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Interpretations of the complex path integral are presented as a result from a multi-case study on mathematicians' intuitive understanding of basic notions in complex analysis. The first case shows difficulties of transferring the image of the integral in real analysis as an oriented area to the complex setting, and the second highlights the complex path integral as a tool in complex analysis with formal analogies to path integrals in multivariable calculus. These interpretations are characterised as a type of intuitive mathematical discourse and the examples are analysed from the point of view of substantiation of narratives within the commognitive framework.

INTRODUCTION

Since ℂ and ℝ 2 are isomorphic as real topological vector spaces, one can try to analyse analytic properties of a continuous complex-valued function 𝑓 = 𝑢 + 𝑖𝑣 by studying analytic properties of the vector field 𝑭 = (𝑢, 𝑣) [1]. For instance, complex differentiability of 𝑓 at some point is equivalent to real differentiability of 𝑭 together with the satisfaction of the so-called Cauchy-Riemann equations. However, it is not immediate how to establish an intuitive or geometric understanding of complex path integrals by going back to single-or multivariable calculus.

It is not very present in other textbooks but "visual complex analysis" has been worked out by [START_REF] Needham | Visual complex analysis[END_REF]. In addition, research from university mathematics education about complex analysis, and in particular the complex path integral, is emerging (e.g., [START_REF] Oehrtman | Experts' construction of mathematical meaning for derivatives and integrals of complex-valued functions[END_REF]. It thus seems purposeful to investigate intuitive understanding of the complex path integral and other notions in complex analysis more closely, not only for epistemological reasons, but also to intensify our understanding of meaning-making at university level, and to identify interpretations of notions in real analysis that can potentially be expanded for analytic notions which appear beyond first year in mathematics study programmes.

In a larger project, I investigate expert mathematicians' understanding of basic notions of complex analysis. This article continues my investigation of experts' understanding of the complex path integral [START_REF] Hanke | Anschauliche Deutungen des komplexen Wegintegrals und der Cauchyschen Integralformel von Expert*innen der Funktionentheorie[END_REF], and discusses geometric-physical interpretations of the complex path integral and analogies to integrals in real analysis. Next to the enrichment on complex analysis education, I discuss intuitive understanding and mental imagery through a commognitive lens [START_REF] Sfard | Thinking as communicating. Human development, the growth of discourses, and mathematizing[END_REF] when discussing experts' intuitive mathematical discourses.

Research question

Based on my own engagement in teaching complex analysis, I can say that many students demand for intuitive explanations of complex analytic notions. Acknowledging the expertise of professional mathematicians, it is expedient to ask which kinds of intuitive interpretations arise in experts' thinking about notions in complex analysis, firstly in order to achieve an understanding about proficient usages of these notions, and secondly to study generally how mathematicians at university substantiate their intuitive thinking about notions of the undergraduate curriculum. In this note, I focus on interpretations of the complex path integral expert mathematicians provide when they are explicitly asked to give such:

How do expert mathematicians interpret the complex path integral and how do they substantiate their interpretations?

PREVIOUS RESEARCH

Definitions and some interpretations of the complex path integral in the literature

The path integral of a continuous complex-valued function 𝑓 = 𝑢 + 𝑖𝑣 on the trace tr(𝛾) of a piecewise continuously differentiable curve 𝛾: [𝑎, 𝑏] → ℂ can be defined as

∫ 𝑓(𝑧) 𝛾 d𝑧 ≔ ∫ 𝑓(𝛾(𝑡))𝛾′(𝑡) 𝑏 𝑎
d𝑡 (this is to be interpreted as the sum over the parts where 𝛾 is continuously differentiable) (Lang, 1999, ch. III, §2). Then again, it is also possible to extend the definition of the Riemann integral of real-valued functions to the complex setting with Riemann sums of the form ∑ 𝑓(𝛾(𝜉 𝑘 ))Δ𝛾 𝑘 𝑛-1 𝑘=0 (Polya & Latta, 1974, ch. 5.3) As a result, one gains three connections to real analysis: The first one extends the definition of the Riemann integral for real-valued functions, the second expresses the complex path integral via real path integrals of second kind, i.e. path integrals for real vector fields, and the third enables to determine the complex path integral for paths on the boundary of an area via area integrals.

Probably the most important fact about the complex path integral is Cauchy's integral theorem. One version says that ∫ 𝑓(𝑧) 𝛾 d𝑧 vanishes if 𝛾 is closed and 𝑓 holomorphic on a simply connected domain which contains int(𝛾).

Geometric-physical interpretations of path integrals in real analysis assist the interpretation of the complex path integral as well. However, the transfer from the real to the complex setting is more subtle and provides an interpretation dependent on the separation into real and imaginary part. Polya and Latta (1974, ch. 5.1f.) If one replaces 𝑓 ̅ with 𝑓, like [START_REF] Braden | Pólya's geometric picture of complex contour integrals[END_REF] or Needham (1997, ch. 11 are interpreted as above with 𝑭 replaced by the "Pólya vector field" 𝒘 = (𝑢, -𝑣) (Braden, 1987, p. 321) [4]. In Braden's terminology, the real part of the complex path integral is the flow of 𝒘 along 𝛾 and the imaginary part is the flux of 𝒘 across 𝛾. One can see that this geometric-physical interpretation of ∫ 𝑓(𝑧) 𝛾 d𝑧 involves work and flux of the Pólya vector field 𝒘, i.e. the vector field associated to the conjugate 𝑓 ̅

, not 𝑭.

Moreover, [START_REF] Gluchoff | A simple interpretation of the complex contour integral[END_REF] argues that the complex path integral divided by the length of 𝛾, provided that 𝛾 is simple, equals the "average" of the numbers 𝑓(𝛾(𝑡))𝛾′(𝑡)/ |𝛾′(𝑡)| where 𝑡 ranges over [𝑎, 𝑏], i.e. 𝛾(𝑡) ranges over tr(𝛾). Thus, he generalises the mean value property of integrals of a real-valued functions.

Research on complex path integrals in mathematics education

Research on complex analysis education, besides arithmetic and geometry of complex numbers, is emerging. [START_REF] Oehrtman | Experts' construction of mathematical meaning for derivatives and integrals of complex-valued functions[END_REF] present a study on mathematicians' understanding of the complex derivative and complex integration. Their participants could relate the derivative to the idea of "amplitwist", however not always fluently. For integration, the majority of their participants struggled to interpret the complex path integral intuitively, and considered it hard to formulate such an explanation. Two participants mentioned the connection between real and complex path integrals, e.g., one of them formally multiplied (𝑢 + 𝑖𝑣)(d𝑥 + 𝑖 d𝑦) = 𝑢 d𝑥 -𝑣 d𝑦 + 𝑖(𝑣 d𝑥 + 𝑢 d𝑦) to establish the connection. Only one of the experts provided a more profound personal interpretation. He combined the Riemann sum approach with a story on ship navigation where the captain reconstructs his physically real route on a chart. The function 𝑓 causes "location-dependent errors" of the original path's segments Δ𝛾 𝑘 in the sense that 𝑓(𝛾(𝜉 𝑘 ))Δ𝛾 𝑘 is a dilated-rotated version of the original path segment on the chart (Oehrtman, Soto-Johnson, & Hancock, 2019, p. 413). This resembles Needham's (1997, ch. 8.III) interpretation of the Riemann sum approach as a concatenation of rotated-dilated vectors.

BASIC TENETS OF THE COMMOGNITIVE FRAMEWORK

In the commognitive framework [START_REF] Sfard | Thinking as communicating. Human development, the growth of discourses, and mathematizing[END_REF], of which I can only elucidate the most basic ideas here, thinking as personal communication and communication with others are conceptualised as two sides of the same phenomenon. Mathematics and its various disciplines are seen as special discourses. Objects in mathematical discourses "are, themselves, discursive constructs, and thus constitute a part of the discourse" (Sfard, 2008, p. 129), e.g., the discourses grow recursively when processes, which involve previous discursive or physically perceptible objects, are in turn objectified into new discursive objects. The commognitive framework offers four core categories to analyse mathematical discourses: Word use, narratives, visual mediators, and routines (Sfard, 2008, pp. 129-135). Word use refers to the usage of (key) words, keeping in mind that the same words can appear in different discourses. A narrative is "any sequence of utterances framed as a description of objects, of relations between objects, or of processes with or by objects", which in formal, literate mathematical discourses are for example definitions or theorems (Sfard, 2008, p. 134). An endorsed narrative is a narrative that is considered true by a set of endorsers when rules, which are agreed upon by the endorsers, have been applied to justify that narrative; in other words, an endorsed narrative reflects "the state of affairs" (Sfard, 2008, p. 298). Visual mediators are all visible entities that are used in communication, e.g., sketches, or symbols specifically designed for mathematical communication. Finally, routines are collections of metarules which govern the actions of the participants of a discourse, the discursants, which are called mathematists in mathematical discourse, rather than the objects of the discourse. For example, exploration routines govern the construction of new narratives. [START_REF] Lavie | Routines we live by: from ritual to exploration[END_REF] argue more detailed that discursants may choose their routine performances according to so-called precedent-search-spaces, i.e. communicative situations in which they, or other discursants, participated in a certain manner, which is adapted to the situation at hand.

One form of exploration is substantiation. It is "a process through which mathematists become convinced that the narrative can be endorsed" and is "probably the least uniform aspect of mathematical discourses" (Sfard, 2008, p. 231). In formal, literate mathematical discourses, mathematists usually substantiate a definition by checking for its consistency and a theorem with a proof-each of the substantiations in a fashion that is endorsed itself by the group of endorsers. Contrariwise, in personal mathematical discourses, i.e. discourses in which a single mathematist communicates with her-or himself, substantiations can vary considerably (Sfard, 2008, pp. 231-234).

INTUITIVE MATHEMATICAL DISCOURSE

Discourses around discursive objects emerge through narratives, together with metarules, which themselves grow in the discourse. Even the sensitive construct of individual meaning-making can be approached from the commognitive framework. In mathematics education, the ideas of "intuition" or "mental images" became concepts through the narratives created about them, e.g., in the strands of work following [START_REF] Fischbein | Intuition in science and mathematics. An educational approach[END_REF] or [START_REF] Tall | Concept image and concept definition in mathematics with particular reference to limits and continuity[END_REF]. However, it often remains ambiguous what exactly is structured by these concepts and how the gap between cognitive constructs on the one hand and empirical observability on the other hand is bridged. Keeping the discussion on these cognitive constructs in mind, one can look at discourses formed when mathematicians engage in communicating about their personal intuitive understanding of mathematical objects, which I call intuitive mathematical discourses here. These include any kinds of visual means or heuristics individuals or communities may use to explain a mathematical notion without requiring rigour.

In the commognitive framework, understanding is the "interpretative term used by discursants to assess their own or their interlocutors' ability to follow a given strand or type of communication", and a "commognitive researcher [...] is interested in the interplay of the participants' firstand third-person talk about understanding and their object-level discursive activity (Sfard, 2008, p. 302; original highlighting omitted, EH).

Here, the focus is on intuitive understanding of a mathematical notion. While examining intuitive mathematical discourses one needs to take into account that discursants shape these discourses by what they consider to belong to their intuitive understanding of a mathematical notion, in the sense of understanding as above. In this context, mental images (German: Vorstellungen [5]) are understood as narratives or combinations of visual mediators and narratives on object-or meta-level which serve as heuristics for communication, such as making explicit their intuitive understanding. Discursants may use them to explain a mathematical notion on a for her or him intuitive level, either for somebody else or for her-or himself. These narratives and visual mediators constitute intuitive mathematical discourses.

Discursants may be unsure whether their own intuitive narratives are in some sense correct or shared by other discursants, or may be afraid of compromising themselves. Thus, the range of endorsement and the substantiations of the narratives a discursant produces in her or his intuitive discourse may vary notably (either within a discursive community, or with respect to what the single discursant expects as agreement from other discursants). An individual's intuitive mathematical discourse centring on mathematical notions is thus not necessarily about endorsed narratives about mathematical objects per se, like in literate mathematical discourses, but rather about heuristics with which the individual makes sense of these notions. Yet, this can include elements of literate mathematical discourses, e.g., theorems or narratives about related mathematical aspects, of what the individual believes to be endorsable or rejected by other people, or narratives and visual mediators which show the discursants' struggles to express her-or himself.

The notion of intuitive mathematical discourse is not meant in any prescriptive way. It is an attempt to understand meaning-making from a discursive perspective, which considers individual and interpersonal communication as the same phenomenon, thus bearing theoretical justification for how individual and interpersonal meaning-making through communication can take place in mathematics.

METHOD: PARTICIPANTS AND INTERVIEW QUESTION

Interviews of approximate lengths of 90 to 120 minutes were conducted with expert mathematicians from German mid-size universities, videotaped, transcribed, and all notes written down during the interviews collected. In the beginning of the interviews, I emphasised that my research is about the very personal meaning-making and mental images of mathematicians at university. During the interviews, I asked for the experts' personal meaning-making of complex differentiation, the complex path integral, and fundamental theorems like Cauchy's integral theorem or Cauchy's integral formula. In this article, I draw on data from interviews with two mathematicians: Dirk and Uwe (pseudonyms). They have PhDs and lectured complex analysis for several years.

Here, I focus on interview excerpts on the following question. It was introduced with the geometric interpretation of the integral of a real-valued function as "signed area under the graph", paraphrased, and handed to the participants printed out (translated from German). Nevertheless, the participants were encouraged to detour from geometrical reasoning in favour of other aspects they deem fertile.

"Which geometrical meaning does the complex number ∫ 𝑓(𝑧) 𝛾 d𝑧 for a (piecewise continuously differentiable) path 𝛾: [𝑎, 𝑏] → Ω and a continuous function 𝑓: tr(𝛾) → ℂ have for you?"

RESULTS

The excerpts from the transcripts were translated from German (some filler words have been omitted for readability), and I redrew the figures. (#) indicates the length of a pause, and / indicates unfinished words or interruptions by the interlocutor.

Transferring the "real image"

Dirk rephrases the question and thinks for a long time: Dirk is aware that "path integrals in vector fields" have a physical interpretation but he does not transfer this interpretation to the complex setting. After long silence, the interviewer claims that some people simply consider the complex path integral as a technical tool used for proving in complex analysis. Dirk does not find this satisfying but remains unable to give a geometric description even though he states that he has thought about this before. Therefore the interviewer uses Cauchy's integral theorem as another stimulus. Dirk says he believes "what this [the stimulus] boils down to" and provides the formula ∫ 𝑓(𝑧) The narrative involving the primitive is not yet considered as "imagination" but might "help". This valuation may be the result of the initial question for a geometric meaning.

Dirk draws "such a picture" (Figure 1a), common for real integrals, even though he does not say this, and attempts a transfer to the setting where the domain of the function is "a path". Formally though, the function needs to be defined on the trace of the path, and this seems to be displayed in Figure 1b. However, Dirk's use of words does not include "function" but "values". The routine of drawing a sketch and looking for an analogous picture for the complex path integral that builds on a picture for the real integral does not help Dirk for finding geometric meaning of the complex path integral, and he even questions whether such a picture is helpful at all [START_REF] Hanke | Anschauliche Deutungen des komplexen Wegintegrals und der Cauchyschen Integralformel von Expert*innen der Funktionentheorie[END_REF].

Here, except for the narrative ∫ 𝑓(𝑧) 𝛾 d𝑧 = 𝐹(𝛾(𝑏)) -𝐹(𝛾(𝑎)), Dirk does not produce an explicit narrative about the complex path integral, and he does not even use any of the words "integral" or "integration" in his immediate reaction to the interview question. Otherwise, his word use of the nouns he uses is object-driven (Sfard, 2008, p. 182) and he produces the visual mediator in Figure 1b while he talks. Dirk's attempt for a geometric picture does not indicate process-driven understanding of the complex path integral and his drawing seems to hint towards the wish for a static picture, but he does not reach an explicit narrative about a meaning of the complex path integral.

"Path integrals of third kind" as a "tool" in complex analysis

While the interviewer still poses the question, Uwe interrupts to firmly state that the complex path integral has "not any geometric meaning". Then, he goes on like this:

3 Uwe:

There are path integrals of first, second, and third kind, I like to say. Of first kind is a scalar, uhm, path integral, which, boah, no idea, is especially important for calculating the arc length, where the number one is simply integrated along the path (1) and then there's path integral of second kind, which is incredibly important for any work along any paths, where one has a scalar product, and then there is the complex path integral, and for this, one does not have any imagination at all at first. There is complex multiplication, so to speak [points to 𝑓(𝑧) d𝑧]/ This is, so to speak, if you like, f of z is complex multiplied by dz and there one best doesn't imagine anything at all [giggles].

[…] So, I mean, I am of course, of course, only interested in this for holomorphic functions, because that is, that is simply a tool in complex analysis, path integrals. This is nothing more than a tool actually. And, uhm, therefore this is only interesting for holomorphic functions and, well, there one knows the residue theorem and it tells you exactly which image you should have of it, namely: If the path is only passing around isolated singularities of f, (1) I simply have to look at f in the singularities and calculate the residues there, then I also know what this, what this integral means, what comes out of the integral. In the end, this is what the path integral means. The sum of the residues, the weighted one.

Here we find three very explicit narratives which get developed during the interview. Firstly, there is a clear rejection of geometric meaning for the complex path integral and it is granted the status of a tool. Later on, Uwe consolidates that complex path integrals "usually do not have a special meaning in themselves" and serve to evaluate real integrals that "have the meaning with which you [the interviewer] started, that this is an area under a graph". Consequently, Uwe is not generally indifferent to geometric meaning of mathematical notions, which also becomes evident in other parts of the interview where he argues about the importance of sketching domains of functions and traces of paths. Secondly, there is a clear differentiation between real and complex path integrals. Thirdly, the meaning of the complex path integral is seen in its "outcome", a weighted sum of residues-which is stated normatively ("image you should have").

Uwe only considers holomorphic functions to be interesting for integration, which may have singularities the path of integration winds around. Also note that Uwe's perspective changes: Whereas "one best doesn't imagine anything at all" for the path integral and "one" has a scalar product in the integrand, he changes to "I" when he restricts the class of functions considered, before he changes back to the normative statement that the weighted sum of residues is the meaning of the path integral. In addition, Uwe's talk is process-driven at some points: The path is "passing around isolated singularities" and Uwe has to "look at f" and "calculate the residues". Even though Uwe holds the static image of the complex path integral as weighted sums of residues, the path and he appear as actors in his narratives. Later, the interviewer points to the apparent similarity that 𝛾′ appears both in real and complex path integrals and Uwe counters "Yes, certainly, but here is a complex times and this makes everything a little weird", which reinforces Uwe's distinction between real and complex integrals. He identifies complex numbers 𝑎 + 𝑖𝑏 with vectors (𝑎, 𝑏) and uses this to write the product of the function 𝑓 and the path 𝛾 in terms of matrix multiplication (Figure 2; here is 𝑓 = 𝑓 1 + 𝑖𝑓 2 ). The integrand 𝑓 ⋅ 𝛾′ in the complex path integral is transformed into 〈(𝑓, 𝑖𝑓), 𝛾 ′ 〉, which resembles the integrand of a path integral for vector fields that involves the scalar product of the vector field and 𝛾′.

4 Uwe:

[…] and now, uhm, there is the integrability condition for exact, for conservative vector fields, namely that, when I derive the second function [points to 𝑖𝑓 in Figure 2] with respect to the first variable, there comes out the same as when I derive the first function [points to f in Figure 2] with respect to the second variable. (1) And then there comes out exactly d-two f equals i d-one f [writes 𝜕 2 𝑓 = 𝑖𝜕 1 𝑓] and these are exactly the Cauchy-Riemann differential equations.

Here, Uwe substantiates the Cauchy-Riemann equations through a narrative on the equality between the integrand of the complex path integral and an expression that resembles the integrand of a path integral of second kind (Figure 2) on which he applies the "integrability condition" (which stems from vector analysis)-but not from the definition of complex differentiability or the relationship to real total differentiability.

SUMMARY

A discursive perspective on intuitive understanding of mathematical concepts in terms of intuitive mathematical discourse was proposed and used to analyse experts' intuitive understanding of the complex path integral. Although references to real analysis appeared frequently-even if only to emphasise conceptual differences or underline the inappropriateness of "real images"-the reconstructed substantiations of Dirk's and Uwe's narratives about their intuitive understanding of the complex path integral differ considerably. From the excerpts above and the literature we can see that substantiations of the complex path integral include formal (non-) analogies: The definition of the complex path integral using Riemann sums is analogous to that of the real Riemann integral as it builds on summation and multiplication of ℂ instead of ℝ. Similarly, Uwe's recognition of conceptual similarity and difference of the product structure of integrands in path integrals substantiates the narrative of the complex path integral as a path integral of third kind: Whereas real path integrals of second kind involve scalar products of vectors in ℝ 2 , complex path integrals involve multiplication in ℂ ≅ ℝ 2 .

Neither of the two experts here gave a clear geometric image for the complex path integral. However, Dirk tried to build an analogy between the geometric meaning of the integral of a real-valued function as an area under the graph and a possible, still to him unbeknownst geometric meaning of the complex path integral. He used sketching to look for such a geometric interpretation, which is an instance of a transfer of known ideas, since sketches of graphs of functions are useful in real analysis. Unfortunately, his attempt was not successful. Uwe rejected any geometric meaning of the complex path integral. Rather, he substantiated the narrative of the complex path integral as a tool with the fact that real integrals have a geometric meaning and that complex path integrals can help to calculate these-the notion of complex path integral is valued with its helpfulness. Lastly, Uwe's restriction of generality of the prerequisites (holomorphic functions with the exception of isolated singularities and closed paths) substantiated the narrative of the complex path integral as a weighted sum of residues.

Theorematic images on the complex path integral, i.e. narratives in intuitive mathematical discourses involving propositions, could also be identified: Uwe's narrative about the weighted sum of residues is based on the residue theorem and Dirk's narrative ∫ 𝑓(𝑧) 𝛾 d𝑧 = 𝐹(𝛾(𝑏)) -𝐹(𝛾(𝑎)) shows meaning-making with a version of the "main theorem of calculus".

NOTES

1. A complex-valued function defined on a subset of the complex numbers will be denoted by 𝑓, and 𝑢 (𝑣, respectively) denotes its real part (imaginary part, respectively). Paths in ℂ are identified with paths in ℝ 2 without notational change. 3. The Jordan curve theorem states that the trace of a simple closed curve separates the plane into two connected domains, a bounded region, i.e. the interior int(𝛾) of 𝛾, and an unbounded region (Apostol, 1971, p. 184).

4. 𝑻 stands for the tangential vector field given by 𝛾′ and 𝑵 stands for the normal vector field on 𝛾, each in ℝ 2 , i.e. 𝑵 is 𝑻 turned by 𝜋/2 clockwise [START_REF] Braden | Pólya's geometric picture of complex contour integrals[END_REF]Needham, 1997, ch. 11.I.1).

5. Unfortunately, the German word(s) "Vorstellung(en)" do(es) not have a sound English translation; "mental image(s),"

"mental imagery," or "basic idea(s)" come close. I prefer to understand a Vorstellung as an objector meta-level narrative in an individual's intuitive mathematical discourse about a mathematical notion, possibly supported by visual mediators, jettisoning the ballast of a cognitive notion.

  [2]. If one separates ∫ 𝑓(𝑧) 𝛾 d𝑧 into real and imaginary part, one obtains ∫ 𝑢 d𝑥 -𝑣 d𝑦 𝛾 + 𝑖 ∫ 𝑣 d𝑥 + 𝑢 d𝑦 𝛾 . Furthermore, if 𝛾 is simple closed and 𝑓 is holomorphic on an open neighbourhood of the interior of 𝛾, int(𝛾), Green's theorem yields that ∫ 𝑓(𝑧)

  reason that ∫ 𝑓(𝑧) ̅̅̅̅̅̅ 𝛾 d𝑧 = ∫ 𝑢 d𝑥 + 𝑣 d𝑦 𝛾 + 𝑖 ∫ 𝑢 d𝑦 -𝑣 d𝑥 𝛾 = work + 𝑖 ⋅ flux (note that 𝑓 ̅ is on the left side!), where work means the work of 𝑭 along 𝛾 when 𝑭 is interpreted as a force, and flux means the flux of 𝑭 across 𝛾 when 𝑭 is interpreted as a current density.

  * + 𝑖 ⋅ flux * where work * and flux *

  𝛾 d𝑧 = 𝐹(𝛾(𝑏)) -𝐹(𝛾(𝑎)) where 𝐹 is a primitive of 𝑓, and 𝛾(𝑎) and 𝛾(𝑏) are the start and endpoint of 𝛾. He continues like this: 2 Dirk: Uhm, yes, one can use this [the formula just given] perhaps to he/ help with the imagination [German: Vorstellung], right, but (1) in principle one would like to, uhm, resort to such an image, right [draws Figure 1a]. [incomprehensible: And then] it is, uhm, not an interval in R now, but a path, let's say, this here is C, right [draws Figure 1b], and, uhm, this is not necessarily helpful, such a picture, since the values are complex [adds a ℂ to the axis pointing upwards in Figure 1b].

Figure 1 .

 1 Figure 1. Attempt to transfer "such an image" (a.) to the complex setting (b.)

Figure 2 .

 2 Figure 2. Rewriting 𝒇 ⋅ 𝜸′ as 〈(𝒇, 𝒊𝒇), 𝜸′〉 using matrix multiplication

  2. Here {𝑎 = 𝑡 0 < 𝑡 1 < ⋯ < 𝑡 𝑛 = 𝑏} ranges over the partitions of [𝑎, 𝑏], Δ𝛾 𝑘 = 𝛾(𝑡 𝑘+1 ) -𝛾(𝑡 𝑘 ), and 𝜉 𝑘 ∈ [𝑡 𝑘 , 𝑡 𝑘+1 ] for every 0 ≤ 𝑘 ≤ 𝑛 -1. If 𝛾 is piecewise continuously differentiable, this definition agrees with ∫ 𝑓(𝛾(𝑡))𝛾′(𝑡) 𝑏 𝑎 d𝑡.

ACKNOWLEDGEMENT

This project is part of the "Qualitätsoffensive Lehrerbildung", a joint initiative of the Federal Government and the Länder which aims to improve the quality of teacher training. The programme is funded by the Federal Ministry of Education and Research (no. 01JA1912). The author is responsible for the content of this publication.