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Abstract: 

The purpose of such a multiaxial fatigue damage criterion is to estimate the life time of structures subject to 

multiaxial loads. Therefore, several methods are developed to achieve this purpose. Comparing with other criteria, 

Matsubara’s criterion predicts the fatigue damage with higher accuracy. However, this method has been applied 

only for constant amplitude loading. But, in real mechanical application structures are subject to random vibrations. 

So, in this paper we propose an extension of this criterion in the case of random structures under random vibrations, 

using a computationally efficient multiaxial fatigue damage strategy developed in frequency domain. Matsubara’s 

criterion is constituted of two parameters: one governing crack initiation, and the other governing crack growth. 

Each parameter will be calculated from the stresses Power Spectral Densities determined at each point of the 

structure. A time domain formulation is also proposed in order to compare the two strategies. Two numerical 

applications are then used, at the end of this paper, to present the advantages of the frequency domain strategy of 

Matsubara’s criterion for treating problem of multiaxial fatigue damage of structures under random loads. 

 

Nomenclature: 

���,�   Equivalent shear stress amplitude ���	   Matsubara’s proposed Parameter 
��  Hydrostatic stress ���������� Fatigue damage using Crossland’s criterion �, �  Material parameters for criterion  ������ Fatigue damage using Sines’s criterion ��,�  ��, � = �,  , !   Stress component �"�#�$%��� Fatigue damage using Matsubara’s criterion &�,�  ��, � = �,  , !  Deviatoric stress component '_���	 Matsubara’s parameter for random load &)  Fully reversed axial fatigue limit *� Stress PSD matrix &+  True fracture strength �,  Von Mises stress -�  Tensile strength . covariance matrix /  Duration of the random Gaussian load 01 Number of maxima �  Time  2� Spectral moment 3  Frequency  &� Standard deviation of s 

 

1 Introduction 

In real life, many structures are subjected to complex multiaxial random load. In order to 

determine their fatigue life, many criteria have been elaborated, mostly in time domain. In order 

to minimize the computing time, the fatigue damage analyses should be done in the frequency 

domain. This can be seen in many works such as Pitoiset X. et al [1] [2] which defined a 
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formulation of Matake’s criterion and Crossland’s criterion in frequency domain. Also, 

Lambert S. et al [3] [4] [5] proposed a new formulation of the Sines criterion developed in the 

frequency domain which took the consideration the width of the band of the excitation, and the 

disproportionate of random loads. Cristofori A. et al [6] proposed a frequency-domain 

formulation of a stress invariant based multiaxial fatigue criterion, called ‘‘Projection by 

Projection’’ (PbP) approach. Carpinteri A. et al [7] developed a reformulated frequency-domain 

critical-plane criterion in order to improve its accuracy in terms of fatigue life estimation for 

smooth metallic structural components under multiaxial random loading. A review of 

multiaxial fatigue criteria for random variable amplitude loads is presented in [8] where time 

and frequency domain approaches are examined. Also, a discussion of the recent developments 

in multi-axial spectral methods is presented in [9].  

Such a multiaxial fatigue criterion leads to determine the location of the critical point in a 

structure. Many studies assumed, that the crack initiation is governed by the second invariant 

of the deviator stress tensor [10] [11]. This can be seen in the Crossland’s criterion (Eq. (1)) 

and Sines Criterion (Eq. (2))  

 ���������� = ���,� + � max89#9+:
��;� ≤ 1 (1) 

 

 ������ = ���,� + � E?p�tB� ≤ 1 (2) 

Where ��,� present the second invariant of the deviator stress tensor, p(t) is hydrostatic stress 

and � and � are constants related to material proprieties. 

According to Fossyth [12], fatigue fracture process can be divided into two stages: stage I 

defines the crack initiation mechanism and stage II defines the crack propagation mechanism. 

In Stage I, a slip band resulting from shear stress develops on a metal surface subjected to cyclic 

stress. Then, microscopic irregularities are generated which lead to cracks initiation. Regardless 

of the crack growth direction in Stage I, the crack grows perpendicularly to the maximum 

principal stress direction in Stage II. Matsubara et al [13] proposed a new multiaxial fatigue 

approach that uses a combination of two parameters that govern the two fatigue fracture stages. 

In [14] the accuracies of Matsubara’s criterion are evaluated using fatigue limit data of notches 

and superficial small holes under combined bending and torsion stresses and combined axial 
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and torsion stresses determined experimentally. Then, an extension of the Matsubara’s criterion 

was proposed [15] to predict the high- cycle life for multiaxial constant amplitude. The accuracy 

of Matsubara’s criterion was verified comparing with other criteria such as McDiarmid 

criterion, Crossland criterion, B. Li criterion, Papadopoulos criterion, and Sumsel criterion, 

using different materials and different loading waveforms.  

In a previous work, a numerical strategy for calculating the local multiaxial fatigue damage 

based on the frequency formulation of the Sines criterion developed in our laboratory, is 

proposed [16] in our laboratory. Then this strategy was coupled with Reliability-Based Design 

optimization methods in order to determine an optimal design of structures subject to random 

vibration that can guarantee a required structural reliability level considering fatigue damage 

[17].  

In this paper, we have proposed an extension of Matsubara’s criterion for structures under 

random vibrations cases. A numerical strategies of fatigue life prediction using the Matsubara’s 

criterion developed in the frequency domain and time domain are developed. Note that the 

proposed strategy is for high cycle fatigue regime and linear materials. At the end of this paper, 

two examples of a 2D model of a sample plate and a 3D model of a PCB are respectively 

presented, to illustrate the application of the proposed strategies for the calculation of the fatigue 

damage. These examples demonstrate the advantages of the Matsubara’s criterion in the 

frequency domain for treating complex structures under random vibrations. 

2 Matsubara’s criterion for cyclic stress states 

(Eq (3)) presents the multiaxial fatigue damage criterion developed by Mastubara et al. [13] 

[14] [15] where � and � are constants related to material defined by (Eq (4)). Here, &) defines 

the fully reversed axial fatigue limit and &+ is the true fracture strength which is defined as the 

fracture load divided by the actual final cross-sectional area. Matsubara assume that &+ can be 

substituted by 1.84 times the tensile strength -� ( &+ = 1.84 -�) [13]. 

 �"�#�$%��� = ���,� + � ���	� ≤ 1 (3) 

 FG
Hα = &)√3 1&+ − &)β = &)√3 &+&+ − &)

 (4) 
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Matsubara’s criterion consists of two parameters that governs crack initiation N���,�O and 

initial crack growth ����	. Here, ���,� is the equivalent shear stress amplitude as determined 

in Li criterion and ���	 is the parameter proposed by Matsubara. In fact, based on Nisitani and 

Yamasita works [18] [19] [20], the crack initiation parameter in Matsubara’s criterion is 

dominated solely by the shear stress amplitude [13] and the crack growth behavior is considered 

to be controlled by the maximum of the stress intensity factor range [13], which is confirmed 

by Ohji et al in [21].  

2.1 Calculation of the crack initiation parameter  

Here, the crack initiation parameter, defined by the equivalent shear stress amplitude ���,�, 

follows that in Li criterion. In fact, the Li criterion equation is the same as that proposed by 

Crossland (Eq(1)) but with different definition of ���,�. 

For a proportional loading, ���,� can be defined by: 

 ���,� = P16 RN�		,� − �SS,�O� + N�SS,� − �TT,�O� + N�TT,� − �		,�O�
+6N�	S,� − �ST,� − �	T,�O� U (5) 

Where ���,� is the amplitude of the stress tensor which is defined by (Eq(6)) 

 ���,� = V2W�89#9+X�����Y − 2�Z89#9+X�����Y[2 ; �, ^ = �,  , ! 
(6) 

The expression of equation (5) is not available for a non-proportional load. To this end, in 

order to determine ���,�, many approaches have been developed such as Li B. [22], Balthazar 

J.C. [23] and Bernasconi A. [24]. These definitions are confronted with experimental results in 

[25] [26] [27] [28] [29]. 

For non-proportional loading, Li [22] proposed to consider the smallest ellipse of the semi-

axes R1 and R2 circumscribing the path of ���,�. Thus, ���,� can be expressed as ���,� =�-_² + -�² . With the same principal, and to determine the equivalent shear stress amplitude, 

we consider that the semi-axes R1, R2, R3, R4 and R5 of the five-dimension ellipsoid 

circumscribed to the loading path of ���,� and oriented in its principal directions. ���,� can 

then be written as follows:  
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 ���,� = a-_� + -�� + -b� + -c� + -d� (7) 

In Li criterion ���,� is then defined as: 

 ���,� = a�_,�� + ��,�� + �b,�� + �c,�� + �d,�� = ‖f�‖ (8) 

:�g;�h_..d are expressed using the stress tensor i���j�,�h	,S,T or the deviator stress tensor 

i&��j�,�h	,S,Tas follow: 

 f =
Fkk
Gk
kH�_ = √32 l23 �		 − 13 �SS − 13 �TTm = √32 &		

�� = 12 N�SS − �TTO = 12 N&SS − &TTO�b = �	S = &	S�c = �ST = &ST�d = �	T = &	T

 (9) 

 

i.e.  

 f�� = n. ��� (10) 

With: 

 

Fkk
kG
kkk
H f = ?�_, ��, �b, �c, �dB+� = X�		, �SS, �TT , �	S, �ST, �	TY+

n =
opp
ppp
q√33 − √36 − √36 0 0 0

0 12 − 12 0 0 00 0 0 1 0 00 0 0 0 1 00 0 0 0 0 1stt
ttt
u
 (11) 

2.2 Calculation of the initial crack growth parameter 

This parameter is proposed by Matsubara [13]. In fact, the crack in stage II grows 

perpendicularly to the maximum principal stress direction. Then,  ���	, is defined as follows: 

Among the cyclic normal stresses on all the planes at a evaluate area, the cyclic normal stress 

with the maximum stress range is selected. The maximum stress during the selected cyclic 

normal stress is defined as ���	. 
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A schematic of an example of the critical area of the multiaxial stress field is shown in Figure 

1. Let’s consider the cyclic normal stresses �		 and �SS in the evaluate area. We expect that 

they are zero-mean stresses and N�		vwx y  �SSvwx O  (NOTE: this is just an example and not a 

hypothesis).  The stress �		 is the maximum ranging cyclic stress, and then ���	 is the 

maximum value �		_��	. 

 

Figure 1 : Schematic of the critical area 

3 Fatigue damage estimation of structures under random vibrations using Matsubara’s 

criterion 

Such a multiaxial fatigue criterion can be represented mathematically by:  

 z���,���, T ≤ 1 (12) 

With ��,��� is the stress tensor for any time � ∈ ?0, /B at any given location in the structure. 

If the inequality (12) is not satisfied, at any point of the structure, a fatigue crack can appear.  

According to Pitoiset [30], the crack will initiate after a certain number of repetitions of the 

periodic random stationary ergodic Gaussian load of duration, T, if the average of the fatigue 

damage exceeds the fatigue limit, as presented by (Eq(13)) 

 'XzN��,���, TOY ≤ 1 (13) 

Let’s consider now a linear structure subject to stationary ergodic Gaussian loads. The 

Matsubara’s criterion can then be defined by :  
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 '?�"�#�$%���B = 'X���,�Y + � '_���	� ≤ 1 (14) 

For a zero mean value stresses, '_���	 can be determined as follow: for each normal stress, 

we calculate the mean value of the extreme of the Gaussian process over the observation period 

T. the maximum of these mean values are then selected and it defines '_���	. It can be 

mathematically presented as:  

 E_���	 = max� V' }max# ����~[       ;        � = �;  ; ! (15) 

For structures under random vibrations, the stresses Power Spectral Densities (PSD) are 

generally used in the fatigue damage analysis. Numerically, those PSDs are determined at each 

point of the structure using a FEM software. For a 3D model, the stress PSD matrix at a given 

frequency f can be written as: 

 *��3  =
opp
ppp
pq*�xx�xx *�xx��� *�xx��� *�xx�x� *�xx��� *�xx�x�*����xx *������ *������ *����x� *������ *����x�*����xx *������ *������ *����x� *������ *����x�*�x��xx *�x���� *�x���� *�x��x� *�x���� *�x��x�*����xx *������ *������ *����x� *������ *����x�*�x��xx *�x���� *�x���� *�x��x� *�x���� *�x��x� stt

ttt
tu
 (16) 

In the following sections, we present the fatigue damage strategies of structures under 

random vibrations using Matsubara’s criterion developed in the time domain and frequency 

domain.  

3.1 Time domain method  

The implementation of the fatigue damage analysis strategy using Matsubara’s criterion 

developed in the time domain is illustrated in figure 2. The algorithm consists of two 

subproblems: the first one, consists of the calculation of the Power Spectral Densities of the 

stresses. Those PSDs are determined using the finite elements software Ansys. First, we build 

the model by defining geometry, material proprieties and boundaries conditions. A modal 

analysis is then generated to determine normal modes in the excitation bandwidth. Then, a 

spectral analysis is needed to determine PSDs at each point of the structure. Here, excitation’s 

PSD can be introduced as a base excitation or a nodal excitation.  

In order to evaluate the fatigue damage, for the second subproblem, the calculated PSDs are then 

introduced into MATLAB software to generate a scalar process of the stress tensor ��,��� using the 

inverse FFT algorithm. This method is descripted by X. Pitoiset in [30]. Then, for each 
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generated time history stress tensor, the equivalent shear stress amplitude ���,� is determined, 

which is given for zero-mean stresses by (Eq(17)) where �,�� is the Von Mises stress [1] [2]. 

 ���,� = 1√3 2W�# |�,��| (17) 

For 2D stress state, �, is defined by: 

 �,� = �		� + �SS� − �		�SS + 3�	S�  (18) 

Also, the normal stresses maxima are determined, for each generated sample. After 

calculating '_���	 , and 'X���,�Y using equations (14-15), the estimation of the fatigue damage 

is finally determined.  

 

Figure 2 : Time domain method  

3.2 Frequency domain method  

Here, the methodology of calculation of the mean value of the first parameter of Matsubara’s 

criterion ���,�, in the frequency domain is same as used in Sines criterion presented in previous 
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work [16] [17]. As defined by (Eq(7)), the estimation of the semi-axes -� leads to estimate ���,�. The algorithm of determining of 'X���,�Y is defined as follows: 

1- Calculation of the covariance matrix  .� of d defined by (Eq(19)). It can be determined 

from the covariance matrix of the stress Σ� as presented by (Eq(20)). 

 Σ� = ' }Nf�t − f̅O. Nf�t − f̅O+~ (19) 

 Σ� = nΣ�n+ (20) 

2- The diagonal terms of Σ� present the variance of each component. However, the terms 

out of diagonal present the variance between each component. In general, these terms 

are different from zero. So, Σ� is not diagonal. There is an orthonormal basis of 

eigenvectors �� such that: 

 Σ�� = ��Σ���+ = f�Wz�&_�, &��, &b�, &c�, &d� (21) ���ℎ &_ ≥ &� ≥ &b ≥ &c ≥ &d  

Then we can define a vector f� linearly associated with d by an orthogonal transformation 

such that:  

 f��t = ��f�� (22) 

With f��t = ?�_��� ����� �b��� �c��� �d���B+ 

3- Calculation of the number of maxima 0�N��� O of each parameters of the vector f�. It can 

be determined from the spectral moment 2� of the random process ���  : 

 01 = �2c2� (23) 

 2� = � |3|�*����3f3��
��  (24) 

4- '?-�B can then be estimated using (Eq(25)), with &��� presents the standard deviation of 

the random process ���  [31] 

 '?-�B ≈ &��� ��a2�Z0� V��� ��[ + 0,5772a2�Z0� V��� ��[�� , � = 1 … 5 (25) 

5- For structures under random loads, 'X���,�Y can be determined by [2] [32]: 
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 'X���,�Y ≈ �'?-_B� + '?-�B� + '?-bB� + '?-cB� + '?-dB� (26) 

The problem now is determining '_���	. In fact, since s(t) is a zero mean stationary 

Gaussian, random process, '_���	 can be obtained as follow: for each normal stress, the 

maximum value is estimated by applying the peak factor theory using (Eq(27)) [31] [33]. Then, '_���	 is obtained by applying (Eq(15)).  

 ' }max# ����~ ≈ &��� ��a2�Z0�N�����O + 0,5772a2�Z0�N�����O��  ;    � = �,  , ! (27) 

Figure 3 presents the strategy implementation of the fatigue damage analysis using 

Matsubara’s criterion developed in the frequency domain. After the determination of the matrix 

of stresses PSD at each point of the structure using a finite element software Ansys, we calculate 'X���,�Y and '_���	 as descripted before. Finally, this allow us to determine the fatigue 

damage at each point using Matsubara’s criterion as presented by (Eq(14)). 

 

Figure 3 : Frequency domain method 

4 Numerical results 

4.1 2D example of sample plate 

To illustrate the proposed methodology in presence of random loading, we consider an 

example of a 2D steel simple plate illustrated in figure 4. The sample has a hole and a notch. Its 
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thickness is � = 122 and clamped at both ends. Each clamp is subjected to a band-limited white noise 

acceleration along the normal direction to the plate plane (z) (*� = 1z²/¡! ; 3, = 500¡! ) , as shown 

in Figure 5. Figure 5 also presents the finite element model. It was discretized into a total number of 331 

shell elements. Each element has four nodes with six degrees of freedom at each node (Ansys command: 

SHELL181).  The choice of this configuration is based on a mesh convergency study as presented in 

figure 6. This figure presents the evolution of the normal modes in the excitation bandwidth when 

changing element’s number. It can be concluded that the result converges with a total number of 331 

elements. 

 

Figure 4 : Geometry of the 2D sample plate 

 

 

Figure 5 : Mesh and boundaries conditions 

 

Figure 6 : Mesh convergency study 
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Figure 7 : Mode 1 (145.03Hz) 

 

Figure 8 : Mode 2 (377.15 Hz) 

 

Figure 9 : Mode 3 (382.49 Hz) 

 

 

(a) 

 

(b) 

 

(c) 

 

Figure 10 : Stresses PSDs (a) (a) *�xx�xx(b) *������ (c) *�x��x� 
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Figures 7, 8 and 9 present the first three modes within the bandwidth of the excitation. Note that the 

contour plots refer to plate surfaces. The material is characterized in fatigue by its fully reversed 

axial fatigue limit &) = 252¢nW and the tensile strength -� = 340¢nW.  The PSD matrix of 

the stress components (Eq(16)) is calculated in every point using a random vibration code. Figure 10 

presents the stresses PSDs Φ¤¥¥¤¥¥, Φ¤¦¦¤¦¦ and Φ¤¥¦¤¥¦ in point A (see figure 5). 1& result of the 

equivalent Von Mises is presented in figure 11. This means that Von Mises stress level is at or below 1& (68.2%), of the excitation time. It can be seen that there is a concentration of the constrain near the 

upper side of the notch and near the clamped sides of the plate.  

In order to check the consistency of the proposed formulation, both frequency domain 

strategy, and time domain strategy have been applied to the sample plate. In the time domain, 

100 time-histories have been generated (Monte-Carlo simulation). The results have been then 

averaged on these generated time-histories. 

 

 

Figure 11 : 1& of the equivalent Von Mises result (Pa) 

Figures 12(a) and 12(b) present the fatigue map of Matsubara’s criterion obtained from both 

frequency domain and time domain strategies. The maximum obtained value of the fatigue 

damage of all points are 0.977 and 0.994 respectively for frequency domain, and time domain 

formulations. Also, the maximum value is obtained at the same element location. The average 

difference of all elements between the two strategies is equal to 0.07 and the maximum 

difference over all elements is about 0.2. 
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(a) 

 

(b) 

Figure 12 : Fatigue damage map using Matsubara's criterion (a) frequency domain strategy (b) time domain strategy 

 

Figure 13 : PDF of fatigue damage at selected element #1 

 

Figure 14: PDF of fatigue damage at selected element #2 

The frequency domain formulation has efficiently reduced the computing time as compared 

to time domain formulation. In fact, the generation of the map takes about 7 s in the frequency 

domain against 2770s in the time domain, using PC HP with the processor 

Intel®Core™2.4GHz, 8 GB RAM.  

The time domain algorithm allows to determine the Probability Density Function (PDF) of 

the fatigue damage at each point of the structure. For example, figures 13 and 14 present the 

Probability Density Functions (PDF) of the fatigue damage obtained at two selected elements 

(see figure 5), obtained using the time domain algorithm. 

4.2 Application on PCB 

Now, let’s consider a simplified Printed Circuit Board (PCB) model on which three 

electronic components are placed (figure 15). Figure 16 presents its geometry. The height of 

each component and the PCB are descripted in table 1 where, C1, C2, and C3 are the electronic 
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components of the model (see figure 15). The materials proprieties of all components used in 

the model are presented in table 2.  The PCB is meshed using 3D 20-node tetrahedral elements 

(Ansys command: SOLID186).  A total number of 4958 elements is then obtained. A mesh 

convergency study is used to justify this choice. Figure 17 presents the evolution of the first 

five modes of the PCB when changing the mesh. It can be clearly seen that the model converges 

with a total number of 4958 elements.   The PCB is clamped at two sides and each clamp is exposed 

to a white noise base acceleration PSD (*� = 0.5z²/¡! ; 3, = 2000¡! ) as presented by figure 18.  

 

Figure 15 : 3D model of PCB 

 

Figure 16 : PCB geometry 

 

Table 1:  : Height of components 

Component PCB C1 C2 C3 

Height (mm) 1.2 6 10 4 

 

 

Figure 17 : Mesh convergency study 
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Table 2: Materials proprieties 

Component Density (kg/m3) Young modulus (GPa) Poisson ration 

PCB 1960 20 0.13 

C1 2340 113 0.42 

C2 2947 1 0.3 

C3 7850 200 0.3 

 

Figure 18 : Mesh and boundaries conditions 

 

 

(a) 

 

(b) 

 

(c) 

 

(d) 

 

(e) 

Figure 19: Modes (a) 118.09 Hz (b) 281.13 Hz (c) 416.48 Hz (d) 570.07 Hz (e) 616.75 Hz 



17 

 

 

The modal analysis leads to determine the 14 normal modes of the PCB within the bandwidth of the 

excitation. Figures 19 presents the first five modes. The PCB is characterized in fatigue by its fully 

reversed axial fatigue limit &) = 150¢nW and the tensile strength -� = 380¢nW [34]. The 

spectral analysis leads to determine the stresses PSD matrix at each element of the PCB. Figure 

20 presents the stresses PSDs Φ¤¥¥¤¥¥, Φ¤¦¦¤¦¦ and Φ¤¥¦¤¥¦ in point B (see figure 18). Those PSDs 

are then introduced to MATLAB in order to determine the fatigue damage using the developed 

strategies in time, and frequency domains. In the time domain, the fatigue damage has been 

meaned using 100 generated time-histories stresses (Monte-Carlo simulation). 

 

(a) 

 

(b) 

 

(c) 

Figure 20 : Stresses PSDs (a) (a) *�xx�xx(b) *������ (c) *�x��x� 

 

 

(a) 

 

(b) 

Figure 21 Fatigue damage map using Matsubara's criterion (a) frequency domain strategy (b) time domain strategy 

10
1

10
2

10
3

Freq (Hz)

10
5

1010

1015

101 102 103

Freq (Hz)

10
0

10
5

10
10

10
1

10
2

10
3

Freq (Hz)

10
5

10
10



18 

 

 

The map of the local value of Matsubara’s criterion obtained from both frequency domain 

and time domain strategies are presented in figures 21(a) and 21(b) respectively. It can clearly 

be seen that a high fatigue damage is located near to C3 component and near to the clamped 

sides. The maximum obtained value of the fatigue damage of all the points are 0.566, and 0.572 

respectively for frequency, and time domains with a difference of 0.006, and it is located at the 

same point of the PCB. An average difference of 0.005 between the two formulations had been 

observed, and the maximum difference over all points reached 0.008. 

Same as the 2D example studied previously, the frequency domain formulation has 

efficiently reduced the computing time comparing with the time domain formulation. The 

computing time to obtain the fatigue map in the frequency domain was about 50s and the 

computing time in the time domain was about 4 hours, using PC HP with the processor 

Intel®Core™2.4GHz, 8 GB RAM. 

4.3 PCB optimization study  

The objective now is to determine the best components position between four configurations 

chosen arbitrarily. Configuration 1 is shown in figure 15 and configurations 2, 3, and 4 are 

shown in figure 22.  

 

 

(a) 

 

(b) 

 

(c) 

Figure 22 : Studied configurations (a) configuration 2 (b) configuration 3 (c) configuration 4 
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(a) 

 

(b) 

 

(c) 

Figure 23 : Fatigue damage map (a) configuration 2 (b) configuration 3 (c) configuration 4 

Figures 23 (a), (b) and (C) presents the fatigue damage map for configurations 2, 3, and 4 

respectively. It interposed that the maximum fatigue damage location depends on the 

components’ location. For configurations 1(see figure 21) and 3, the maximum fatigue damage 

is located near to C3 component in the middle of the PCB and near the clamped sides. But, with 

configurations 2 and 4, the maximum damage is located on the corners.   

Table 3 describes the obtained value of the maximum fatigue damage for each configuration. 

Note that the first configuration presents the best components’ distribution, in term of maximum 

fatigue damage comparing with other configurations.  

Table 3 : Maximum Fatigue damage for each configuration 

Configuration number Maximum damage 

1 0.566 

2 0.815 

3 0.692 

4 0.907 
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5 Conclusion  

The aim of this work is to develop an efficient methodology that determines the fatigue 

damage of structures subject to random vibrations using Matsubara’s criterion. First, the 

formulation of Matsubara’s criterion for cyclic stress state was presented. Then, two new 

strategies that provide maps of local fatigue damage on every points of the structure in the time 

domain and frequency domain are respectively proposed. 

Two numerical examples, i.e. a 2D model consisting of sample plates with a hole, and a notch 

and a 3D model consisting of a PCB with three electronic components subject to random 

vibrations, demonstrate the efficiency, and the rapidity of the frequency domain formulation 

comparing with the time domain formulation in term of computing time. This strategy can then 

be coupled with the reliability-based design optimization methods to have the best design of the 

structure.  

The different formulation descripted in this paper has been implemented in MATLAB which is used 

as a postprocessor of a finite element software ANSYS. 
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