzato and Zhigljavsky (2020, Th. 3.5). Let wy be the
vector of weights associated with & at step k. We can write MMD%(;L, &) = w,;rK#ka, which gives

(k + 1)2 MMD%{(ILL7§]€+1) = k2 MMD%((:“’EIC) + 2kwl—ch#Cejk+1 + K#(X(jk+1)ax(jk+1)) 9

where ji+1 € Argminjey, 2k w] K, e; + K, (x9),x(7), so that x=1) coincides with (17) when 2¢ is
substituted for 2. Therefore, for any w € ¢, we have

(k+ 1) MMD, (1, €61) < K2 MMDZ (11, &) + 2k Ko + Ko
< k? MMD%((% fk) + 2k (w,;rK“ka)l/Q(wTKﬂCw)l/z + FM,C’ s (51)
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where K, ¢ = maxxea, Ku(x,x) < Ac, see (20). The inequality (51) is satisfied in particular for
w¢ € Argminge o, wTKHCw, with w*CTK“wa = M2, therefore

(k+1)2 MMD% (11, &1) < k> MMD% (i, &) + 2k Mc MMD g (11, &) + Ac - (52)

We prove (37) by induction on n. For n =1, I\/IMD%((M, 6x,) = K, (x1,x1) < K, ,c < Ac. Suppose that
(37) is true for n. Then, (52) implies

1
MMD%{(anH) < W{nQ (Mé'i'AC
141 1/2
on M (Mg,+AC g) e

1 1+1 141
S {n2 (M(% + Ao +n°gn> tn (mg + Ao +n0gn> +AC}

1+ logn
n

L+log(n+1) M+ Ac[(n+1)log(1+1/n) —1]

=M+ A

ctde— " (n+1)2

9 L+log(n+1) ME&/(n+1)+ Ac[-log(l—1/(n+1)) —1/(n+1)]

n+1 n+1
1+log(n+1)
<ME+Ac ——>—
< Mg+ Ac P
since log(1 + z) < z for > —1, which concludes the proof of (37). ]

Proof of Theorem 6. We have, for any xU) € 2¢,
Aclgh (xY, aps)] = Ge(wr) = o @) + 2 ap (e — wi) " Ke(wy — @) + ajylej — willi, -
where A (€) is given by (27) and |le; — wi|lk, < Be, see the proof of Theorem 1. Therefore,
Jnin Acléh (%, ap1)] < Golwr) — Go (W) + min 2 1 (ej —wi) ' Ko(wy — @) + Be ajyy

and, from the same arguments as in the proof of Theorem 1,
Ac(r1) = min Aclg (x,an)] < (1= axer) Ao (&) + Boajy, (53)
xEXc

When oy = 2/(k+ 1) for all k, Lemma 1-(i1) gives (33).
Similarly, when £¢ = ¢, we have

Ac(€p1) = Ig%l AclEh (%, 1)) < (1 —2ak41) Ac(ér) + Beagyq s
x€EZo

see the proof of Theorem 1, and Lemma 1-(44) gives (32). [ |

Proof of Theorem 7. Ac[&f (x\9), a)] satisfies (38) where [le; — wy||%,, < Bc, see the proof of Theorem 1.
Therefore,

i Acléf (x,a)] < G — Jo(w¢ in 2 e; —wy) K —~ &%) + Bcaj
e clér (x,a)] < go(wy) gc(w*)Jerel}IICl aiy1(ej —wi) Kel(wp —©07) + Be oy

for any predefined choice of ay41 in [0,1]. The rest of the proof is similar to that of Theorem 3. [ |
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Proof of Lemma 2. Ac depends on Z¢, but Ac < A(p); similarly, Bc < B. Since M2 < 15K, ,1¢/C?,
we get

E{M2Z} < ZK @) x0))
1,j=1
C 9 C
@ b _ 2 (i)
ijZ:IK(X , x7) CE{;PKJL(X }JFgK(H)

C C
1 i i 1
E{ZK(XU,XU)}+C2E Z K(x®, x0)) % — & (n)
=1

1,] =

#J

Proof of Theorem 9. We have MMD% (1, &p.e) = 1, K, 1,/n?, with E,{K,(-,X)} = 0 on 2 and
S o2 Kpu(x,x") dp(x)dp(x') = &€k, (1) = 0. From Serfling (1980, p. 194), the U-statistic U,, = 2/[n(n —
1)] sz K, (x;,x;) satisfies n U, Sy = ooy Ai(xd;—1). The V-statistic V,, = (1/n?) 2o Ku(xixj) =
MMD% (1, &) satisfies Vi, = (1—1/n) Up+(1/n2) 3, Ku(X4,%;), with U, 3 0 and (1/n) 32, K (xi,x;) 23
Y21 Ai. Therefore, nV,, 4z= e AiX - ]

Appendix B: multiple random candidate sets

Suppose that xjy1 is selected within Z¢[k + 1] at iteration k. Denote Z¢,,, = UL 2¢[i] and let
P¢,.,, be the corresponding probability simplex in R“+* (with Ci41 = (k4 1) C when the 2¢[i] do not
intersect). To a measure &, in 4 (Z¢,) (respectively, in ///[1](%Ck)) corresponds a vector of weights wy,

in RY (respectively, in Z¢, ), and we denote by w) the same vector plunged into RE*+1 (respectively,
into Z¢, ., ); CH S the measure in //[ﬁ(%c[k + 1]) that minimises MMD(y, £) and WS g the
vector of associated weights in P¢, . . Similarly, @ ©%+1 denotes the vector of weights for the optimal
measure in ///ﬁ (ZChi1)

Consider one-step-ahead algorithms (Algorithms 1, 2, 4 and 5) and f,j [Xpt1, pr1] = (1 —agr1) &k +
Q1 0x,,, constructed at iteration k. We have

MMD3 (11, 5 Bt 1) = MMDR (g, 6555Y) = o (wh) = G (@)

~Cri1

T
+2 O41 (ejk+1 - w;c) KC}C+1( E— W ) + ak+1Hejk+1 - w;cH%{Ck+l )

with e, ,, the basis vector in R+ corresponding to x;+1 € Z¢[k + 1], and |lej, , — w;"”%%“ < B,

see the proof of Theorem 1 and Lemma 2. The convexity of gg, ., (-) implies

Clk+1]’

Clk+1
g k+1(w* )>g k+1(wk})+2( [+]

;<:>TKC'IC+1( Wi, — C/‘}Ck+1)

so that 2 (ej,., —wh) TKey ., (W) — @+1) < Gy, () — G, (wh) when x4, is chosen by kernel
herding. This gives

MMD% (11, & [Xk+1, aet1]) — MMD% (1, *C[k+1]) <

(1= aps1) [MMD% (i, &) — MMD% (1, 6P| 1 BaZ ., .
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When each Z¢[i] is made of independent samples from i, we have EM{MMDi((,u,f*C[i])} = E, {M2} for
all i, and therefore, when «jy; is predefined (deterministic),

Eu{A(rt1)} < (1 — ars1) Eu{AE)} + Bajiq,

where we have denoted A(§) = Acpy(§) = MMD?% (11, €) — MMD? (1, f[l]). From the same arguments
as those used in the proof of Theorem 1, we thus obtain that the measure generated by Algorithm 1
with aj = 1/k and using a set Z¢[k] composed of C' independent samples from p for all k satisfies
E, {MMD% (11,&)} < E,{MZ} + B(2+1logn)/(n+ 1), n > 1, compare with (31). When oy, = 2/(k + 1)
in Algorithm 1, then EM{MMD%((N,&C)} <E {MZ}+4B/(n+3),n > 1, compare with (33). Following
the arguments used in the proof of Theorem 3, see (44), we get the same bound for Algorithm 2. Also,
following the arguments in the proofs of Theorems 6 and 7, similar bounds are obtained for Algorithms 4
and 5, which extends the results in those theorems to this situation of multiple random candidate sets.
A similar extension applies to Algorithm 3-(7); see the proof of Theorem 4-(3).
Consider now Algorithm 3-(i¢) and (#ii) and SBQ. For Algorithm 3-(7), we have

~ 2
[(ejk+1 - w;c)TKCkJA (w;c - ka+1)]

MMD% (11, 1) < MMD% (u, &x) —

B
and the convexity of g, ., (-) gives
. NN Clk+1)'\]2
9 9 |:ng+1 (wk) — 9Cli1 (w* ):|

Since Eu{MMD%(u,&C[i])} = E,{MZ} for all i, Jensen’s inequality gives

712 ’ 2
Eu { |:./q\ck+1 (w;c) - /g\Ck+1 (W*C[k+1} )} } > [Ep« {/g\ck+1 (wl/c) - /g\c'k-+1 (W*C[kJrl] )}}
= EZ{MMD% (1, &)} — E,{M2} = E{A (&)} -
We thus obtain

En{A)}

E{ A1)} < EuAG)) - 2

an inequality similar to (49) in the proof of Theorem 4-(ii), and &, satisfies an inequality of the form
(33) where each term is replaced by its expected value.

Similar developments yield an inequality similar to (50), with expected values everywhere, and thus
an extension of (36) for Algorithm 3-(¢i). Theorem 8, that indicates that the performance of SBQ cannot
be worse that that of Algorithm 3, continues to apply; the details are omitted.
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