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Constructive exact controls for semi-linear wave equations

ARTHUR BOTTOIS JEROME LEMOINE ARNAUD MUNCH*

May 14, 2021

Abstract

The exact distributed controllability of the semilinear wave equation dny — Ay + g(y) = flo
posed over multi-dimensional and bounded domains, assuming that ¢ € C'(R) satisfies the growth
condition limsupy,|_,, 9(r)/(|r| In'/2?|r|) = 0 has been obtained by Fu, Yong and Zhang in 2007. The
proof based on a non constructive Leray-Schauder fixed point theorem makes use of precise estimates
of the observability constant for a linearized wave equation. Assuming that ¢’ does not grow faster
than 81n'/? |r| at infinity for 8 > 0 small enough and that g’ is uniformly Hélder continuous on R
with exponent s € (0,1], we design a constructive proof yielding an explicit sequence converging to
a controlled solution for the semilinear equation, at least with order 1 + s after a finite number of
iterations. Numerical experiments in the two dimensional case illustrate the results.

AMS Classifications: 35L71, 49M15, 93E24.
Keywords: Semilinear wave equation, exact controllability, least-squares approach.

1 Introduction

Let © be a bounded domain of RY, d € {2,3} with C'! boundary and w CC € be a non empty open
set. Let T > 0 and denote Qr := Q x (0,T), gr :=w x (0,T) and X7 := 9Q x (0,T). We consider the
semilinear wave equation

Oy — Ay +g(y) = flo, in Qr,

y =0, on Y, (1)

(y("o)vaty('70)) = (u07u1)7 in €,
where (ug,u1) € V 1= H(Q)x L?(2) is the initial state of y and f € L?(qr) is a control function. Here and
throughout the paper, g : R — R is a function of class C! such that |g(r)| < C(1+|r|) In(2+ |r|) for every
r € R and some C' > 0. Then, (1)) has a unique global weak solution in C([0,T]; Hg (£2))NC*([0, T]; L(£2))
(see [4L [6]).

The exact controllability for (1)) in time 7" is formulated as follows: for any (uog,u1), (20,21) € V, find

a control function f € L?(qr) such that the weak solution of satisfies (y(-,T),0y(-,T)) = (20, 21)-
Assuming a growth condition on the nonlinearity g at infinity, this problem has been solved in [I7].

Theorem 1. [17] For any x9 € RN\Q, let Ty = {z € 9Q, (x — z0) - v(z) > 0} and, for any ¢ > 0,
O.(To) ={y cR?| |y — x| < eforx € [}. Assume

(Ho) T >2max, g |z — 20| and w € O(To) N for some e > 0.

If g satisfies

*Laboratoire de Mathématiques Blaise Pascal, Université Clermont Auvergne, UMR CNRS 6620, Campus universi-
taire des Cézeaux, 3, place Vasarely, 63178, Aubiére, France. E-mail: arthur.bottois@uca.fr, jerome.lemoine@uca.fr,
arnaud.munchQuca.fr.
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(Hy) limsuplr B 1G0T E—

| =00 Tr[t/2 || —
then 1s exactly controllable in time T .

This result improves [28] where a stronger condition of the support w is made, namely that w is a
neighborhood of 90 and that T' > diam(Q\w). In Theorem [1} Ty is the usual star-shaped part of the
whole boundary of Q introduced in [29].

A special case of Theorem [1|is when g is globally Lipschitz continuous, which gives the main result of
[38], later generalized to an abstract setting in [22] using a global version of the inverse function theorem
and improved in [36] for control domains w satisfying the classical multiplier method of Lions [29].

Theorem |1 extends to the multi-dimensional case the result of [39] devoted to the one dimensional
case under the condition limsup,|_, lr'ﬁfj;)l'ﬂ = 0, relaxed later on in [4], following [13], and in [30]. The
exact controllability for subcritical nonlinearities is obtained in [I1] assuming the sign condition rg(r) > 0
for every r € R. This latter assumption has been weakened in [20] to an asymptotic sign condition leading
to a semi-global controllability result in the sense that the final data (20, 21) is prescribed in a precise
subset of V. In this respect, we also mention in the one dimensional case [10] where a positive boundary
controllability result is proved for a steady-state initial and final data specific class of initial and final

data and for T large enough by a quasi-static deformation approach.

The proof given in [I7, 28] is based on a fixed point argument introduced in [37, [39] that reduces
the exact controllability problem to the obtention of suitable a priori estimates for the linearized wave
equation with a potential (see Proposition@ in appendix A). More precisely, it is shown that the operator
K : L*°(0,T; LY(Q)) — L>(0,T; L)) where ye := K(€) is a controlled solution through the control
function f¢ of the linear boundary value problem

Orye — Aye +ye 9(§) = —g(0) + fely,, in Qr, g(r) — g(0) 40
ye =0, on Y7, g(r) = oo , (2)
(Y (- 0), Orye (-, 0)) = (uo,u1), in Q, g'(0) r=20

satisfying (ye(-,T),vet(-,T)) = (20,21) has a fixed point. The control f¢ is chosen in [28] as the one of
minimal L?(g7)-norm. The existence of a fixed point for the compact operator K is obtained by using
the Leray-Schauder’s degree theorem. Precisely, it is shown under the growth assumption that
there exists a constant M = M (||uo, u1llv, [|20, 21]lv) such that K maps the ball By (g r.r4(q))(0, M)
into itself.

The main goal of this article is to design an algorithm providing an explicit sequence (fx)ren that
converges strongly to an exact control for . A first idea that comes to mind is to consider the Picard
iterations (yx)ren associated with the operator K defined by yr+1 = K(yx), k > 0 initialized with any
element yo € L°°(0,T; L4(9)). The resulting sequence of controls (fx)xey is then so that fr1 € L?(qr)
is the control of minimal L?(gr) norm for yx41 solution of

Oeeyk+1 — Ayk+1 + Y41 9(yk) = —9(0) + frt1le, In Qr,
Yk+1 =0, on Xr, (3)
(yk+l('a0)aatyk+1('a0)) = (yanl)a in €.
Such a strategy usually fails since the operator K is in general not contracting, even if g is globally
Lipschitz. We refer to [I6] providing numerical evidence of the lack of convergence in parabolic cases (see

also Remark |§| in appendix A). A second idea is to use a Newton type method in order to find a zero of
the C! mapping F : Y + W defined by

Fly. f) = (any C Ay 9(y) — Floy(-0) — a0, 0y (-10) — s, y(- T) — 20, Dyy(- . T) — ) (4)
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for some appropriates Hilbert spaces Y and W (see further): given (yo, fo) in Y, the sequence (yx, fx)ren
is defined iteratively by (Yx+1, fe+1) = Yk, f&) — (Y, Fr) where F}, is a control for Y}, solution of

0uYr — AV + ¢ (yr) Y = Fi 1y + Ouyr — Ayr + 9(yr) — frlw, in Qr,
Yy =0, on Y, (5)
Yk(ao) = Ug _yk('70)7atyk('a0) = U1 _atyk("o) in

such that Yi(-,T) = —yx(-,T) and 0;Y%(-,T) = —0wyx(-,T) in . This linearization makes appear an
operator Ky, so that yp11 = Kn(yr) involving the first derivative of g. However, as it is well known,
such a sequence may fail to converge if the initial guess (yo, fo) is not close enough to a zero of F' (see
[16] where divergence is observed numerically for large data).

The controllability of nonlinear partial differential equations has attracted a large number of works
in the last decades (see the monography [9] and references therein). However, as far as we know, few
are concerned with the approximation of exact controls for nonlinear partial differential equations, and
the construction of convergent control approximations for controllable nonlinear equations remains a
challenge.

In this article, given any initial data (up,u1) € V, we design an algorithm providing a sequence
(Yk, fx)ren converging to a controlled pair for , under assumptions on g that are slightly stronger
than the one done in Theorem [I| Moreover, after a finite number of iterations, the convergence is super-
linear. This is done by introducing a quadratic functional measuring how much a pair (y, f) € Y is close
to a controlled solution for and then by determining a particular minimizing sequence enjoying the
announced property. A natural example of an error (or least-squares) functional is given by E (y,f) ==
%Hﬁ (y, f)I% to be minimized over Y. Exact controllability for (1) is reflected by the fact that the global
minimum of the nonnegative functional E is zero, over all pairs (y, f) € Y solutions of (1. In the line
of recent works on the Navier-Stokes system (see [25, 26]), we determine, using an appropriate descent
direction, a minimizing sequence (y, fi)ren converging to a zero of the quadratic functional.

The paper is organized as follows. In Section [2| we define the (nonconvex) least-squares functional F
and the corresponding (nonconvex) optimization problem @ We show that E is Gateaux-differentiable
and that any critical point (y, f) for E such that ¢/(y) € L>(0,T; L%(£2)) is also a zero of E. This is done
by introducing an adequate descent direction (Y1, F'1) for E at any (y, f) for which E'(y, f) - (Y!, F') is
proportional to E(y, f). This instrumental fact compensates the failure of convexity of E and is at the
base of the global convergence properties of the least-squares algorithm. The design of this algorithm
is done by determining a minimizing sequence based on (Y!, F!), which is proved to converge to a
controlled pair for the semilinear wave equation , in our main result (Theorem , under appropriate
assumptions on g. Moreover, we prove that, after a finite number of iterations, the convergence is super-
linear. Theorem [2]is proved in Section [3] We give in Section [4] several comments and mention notably
that our least-squares approach coincides with the damped Newton method applied to a mapping similar
to F. Section |5| then illustrates the result with some numerical experiments in the two dimensional
case and Section [0] provides some conclusion. In Appendix [A] we recall some a priori estimates for the
linearized wave equation with potential in L°°(0,7T; L%(£2)) and source term in L?(Qr) and we show that
the operator K is contracting if ||§’|| o (r) is small enough.

As far as we know, the method introduced and analyzed in this work is the first one providing an
explicit, algorithmic construction of exact controls for semilinear wave equations with non Lipschitz
nonlinearity and defined over multi-dimensional bounded domains. It extends the one-dimensional study
addressed in [34]. For parabolic equations with Lipschitz nonlinearity, we mention [23]. These works
devoted to controllability problems takes their roots in earlier works, namely [25] [26], concerned with the
approximation of solution of Navier-Stokes type problem, through least-square methods: they refine the
analysis performed in [27) [32] inspired from the seminal contribution [2].
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Notations. Throughout, we denote by || - || the usual norm in L>°(R), by (-, -)x the scalar product of
X (if X is a Hilbert space) and by (-,-)x,y the duality product between X and Y. The notation || - ||2,4,
stands for || - ||z2(q) and || - || for || - || r(@.), » € N*.

Given any s € [0, 1], we introduce for any g € C*(R) the following hypothesis :

(Hs) [g]s := supa e @Ol < 400

meaning that ¢’ is uniformly Holder continuous with exponent s. For s = 0, by extension, we set

[9']0 := 2||¢'||lco- In particular, g satisfies (Hp) if and only if g € C1(R) and ¢’ € L>®(R), and g satisfies

(Hy) if and only if ¢’ is Lipschitz continuous (in this case, ¢’ is almost everywhere differentiable and
g" € L=(R), and we have [¢']s < [|¢"]ls0)-
We also denote by C' a positive constant depending only on 2 and 7" that may vary from lines to lines.
In the rest of the paper, we assume that the open set w and the time T satisfy

2 The least-squares functional and its properties
2.1 The least-squares problem
We define the Hilbert space H
H= {(y,f) € L*(Qr) x L*(qr), y € C([0,T]; Hy () N ([0, T; L*()) | duy — Ay € LQ(QT)}

endowed with the scalar product

((y’ f)v (ya ?))”H = (yay)Q + ((y<7 O)a 815:‘/('7 0))5(?(7 O)v aty('a O)))V
+ (Ouy — Ay, 0u — AG)2 + (f, F2.ar

and the norm ||(y, )% = (W, f), W, F)) .-

Remark 1. We highlight that, endowed with the norm ||(y, 0xy)| Lo (0,7;v) = ||l o= (0,7:112 (2)) TN 02yl o< (0,712 (02))

C([0,T]; H5(€2)) N CH([0, T]; L*(2)) is a Banach space and H — (C([0,T]; Hg(Q2)) N C*([0,T]; L*())) x
L?(qr) continuously. Indeed, if (y, f) € H, we easily deduce from [29, Lemme 3.6 p. 39] that

(v, 0:y) |l 0, 73v) < C|0y — AyllL2(@qr) + 1(W(+,0), 0y (-, 0))[|v)
from which we deduce that ||(y, :y)| L ©0,r;v) + | fllz2ar) < Cll(y, F)lln-

Let (ug,u1),(21,21) € V. We define the nonempty subspaces of H
A= {(ya f) €EH | (y(70)7aty(70)) = (u07u1)7 (y(7T)78ty(7T)) = (ZOazl)}7

AO = {(yvf) EH ‘ (y(vo)aaty(vo)) = (070)7 (y('vT)vaty('vT)) = (070)}

Remark that (0,0) € Ay while A contains the controlled pairs for the linear wave equation.
We consider the following non convex extremal problem :

. 1
(y,l}l)feAE(y’f)’ E(y, f) := §||3ttyfAy+g(y) — fL; (6)

justifying the least-squares terminology we have used. Remark that we can write A = (7, f) +.Ag for any
element (7, f) € A. The problem is therefore equivalent to the minimization of E(7 + y, f + f) over Ay

for any (7, f) € A.
The functional F is well-defined in A. Precisely,



10

11

12

13

14

15

16

17

18

19

20

21

22

23

N
=

Lemma 1. There ezists a positive constant C' > 0 such that E(y, f) < C(14|(y, /)||3,) for any (y, f) € A.

Proof. A priori estimate for the linear wave equation reads as

10 B e o 2y < C<||atty Ayl + ||<uo,u1>|2v>

for any y such that (y, f) € A. Using that |g(r)| < C(1+|r|)log(2+ |r|) for every r € R and some C > 0,
we infer that

2
lotwl < 0 | ((1 T yl) log(2 + |y|>)

T

< 02/Q A+ ) < (1@ + lulEsan)

<C*(|Qrf + ||3/H?ioo(0,T;Hg(Q)))
for which we get E(y, f) < C(||0uy — Ayll3 + |/ f]

%)qT + Q7 + ||y\|:zoc(0,T;Hé(Q))) leading to the result.
O

Within the hypotheses of Theorem [1} the infimum of the functional of E is zero and is reached by
at least one pair (y, f) € A, solution of and satisfying (y(-,T),0y(-,T)) = (20,21). Conversely,
any pair (y, f) € A for which E(y, f) vanishes is solution of . In this sense, the functional E is an
error functional which measures the deviation of (y, f) from being a solution of the underlying nonlinear
equation. A practical way of taking a functional to its minimum is through the use of gradient descent
directions. In doing so, the presence of local minima is always something that may dramatically spoil
the whole scheme. The unique structural property that discards this possibility is the convexity of the
functional E. However, for nonlinear equation like , one cannot expect this property to hold for the
functional E. Nevertheless, we are going to construct a minimizing sequence which always converges to
a zero of F.

In order to construct such minimizing sequence, we formally look, for any (y, f) € A, for a pair
(Y1 F') € Ap solution of the following formulation

OuY' =AY 4+ ¢ (y)- Y = F'1, + (atty —Ay+gly)—f 1w), in Qr,
Yl =0, on X, (7)
(Y'(-,0),8,Y'(-,0)) = (0,0), in Q.

Since (Y1, F') belongs to Ag, F! is a null control for Y. Among the controls of this linear equation,

we select the control of minimal L?(g7) norm. In the sequel, we shall call the corresponding solution
(YL, F') € Ap the solution of minimal control norm. We have the following property.

Proposition 1. For any (y, f) € A, there exists a pair (Y1, F') € Ay solution of @ Moreover, the
pair (Y1, F1) of minimal control norm satisfies the following estimates :

’ 2
||(Y1, 8tY1)||L00(07T;V) + ||F1||2,qT < CGCHQ (y)“Loo(o,T;Ld(sz)) E(y, f), (8)

and

C ’ 2
||<Y17F1)||’H S C(l + Hg/(y)HL“’(O,T;L?’(Q)))e Ilg (y)”LOC(O,T;Ld(Q)) E(y7f) (9)
for some positive constant C > 0.

Proof. The first estimate is a consequence of Proposition using the equality |0y — Ay+9g(y) — f Lull2 =
v/ 2E(y, f). The second one follows from

1Y, FD) e < 106Y = AY o + [V o + | 200 + 1Y(,0),8:Y (-, 0) v
<Y 2+ 9" @)Y 2 + 201 F 2., + V2V E(y, f)

C ’ 2
S C(l + Hg/(y)HLOO(O,T;L3(Q)))e Ilg (y)”LOC(O)T;Ld(SZ)) E(y,f)



using that
T
g @)Y 2 < / 19 @2 1Y 2o

< THg/(y)||2L°°(O,T;L3(Q)) ”YlH%m(O,T;LG(Q))
< O”g,(y)HQLOO(O,T;Lf’(Q))HYl”iOO(O,T;H(%(Q))'

2.2 Main properties of the functional F

The interest of the pair (Y1, F1) € Ag lies in the following result.

Proposition 2. Assume that g satisfies for some s € [0,1]. Let (y,f) € A and let (Y1, F1) € Ay
be a solution of (@ Then the derivative of E at the point (y, f) € A along the direction (Y1, F'') satisfies
E/(yaf)(YlvFl):2E(yaf) (10)
Proof. We preliminary check that for all (Y, F) € Ay the functional F is differentiable at the point
(y, f) € A along the direction (Y, F) € Ag. For any A € R, simple computations lead to the equality
E(y+ Y, f+AF) = E(y, ) + AE'(y, f) - (V. F) + h((y, £), A(Y, F))
with
E'(y, f)- (Y, F):= 0wy — Ay + g(y) — f 1w, 0uY — Ay +¢'(y)Y — F 1), (11)

and

h((y, £), \(Y, F)) ::%

+ A(@ttY — AY + g/(y)Y - F 1w7 l(y7 )\Y—))2
+ @y~ A+ 9(0) — F L1 AY)) + 5 (15, AY), 1, V)

where I(y, A\Y) := g(y + AY) — g(y) — A\¢’(y)Y. The application (Y, F) — E’'(y, f) - (Y, F) is linear and
continuous from Ag to R as it satisfies

(0uY — AY +¢'(y)Y — F1,,0uY — AY +¢'(y)Y — F1,,),

|E"(y, f) - (Y, F)| < 100y — Ay + g(y) — [ Lul2]|06Y — AY + ¢'(y)Y — F 1|2
< V2E(y, f) <||(3ttY — AY) 2 + 9" W)l o 0,723 1Y | o 0,751 (0) + ||F||2,qT>

< V2E(y, f)max (1, lg' ()| Lo 0,525 ) (Vs F)|[ 21

(12)
Similarly, for all A\ € R*,
1 A )
S nw | < Bljony - v + gy - P
1 1
+ (W10 = Y + 9 0)Y = F 1ol VIEG D)+ 50 Al ) 5l AV

For any (x,y) € R? and \ € R, we then write g(z + \y) — g(z) = fo/\ yg' (x + &y)d¢€ leading to

A
g(x 4+ Xy) — g(z) — Mg (z)y| < | /0 Wyllg' (x4 &y) — g’ (x)|dg|

A / o
S |/0 ‘y|1+9|§|9|g (x+|§yy)|s g(m)|

g
14s°

¢ < [¢]sly|"+*



10

11

12

13

14

15

16

17

18

19

It follows that
A

1 AV = gy + AY) = g(y) = Ag' ()Y <[] T |Y|1+S
and
i), < 15 v, (13
a1 A, < 19)s 7 2
But H|Y|1‘|ré = HY”;?E < CHY||L;J(F01)T L@ . Consequently, for s > 0, [$][|l(y, AY)[2 — 0 as A — 0

and |h((y, ), MY, F))| = o(A). In the case s = 0 leading to ¢’ € L>®(R), the result follows from the
Lebesgue dominated convergence theorem: we have

gy + AY) — g(y)

\ —d Y| <2d lxlY], ae. inQr

’fz y,/\Y’ ‘

and | Li(y, \Y)| = [LeE29W) ()Y | 5 0 as A — 0 ace. in Qr. It follows that |L[[|i(y, \Y)[j2 — 0
as A — 0 as well. We deduce that the functional E' is differentiable at the point (y, f) € A along the
direction (Y, F') € Ay.

Eventually, the equality follows from the definition of the pair (Y'!, F!) given in . O

Remark that from the equality (11] . the derivative E’(y, f) is independent of (Y, F). We can then

define the norm || E'(y, f)ll.a; = SUuP(y,mye.a0\ {0} W associated with Aj, the topological dual of

Ap.

Combining the equality and the inequality , we deduce the following estimate of E(y, f) in
term of the norm of E’'(y, f).

Proposition 3. For any (y, f) € A, the following inequalities hold true:

1
V2max (1, |’ (y)|l L= 0. 7:13(2)))

HE/(y7f)HA6 < E(y7f)

C ’ 2
< fc(l + ||g'<y>||Lx(o,T;La<m))e 197 0 vt || B (y, £ ag
(14)

where C' is the positive constant from Proposition [

Proof. rewrites E(y, f) = +E'(y, f) - (Y!, F') where (Y, F') € Ay is solution of (7)) and therefore,

with @

By, ) < 5 1B )Ll FY) s

IN

IN

c ’ 2
SO+ 1 @le .m0 ) W0t | B (y, )] 4, VE(y, F).
On the other hand, for all (Y, F') € Ay, the inequality , ie.

[E'(y, f) - (Y, F)| < V2E(y, f) max (1, lg' (W) | 2= (0,22 2)) ) | (Y, F) 4,
leads to the left inequality. O

Consequently, any critical point (y, f) € Aof E (i.e., E'(y, f) vanishes) such that ||g’'(y) ||z (0,7:23))
is finite is a zero for FE, a pair solution of the controllability problem. In other words, any sequence
(Yks fr)r>o satisfying [|E'(yr, fx)l|la, — 0 as k — oo and for which |lg'(yx)llLe(0,7;28()) is uniformly
bounded is such that E(yx, fi) — 0 as k — co. We insist that this property does not imply the convexity
of the functional F (and a fortiori the strict convexity of E, which actually does not hold here in view of
the multiple zeros for E) but show that a minimizing sequence for F can not be stuck in a local minimum.
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On the other hand, the left inequality indicates the functional F is flat around its zero set. As a
consequence, gradient-based minimizing sequences may achieve a low speed of convergence (we refer to

[33] and also [27] devoted to the Navier-Stokes equation where this phenomenon is observed).

We end this section with the following estimate.

Lemma 2. Assume that g satisﬁesfor some s € [0,1]. For any (y,f) € A, let (Y, F') € Ay be

defined by @ For any A € R the following estimate holds

E((y. f) ~ MY, FY) < E(y. f) (|1 A A ) B, f)5/2>

with
C

(1+3s)v2
Proof. Estimate applied with Y = Y! reads

cly) = [9)sd(m)1 2, d(y) = CeN Wi orraca,

1 / |/\|1+S 1 1+9
i, < 1 2L e
But |||V} 1“”2 HYH@E?E < C||Y1||2L(;4('01T 13 () Which together with (8) lead to

1+s
2

1+4s
¥, < € (Cet Wlmorasn ) iy, )

Eventually, we write

2B((y. ) — AV, FY))
2
_ H Oy — Ay + 9(5) — F1) — A(OuY = AY' 4 ¢ ()Y — P 1) + 1y, AV

2
2

= H(l = N0y — Ay +g(y) — flo) + 1y, —AY")

2

< (0= @y~ 80+ 906) = 11, + i ~3¥)], )

1+s
|)\|1+9
1+s

< Y. )+ 9l [V,

2
1+s
i )

1+s
s2(1—A| B, ) + 9, o(cec'g’“”'L°°<0,T=Ld<ﬂ>) By, f)

and we get the result.

3 Convergence of a minimizing sequence for F

(15)

We now examine the convergence of an appropriate sequence (yg, fx) € A. In this respect, we observe
that equality shows that —(Y'!, F'!) given by the solution of @ is a descent direction for E. Therefore,

we can define, for any fixed m > 1, a minimizing sequence (yg, fx)r>0 € A as follows:

(y()afO) € Aa
(Wkt1s fer) = (e, fu) = (Y3, ), k€N,
Ak = argmin)\e[o,m]E((yka fk> - )‘(Yklv Fkl))a

(19)
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where (Y}, F{l) € Ap is the solution of minimal control norm of

OuYy — AV} +¢'(yk) - Yy = Filo + (Oueyr — Ak + 9(uk) — frlw), in Qr,
Y, =0, on X, (20)
(Ykl('70)aatyk1('70)) = <070)7 in €.

The real number m > 1 is arbitrarily fixed and is introduced in order to keep the sequence (A;)ren

bounded.
Br(s) :=/ 205 +1) (21)

Given any s € [0, 1], we set
where C' > 0, only depending on 2 and 7', is the constant appearing in Proposition [7] In this section, we
prove our main result.

Theorem 2. Assume that g’ satisfies for some s € [0,1] and

(Hy) There exists o > 0 and B € [0, 3*(s)) such that |¢'(r)| < a+ BIn*3(1 +|r|) for every r in R
if s €(0,1] and

(Hs) v2C(lg'[|ooeCls 1519 < 1

if s =0.

Then, for any (yo, fo) € A, the sequence (yg, fr)ren defined by strongly converges to a pair
(W, f) € A satisfying and the condition (y(-,T),y:(-,T)) = (20,21), for all (up,u1),(20,21) € V.
Moreover, the convergence is at least linear and is at least of order 1+s after a finite number of itemtionﬂ.

Consequently, the algorithm provides a constructive way to approximate a control for the non-
linear wave equation .

The proof consists in showing that the decreasing sequence (E(yg, fx))ren converges to zero. In view of
, this property is related to the uniform property of the observability constant eClle "W 0,714 (0
with respect to k. In order to fix some notations and the main ideas of the proof of Theorem [2} we
first prove in Section the convergence of the sequence (yg, fx)reny under the stronger condition that
¢ € L*°(R), sufficient to ensure the boundedness of the sequence (eCHg/(y")”i‘x’(o.T;Ld(m))kEN. Then, in
Section we prove Theoremby showing that under the assumption the sequence (yx, fi)ken i8
actually bounded in A. This implies the same property for the real sequence eClle ,(y’“)HiWU«T:L“<9>>, and
then the announced convergence.

3.1 Proof of the convergence under the additionnal assumption ¢’ € L>(R)

We establish in this section the following preliminary result, which coincides with Theorem [2] in the
simpler case 5 = 0.

Proposition 4. Assume that ¢’ satisﬁesfor some s € [0,1] and that ¢’ € L*°(R). If s =0, assume

moreover ((Hs)l For any (yo, fo) € A, the sequence (yk, fr)ren defined by (@ strongly converges to a
pair (3, f) € A satisfying and the condition (y(-,T),y:(-,T)) = (20, 21). Moreover, the convergence is
at least linear and is at least of order 1 + s after a finite number of iterations.

Proceeding as in [26], [34], Proposition [ follows from the following lemma.

I1We recall that a sequence (uy)ren of real numbers converges to 0 with order o > 1 if there exists M > 0 such that
Jug+1] < M|ug|® for every k € N. A sequence (vg)gen of real numbers converges to 0 at least with order o > 1 if there
exists a sequence (ug)ren of nonnegative real numbers converging to 0 with order o > 1 such that |vg| < uy for every
keN.
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Lemma 3. Under the hypotheses of Proposition for any (yo, fo) € A, there exists a ko € N such that
the sequence (E(Yk, [x))k>k, tends to 0 as k — oo with at least a rate s + 1.

Proof. Since ¢’ € L*(R), the nonnegative constant ¢(yx) in is uniformly bounded w.r.t. k: we
introduce the real ¢ > 0 as follows

C 2 2/d 1+S
C(yk) S C .= (1+s)\/§[g/]5<060|g HOQIQ‘ ! > 5 Vk S N (22)

|| denotes the measure of the domain 2. For any (yk, fx) € A, let us then denote the real function py,
by
pe(N) =1 = X + M E(ye, fx)*/2, A€ [0,m].

Lemma [2] with (y, f) = (yk, fx) then allows to write that

VEGier fee) = min \/E((ue. fi) = MY D) < e VB 7) (23)
with pk(;\;) := minyg[o,m) Pk(A). Assume first that s > 0. We then easily check that the optimal 5\\; is
given by

1

— ,if (L4 9)Voe By, fi) 2 1,

N =4 (L+s)Vscl/s\/E(yy, fi)
1, it (14 8)Y°c*\/E(y, fr) <1

leading to
1- i ! if (14 8)Y5c*\/E(y, fr) > 1
Pe(e) = (1+s)s* Mo\ /E(yr, fr) - (24)

¢ Eyy, fr)*'?, it (1+s)5c*\/E(yy, fr) < 1.

Accordingly, we may distinguish two cases :

o If (14 s)/5c'/*\/E(yo, fo) < 1, then c¢'/*\/E(yo, fo) < 1, and thus ¢'/*\/E(yx, fr) < 1 for all k € N

since the sequence (E(yk, fx))ken is decreasing. Hence implies that

M E(yts frer) < (¢ E(ykafk))1+s vk e N.

It follows that ¢'/*\/E(yx, fr) — 0 as k — oo with a rate equal to 1 + s.

o If (1+5)/5c¢Y/*\/E(yo, fo) > 1 then we check that the set I := {k € N, (14 s)/*c'/*\/E(yx, fr) > 1}
is a finite subset of N; indeed, for all k € I, implies that

e Bl Fen) < (1 - — ) Bl ) = B ) — s

(1+ )5t /s \/E(yk, fr) (1+s)5
(25)

and the strict decrease of the sequence (cl/s E(yg, fx))ker- Thus there exists kg € N such that for all
k> ko, (1+8)5c'/*\/E(yy, fx) < 1, that is I is a finite subset of N. Arguing as in the first case, it
follows that v/ E(yg, fx) — 0 as k — oo.

It follows in particular from that the sequence (pk(X;)) ken decreases as well.

If now s = 0, then pip(A\) = |1 — A| + Ac with ¢ = [g/]OCeC”g/“io‘mg/d and with A, = 1 leads to
\/E(ka, frr1) < c\/E(yk, fx). The convergence of (E(y, fx))ken to 0 holds if ¢ < 1, i.e. m

O

Proof. (of Proposition [4)) In view of @D, we write

Cllg’ 2 12 2/d 12 2/d
(14119 W)l 0.2 ) € 19" @)oo 0. mimd@) < (14 ||/ [loo|21/3)eCN9 151907 < 2C1g'1% 1

10
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using that (1 + u)e“2 < e’ for all u € RT. It follows that

k

k
712 2/d
S MallVL )l < m el 1SN By, fa). (26)
n=0

n=0

Using that pn(xn) < po(xo) for all n > 0, we can write for n > 0,

VE@n, fn) < 01O D)VEWn—_1, fa1) < 20O0)VEWn 1, fa1) < 0(0)"VE(o, o). (27)

Then, using that po(Xo) = minye(o,m) Po(A) < 1 (since po(0) = 1 and py(0) < 0), we finally obtain the
uniform estimate

B
ZIANIII LYy < moeClo I iar/s Y EWo, fo)
1 —po(Ao)

for which we deduce (since M is a complete space) that the serie > o A\n(Y,!, F)}) converges in A.
Writing from that (yx+1, fe+1) = (o, fo) — Zn o (YL EL), we conclude that (yg, fi) strongly
converges in A to (7, f) := (40, fo) + Y0 An(Yn, Fp)-

Let us now pass to the limit in (20). We write that ||g(yx) — 9(¥) ||l .2(@r) < 19’ lsollyk — ¥l 22(Qr) and
thus g(yx) — g(m) in L?(Qr). Moreover, (¢'(yx))ren is a bounded sequence of L?(Q7) since g’ € L.
Then, using that (V}!, F}}) goes to zero as k — oo in Ap, we pass to the limit in and get that
(@, f) € A solves

0uy —AY+9(H) = flo, I Qr,
=0, on X, (28)

(?(,0),8@(,0)) = (yan1)7 in .
Since the limit (¥, f) belongs to A, we have that (5(-,T),7;(-,T)) = (20, z1) in Q. Moreover, for all k > 0

<

1@, F) = (urs fe)lle = Z (Y, Fy) <m Z 1Y, s Fp) I
p=k+1 p=k+1
<mdcC Z \/E(yp,fp)SmC Z pO(XO)IFlC E(ykafk) (29)
p=k+1 p=k+1
c po()\o~)
<m 7171)0()\0) E(yx, fr)

and conclude from Lemma [3| the convergence of order at least 1+ s after a finite number of iterates. [

Remark 2. In particular, along the sequence (yg, fr)ken defined by (@), is a kind of coercivity
property for the functional E. We emphasize, in view of the non uniqueness of the zeros of E, that an

estimate (similar to 29)) of the form ||, f) — (y, )lln < C\/E(y, f) does not hold for all (y, f) € A.

We also insist in the fact the sequence (yx, fx)ren and its limits (7, f) are uniquely determined from the
initialization (yo, fo) € A and from our selection criterion for the control F*.

Remark 3. FEstimate implies the uniform estimate on the sequence (||(yk, f)|l#)ken:

k—1
2 2/
s Fi)llae < [1o, fo)llae +m CeCl I N /By, )
n=0

clig'12 102/ vV EWos fo)

< l(yo, fo)llz + mCe Ky
1 —po(Xo)

11
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In particular, for s > 0 and the less favorable case for which (1 + s)/5c'/*\/E(yo, fo) > 1, we

1
v/ E(yo, fo) _ (1+35)S+1 cl/sE(f‘JOafb)v (see ) leading to

1—po(Xo)

(e fr)llm < [ (yo, fo)lln +mCe

1
2 274 (145 st s
Cllg' 1512 ﬁcl/ E(yo, fo),

and then, in view of to the explicit estimate in term of the data

1 Fe)llre < Nl (w0, fo)lla +

m-———->7

u+$<

2s+1

’ 1/s s
C\[g@}) <C60|g'n;|02“> E(yo, fo)-

e/ E(yo,fo)

The case s = 0 under the hypothesis ¢ < 1 leads to ||(yx, f)ll2 < ||[(vo, fo)lln +m ~=F=

get

Remark 4. For s > 0, recalling that the constant c is defined in [22), if (1+ s)V/scl/s\ /E(yo, fo) > 1,

iequality implies that

/By, fo) < *VEWo, fo) — k—————, Vel

(1+s)s+t

Hence, the number of iteration ko to achieve a rate 1 + s is estimated as follows :

ko = {(1 +5) (01/3(1 + 5)Y*\/E(yo, f0)> - 1J +1

S

where |-] denotes the integer part. As expected, this number increases with \/E(yo, fo) and ||¢'|lcc- If
(14 8)/5c s\ /E(yo, fo) < 1, then ko = 0. In particular, as s — 0%, kg — 0o if ¢ > 1, i.e. zfm does

not hold.

For s = 0, the inequality \/E(yx+1, fr+1) < c/E(yg, fr) with ¢ < 1 leads to ko = 0.

We also have the following convergence result for the optimal sequence (Ag)g>o0-

Lemma 4. Assume that g’ satisﬁesfor some s € [0,1] and that g’ € L= (R). The sequence (Ak)k>ko
defined in (@ converges to 1 as k — oo at least with order 1+ s.

Proof. In view of , we have, as long as F(yk, fr) > 0, since Ag € [0, m]

E(Yrt1, frs1)

(1= )" = E(yk, fr)

< E(yk+1,fk+1)
E(yx, fr)

—2(1 =)

—2(1 = A)

(

(8ttyk — Ay + 9(yr) — fr lw)’ 1Y AkYkl))z

E(yk, fr)
vl

2E(yk)

(

(attyk - Ayk + g(yk) - fk ]-w)a l(ykv )\kYkl))Q

E(yx, fr)

< EYk+1, frt1) +2\/§m\/E(ykafk)”l(ykv)‘kYkI)HLQ(QT)

E(yr, fr)

< B firn) o 50 10 AcYy )12

E(yr, fr)

E(yx, fr)

E(y, fr)

1+4s

But, from and (I7), we have |[{(ye, MYl z2(0r) < AT E(yr, fr) = < em ™ By, fr) =

thus
(1—Xp)% <

Consequently, since E(yy, fr) — 0 and

E(yx, fr)

E(Yk+1,f6+1)
E(yk,fr)

E , ,
Ek+1, fer1) + V22T cE (yy, fr)*/?.

— 0 at least with order 1+s, we deduce the result.

12
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3.2 Proof of Theorem [2]

In this section, we relax the condition ¢’ € L°°(R) and prove Theorem|[3.2] for s > 0 under the assumption
This assumption implies notably that |g(r)| < C(1 + |r])In(2 + |r|) for every r € R, mentioned in
the introduction to state the well-posedness of . The case 8 = 0 corresponds to the case developed in
the previous section, i.e. ¢’ € L>(R).

Within this more general framework, the difficulty is to have a uniform control with respect to k of
the observability constant C’eC”g/(yk)‘Iim(o,T;Ld(fl)) appearing in the estimates for (Ykl, Fkl), see Proposition
In other terms, we have to show that the sequence (yg, fx)ren uniquely defined in is uniformly
bounded in A, for any (yo, fo) € A.

We need the following intermediate result.

Lemma 5. Let C > 0, only depending on Q and T be the constant appearing in Proposition[]. Assume
that g satisfies the growth condition and 2CB? < 1. Then for any (y, f) € A,

7 2 * 20B2
1T O oy < 9.0 max(1, 2% y?) (1 4 1L @117 )
= | Qi
for any p* € N* with p* < oo if d =2 and p* <6 if d = 3.

Proof. We use the following inequality (direct consequence of the inequality (3.8) in [2§]):

eC”g,(y)HiOO(O,T;Ld(Q)) < C(1+ sup /609/(y)|2>’ V(y,f) c A. (30)
te(0,T) JQ

Writing that [¢'(y)|* < 2(a? + B2In(1 + |y])), we get that [, Cle' W < 2007 Jo(1 + |y|)2C5°.
Assuming 2C3% < p*, Holder inequality leads to

2052
’ * * 2
Jecror < ([ i) " ar
Q Q

2
||y||LP*(Q) 2cp
jpi7e |

< 620&2‘Q| (1 +

It follows, by (30)), that for every (y, f) € A,

Clig’ W1 2 Iyl 7,80 ) ) "
e VWl rid@) <O 14297101+ 1
< |Q2/p*

< Cmax(1 620a2|Q|) 1o (14 Iyl o< (0,72~ (22)) 2P
= ) |Q|1/p*

2
11l Lo (0,7 27* () > 200

2082 2Ca?
<2 Cmax(1,e |Q)<1Jr Q1 /e

and the result. O

Lemma 6. Assume that g satisfies the growth condz’tion and 2CB% < 1. For any (y, f) € A, the
unique solution (Y1, F1) € Ay of satisfies

1Y, Y Dl pe 0,759y + I1F 2,00 < dly)VE(y, f)

with .
d(y) == C3(a) (1 + W) . Cs() := 2Cmax(1, e |Q)).
Proof. Lemma [5| with p* = 1 and estimate lead to the result. O

13
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With these notations, the term c(y) in rewrites as
¢
(1+5)v2

Proof. (of Theorem [2)) If the initialization (yo, fo) € A is such that E(yo, fo) = 0, then the sequence
(Yk, fx)ken is constant equal to (yo, fo) and therefore converges. We assume in the sequel that E(yq, fo) >
0.

C(y) = [g/]s d(y)1+s7 V(y, f) €A Vse (Ov 1] (31)

We are going to prove that, for any S < 5*(s), there exists a constant M > 0 such that the sequence
(yx)ken defined by enjoys the uniform property

lykllLe(o,r;L1(0)) < M, VkeN. (32)

The convergence of the sequence (yi, fx)ren in A will then follow by proceeding as in Section Remark

preliminary that the assumption 3 < 5*(s) implies 2C 3% < 5oy < 1 since s € (0,1].

Proof of the uniform property for some M large enough- As for n = 0, from any initialization (yo, fo)
chosen in A, it suffices to take M larger than My := ||yol| Lo (0,71 (0))- We then proceed by induction
and assume that, for some n € N, |lyx| L (0,7;01(0)) < M for all k < n. This implies in particular that,

208
dr) < dut () = Cs(a)(l T |MQ|>  VE<n

and then
(ge) < ent(B) = uf;m[g’]s i (8), Vk<n. (33)

Then, we write that [|yn11llL 0,21 ) < l1Wollne 0,01 @) + Xpeo Ml Y5 | Lo 0,1301 (0))- But, Lemma
@implies that ||V, || Lo 0.7:21(0)) < dar(8)v/ E(yk, fi) for all k < n leading to

|Yns1llno=0,m;21 ) < llvollze=0,7;L1 )y + M dar(B) Z VEWrk, fr)- (34)
k=0

Moreover, inequality (27) implies that Y ¢ /E(yk, fr) < #()T)\/E(yo7 fo) where po(%) is given by
—Po 0
(24) with ¢ = cp(B).

Now, we take M large enough so that (14 s)/*ct/*(8)v/E(yo, fo) > 1 i.e.

4cB?

<5§[91]5)1/503(04)2/S<1+|]\é> Ve o) > 1 (35)

Such M exists since v/ E(yo, fo) > 0 is independent of M and since the left hand side is of order
2
oM - ) with 4CB° - (). We denote by M the smallest value of M such that hold true.

3 s 1
Then, from , we get that po(Ag) =1 — RIS TR LT oy and therefore

1-po(ho)  §

o
! Q) 17 (3)\/Elyor Jo)

1
so that > o v/ E(yk, fr) < WCMS(B)E((UO, fo). Tt follows from that

(1 + S)%Jrl 1/8
—

(B)E(yo, fo)-

lYns1llzoe 0,521 ) < llwollze 0,501 () + M dar(B)

14
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The definition of cp(B) (see (33)) then gives

Ynt1llee 0,721 () <llYollze= (0,501 ()

N m(18+ 5) (C\%]s)l/s (C;;(a))Hi E(yo, fo) (1 * Ijgl>

Now, we take M > 0 large enough so that the right hand side is bounded by M, i.e.

(2¢82)(2s+1)
S

(2¢p?)(2s+1)

, 1/s 1+2 L
9ol oo (0,721 (22)) + m(l;— ) (C\[%]S) <C3(04)> E(yo, fo) (1 + Aé) <M (36)

Such M exists under the assumption 8 < *(s) equivalent to (2052)%” < 1. We denote by Mj the
smallest value of M such that holds true. Eventually, taking M := max (M, My, M3), we get that
|Yn+1llLo= 0,01 (Q)) < M as well. We have then proved by induction the uniform property for some
M large enough.

Proof of the convergence of the sequence (yi, fx)ren- In view of Lemma [5| with p* = 1, the uniform

property implies that the observability constant Cec‘lg/(yk)”
for (Ykl7 Fkl) (see Proposition [1) is uniformly bounded with respect to the parameter k. As a consequence,
the constant c¢(yx) appearing in the instrumental estimate is bounded by cp/(8) given by (33).
Consequently, the developments of Section [3.1] apply with ¢ = (). Theorem [2] then follows from the
proof of Proposition 4| except for the limit in with respect to k (since ¢’ is not anymore in L (Qr)).
Since g € C1(R), a.e in Qr there exists 0 < 6(x,t) < 1 such that

2
Lo (0, 7:2(®) gappearing in the estimates

l9(yr(2,1)) — 9(@(@, 1) = |g'@(@, 1) + 0z, )y (z, 1)) |lyr (2, t) — Gz, t)|
<(a+ Blnlﬂ (1 + [y(z,t) + H(LE,t)yk(:L‘,t)D)‘yk(CC,t) —y(z,1)|
< (a + B(@(xvt)ll/Q + |yk(x7t)|1/2))|yk($7t) - §(337t)|

and thus

lg(ur) — 9@)ll2 < (@lQr|™* + BUTIS + llysly ) vk — Tla-

Since y, — ¥ in L*(Qr), it follows that g(yx) — g(¥) in L?(Qr). Moreover, since (yx)ren is a bounded

sequence of L*(Qr), the estimate

lg' (i) ll2 < Cla+ Bllyells™)llwlla

implies that (¢'(yx))ken is a bounded sequence of L?(Q7). Then, using that (Y;!, F{l) goes to zero as
k — 0o in Ag, we pass to the limit in and get that (g, f) € A solves (28). 0O

Remark 5. Remark that M := max(Ms, M3) since M3 > My. The constant My can be made explicit
since the constraint implies that

1082

equivalent to

(1 n lﬂgﬂ)w > Cy(0) " VE(o, fo) (%[gqs)_m.

In particular, My is large for small values of \/E(yo, fo), for any s > 0. On the other hand, the constant
Ms is no explicit, hence whether My > Ms or Mz > My depend on the values of \/E(yo, fo) and

yollLo<0,7;01(0))- Remark that \/E(yo, fo) can be large and ||yo|| Lo (0,7;11(0)) small, and vice versa.

15



1

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

4 Comments

Asymptotic condition. The asymptotic condition on ¢’ is slightly stronger than the asymptotic
condition made in [I7]: this is due to our linearization of which involves r — ¢'(r) while the
linearization in [I7] involves r — (g(r) — g(0))/r. There exist cases covered by Theorem [1| in which
exact controllability for is true but that are not covered by Theorem Note however that the example
g(r) = a+br + erIn*’?(1 + |r]), for any a,b € R and for any ¢ > 0 small enough (which is somehow the
limit case in Theorem |1)) satisfies as well as for any s € [0,1].

While Theorem 1| was established in [I7] by a nonconstructive Leray-Schauder fixed point argument,
we obtain here, in turn, a new proof of the exact controllability of semilinear multi-dimensional wave
equations, which is moreover constructive, with an algorithm that converges unconditionally, at least
with order 1 + s.

Minimization functional. Among all possible admissible controlled pair (y,v) € Ap, we have selected
the solution (Y7, Fy) of that minimizes the functional J(v) = [[v||5,,. This choice has led to the
estimate (8) which is one of the key points of the convergence analysis. The analysis remains true when
one considers the quadratic functional J(y,v) = |lwv[3 . + [lwayl|3 for some positive weight functions
wy and we (see for instance [7]).

Link with Newton method. Defining F': A — L?(Qr) by F(y, f) := (Ouy — Ay + g(y) — f 1.,),
we have E(y, f) = 3||F(y, f)||3 and we observe that, for Ay = 1, the algorithm coincides with the
Newton algorithm associated to the mapping F' (see ) This explains the super-linear convergence
property in Theorem [2] in particular the quadratic convergence when s = 1. The optimization of the
parameter A\ gives to a global convergence property of the algorithm and leads to the so-called damped
Newton method applied to F'. For this method, global convergence is usually achieved with linear order
under general assumptions (see for instance [12, Theorem 8.7]). As far as we know, the analysis of damped
type Newton methods for partial differential equations has deserved very few attention in the literature.

We mention [25] B5] in the context of fluids mechanics.

A variant. To simplify, let us take A\ = 1, as in the standard Newton method. Then, for each k € N,
the optimal pair (Y}, F}}) € Ay is such that the element (yg1, fr+1) minimizes over A the functional
(z,0) = J(z — yr,v — fx) with J(2,v) := ||v]|2,4r (control of minimal L?(qr) norm). Alternatively, we
may select the pair (Y}, F}!) so that the element (yjt1, frx+1) minimizes the functional (z,v) — J(z,v).
This leads to the sequence (yg, fx)ken defined by

Ouyht1 — Ayks1 + 9" (W) Yk+1 = fet1lw + 9" (vi)ye — 9(yx)  in Qr,
yr = 0, on X, (37)

(Yr+1(+,0), O4yr+1(+,0)) = (uo, u1) in Q.

In this case, for every k € N, (yg, fr) is a controlled pair for a linearized wave equation, while, in the case
of the algorithm (19), (yx, fx) is a sum of controlled pairs (le, F ]-1) for 0 < 7 < k. This formulation used
in [I6] is different and the convergence analysis (at least in the least-squares setting) does not seem to be
straightforward because the term ¢’ (yx)yr — g(yx) is not easily bounded with respect to v/ E(yk, fx)-

Initialization with the controlled pair of the linear equation. The number of iterates to achieve
convergence (notably to enter in a super-linear regime) depends on the size of the value E(yo, fo). A
natural example of an initialization (yo, fo) € A is the unique solution of minimal control norm of
with g = 0 (i.e., in the linear case). Under the assumption this leads to the estimate

B, fo) = o)l < [9OP1Qrl +2 [ [s0f (02 + B*In(1 + ).

Qr
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Local controllability when removing the growth condition |[(Hz)l If the real E(yq, fo) is small
enough, we may remove the growth condition [(Hz)|on ¢'.

Proposition 5. Assume ¢’ satisﬁesfor some s € [0,1]. Let (yx, fx)k>0 be the sequence of A defined

in ([19). There ezists a constant C([g']s) such that if E(yo, fo) < C([¢']s), then (yk, fi)ken — (U, f) in
A where f is a null control for § solution of . Moreover, the convergence is at least linear and is at
least of order 1 4 s after a finite number of iterations.

Proof. In this proof, the notation [ - [|oc,q stands for || - || Lo (0, 1;14(0)). We note D := ﬁ[g’]s and

er = c(yr) E(yg, fr)*/? with c(y) := Dd(y)'** and d(y) := CeClld’ y)“wvd. ([23) then reads
VEYk+1, frt1) < Ag[loilin] (11 = A+ X ex) VE(yk, fr)- (38)
We write ¢/ (yr) — ¢’ (yr — MYy < [¢]s| A Y3 ® so that

S S 2 S S
||9/(yk+1)||%oo(o,T;Ld @) < g’ (W)l%,.a + ([0 TAN ) [loo,a) ™ + 209" W) loo,alg T AZN (V3 lloo.a

and
P ! s s 2 ’ ’ s s
eCllg W13 a < ecllg’(yk)l\i,dec([g ]SA;-,II(Y;J)‘HOO,d) e2Cllg (yk)”oo,d([g I AN Hoo,d)

leading to
1+s

c(Yrt1) (60([g'1sxz|(Y;)S||m,d)2620|g/(yk>|w,d([g/1sxzn<Y¢>s|oo,d))
clye) —

We infer that [|(V}!)®|lc.a = IV} |5, 4 Moreover, estimate (§) leads to

IV < ) Bl 50772 = U By 5072 < D755 el e, 1)

using that ¢(yx) > 1 (by increasing the constant C' is necessary). Consequently,
(1N N0 ) < (€ (1914 D o)™ ened
Similarly,
19" (i) ool (Vi) oo < 19" (Wi oo ,ad® (i) E(yr, fr)*/?

C /7 2 s s
< 119/ @)oot (ce Is <y>“mow<m>) Bye, fi)*?

, s+1
- (Oecm <y)|iOO(O,T;Ld<m)> Eye f0)*/? < C(%k)E(yk,fk)s/z _ %

using that a < CeC? for alla > 0 and C > 0 large enough. It follows that

2018 @) lloo,a ([0 1ANOR) la) < 2CTLALS = (e

and then C(C?’(’Z:)l) < (eCrei+Ceer)l+s By multiplying by c(yk+1), we obtain the inequality

epr1 < mm (|1 -+ ek)\H's) (eClei+CZe’“)1+s e
A€o

If 2e;, < 1, the minimum is reached for A = 1 leading eke—:fl <eg (eclei*‘C?ek)Hs. Consequently, if the ini-

tial guess (yo, fo) belongs to the set {(yo, fo) € A, o < 1/2, eg(eC1€6TC2¢0)1+s < 1} the sequence (ex)rs0
goes to zero as k — oo. Since ¢(yx) > 1 for all k € N, this implies that the sequence (E(yg, fx))k>0 goes
to zero as well. Moreover, from (8], we get D||(Y,}, F})|l2 < exr/E(y, fr) and repeating the arguments
of the proof of Proposition 4} we conclude that the sequence (yg, fx)k>0 converges to a controlled pair

for . O
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These computations does not use the assumption on the nonlinearity g. However, the smallness
assumption on ey requires a smallness assumption on E(yo, fo) (since c¢(yo) > 1). This is equivalent
to assume the controllability of . Alternatively, in the case g(0) = 0, the smallness assumption on
E(yo, fo) is achieved as soon as ||(ug, u1)||v is small enough. Therefore, the convergence result stated in
Proposition [5| is equivalent to the local controllability property for . Proposition [5| can also be seen
as a consequence of the usual convergence of the Newton method: when FE(yo, fo) is small enough, i.e.,
when the initialization is close enough to the solution, then A\, = 1 for every k € N and we recover the
standard Newton method.

Weakening of the condition Given any s € [0, 1], we introduce for any g € C*(R) the following
hypothesis :

(H,) There exist @, 3,7 € R* such that |¢'(a) — ¢'(b)] < |a — b*(@+ B(la|” + [b])), Va,beR
which coincides with if y=0fora+ 3 =][¢g]s. If v €(0,1) is small enough and related to the
constant (8 appearing in the growth condition |(Hs)l Theorem [2] still holds if is replaced by the
weaker hypothesis Precisely, if g satisfies and for some s € (0, 1], then the sequence
(Yk, fx)ken defined by fulfills the estimate

2
E(Yr+1, fe+1) < E(Yr, fr) /\g[loin ]<|1 — A+ A e(yr) By, fk-)s/z)

— J— ’ 2
with e(y) = 5 ( (@28l L 00)+Bm () Eyo, fo) )d(y)+* and d(y) = eI Oliworsacan,

Using Lemmal[5]with p* = 6y < 6 and proceeding as in the proof of Theorem[2] one may prove by induction

2
that the sequence (||yxl|Loc(0,7;6(2)))ken is uniformly bounded under the condition w <1

and then deduce the convergence of the sequence (yg, fx)ken-

5 Numerical illustrations in the two dimensional case

We illustrate in this section our results of convergence. We provide some practical details of the algorithm
then discuss some experiments in the two dimensional case performed with the software Freefem++
[19).

5.1 Algorithm and Approximation

We introduce a cut off x of the form x(¢,z) = xo(t)x1(z) where xo € C§°(0,T) and x;1 € C§°(w) take
values in [0,1] and then consider controls of minimal L?(x~/2 ¢r) norm with L?(x~'/2 qr) := {f :
qu X 1f? < co}. In order to determine linear controls, we employ the method introduced by Glowinski-
Li-Lions in the seminal work [I§] based on the unconstrained minimization of the conjugate functional.
The algorithm can be expended as follows :

1. Initialization - we define (yo, fo) € A as the solution of the linear problem
Ouyo — Ayo = folw, in Qr,
Yo = 07 on ZT» (39)
(yO('aO)76ty0('aO)) = (u07u1)7 in Q7

where fo is the control of minimal L?(x~'/2, Q7) norm. The control fy is given by fo = xyo where
o solves the adjoint problem

8“@,0 — A(p = 0, in QTa
=0, on Y, (40)
(90('7T)76t90('aT)) = (wOawl)a in €2,

18
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with (wo,w;) € H := L*(Q) x H~1(Q2) the solution of the unconstrained extremal problem
. N 1
inf Jg(wo, wr) 11*/ xle* = < uo, dpp(-, 0) > HL(Q),H-1(Q) +(u1,¢(+,0)) 2(0)
(wo,wl)EH 2 qr
+ < 20, W1 >pHl(Q),H-1(Q) —(21,w0) L2 ()
The resolution of this extremal problem is done using the Fletcher-Reeves conjugate gradient al-
gorithm initialized with (wg o, w1 0) = (0,0). The stopping criterion used is ||gp||z < 1071°||go|| &

where g, 1= (2,(T,-) — 20,21 — 01%,(T,-)) denotes the gradient of J§ at the iteration p and z, the
solution of with control function yw, where w, solves with initial data (wop, w1 p).

Assume now that (yk, fx)o<k<n € A is computed for some n > 0.

. Bvaluation of the least-squares functional - If \/2E(y,, fn) < 1075, then the algorithm stops. The

real E(yp, frn) is defined as E(yn, frn) = %||cn||2L2(QT) where ¢,, solves

/ cnt+ O4tYnC + Viyn - VE + g(yn)e — / fae=0, Veec L*(0,T;Hi(Q)).
T QT qr

. Descent direction - We compute the controlled pair (V,}, F}) € A

OuYr =AY + A Y =F'1, + B, in Qr,
Y,l=0 on X, (41)
(Y, (,0),8:Y, (-,0)) = (0,0) in Q,

with potential A4, := ¢'(y,) and source term B,, := 0yyn, — AYpn + g(Yn) — fnlw. The control F} of
minimal Z?(x~'/2,Qr) norm is given by F! = x¢, where ¢, solves the adjoint problem

8tt90 - ASO + AnSO = 07 in QT7
@ =0, on X, (42)
(@(aT)76t¢(7T)) = (’U)o,wl), in Qv

with (wg,w;1) € H the solution of the unconstrained extremal problem

1
inf  JX(wo,w ::f/ 2—}—/ B,op.
(oo g Tn (w0, w1) = 5 o, xlel o, B
The resolution of this extremal problem is done using the Fletcher-Reeves conjugate gradient algo-
rithm initialized with the minimizer of J_;. The stopping criterion used is ||g, ||z < 107° where
gp = (2p(T, ), —0s2p(T, -)) denotes the gradient at the iteration p and z, the solution of with
control xw, where w, solves with initial data (wop, w1 p).

. Optimal descent step and update Compute the optimal step A,, minimizer in [0, 1] of A = E((yn, fn)—

AY,L EL)) defined by

2
QE((yna fn) - A(YTL:l?FT})) = H(l - >‘) (attyn — Ay, + g(yn) — fn 1w) + l(yn7 7)\Y,,3)

2

with I(y,\Y) := g(y + \Y) — g(y) — A¢’(y)Y. This is done with 12 iterations of the trichotomy
method on the interval [0,1]. Then, set (Ynt1, fat1) = Un, fn) — A (YL, F}) and return to step 2.

In the sequel, we denote by k* = min{k | \/2E(yx, fr) < 1072} and define the corresponding approxima-
tion of the solution

P

(Y, f*) = (o, fo) — ZAk(Ykl,F,i) € A.

k=0
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Then, in order to measure a posteriori the quality of this approximation, we shall compute the relative

term
0T )y
- W, 0 T50)lv
where y(-, 7, f*) (resp. y(-,7,0)) is the solution at time 7 of with control equal to f = f* (resp.
f=0).

The introduction of the cut off together with regularity properties on the data (yg,y1) make the
controlled pairs (yo, fo) and (Y;!, F}!) regular as well (we refer to [14]). This allows to give a meaning to
Bi = Ouyr — Ay + 9(yr) — frlw as an L?(Qr) function. Moreover, this involves stability properties of
the standard finite dimensional approximations with respect to the discretization parameters. Precisely,

Er

we use a time marching method combining the explicit scheme with centered finite differences in time
and a finite element approximation for the space variable. We use a uniform discretization (¢;);—o n of
the time interval [0, 7] and denote by 6t = T'/N the time discretization parameter. Moreover, we consider
a family 7 = {75, h > 0} of regular triangulations of Q such that Q = Uge7, K. The family is indexed
by h = maxgen, |[K|. For every time ¢;, the variable Y, (-, ¢;), Fl(-,t;) are approximated in the space
P = {pn € C(Qr); (pn)|x € P1(K),VK € T;} where P;(K) denotes the space of polynomials of degree
1. We refer to [3] for convergent results in this setting. We also refer to [T} [, [15], B1].

5.2 Experiments

We consider a two-dimensional case for which Q = (0,1)2. The controllability time is equal to T = 3
and the control domain w is depicted on Figure El Moreover, for any real constant c,, we consider the
nonlinear function g defined as follows :

g(r) = —cgr1n1/2(2 +|r]), VreR.

We check that g satisfies for s =1 and for |cg4| small enough. Remark that the unfavorable
situation for which the norm of the uncontrolled corresponding solution grows corresponds to strictly pos-
itives values of ¢g4. As for the initial and final conditions, we consider (ug, u1) = (100sin(7z ) sin(mzz),0)
in  and (20,21) = (0,0) respectively. Moreover, we mainly use a regular triangulation with fineness
h =1/64. A time step equal to 6t = h/3 is then selected to satisfy the CFL condition arising from the
explicit scheme with respect to the time variable.

Table [1] collects some norms from the sequence (yx, fi)ken associated with the value ¢, = 1. The
convergence of the algorithm is observed after 2 iterations. The optimal steps Ay are equal to one so
that the algorithm coincides with the Newton algorithm (see previous section). Figure [2| depicts
with respect to the time variable the L?(Q) norm of the controlled solution y* = yr—o (red line) to
be compared with the L?*(Q) norm of the controlled solution yx—o of the linear equation (blue line)
(equivalently, the controlled solution corresponding to ¢, = 0) used to initialize the algorithm. The effect
of the nonlinearity is reduced as the dynamics of the two controlled solutions are similar. The figure also
depicts the L?(€2) norm of the uncontrolled solution (blue dotted line) and displays a periodic behavior.
Similarly, Figure [3| depicts the L?(x, gr) norm of the null control f* = fr—o (red line) and fy—o (blue
line). By construction, these controls vanish at the initial and final time. The corresponding value of
the relative error Er;, &~ 1.15 x 1072 indicates a notable reduction of the solution at time 7' thought the
action of the control.

Table [2| and Figures [4] and [5] collect the results obtained for the value ¢, = 5. The relative error takes
the value & = 1.08 x 1073, The convergence is quadratic and is obtained after 4 iterations.

Table [3| and Figures |§| and |Z| collects the results obtained for the value ¢, = 10. We compute the
relative error &7 = 5.83 x 107°. The convergence is observed after 4 iterations. As before, the optimal
steps are very close to one. The main difference with the previous situations for which ¢, = 1 and
cg = b is the behavior of the uncontrolled solution which grows exponentially with respect to the time
variable, as shown in Figure @ As expected, this larger value of ¢, induces a larger gap between the
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Figure 1: Control domain w C Q = (0,1)? (black part).

. [y —yk—1ll 2 ka_fk—l‘lLi( )
fiterate k 2E(yk, fr) Hyk—ll‘L;(lQ(TQ)T) T (qT‘I)T Hyk”LQ(QT) ||fk||L§(qT) Ak
0 7.44 x 10! - - 38.116 732.22 1
1 8.83 x 1071 1.65 x 107! 3.37 x 1071 37.2 697.423 1
2 7.14 x 1076 2.66 x 1074 9.90 x 1074 37.201 697.615 -
Table 1: ¢4 = 1; Norms of (yg, fi) w.r.t. k defined by the algorithm .
750
50
500 f
25+
250
0 0
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3
t t

Figure 2: ¢g =1 — (=) [[y2(- ) [ 20 ;

Figure 3: ¢ =1 - (=) [lf2(- D)llL2 () 3
(=) llyo s )20y 5 (==) lly(-;t0) || 2 -

(=) Ifo, )l (w)-

nonlinear control and the linear one. We observe notably that the nonlinear control f* acts stronger
from the begining, precisely in order to balance the initial exponential growth of the solution outside
the subset w. We also observe that the control reduces the oscillations of the corresponding controlled
solution (in comparison with the solution of the linear equation). For larger values of ¢4, we suspect a
different dynamic between the control yielding to the first values of the optimal step A far from one (as
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11

: lyr—yr—-1ll L2 Mfe—Fe—112 (g7
fiterate k 2E(yx, fi) Hykfll‘LZI(lQ(TQ)T) kafl\ILz(:T)T 1951l 22 (1) kaHLf((QT) Ak
0 3.72 x 102 - - 38.116 732.22 1
1 4.58 x 10! 9.01 x 10~ 1.07 x 10° 30.219 665.222 1
2 9.12 x 10~1 6.36 x 102 1.57 x 10! 30.563 734.688 1
3 1.69 x 1074 6.34 x 1074 1.43 x 1073 30.567 734.56 1
4 9.31 x 1011 1.15 x 107 1.78 x 107 30.567 734.559 —
Table 2: ¢, = 5; Norms of (yx, fi) w.r.t. k defined by the algorithm ([L9).
1000
50
750 F
251 500
250+
0 . . . . 0 . . . : .
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3
t t

Figure 5: ¢g =5 = (=) [lfa(- D)llL2 () ;
(=) Ifo(-, )22 (@)-

Figure 4: ¢g =5 — (=) [lya(, )|l z2(0) ;
(=) llvo(-st)llz2(e) 5 (==) lly(-,;0)[|L2()-

observed in [26] for the resolution of the Navier-Stokes system with large values of the Reynolds number).
However, for larger values of ¢, (for instance ¢, = 20), the exponential growth behavior leads to numerical
instabilities and overflow in the computation of the controlled pair (V;}, F}}) solution of (41]), where the
potential ¢’(yx) appears. This leads to the divergence of the conjugate gradient algorithm including for
very fine discretizations and the non convergence of the least-squares algorithm.

lye—vk-1llL2 (0.

Mfe—Fr—1 “Li(qT)

fiterate k 2E(yr, fr) T 1220 TFe1l22 gp) vkl L2(@r) ||fk||L§(QT) Ak
0 7.44 x 10? - - 38.116 732.22 1
1 1.63 x 102 1.79 x 10° 9.30 x 10! 58.691 667.602 1
2 1.62 x 10° 8.42 x 1072 1.41 x 107! 60.781 642.643 1
3 1.97 x 1073 1.21 x 1073 4.66 x 1073 60.745 643.784 1
4 5.11 x 10~10 6.43 x 1077 2.63 x 1076 60.745 643.785 -

Table 3: ¢4, = 10; Norms of (yx, fx) w.r.t. k defined by the algorithm .

For negative values of ¢, leading to rg(r) > 0 for every r, the situation is more favorable from
a computational viewpoint. Table 4] and Figures |8 and |§| are concerned with the value ¢, = —20. The
convergence is observed after 4 iterations and leads to &7 = 1.11x 10~3. We observe that the uncontrolled
solution oscillates faster as ¢, decreases. This leads to an oscillatory dynamic of the optimal control pair
(y*, f*). We also observe that the norm of the control f* is significantly greater than fy, the initial
control associated with the linear case.

Table [5| associated with the value ¢, = 5 provides a numerical evidence of the convergence of the
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25t ] 250 }
0 0I
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3
t t
Figure 6: ¢g =10 = (=) [[ya(-, )|l 22(0) ; Figure 7: ¢5 =10 = (=) [[fa(-, D)l L2 (w) 5
(=) llyo (-, )2 5 (==) ly(-, £ 0)[|22(0)- (=) 1ol )l 22 (w)-
. lyk—ye—1llL2(Qp) ka_fk—luL’;’((qT)
fiterate k 2E(yk, fr) Ttz iam o122 capy el L2 (Qr) ||fk||L§(qT) Ak
0 1.49 x 103 - - 38.116 732.22 1
1 2.70 x 102 1.36 x 10° 1.78 x 10° 41.413 1474.93 | 0.987
2 1.65 x 10t 1.64 x 1071 1.65 x 101 43.041 1537.65 1
3 1.39 x 102 3.12x 1073 5.60 x 1073 43.071 1539.62 1
4 2.68 x 1079 1.46 x 106 4.09 x 10~ 43.071 1539.62 ~

Table 4: ¢, = —20; Norms of (yx, fx) w.r.t. k defined by the algorithm (19)).

3
9 %10 '
1.5}
1l
0.5
L L L L L 0 i L L L L
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3
t t
Figure 8: ¢4 = =20 — (=) [lya(-,t)[[2(0) ; Figure 9: ¢g = =20 — (=) [[fa(-,t)[ 12 @) 3
(=) llyo (-, Ol z2(@) 5 (==) (- & 0)[[ 2 (=) 1ol Ol 22 (w)-

approximation (v}, f7) with respect to the value of h. Actually, in view of the inequality

1f = 2N < = Full + 1w = FEll. - Yk €N, Yh >0

1 the convergence result stated in Theorem [2] for the sequence (fx)ren and the convergence, for any k, of
> the approximation ( f,?) n>o0 of the linear control fj implies that f,? is a finite dimensional approximation
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of f a control for . We observe that the level of the discretization has no influence on the speed of
convergence of the least-squares algorithm.

h g | 9allzz @ | 171122 ar) 1,
1/10 | 4 | 27.706 786.599 | 1.02 x 107!
1/20 | 4 | 30.155 713.949 | 3.14 x 1072
1/40 | 4 | 30518 738217 | 4.17 x 1073
1/80 | 4 | 30.581 735.318 | 4.88 x 107*
1/100 | 4 | 30.588 735.149 | 2.72 x 10~
1/120 | 4 | 30.592 735.052 | 2.15 x 10~*

Table 5: ¢y =5 - Norm of (y, fr) w.r.t. h.

To end this numerical section, we compare our least-squares approach with two fixed point methods.
We first consider the method associated with the algorithm mentioned in the introduction. With the
same data and initialization, Table@ collects some norms with respect to k for ¢, = 5. The L? (X_l/ 2 qr)
norm of the control is smaller than the one from the least-squares algorithm (527.226 vs 734.559) but
leads to a larger L?(Qr) norm of the controlled solution (36.806 vs 30.567). The convergence is linear
and reached after 9 iterations leading to & ~ 1.12 x 1073, Figure [10] displays the time evolution of the
norms of g and fy, for the final iteration k = 9. We observe that the approximation obtained differs from
those of Figures [4] and |5, For these data, the sequence converges for |c4| < 15 approximately. For larger
values, we observe the non-convergence of the method suggesting that the operator K is not contracting

in general.
titerate k | \/2E(yk, fr) Hykﬁylkui]z'(l;:?ﬁ “fkﬁ;uék;“(f;m lyellz2@ry | I1fellzz gr)
0 3.72 x 102 1.02 x 10° 1.33 X 10° 38.116 732.22
1 4.79 x 10! 5.85 x 1072 1.73 x 107! 37.945 562.213
2 2.65 x 10° 3.35 x 1073 1.55 x 102 36.798 530.787
3 1.54 x 107! 3.05 x 1074 9.84 x 104 36.812 526.864
4 1.39 x 1072 4.70 x 1075 8.77 x 1075 36.807 527.209
5 213 x 1073 9.24 x 1076 1.81 x 107° 36.806 527.221
6 4.20 x 1074 1.88 x 106 3.93 x 1076 36.806 527.225
7 8.55 x 1075 4.07 x 1077 8.81 x 1077 36.806 527.226
8 1.85 x 107° 8.97 x 1078 1.99 x 1077 36.806 527.226
9 4.08 x 107 - — 36.806 527.226

Table 6: ¢, =5 ; Norms for the sequence defined by the fixed point algorithm ({3)).

The second fixed point method is associated with the operator A : L*(Qr) — L?*(Qr) defined as
follows y = A(z) where y is a controlled solution of

Oy — Ay = fl, —g(2)

y=0

(y’ aty)('v O) = (UOaul)

in

in Qr,

on Y,

satisfying (y(-,T),0y(-,T)) = (20, 21). f is selected as the control of minimal L?(x~ /2, Q7) norm. Any
fixed point of A is a controlled solution for . Theorem |1} implies the existence of at least one fixed
point for A. The controllability of system allows to define the sequence (yi)ren as follows:

{yo € L*(Qr),

Yrr1 = Myr), (44)

k> 0.
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Figure 10: Fixed point algorithm (3) ; ¢g = 5; Left: [yo(-, )12 ) (=) and [lyo(, )12 ) (=) vs E;
Right: || fo(-?)]|12 ) (=) and [|fo(-, )]l L2 ) (=) vs t.

1 With the same data and initialization, Table El collects some norms with respect to k for ¢, = 5. fi
> is the control of minimal L?(x~'/2, ¢r) for y; solution of . The L? norm of the controlled pair is
s greater than the one obtained from the least-squares algorithm. The convergence is significantly lower
+ and reached after 39 iterations leading to £y ~ 1.41 x 1073, The convergence is again linear. Figures
s depicts the time evolution of the norms of y; and fi for the final iteration k£ = 39. We check that the
s approximation obtained differs from those of Figures [d] and [f] For these data, the sequence converges for
7 |eg| < 7 approximately. For larger values, we observe the non-convergence of the method suggesting that
s the operator A is not contracting in general.

1000
50
750 ¢
251 1 500 t
250 f
0 . . . . . Of . . . . .
0 0.5 1 1.5 2 2.5 3 0 0.5 1 1.5 2 2.5 3
t t

Figure 11: Fixed point algorithm ; ¢g = 5; Left: [lyso(-, )12 (w) (=) and [lyo(-,t)[[ 12 () (=) Vs t;
Right: || f39(-, 1)[|£3 ) (=) and [[fo(-, )] 22 (@) (=) vs L.

. 6 Conclusion

o Exact controllability of has been established in [I7], under a growth condition on g, by means
n  of a Leray-Schauder fixed point argument that is not constructive. In this paper, under a slightly
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fterate k | 2B 0 | s | P [l | 1z

0 3.72 x 102 8.26 x 10~1 1.71 x 10° 38.116 732.22
1 3.11 x 102 3.77 x 1071 7.11 x 1071 48.341 1330.18
2 1.80 x 102 1.49 x 10! 3.32 x 107! 46.01 1264.46
3 6.89 x 10* 6.16 x 1072 1.31 x 107! 44.116 965.409
4 2.70 x 10* 2.94 x 1072 4.71 x 1072 43.696 879.298
5 1.27 x 10t 1.64 x 102 2.22 x 1072 43.66 859.09
6 7.08 x 10° 9.78 x 1073 1.24 x 1072 43.702 849.733
7 4.24 % 10° 6.07 x 1073 7.53 x 1073 43.757 844.619
8 2.64 x 10° 3.85 x 1073 4.71 x 1073 43.804 841.847
9 1.68 x 10° 2.48 x 1073 3.02 x 1073 43.841 840.273
10 1.08 x 10° 1.61 x 1073 1.95 x 1073 43.867 839.376
11 7.05 x 1071 1.05 x 1073 1.27 x 1073 43.886 838.853
12 4.62 x 1071 6.90 x 1074 8.36 x 1074 43.899 838.546
13 3.03x 10! 4.54 x 104 5.51 x 1074 43.909 838.364
14 2.00 x 1071 3.00 x 10~* 3.64 x 1074 43.915 838.256
15 1.32 x 10! 1.98 x 1074 2.41 x 107* 43.919 838.192
16 8.75 x 10~2 1.31 x 10~* 1.60 x 10~* 43.922 838.154
17 5.80 x 1072 8.72 x 1075 1.06 x 10~* 43.924 838.131
18 3.85 x 1072 5.80 x 1075 7.09 x 1075 43.926 838.118
19 2.56 x 1072 3.86 x 1075 4.73 x 1075 43.927 838.11
20 1.71 x 1072 2.57 x 1075 3.16 x 1075 43.927 838.105
21 1.14 x 102 1.72 x 10~° 2.11 x 10~° 43.928 838.103
22 7.61 x 1073 1.15 x 107° 1.41 x 107° 43.928 838.101
23 5.09 x 1073 7.67 x 1076 9.45 x 1076 43.928 838.1

24 3.40 x 1073 5.13 x 1076 6.33 x 1076 43.928 838.1

25 2.28 x 1073 3.43 x 1076 4.24 x 1076 43.928 838.099
39 8.71 x 1076 - - 43.929 838.099

Table 7: ¢, = 5; Norms for the sequence defined by the fixed point algorithm .

stronger growth condition and under the additional assumption that ¢’ is uniformly Hoélder continuous
with exponent s € [0, 1], we have designed an explicit algorithm and proved its convergence of a controlled
solution of . Moreover, the convergence is super-linear of order greater than or equal to 1 4+ s after a
finite number of iterations. Our approach gives a new and constructive proof of the exact controllability
of . We emphasize that the method is general and may be applied to any other equations or systems
- not necessarily of hyperbolic nature - for which a precise observability estimate for the linearized
problem is available: we refer to [23] 24] addressing the case of the heat equation. Among the open
issues, we mention the extension of this constructive approach to the case of the boundary controllability
(analyzed for instance [38]). Preliminaries numerical experiments reported are in agreement with the
theoretical convergence: in particular the rate of convergence is quadratic to be compared with the linear
rate observed with algorithm derived from simpler linearizations. Eventually, we have observed some
numerical difficulties when linear controls are approximated using the standard dual method, due to the
exponential growth of the uncontrolled solution. From this point of view, the method (developed in [7],[8])
based on the direct resolution of the optimality system — may be more robust with respect to the
size of the potential. Preliminaries experiments seem promising and will be discussed in a future work.
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A Appendix: controllability results for the linearized wave equa-
tion

We recall in this section some a priori estimates for the linearized wave equation with potential in
L>(0,T; L%(2)) and right hand side in L?(Q7). We first recall the crucial observability type estimate
proved in [I'7, Theorem 2.2] (see also [28, Theorem 2.1]).

Proposition 6. [17] Assume that w and T satisfy the assumptions of Theorem , For any A €
L>=(0,T; L)), and (¢o, ¢1) € H := L*(Q) x H~1(), the weak solution ¢ of

8tt¢ - A¢ + A¢ = Oa in QT7
¢ =0, on X, (45)
(¢(70)1at¢(70)) = (¢0a¢1)7 m Qv

cllAl

2
satisfies the observability inequality ||¢o, o1\l < Ce L1752 || @[ 2,45 for some C' > 0 only depend-

g on Q and T.
Classical arguments then lead to following controllability result.

Proposition 7. [17] Let A € L>(0,T;L%(Q)), B € L*(Qr) and (20,21) € V. Assume that w and T
satisfy the assumptions of Theorem . There exists a control function u € L?(qr) such that the weak

solution of
Oz —Az+Az=ul,+ B, inQr,

z=0, on X, (46)
(2(+,0),0:2(+,0)) = (20, 21), n €,

satisfies (z(-,T), z(-,T)) = (0,0) in Q. Moreover, the unique pair (u, z) of minimal control norm satisfies

C|lA|?
||u|2,qT+||<z,atz>||Lm<o,T;v>sc(||B||2+||zo,z1|v)e 141 0,200 (47)

for some constant C > 0 only depending on Q and T.

Let p* € N* such that p* < 0o if d = 2 and p* < 6 if d = 3. We next discuss some properties of the
operator K : L=(0,T; LP" (Q)) — L>(0,T; LP"(Q)) defined by K(£) = ye, a null controlled solution of
the linear boundary value problem with the control f¢ of minimal L?(gr) norm. Proposition (7] with
B = —¢(0) gives

el 2
| we: Buie) < 0,m:v) < C (o, wa v + g 0)]lz )M e woriscan (48)

where the function § is defined in . We assume that g € C'(R) satisfies the following asymptotic
condition (slightly weaker than|(Hy)|): there exists a 3 small enough such that lim SUP|y| 00 % < B,

Int

i.e.

(H}) There exist @ > 0 and 8 > 0 small enough such that |g(r)| <@+ B(1 + |r|)) In*/?(1 4 |r|) for
every 7 in R.

This implies that § satisfies [§(r)] < @+ BIn'/?(1 + |r|) for every r € R and some constant @ > 0.
This also implies that §(¢) € L°(0,T; L4(Q)) for any £ € L=(0,T;LP" (). Assuming 2032 <1 and
proceeding as in the proof of Lemma |5, we get

72

208
1€l o710 ‘“”) Ve € L0, T; L ()

|Q‘1/p*

IO o 100 < (1 n
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for some Cy = Cy(a). Using (48)), we then infer that

72
||§||L°° 0,T;LP* (Q 208 50 *
el e 0.7 SC(|uo7u1v+g<0>|2)cl(1+ o ”) L VEE L0, T 1P (9).

Taking 3 small enough so that 2032 < 1, we conclude that there exists M > 0 such that [||| e (o, 7;10* (0)) <
M implies || K (§)]| s (0, 1;L0* (2)) < M. This is the argument (introduced in [39] for the one dimensional
case and) implicitly used in [28] to prove the controllability of . Note that, in contrast to 8, M depends
on |lug, u1||v (and increases with ||ug, u1|v).
The following result gives an estimate of the difference of two controlled solutions.
Lemma 7. Let A € L*>(0,T;L4(2)), a € L>=(0,T; L¢(Q)) for any e > 0, B € L*(Qr) and (ug,u1) €
V. Let u and v be the null controls of minimal L?(qr) norm for y and z respectively weak solutions of
Ouy — Ay + Ay =uly, + B in Qr,
y=0 on X, (49)
(y(70)7aty(70)) = (’U/O»ul) m Q7

and
Oz —Az+ (A+a)z=vl,+B inQr,
z=0 on X, (50)
(2(+,0),0:2(+,0)) = (up,u1) n Q.

Then,

Iy = 2l o230y < Cllall oo miaseqan (I1Bll2 + o,y ) e Vi oinscon (AATieco s

for some constant C > 0 only depending on Q and T.

Proof. The controls of minimal L?(qr) norm for y and z are given by u = ¢1,, and v = ¢,1,, where ¢
and ¢, respectively solve the adjoint equations

O —Ap+ Ap=0 in Qr, Ottda — Ada + (A+a)pa =0 in Qr,
¢ =0 on ET7 ) ¢a =0 on ET7
(¢(,0)78t¢(70)) = (¢07¢1) in Qv (¢a('70)aat¢a('70)) = (¢a,07¢a,1) in Qa

for some appropriate (¢o, $1), (¢a.0, da.1) € H. In particular, ¢, ¢, € C([0,T]; L*(Q))NC ([0, T]; H~1(2)).
Hence Z := z — y solves
onZ —AZ+ (A+a)Z =®1, —ay in Qr,

Z=0 on X, (51)
(Z(-,0),0:Z(-,0)) = (0,0) in Q,
and ® := ¢, — ¢ solves
0u® — AP+ (A+a)® = —ag in Qr,
d=0 on X,

((I)(7 0)7815(1)(" 0)) = ((ba,O - (b()v ¢a,1 - ¢1) in (2.

In particular (since a € L>(0,T; L¢(Q)) and ¢ € L>°(0,T; L?(£2))), we get that ag € L°°(0,T; H~1(12))
and therefore (®,®,) € C([0,T); H), see [21,, Theorem 2.3]. We decompose @ := ¥ + ¢ where ¥ and ¢
solve respectively

OV — AV + (A+a)T =0 in Qr, Out) — AP+ (A+a)p = —a¢p in Qr,
U =0 on XLp, Yv=0 on X,
(\I/(,O),at\Il(,O)) = (¢a,0 - ¢07¢a,1 - (rbl) in Qa qzb(vo)aatw(ao)) = (030) in Qa
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and we deduce that W1, is the control of minimal L?(gr) norm for Z solution of

0uZ — AZ + (A +a)Z = W1, + (mw - ay) in Qr,
Z=0 on X,
(Z(-,0),0:Z(-,0)) = (0,0) in Q.
Proposition [7] implies that
CllA+all

2
Lo0(0,T5L4(Q)) |

1¥l2,4r + [(Z,0:2)|| Lo 0,7;v) < CllYl, — ayll2e

Moreover, [28, Lemma 2.4] applied to 1 leads to

| (40, s Loo (0,73 1) < ||a§0||L°°(O,T;H*1(Q))eC”A-‘raHLw(O’T;Ld(m)

C||A+a|? . . .
IAtall o0 0,70y But, using again [28] Lemma 2.4], we infer

ClAfl

and (|9 L2(gr) < Cllallpee 0,750+ [ 9]]2€
that ||¢[l2 < C||¢o, (;51HHeCHAHL“(O,T:Ld(Q)) while [28, Theorem 2.1] gives ||¢o, ¢1]lar < Ce

2
Since u = ¢1,,, we obtain ||¢||z < 2N Al 0. 7ia (@) ||uHg,qTeC”A”L“’(&T:Ldm)) and then

2 2
H¢||L2(QT) < CHa||L°° (O,T;Ld+€(Q))6C|‘A|‘LOO((),T;Ld(Q))eCHA+aHLOO(0,T;Ld(Q)) Hu||27(IT

from which we deduce that

CllA+all? o 7.
120~ 0230 < C (1 l2.0r + lallzo o rinaveqay Iyl ) e oot

2 2
< C||a||Loo(07T;Ld+e(Q)) <||B|2 + HU(), uUq V) eCHAJFa”LOO(O,T;Ld(Q))eCHAHLoo(O’T;Ld(Q))

leading to the result. O

This result allows to establish the following property for the operator K.

Lemma 8. Under the assumptions done in Theorem let M = M(||ug,u1|lv,B) be such that K maps
Breoo,r;14+<(0)) (0, M) into itself and assume that §' € L>(R). For any £ e B 0,154+ (0)) (0, M),
i1 =1,2, there exists ¢c(M) > 0 such that

1K) = K(E) | om0y < (MG oo l1€% = €Ml o 0,31+ () -
Proof. For any &' € Bre(o.1,10* (0))(0, M), i = 1,2, let yei = K(£') be the null controlled solution of

Onyer — Ayes +yei g(€) = —g(0) + feily  in Qr,
Ygi = 0 on ZT,

(e (+,0), Orye: (+,0)) = (uo, u1) in Q,

with the control fei1,, of minimal L?(gr) norm. We observe that ye: is solution of

Dutyer — Aygz +ye2 G(E) +ye2 (§(€) — 9(€1) = —g(0) + fexl,  in Qr,
y§2 = 0 on ZT7

(ye2(+0), Oyez (-, 0)) = (uo,u1) in Q.
It follows from Lemma applied with B = —g(0), A = §(£'), a = §(&?) — g(£'), that

||ZJ£2 — Yer ||Loo(o,T;H3(Q)) < A(§1752)||§(f2) - §(£1)||L°°(0,T;Ld+€(ﬂ)) (52)

where the positive constant
Arely2 Are2Y(12
A(E,€%) = C(Ig(0)||2 + ”anul”V) eNIEM o0 0,7:24(0)) (NIED 20 0,1 22(0)

is bounded by some c¢(M) > 0 for every & € B (0,1;L4+¢ () (0, M). The result follows from . O

29

L0714 ||, g -
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Remark 6. By Lemma@ if |9 ||loo < 1/c(M) then the operator K : L°°(0, T; L+€(Q)) — L>(0,T; L4+<())
is contracting. Note however that the bound depends on the norm ||ug,u1|v of the initial data to be con-
trolled.
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