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This paper focuses on first year university engineering students and their sensemaking of integration and its symbolism. Through a semiotic approach, attention is given to two students and their attempt to verbally express their reflections on integration and the related meaning of symbols. Findings suggest that students tend to interpret the symbols mainly as operations, in terms of calculations to be carried out. They express uncertainty concerning what the symbols stand for, and the mathematical objects they represent. For example, the symbols ∫ and 𝑑𝑑𝑑𝑑 are respectively conceived of as "finding the integral with respect to x" and students are unclear on how Riemann sums connect to integration as a concept.

INTRODUCTION AND RESREACH QUESTIONS

This paper is based on a study conducted as a part of MatRIC's (Centre for Research, Innovation and Coordination of Mathematics Teaching) research activity, with the overarching goal of improving mathematics teaching and students' learning in higher education. Integration constitutes a major part of first-year university engineering students' calculus curricula, and students from computer and mechatronic engineering programmes constituted the target group of this study. The university teacher explicitly emphasized the importance of obtaining in-depth understanding of fundamental concepts and ideas of integration. A relevant object of study could therefore be to investigate if this could be traced in students' reflections. At the same time, to investigate the challenges that students encounter while working with this topic in general, could be of great value for further developing teaching and student activities. [START_REF] Sofronas | What does it mean for a student to understand the first-year calculus? Perspectives of 24 experts[END_REF] point to three significant "sub-goals of the integral" as essential for students understanding: 1) the integral as net change or accumulated total change, 2) the integral as area and 3) techniques of integration (p. 138). In this paper, the focus is a combination of 1) and 2), as students are asked to reflect on the Fundamental Theorem of Calculus (hereby denoted as FTC) and the symbols involved. Several aspects of conceptualizing integration have been dealt with in research, for example the importance that students conceive of integration as an accumulation function [START_REF] Thompson | The concept of accumulation in calculus[END_REF][START_REF] Bressoud | Historical reflections on teaching the fundamental theorem of integral calculus[END_REF] and the use of Riemann sums towards obtaining this goal [START_REF] Wagner | Students' obstacles to using Riemann sum interpretations of the definite integral[END_REF]. In line with these aspects and through a semiotic approach, this study aims to investigate on students' perceptions of integrals and how their interpretations of the symbols ∫ and 𝑑𝑑𝑑𝑑 contribute to their perception on integration in general. The following research question guides the focus of this paper:

What characterizes students' interpretations of the symbols involved in integration, and how do these interpretations affect upon their perception of integration as a mathematical concept?

The term "characterizes", indicates a focus on students' own subjective interpretations of symbols and the analysis will be based on [START_REF] Steinbring | The construction of new mathematical knowledge in classroom interaction: An epistemological perspective[END_REF] epistemological triangle.

THEORETICAL BACKGROUND

Rooted within the socio-cultural perspective, I take the position that learning, and the use of language are inseparable phenomena [START_REF] Vygotsky | Mind in society: The development of higher psychological processes[END_REF]. Within this perspective, mediation describes the communicative interplay between tools and signs [START_REF] Vygotsky | Mind in society: The development of higher psychological processes[END_REF], where tools can be understood as physical utilities, like a piece of chalk or a pencil. Several approaches and models have been offered to explain the meaning of signs, like dyadic and triadic models. In dyadic models, the object (signified) is represented through a certain symbol (signifier), and the sign is constituted of both, taken together [START_REF] Walkerdine | The mastery of reason: Cognitive development and the production of rationality[END_REF]. For this study, I will adapt a triadic model, as suggested by [START_REF] Steinbring | The construction of new mathematical knowledge in classroom interaction: An epistemological perspective[END_REF] in terms of the so-called epistemological triangle. Steinbring's main idea is that mathematical signs do not have a meaning of their own, and therefore meaning should be "produced by students or teacher by establishing mediation between signs/symbols and a suitable reference context" (Steinbring, 2005, p. 22). In this sense, two functions can be associated with mathematical signs: 1) A semiotic function: the role of the mathematical sign as "something which stands for something else".

2) An epistemological function: the role of the mathematical sign in the context of the epistemological interpretation of mathematical knowledge. (Steinbring, 2005, p. 21) The "object/reference context" in the epistemological triangle represents what the sign/symbol may refer to. In this model the epistemologically grounded mediation between the object/reference context and the sign/symbol is emphasized. At the same time, this mediation, with its epistemological possibilities and constraints, also allows for the construction of "new and more general mathematical knowledge" (Steinbring, 2005, p. 22). In the context of this study, the upper left corner is labeled "reference context" as I find this term more clearly to open for different interpretations among the students. The upper right corner, I label "signs". Signs of course include symbols, but also open for other possibilities, like the use of technical terms, sketches or gestures. Within this framework, it is also possible to construct semiotic chains.

Furthermore, one can accordingly draw up a sequence of epistemological triangles for the interaction, or a sequence of learning steps to reflect the development of interpretations made by the subject (Steinbring, 2005, p. 23).

Examples of signs could be the symbols ∫ and 𝑑𝑑𝑑𝑑 and possible reference contexts for these symbols among the students might be "area under a curve", "summation of small magnitudes" or a series of operations like "finding the anti-derivative". The lower corner labeled "concept" is the mediated mathematical meaning gained from the interplay between the reference context and the signs. This could be subjective, and not necessarily in line with mathematically correct definitions. If a student for example link the concept "differential", represented by the symbol 𝑑𝑑𝑑𝑑, solely to a reference context consisting of the convention "with respect to 𝑑𝑑", it is not very likely that this student's interpretation of 𝑑𝑑𝑑𝑑 fully covers the mathematically definition of differentials. Hence, in that example, the students' "concept corner" of the epistemological triangle probably would differ from the mathematicians.

Historically, in the context of symbols and integration, it should be emphasized that meaning of symbols in integration has changed. [START_REF] Ely | Definite integral registers using infinitesimals[END_REF] points out that in most textbooks, 𝑑𝑑𝑑𝑑 and ∫ are still used, but without the meanings Leibniz assigned to these, rooted in the idea of infinitesimals. Instead, integrals are now often presented and accounted for in terms of limits. The original meaning of symbols in some sense then become vestiges and no longer directly represent quantities that students can manipulate. To overcome this dilemma, teaching projects like DIRACC (Developing and Investigating a Rigorous Approach to Conceptual Calculus) [START_REF] Thompson | Project DIRACC: Developing and Investigating a Rigorous Approach to Conceptual Calculus[END_REF] and "an informal approach to infinitesimals" [START_REF] Ely | Definite integral registers using infinitesimals[END_REF] have been carried out. In DIRACC one emphasizes that variables vary smoothly, and that differentials are variables. Differentials are conceptualized by letting 𝑑𝑑 vary "by 𝑑𝑑𝑑𝑑 through intervals of length ∆𝑑𝑑" and be letting 𝑑𝑑𝑑𝑑 vary "at a constant rate with respect to 𝑑𝑑𝑑𝑑" (Thompson, 2018, p. 2). [START_REF] Ely | Definite integral registers using infinitesimals[END_REF] approaches differentials in similar terms, by letting the differentials refer to actual, small quantities that varies. The underpinning theory of hyperreal numbers, that mathematically justifies this approach, is not made explicit to the students and the approach is therefore labeled as an "informal infinitesimal approach" (p. 155). Common to both [START_REF] Thompson | Project DIRACC: Developing and Investigating a Rigorous Approach to Conceptual Calculus[END_REF] and [START_REF] Ely | Definite integral registers using infinitesimals[END_REF] ideas for teaching, is that differentials are treated more like the historical origins of infinitesimals rather than limits, as opposed to what commonly is preferred in modern calculus textbooks.

METHODOLOGY

By focusing on "how individuals make sense of the world" this research takes a phenomenological approach [START_REF] Bryman | Social research methods[END_REF]. A qualitative study was carried out with the aim of gaining insight into several individual students' reasoning and experiences with integration and could in this sense be regarded as a multiple case study. 15 students were individually interviewed for about 40 minutes through semi-structured interviews. These were the students from four randomly selected "working groups" from an earlier research project, which in turn was selected based on voluntariness.

During the interview, the students were asked to explain what an integral is, followed by the challenge of describing, in their own words, the content of the FTC as displayed in their textbook (figure 2). Follow-up questions were based on the students' own statements. Subsequent to these rather "open" questions, the students were asked to interpret the meaning of the symbols in the expressions, respectively ∫ and 𝑑𝑑𝑑𝑑. Towards the end of the interview, if the students did not bring it up themselves, I asked them to reflect on Riemann sums and how these might relate to integrals.

The interviews were coded and transcribed in several stages, focusing on students' interpretations of meaning related to symbols and their accounts of Riemann sums and integration. In the analysis, these two parts of the interview are treated rather holistically, aiming to collectively account for the students' interpretations of meaning. In this paper, I focus on two students, "Eric" and "Matt". These two students are selected since they expressed multifaceted symbol interpretations, involving both conventions and conceptual aspects. Further, I found their conceptual challenges arising from the mediation between the symbols and the different reference contexts to be shared by several of the students involved in the study. It is therefore my aim that the insights gained from an analysis of Eric and Matt's accounts, could contribute to illuminate some core issues, relevant for several of the cases involved in this study. In turn, this might also contribute to raise some discussions relevant to students in introductory calculus courses, in general.

ANALYSIS

Based on the research question, the subsequent analysis is focusing on students' reasoning and reflections, rather than teaching, but to provide some context, a small summary of the observed teaching is still offered. The introduction to integration took place during two lectures, each lasting for two hours. Briefly, Riemann sums were introduced, and examples of areas under curves, in terms of polynomial functions, were dealt with. These areas were calculated from concrete numbers, by using limits of areas of sums of bars, to be obtained from summation formulas already known to the students. Subsequently, the general Riemann integrals were introduced by taking the limit of such sums. Finally, a visual proof of the FTC was offered in terms constructing the accumulating area function, 𝐴𝐴(𝑑𝑑) for 𝑓𝑓(𝑑𝑑) and it was showed that the derivative of 𝐴𝐴(𝑑𝑑) resulted in 𝑓𝑓(𝑑𝑑).

The analysis to follow is based on interviews with two students from the computer engineering programme. As accounted for in the previous section, only a part of the interview is relevant for the subsequent analysis. The students were asked to explain in their own words what is meant by integration, followed by reflections on the Fundamental Theorem of Calculus, as displayed in the textbook (figure 2). They were asked to give a general comment in terms of verbally interpreting what they saw, followed by some specific questions giving attention to the symbols ∫ and 𝑑𝑑𝑑𝑑 from the first expression (figure 2). Drawings and sketching along with their verbal explanations were encouraged during the conversation.

The case of Eric

Eric expressed that he was uncomfortable with the definition of an integral, and to a large extent interpreted the symbols only as mathematical operations or conventions.

Being presented with the FTC the focus in the following excerpt is on the first expression (figure 2).

Interviewer: I wondered if you could take me through the use of symbols here [points to the expression] and tell me a bit about what they mean, and how you interpret them?

Eric:

[…] Basically everything between the s [integral sign] and the dt that is what should be integrated. In this case that is ft Interviewer: Why does dt -Eric:

-since it is dt instead of normally dx, this means with respect to t Interviewer: Is everything that could be said about dt, that the function should be integrated with respect to dt, the way you see it?

Eric:

Yes

This excerpt illustrates several students approach to the question of interpreting the symbols in this expression. From a semiotic perspective, in this case the signs primarily stand for a series of operations in terms of ∫ representing the process of integration through anti-derivates and 𝑑𝑑𝑑𝑑 is interpreted to mean "with respect to 𝑑𝑑". The positive response to the last question combined with a holistic analysis of the interview, do not indicate that these symbols, in this setting, had any additional meaning to Eric. Later in the interview an attempt was made to approach the definition of Riemann integrals:

Interviewer: Why is it, do you think, that the integral between two points, gives an area as an answer? Have you thought about that?

Eric: I do not know why, I have only learned that that is the way it is, but I do not know the reason.

Since it was known to me that Riemann sums and estimation of areas under curves had been dealt with in the lectures, I mention the word "Riemann sums" and showed a picture from one of the tasks they had been working with where the point was to estimate the area under a curve by drawing suitable bars and add the areas.

Interviewer: What do you do when you divide into different bars?

Eric: You estimate.

Interviewer: What happens to the bars when you calculate the integral?

Eric:

One takes the area of the bars.

By using the word "estimate" and by mentioning that "one takes the area of the bars", Eric to some extent demonstrates that he manages to estimate the total area by adding the areas of the bars. Still, he is not explicit on limits and hence, the connection to integration. For potential follow-up comments from Eric, I continued by offering an explanation, to hear his reaction.

Interviewer: If we let the width approach zero, then it would be more exact.

Eric:

Yes […] this is something that always have stressed me. Ok, here we have an estimate, but if we say that it approaches zero it suddenly becomes accurate.

From Eric's reflection it seems like he at some point have heard about limits, but when it was brought up, he expresses confusion towards the idea that limits lead to accurate answers. Since at no point in the interview, from Eric's side, any explicit connections between Riemann sums and integration are made, one can assume that he treats these as rather separate mathematical ideas. For Eric, the mediated meaning of integrals only seems to involve mathematical operations in terms of the anti-derivative and the calculation of areas. Riemann sums act more like a stand-alone activity, involving estimation of areas, almost like an alternative to integrals, for example when the formula is unknown.

The case of Matt

Matt was a talkative student, and through his interpretations of symbols he demonstrated some important connections, but he still struggled with some underlying conceptual issues. With the FTC presented, Matt quickly takes the word before any specific questions have been posed:

Matt: Before I watch this too much, and without cheating, I can say that to integrate something is the opposite of finding the derivatives of something, and this is what this whole theorem is about.

From Matt's statement it is apparent that integration is associated with anti-derivatives, and that this view seems to constitute the main part of the mathematical meaning he associates to the concept. Next, an attempt of approaching Riemann sums and the definition of an integral was made, based on some discussions concerning the integral being an area under a curve.

Interviewer: Why does the antiderivative result in an area under a curve?

Matt:

[…] Like I want to think about this is that you have these heights and bars, and then you just multiply the areas of these bars […] And one thing that I have a problem with is when you have this [points at the upper right corner of a bar under a curve on a drawing] and this suddenly becomes a point. How did we get there?

From the context, I interpret Matt to mean "add" instead of "multiply", and that he connects the sum of these areas of bars to the concept of integration. Without explicitly mentioning limits, or that the width of the bars approaches zero, I still interpret Matt's statement, combined with his gestures, to point to the same dilemma as Eric. As for Eric, Matt describes a seemingly paradox that arises from approaching integrals through sums of areas of bars with a certain width. By the statement "I have a problem when […] this suddenly becomes a point" Matt expresses the difficulty of adding up the areas of these bars when the width becomes zero, and one are left with an infinite number of vertical "lines". Going back to the symbols in the presented expressions, Matt elaborates on the symbol 𝑑𝑑𝑑𝑑.

Matt:

One thing I find problematic is this d. It happens something special each time you put this d in front of [from the context, Matt probably means "after" or "next to"] a variable. I like to think about this as an infinite small number, like a constant, and this is multiplied with for example x, if we want the width of our bar. But I am not allowed to do calculation with it, like I could if it was a constant.

Interviewer: What makes you say that you are not allowed to do calculations?

Matt: Well, for example if it says dy dx [means 𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑] then it looks like a fraction, and sometimes I can do calculations on this like with fractions, but not always. That is the impression that I have got. Sometimes I can regard this as a fraction, but it is not really a fraction, it is something else which share the same symbol.

In his first statement, Matt conceptualizes 𝑑𝑑 as an "infinite small number", which is in line with how one could define this in classical infinitesimal calculus, historically rooted in Newton and Leibniz. Further, the difficulties arise when Matt equates this "infinite small number" with "a constant". In turn, this causes the essence of Matt's confusion as small constants, no matter how small, could be treated exactly like "normal" fractions. In Matt's second statement it seems like his confusion is enforced by experiences he had involving such differentials, as they in some case can be regarded and treated like fractions (for example in linear differential equations or in integration tasks involving substitution). On the other hand, he is aware that this is not "really a fraction".

DISCUSSIONS AND CONCLUSIONS

Although 15 students were interviewed in total, the examples illustrated through the cases of Eric and Matt exemplify the main issues that several of the students struggled with. The connection between integrals and Riemann sums were vague, and among those students who made such connections, the limit of these sums was hard to conceptualize. These difficulties were expressed in terms like "how can one take the sum of bars with no width" or, as in Eric's case, who are "stressed" by the view that "we have an estimate, but if we say that it approaches zero it suddenly becomes accurate". The mathematical meaning in this sense strongly relates to an underlying idea of limits which, historically speaking, is a newer idea than the original ideas of infinitesimals. [START_REF] Ely | Definite integral registers using infinitesimals[END_REF] points out that in most textbooks, 𝑑𝑑𝑑𝑑 and ∫ are still used, but without the meanings Leibniz assigned to these. Instead, modern calculus textbooks often reformulate integrals in terms of limits. The notations in some sense then become vestiges and no longer directly represent quantities that students can manipulate. In both Eric's and Matt's case a challenge seemingly appeared in the reference contexts from first interpreting an estimated area as the sums of bars with a certain width, followed by the reference context of accurate area as the "sum of bars with no width". According to [START_REF] Ely | Definite integral registers using infinitesimals[END_REF], this ambiguity is not easy to solve, unless one introduces hyperreal numbers to substantiate the algebraic sense-making of infinitesimals. Semiotically, and phrased in the language of [START_REF] Steinbring | The construction of new mathematical knowledge in classroom interaction: An epistemological perspective[END_REF] epistemological triangle, one can model the mediated meaning as the idea that bars estimate the area, and that the area becomes more accurate when the width of these bars becomes smaller. The confusing next step for the students was to make sense of this sum when the width becomes zero, which to some implied a sum consisting of an infinite number of vertical lines with no width. For many students, the confusion arose when they should evaluate the exact area in this manner, which eventually led to the interpretation of the curve area as the sum of area of bars having width equal to zero. This observation could find its explanations in earlier studies, like [START_REF] Oehrtman | Collapsing dimensions, physical limitation, and other student metaphors for limit concepts[END_REF], where students turned out to have inappropriate metaphors for limits in terms of focusing on points in sequences rather than for example a continuous motion approaching something. In Eric and Matt's cases, this way of reasoning was evident as they quantified ∆𝑑𝑑 as a constant, instead of for example regarding this as something that varies. This also involved treating the limit itself (zero) as if it was one of many possible values of ∆𝑑𝑑. According to [START_REF] Thompson | Project DIRACC: Developing and Investigating a Rigorous Approach to Conceptual Calculus[END_REF], key elements in understanding differentials is the ability to regard these as variables, and through the emphasis on differentials as something that vary, such confusions might be avoided.

Another aspect that appeared throughout the interviews was the tendency that students viewed integrals and limits of Riemann sums as rather separate phenomena. Students' reference context for the symbols 𝑑𝑑𝑑𝑑 and ∫ was mainly interpreted to be mathematical conventions and operations in terms of "with respect to 𝑑𝑑" and "finding the antiderivative". Only when directly asked, some students offered attempts of expressing more conceptual aspects. One can hypothesize that this phenomenon is influenced by how Riemann sums are presented in teaching and in student activities. In this sense, findings support [START_REF] Wagner | Students' obstacles to using Riemann sum interpretations of the definite integral[END_REF] claim that "too many students dismiss Riemann sums as an unpleasant stepping-stone to be endured in a curriculum whose goal was really to get to the FTC" (p. 354). As pointed out by [START_REF] Thompson | The concept of accumulation in calculus[END_REF], Riemann sums bear the potential of playing a major role for the students' perception of integrals as accumulation functions, which in turn could contribute to students' understanding of the FTC. For the 15 students in this study, the neglection of integrals as an "accumulation function", enforces the suspicion that the potential of Riemann

Figure 1 :

 1 Figure 1: The epistemological triangle (adapted from Steinbring, 2005, p. 22).
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 2 Figure 2: The Fundamental Theorem of Calculus as presented to the students (adapted from Adam & Essex, 2018, pp. 313-314).
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 3 Figure 3: Semiotic chain of epistemological triangles to illustrate students' mediated meaning of Riemann sums and integralsFrom a semiotic perspective, figure3illustrates students' mediated meaning related to Riemann sums and integrals. Their concepts arose from verbally interpreting the symbols and what the symbols represent. In the first part of the chain, most students, like Eric and Matt, somehow associated the Riemann sums with estimation of the area under a curve through a sum of area of bars with width ∆𝑑𝑑. For many students, the confusion arose when they should evaluate the exact area in this manner, which eventually led to the interpretation of the curve area as the sum of area of bars having width equal to zero. This observation could find its explanations in earlier studies, like[START_REF] Oehrtman | Collapsing dimensions, physical limitation, and other student metaphors for limit concepts[END_REF], where students turned out to have inappropriate metaphors for limits in terms of focusing on points in sequences rather than for example a continuous motion approaching something. In Eric and Matt's cases, this way of reasoning was evident as they quantified ∆𝑑𝑑 as a constant, instead of for example regarding this as something that varies. This also involved treating the limit itself (zero) as if it was one of many possible values of ∆𝑑𝑑. According to[START_REF] Thompson | Project DIRACC: Developing and Investigating a Rigorous Approach to Conceptual Calculus[END_REF], key elements in understanding differentials is the ability to regard these as variables, and through the emphasis on differentials as something that vary, such confusions might be avoided.

sums is not sufficiently utilized in teaching. In this respect, Bressoud (2011) suggests that if we want students to see the need for evaluating limits of Riemann sums, we ought to provide students with good unfamiliar problems involving accumulation.