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Abstract

This article studies point-vortex models for the Euler and surface quasi-geostrophic equa-
tions. In the case of an inviscid fluid with planar motion, the point-vortex model gives ac-
count of dynamics where the vorticity profile is sharply concentrated around some points and
approximated by Dirac masses. This article contains two main theorems and also smaller
propositions with several links between each other. The first main result focuses on the Euler
point-vortex model, and under the non-neutral cluster hypothesis we prove a convergence
result. The second result is devoted to the generalization of a classical result by Marchioro
and Pulvirenti concerning the improbability of collapses and the extension of this result to
the quasi-geostrophic case.

1 Introduction

1.1 The inviscid surface quasi-geostrophic equation

We are interested in a model of point-vortices for the inviscid surface quasi-geostrophic equation

{&sw—l—v-Vw:O,

v =V (-A)"w, (5Q6)
where v : Ry x R? — R? is the fluid velocity and w : Ry x R? — R is called the active scalar.
The notation L refers to the counterclockwise rotation of angle 5. Typically, the surface quasi-
geostrophic equation models the dynamic in a rotating frame of the potential temperature for
a stratified fluid subject to Brunt-Vaiséla oscillations. This is a standard model for geophysical
fluids and it is intensively used for weather forecast and climatology. For more details about this
physical model, see e.g. [20] or [24]. Mathematically, the quasi-geostrophic equation has many
properties in common with the two-dimensional Euler equation written in terms of vorticity

Orw—+v-Vw=0,

{ N . (Euler 2D)
v=V-(-A)" w.

The two-dimensional Euler equation can be seen as a particular case of the quasi-geostrophic
equation where s is equal to 1. Local well-posedness of classical solutions for (SQG) was es-
tablished in [7], where are also studied the analogies with the two and three-dimensional Euler
equation. Solutions with arbitrary Sobolev growth were constructed in [14] in a periodic setting.
So far and contrarily to the two-dimensional Euler equations, establishing global well-posedness
of classical solutions for (SQG) is an open problem. Note also that the global existence of
weak solutions in L?(R?) was established in [21], but below a certain regularity threshold, these
weak solutions show dissipative behaviors and non-uniqueness is possible [5]. Exhibiting global
smooth solutions or patch solutions is a challenging issue as there is no equivalent of the Yu-
dovitch theorem [25]. A first example was recently provided in [6] by developing a bifurcation
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argument from a specific radially symmetric function. The variational construction of an al-
ternative example in the form of a smooth traveling-wave solution was completed in [12, 10].
Corotating patch solutions with two patches [13] and N patches forming an N-fold symmetri-
cal pattern [8] were recently exhibited with bifurcation argument. The C! analogous of these
solutions has also been investigated independently recently in [1]. Another recent independent
result [11] also build corotating solutions with N patches using variational argument. In this
last article, the desingularization of the associated point-vortex problem is achieved.

The present work aims at developing the understanding of the links between the quasi-
geostrophic equation and the two-dimensional Euler equation through the study of the point-
vortex model. In the case of the two-dimensional Euler equation, the point-vortex model is a
system of differential equations for points on R? that approximates situations where the vorticity
w is highly concentrated around several points. In such a situation, it is more convenient to
see the vorticity as being a sum of Dirac masses evolving in time. This model is widely studied
in fluid mechanics of the plane. An extensive presentation of the main results on this system
can be found at [15, Part 4], completed by [16]. The desingularization problem which consists
in a rigorous derivation of the point-vortex model is a classical issue for the two-dimensional
Euler equation [23], to our knowledge it is still open for (SQG) vortices although recent results
exist [9, 22].

This article generalizes several existing results known for the Euler vortices or extends known
results for Euler to the quasi-geostrophic case. The first proposition of this article is the gen-
eralization of a uniform bound result, Theorem 2.1 in [15, Part 4]. We prove that under the
non-neutral cluster hypothesis (defined hereafter) the vortices stays bounded in finite time and
this bound does not depend on the singularity of the kernel nor on the initial position of the
vortices. We also provide a uniform relative bound for a slight relaxation of the non-neutral
cluster hypothesis. In the second part of this work we prove that under the non-neutral cluster
hypothesis the trajectories of the vortices for the Euler model are convergent in finite time even
in the case of collapses. The quasi-geostrophic case is left open. The third part of this work is
devoted to the question of the improbability of collapses. This consists in studying the Lebesgue
measure of the initial conditions leading to a collapse, which is expected to be equal to 0. This
question has been successfully answered by Theorem 2.2 in [15, Part 4] under the non-neutral
cluster hypothesis for the Euler point-vortices. The extension to the quasi-geostrophic case was
achieved by [9] in the case 1/2 < s < 1. We generalize this result to (SQG) for all s € (0, 1] and
we weaken the non-neutral cluster hypothesis since we allow the total sum of the intensities of
the vortices to be equal to 0.

1.2 Presentation of the point-vortex model

The point-vortex model on the plane R? consists in assuming that at time ¢ = 0 the vorticity
can write as a sum of Dirac masses,

N
w(t=0,z)= Zaiéxi. (1)
i=1

The points x; are the respective position of the vortices a;d,, and the coefficients a; # 0 are their
intensity. The first equation in (SQG) or (Euler 2D) is a transport equation on the vorticity w.
It is expected that the Dirac masses initially located at x; are left unchanged but transported
by the flow. Formally, if we solve the evolution equations (SQG) or (Euler 2D) with initial
datum (1), we obtain that the initial speed writes

N
v(t=0,2) = ZaiV$G(]xi —z|), (2)

i=1



where G is the profile of the Green function of the fractional Laplace operator (—A)® in the
plane R2. Here the parameter s is chosen to be in (0,1]. In this case, The profiles G : R%* — R
are given by:

1 1 rNl1-s) 1
= —1 <7) d =
Gl (7’) o og , an Gs (T) 2257TF(S) T-Q(].—S) ) (3)
with I" the classical Gamma function. Nevertheless, a problem arises from the singularity of the
speed in (2). Since the vorticity is concentrated in one point then it is usually assumed that it
does not interact with itself but only with the vortices that are at a positive distance. We derive
that the differential equation describing the evolution of the position of the vortices is given by

d N
50t = ZaleG(\fcz’(t) - z;(t)]). (4)
i

In the work [15, Part 4], the authors only consider the case s = 1 corresponding to the two-
dimensional Euler equation. We are going to generalize some of their results to more general
kernel profiles G' that include the quasi-geostrophic case. In the sequel, the function G : R} — R
is assumed to be chosen such that (4) satisfy the hypothesis of the Cauchy-Lipschitz theorem
(also known as Picard-Lindelof theorem) as long as the distances between vortices remain posi-
tive.

Definition 1.1 (Set of collapses). The set of initial datum such that two or more vortices
collapse on the interval of time [0,7") is defined by

o 2N . - . A _
Cr = {X eR*Y : 3Tx €10,7), 1?3%? min |zi(t) — a;(2)] 0}. (5)
We then set .
¢ = U Q:T. (6)
T=1

The set € is called the set of collapses and Tx is the time of collapse associated to the initial
datum X € €. Note that these sets depend on the choice of the kernel G.

The point-vortex differential equation (4) is well-defined for all initial datum X € R?V \ €.
If we restrict the analysis to a bounded interval of time [0, T") then it is well-defined for all initial
datum X € R?N \ ¢, which eventually allows us to study a possible vortex collapse at time
t="T.

Concerning the point-vortex problem, the main element to point-out about this dynamic is
its Hamiltonian nature. The Hamiltonian of the point-vortex system is given by

H: R2N

— R,
X=(x1...25) +—> ZaiajG(\xi—mjD. (7)
i#]
The system (4) can be rewritten
d 1

dt

The first consequence of this Hamiltonian reformulation is the preservation of the Hamiltonian
H along the flow S* of (4):

Vtelo,T), %H(StX) =0. (9)



We recall that the flow of a differential equation is the function S! that maps the position
X € R?N at time t = 0 to the position at time ¢. In other words, S'X = (z1(t),...,2n(t))
solution to (4), with initial positions X = (z1,...,zy). Another consequence of the Hamiltonian
of the system is the Liouville theorem that ensures the preservation of the Lebesgue measure by
the flow. More precisely, if Vo C RV \ €7 is measurable, then we have

d
vielo ), - L (S5V) =0, (10)
where £2V denotes the Lebesgue measure on R?Y. For the proof of the Liouville Theorem, we
refer to the one given by Arnold in [3, Part 3]. With the Hamiltonian formulation also comes
the Noether theorem [17] that provides the quantities left invariant by the flow corresponding to

the geometrical invariances of the Hamiltonian H. The vorticity vector is defined for all initial
datum X € R?N by

N
M(X):= Za ;. (11)

The translations invariance of H implies the conservation of the vorticity vector:

d

Vitelo,T), $M(StX) =0. (12)

When the system is non-neutral, meaning that ), a; # 0, this lemma implies the preservation
of the center of vorticity of the system defined by

B(X) := ( ai)_l 3 a; ;. (13)

=1 =

Similarly, the invariance by the rotations, implies the conservation of the moment of inertia
defined by

N
I(X):=> a;l|zi|*. (14)
=1

We have:

Vtelo,T), %I(StX) =0. (15)

The combination of these two lemmas implies the preservation of

N N
C(X) =" aia;la; — x| (16)
i=1 j=1
1#]
Indeed, if we expand the square in the right-hand side of (16), we obtain by a straight-forward
calculation

N
C(x) =2( Y @) 1(X) 2| M(x)|". (17)
i=1
The preservation of this quantity is referred as a collapse constraint because it is widely used
in the study of vortex collapses for small number of vortices [18, 19, 2, 4]. Indeed, a collapse
means that |z; — 2| vanishes for some values of i and j. Combined with the preservation of C,
this gives a necessary condition for a vortex collapse. For instance, in the case of a collapse for
a system of 3 vortices, this gives the constraint C' = 0.



2 Main results

2.1 Uniform bound results
2.1.1 The uniform bound Theorem

The specific case of the Euler point-vortex system corresponds to the Green function of the
Laplacian (3). This particular case is studied in [15, Part 4]. More precisely, they focused on a
specific situation for which the intensities for the vortices satisfy

VAC{l...N}st. A#0, > ai#0. (18)
i€A
A vortex system such that the sum of all the intensities a; is equal to 0 is called in [15, Part
4] a “neutral system”. No name to Hypothesis (18) is given and we suggest that to call it
“non-neutral clusters hypothesis”.

The main interest of this hypothesis relies on the preservation of the center of vorticity
property (12). Under the non-neutral cluster hypothesis, the center of vorticity is well defined,
not only for the whole system but also for any subset of vortices. It can be said intuitively that
a vortex cluster is expected to “turn around its center of vorticity”. More precisely, we provide
a bound on the trajectories that is uniform with respect to the initial datum X € R?Y but also
with respect to the singularity of the kernel profile G near 0.

Proposition 2.1 (Uniform bound on the trajectories). Consider the point-vortex dynamic (4)
under the non-neutral clusters hypothesis (18) with a kernel profile G € Cllo’cl (R%)NCH([1, 400[).
Then, given any positive time T > 0, there exist a constant C' such that for all initial datum

X e RN\ ¢7,
sup |X — S&X‘ <C, (19)

te[0,T)

where SE, is the (4) flow associated to kernel profile G. Moreover, the constant C depends only
on N, the intensities a;, the final time T and on supremum of r — ‘%(r)‘ forr > 1. This
constant C' does not depend on the initial datum X € RN nor on the singularity of the kernel

r+— G(r) when r — 0.

In [15, Part 4], a weaker version of this result is established only for the Euler case. We
extend this result to a general case where it holds no matter what the singularity of the kernel
G in 07 is with a proof widely inspired from Theorem 2.1 in [15, Part 4]. We remark that
the non-neutral cluster hypothesis (18) is essential. Indeed, the simple situation of a vortex
pair with intensities 41 and —1 gives raise to a translation motion along two parallel lines at a
speed that blows up as the initial distance between the two vortices goes to 0. The trajectories
are bounded in finite time but the bound is not uniform, depending on the initial conditions
and on the singularity of the kernel near » = 0. We underline that Theorem 2.1 apply to the
quasi-geostrophic case given by the Green function of the fractional Laplacian (3). In this sense,
this theorem is the extension of Theorem 2.1 in [15, Part 4] to the quasi-geostrophic case.

2.1.2 The case of intensities a; all positive

As a further consequence of Theorem 2.1 we can show the the impossibility of collapses in the
case where the intensities a; are all positive.

Corollary 2.2. Let G be a profile such that
|G(r)| — +o0 as r — 0. (20)

Assume that the intensities a; are all positive and consider an initial datum X € RN for the
point-vortex system (4) such that x; # x; for all i # j. Then there is no collapse of vortices at
any time.



Contrarily to the existence result given by Theorem 2.2 in [15, Part 4] and its generalization
to (SQG) at Theorem 2.7, this result is true for all initial datum and not only for almost every
one. Hypothesis (20) may appear a bit restrictive. Indeed, if we consider the kernels

dG 1

Vr>0  —(r)=—

(21)
with 0 < a < 1 then the associated kernel G does not satisfy (20). The possibility to extend
Corollary 2.2 to this case is an open problem. Nevertheless, the physical relevant cases are
a =1 for the Euler model or 3 < a < 1 for the quasi-geostrophic model. For these values of «,
Corollary 2.2 apply.

2.1.3 The uniform relative bound theorem

A natural question concerning Theorem 2.1 is to ask what this result becomes when the non-
neutral cluster hypothesis (18) ceases to be satisfied. For instance, we consider instead of (18)
the following hypothesis:

VAC{l...N}Yst. A#0 or {1...N}, > ai #£0. (22)
€A

In other words, all the strict sub-clusters must have the sum of their intensities different from 0
but we allow the total sum Efi 1 a; to be equal to 0. This situation is achieved for instance by
the vortex pair of intensities +1 and —1 that are translating at a constant speed.

Proposition 2.3 (Uniform relative bound on the trajectories). For a given set of points noted
X = (z1...2x) € R?YN, we define the diameter of this set by

diam(X) := max|z; — x;|. (23)
i)

Consider the point-vortexr dynamic (4) under hypothesis (22) with a kernel profile G €
Cllo’i (Rj_) N Cl’l([l, —|—oo[) Let T > 0 the final time. Then for all kernel profile G € Cllo’i (Rj_) N

CH([1,400[) and for all initial datum X € R*N that are not leading to collapse on [0,T),

sup diam (S4X) < diam(X) + C, (24)
te[0,T)

where Sg, is the flow associated to (4) with the kernel profile equal to G. Moreover, the constant
C depends only on N, the intensities a;, the final time T and on supremum of r — ‘Z—f(rﬂ for
r>1.

This constant C' does not depend on the initial datum X € R?Y nor on the singularity of
the kernel r — G(r) when r — 0. The reasoning is close to the one of Proposition 2.1.

2.2 Convergence result for Euler point-vortices

The systems of vortices that are studied with more details in [15, Part 4] are the systems for which
the non-neutral clusters hypothesis (18) holds. As stated in the previous section, their result
concerning uniform bound on the trajectories can be improved to consider a much wider class of
point-vortex systems, including the quasi-geostrophic case. Nevertheless, in the particular case
of the Euler point-vortex system with the non-neutral clusters hypothesis (18), we are also able
to write a convergence result. When vortices come to collapse, their speed may become infinite
as a consequence of the kernel profile singularity in 0. But if their speed blows up, then any
pathological behavior near the time of collapse T’x is a priori possible. We prove here that the
trajectories are actually convergent in the Euler case.



Theorem 2.4 (Convergence for Euler vortices under non-neutral clusters hypothesis). Consider
the point-vortex model (4) under hypothesis (18) with a kernel profile Gy corresponding to the
Green function of the Laplacian (3). Let X € € be an initial datum leading to a collapse at time
Tx. Then, for alli=1...N, there exists an x; € R? such that

xi(t) — x ast —Tx. (25)

The first step of the proof consists in the following idea: For a fixed value of ¢ € [0,Tx)
define the distribution P; := Zf\; 1 @i0z,(1)- The point-vortex equation gives that this distribution
converges as t — Tx. In a second time, it is possible to prove that this convergence is actually
stronger and obtain (25) by exploiting the non-neutral cluster hypothesis. The proof of this
result is specific to the FEuler case and we do not know yet whether the conclusion extends to

the (SQG) case.

2.3 Improbability of collapses for point-vortices

Understanding the sets of collapses €p is an important issue for the study of point-vortices
since these sets give the time of existence of the point-vortex system for a given initial datum.
Marchioro and Pulvirenti in their study of the point-vortex problem [15] provided the following
improbability result

Theorem 2.5 (Improbability of collapses, Marchioro-Pulvirenti, 1984). Consider the point-
vortex problem (4) with kernel profile G1, the kernel associated to the Green function of the
Laplacian on the plane (3). Assume that the intensities of the vortices satisfy the non neutral
cluster hypothesis (18).

Then, the set of initial datum for the dynamic (4) that lead to collapses in finite time is a
set of Lebesgue measure equal to 0.

The non neutral cluster hypothesis (18) is an important hypothesis for this theorem as it
allows us to use Theorem 2.1 that provides a uniform bound. Concerning this result, the most
natural question consists in removing this assumption on the intensities of the vortices, which
eventually leads to the following conjecture.

Conjecture 2.6. The set of collapses € has a Lebesgue measure 0.

It is not yet possible to prove such a conjecture. The main difficulty lays in the understanding
of the situations where some vortices collide in such a way that they go to infinity in finite time,
or show an unbounded pathological behavior. The existence of unbounded trajectories in finite
time is also an open problem. Although we are not able to answer to Conjecture (2.6), we are
able to improve Theorem 2.5 as stated in the following theorem:

Theorem 2.7 (improbability of collapses for Euler and SQG vortices). Consider the point-
vortex problem (4) with kernel profile G, the kernel associated to the Green function of the
Laplacian or the fractional Laplacian on the plane (3) for s € (0,1]. Assume that the intensities
of the vortices satisfy (22).

Then, the set of initial datum leading to collapses has a Lebesgue measure equal to 0.

This theorem is slightly more general than Theorem 2.5 for two reasons. First, it is true
both for Euler and for quasi-geostrophic point-vortex models. This aspect was already partially
improved by [9], where they obtained the result for s > 1/2. Indeed, the value s = 1/2 appear
to be a critical value for the quasi-geostrophic equations where integrability problems arise.
Our arguments manage to pass trough these difficulties and obtain the result for all s € (0, 1].
The second improvement lays in the fact that we managed to replace the non neutral cluster
hypothesis (18) by the weaker hypothesis (22). This weaker hypothesis can be seen at first sight
as a small improvement. Nevertheless, it make a quite important difference because the non



neutral cluster hypothesis (18) implies that the trajectories are bounded (Theorem 2.1) whereas
hypothesis (22) only imply a relative bound (Theorem 2.3). In other words, this improbability
result allows a simple unbounded behaviors: the cases where the vortices collectively goes to
infinity. In the article [9], the authors study the evolution in time of the following function:

N N
O(X) =Y > |wi— x| ° (26)

i=1 j=1

J#i
when the z;(t) evolves according to the point-vortex equation (4) to obtain sufficent conditions
for a collapse. Indeed, this function blows up if |z;(t) —x;(t)] — 0 as t — T at a speed depending
on the choice of f > 0 and then it is possible to study the collapses as being the set points for
wich this function becomes unbounded in time. Unfortunately, the choice of 8 that must be
made for this proof (depending on the value of s) create intergability problems when 0 < s < 1/2.
We overcome these problems arising in the proof of [9] when s < 1/2 by replacing the singularity
r~P in the definition of ® by a regularized version with parameter € > 0. We then proceed to
a reasoning similar to the one of Marchioro and Pulvirenti [15, Part 4] and then conclude by

letting € — 0.

3 Outlines of the proofs

To ease the general reading and understanding of the article, we draw here only the outlines
of the proofs of the main Theorems. These larger proofs are decomposed into smaller lemmas
stated in this section and forming the main intermediate steps. The links and articulations
between the different lemmas are developed in this section but the detailed technical proofs of
each different Lemma are all postponed to Section 4. Concerning Propositions 2.1 and 2.3, the
proofs are shorter and directly done in section 4.

3.1 Outline of the proof for Theorem 2.4

The first part of the proof consists in considering Dirac masses located on the vortices and to
prove that this converges in the distributional sense as t — T'x, the time of collapse.

Lemma 3.1 (Convergence of the Dirac measures). Let X € R2NV. From the vortices x;(t)
evolving according to the differential equations (4) with initial datum X, define the distribution

N
Px(t) := Z @i Oz, (1) (27)
=1

where 8, denotes the Dirac mass at point x € R?. Assume now that the evolution problem
associated to the initial datum X is well defined on an interval of time [0,T) for some T > 0.
Then, there exists X* € R?N and b € {0,1}" such that

N N
Z @i Ogy(r) — Z a;i b; Oy in the weak sense of measure ast — T~ (28)
i=1 i=1
and such that
bi=0 — sup |z;(t)| = +oo.
te[0,T']

Note that the proof makes no use of the non-neutral clusters hypothesis (18). In the particular
case where this hypothesis is satisfied, theorem 2.1 implies that the vortices stay bounded on



bounded intervals of time. Therefore, in this particular case all the coeflicients b; given by this
lemma are equal to 1.

The next step of the proof exploits more precisely Hypothesis (18) and the continuity of the
trajectories to obtain that a given vortex z;(t) can only converge as t — T~ to one element
of the set {z7 ...z} } given by Lemma 3.1. More precisely, if a given point x;(t) have at least
two adherence points, it is possible to extract a third adherence point that does not belongs
to {z] ...z} and this provides a contradiction with Lemma 3.1. See Section 4 for a detailed
proof.

3.2 OQOutline of the proof for Theorem 2.7
3.2.1 The modified system

Let i be fixed in {1... N}. The modified system consists in studying the evolution of y;; := z;—;
for j € {1...N}\ {i}. The idea is that knowing the relative position of the vortices (the
differences y;;) is enough to study the problem of collapses. The initial problem (4) implies that

d
77 (@i — 2)(t) = > arV G (Jo — wkl) = > arVEGa(lzy — ). (29)
ki k#j
Therefore, the evolution of y;; is given by
d
i = (ai + a;) VG (lyijl) + Z ay, (Vle(|yzk\) + VG (Jyij — yz‘k|)>- (30)
k#i,j

The main interest of this new system is that Theorem 2.7 can be reformulated using only the
differences y;;.

Lemma 3.2 (Reformulation of Theorem 2.7). Denote by Y;(t) := (yi; (t))j# the solution to (30)

at time t with initial datum Y; € RZN=1 " Assume that for alli € {1...N} and for all T > 0
and p > 0 the set

{K = (gt € BO,p)2ND 3T € 0,7, tim inf min [y;;(1)| = 0}. (31)
X

(N-1)

has its Lebesque measure L£> equal to 0. Then in this case the conclusion of Theorem 2.7

holds.

The notation B(xg, p) refers to the Euclidian ball of R? of center zg and radius p. The rest of
the work consists then in studying this system (30) and to establish that (31) does have measure
0. This modified dynamics has many properties in common with the original one. In particular,
this new dynamics still satisfies the Liouville property. Define the function H;; : R2N-D R
by

Hij [(yik)k;«éi} = (ai + aj)Gs(|yijl) + yij - Z arVGs(lyix]) + Z arG(lyij —yixl).  (32)

k#i,j k#i,j
Combining this equation with (30) gives
d
Vi = Vo Hig [(yik)k;éi}- (33)

This equation says that, in a certain sense, the dynamic of the vector Y; := (y;;) 2 shows an
Hamiltonian structure. It is not an Hamiltonian system because the function H;; does depend
on j but there is still a structure with an operator V+. Therefore, the Schwartz theorem gives

diVyij (%ym) = divyi]. (V;J.’Hij [(ylk)k¢,}> = 0. (34)

Since the velocity is divergent-free, a Liouville theorem holds for this dynamics.



Lemma 3.3 (Liouville theorem). The Lebesgue measure on the space R2N=1) given by
deij (35)
J#i

is preserved by the flow & associated to (33).

A detailed proof of the Liouville theorem in a more general setting can be found at [3, Part
3] and we refer to it for the proof of Lemma 3.3.

3.2.2 Estimate the collapses

From the kernel G given at (3), define now the regularized profiles G, for € € (0,1]. The
objective here is to drop the singularity of the kernel G near 0. We ask G to be C! on Ry
(until the boundary) and to verify

° Gs:(q) = Gs(q) when ¢ <g, (36)
o |Gse(q)] <1Gs(g)]  forall geRy, (37)
d d
— < |— <
. ‘qusﬁa(q)’ < ’qus(s)‘ forall ¢ <e, (38)
¢ [Goe(@) S2Gs(5)  forall geR,. (39)

Since G, is of class CY! on R, the dynamic defined by (4) for the kernel Gs is always
well-defined and is Hamiltonian. In the sequel we denote 6575 the flow at time ¢ associated
to the evolution equation (30) with the kernel profile G replaced by the regularization G .
The motion induced by the kernel profile G . coincides with the original motion provided that
the distances between the vortices remain higher than €. Theorem 2.7 can be reformulated as
follows.

Lemma 3.4 (Reformulation of Theorem 2.7 with e-Regularized dynamic). Assume that for all
T > 0 and for all p > 0 we have the following convergence:

LY = ()i € BOpPNTY - min nt (0] <ef 0. (40)

Then for alli € {1... N}, the set (31) has Lebesgue measure 0.

This lemma is nothing more than Lemma 3.2 where we added this parameter £ > 0 allowing
us to regularize the kernel. Therefore, combined with Lemma 3.2, this lemma gives Theorem 2.7
provided that the convergence (40) holds.

Lemma 3.5. Leti € {1...N}, e >0 and p > 0. Then

€ if s > 0.5,

LQ(N—l){YZ- = (yij)jzi € B(0, p)>N-1) n_;ién i[%fT] ‘y%(t)! < 5} < CK elog(l/e) if s = 0.5,
77 t€|0, 2s ;

€ if s < 0.5.

(41)

where the constant C' only depends on N, |a;|, T and p.
The proof of this last lemma is reminiscent from the proof of Theorem 2.5 with some new

arguments. The main idea is to rely on a Bienaymé-Tchebycheff inequality applied to a well-
chosen function. This last estimate (41) with Lemma 3.4 concludes the proof of Theorem 2.7. [
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4 Technical proofs

4.1 Proofs of the Lemmas for the Hamiltonian formulation
4.1.1 Proof of Lemma 9
Let X € RV \ &, we have

d
7H (8'X ZZ“ZCLJ VG (|ai(t) — a;(t)]) - @(xi(t)—xj(t)). (42)
=1 1
got
Using the equations of motion (4) gives

N N N

CHS'X) =33 Y ara;aeV G (ilt) — a(0)]) - V- Clrilt) — mar)
= 1]];&1 kk;éz,ly
N N N
=200 D aiaarVG(fai(t) — (1)) - VG (1) — (1)),

i=1 j=1 k=1
j#i k#L,g

(43)

where we used the identity VG(|z|) - VXG(|x|) = 0. If we relabel the indices of the second sum
above by swapping the roles as follow: i — k — j — 7, we get

N N N
d

GHEX) =33 > aia;axVG(jwilt) — (1)) - V4 Glai(t) — ar(t)))
= 1‘?]#1 kk#l,lj
N N N
3> aia; apVG(Jaw(t) — zi(t)]) - VG (Jailt) — x(t)]).

=1 j=1 k=1
]#ZI'C;&%]

(44)

Using now the identity VG(| —z|) - V*G(|ly|) = VG(ly|) - V1 G(]z|), we obtain that the two sum
appearing in the expression above are equal and therefore

d

—H(S'X
G H(5°X) =
O
4.1.2 Proof of the conservation of the vorticity vector (12)
Let X € R*V\ €7, we have
d
Using the equations of motion (4) gives
—M (StXx ZZalaJV G (|zi(t) — (1)) (46)
=1 j=1
J#i
If we relabel the sum above by swapping the roles of the indices: i +> j, then
d
aM (Stx ZZala]V G(|zi(t) — z;(t)]), (47)
i=1 j=1
J#i

11



where we used the identity V+G(| —z|) = —V+G(|z|). Thus, combining these two last equalities
gives

d
ZM(StX 48
SM(S'X) = (48)
O
4.1.3 Proof of the conservation of the moment of inertia (15)
Let X € RV \ &7, we have
d tx
S1(8'X —22%% : ,t). (49)

Using the equations of motion (4) gives

—I (S'X) = QZZCLZ ajzi(t) -V G(|xz( ) —z;(t)]). (50)
1=1 j=1
J#i

If we relabel the sum above by swapping the roles of the indices: ¢ +> j, then

4 pisix) - —{2;% a5 25(8) - V-G (st) - a5 (0). 61)
i

where we used the identity V+G(| — z|) = —V+G(|z|). Combining these two equalities leads to

GIS'X =SS s a0 — 5 (0) - VG (ll0) 0] (52)
=1 j=1
J#i

Observing now that the vector V+G(|z|) is orthogonal to the vector z, we deduce that all the
scalar products appearing in the expression above are 0. Thus,

d v
Z1(5'X) =0, (53)

4.2 Proofs for the uniform bound results
4.2.1 Proof of Propositions 2.1 and 2.3

The two uniform bounds given by Propositions 2.1 and 2.3 are a consequence of the following
proposition:

Proposition 4.1. Let N € N with N # 0 and let a; # 0 withi =1...N. let X € R*N be an
initial datum for the following differential evolution problem fort € [0,T):

N

t) = > a; VG (jai(t) —z;(0)]) + f(t @), (54)
j=1
J#

12



where G € C! (R%) NCh([1,+00]) is the kernel profile and where f : [0,T) x R* — R? is a

loc
smooth external field. One makes the assumption that there are no collapses for all t € [0,T) so

that the dynamic (54) is well-defined. One set:
N
a:= Z |a;l,
=1

Ag = i i
0= Jmn, 'Za
P#0, P#A{1..N} ‘€P

’ (55)

N
P£D i€EP i=1

Then there exists a function C' : N x (Ry)> — Ry that is non-decreasing with respect to any
of its 6 variables such that:

(1) If Ag #0, thenVt €[0,T), Vi,je {1...N},

(2i(t) — (1)) — (2:(0) — 2;(0))| < C(N, [[fllz=, T, a, i, sup ﬁ(7“) : (56)
Ao’ p>1 L dr

(73) If moreover A # 0, thenVt € [0,T), Vie {1...N},

[(wi(t) - BO) = (2:(0) - BO)| < S O(N, Iflp=, T, a, 1‘107?;1) 9% )

). 67

where B(t) is the center of vorticity of the system (13).

The first point of this proposition implies the relative uniform bound stated by Proposi-
tion 2.3 because the non-neutral sub-clusters hypothesis (22) is equivalent to Ag # 0. Propo-
sition 2.3 is then obtained by choosing f = 0. Similarly, the second point of this proposition
implies the uniform bound stated by Proposition 2.1 since the non-neutral clusters hypothe-
sis (18) is equivalent to A # 0. Recall that in the case f = 0, the center of vorticity B is a
constant of the movement (12).

Proof. To start with, the second point of this proposition is a direct consequence of the fist one
because of the following estimate that holds for all i =1...N:

|zi(t) — B(t)| = E§V=1 a;(zi(t) — z;(t))

S o < g max () = ze(t)]. (58)
Then, there remain to prove Proposition 4.1-(7). The function C is constructed using an iterative
argument on the number of vortices N > 0 that is similar to the proof of the uniform bound in
the book of Marchioro and Pulvirenti [15, Part 4]. For the iterative arguments, the case N =1
is straight-forward and gives C(1,...) = 0. Suppose now that the function C'(k,...) has been
constructed for all k =1... N — 1 with N > 2 and satisfy the announced estimate (56). One is
now constructing the function C'(N,...). For that purpose, one defines in the view of (55) the
following quantities for all P C {1... N} non empty:

a(P):=_lail,
icP

Ao(P) == rQnin Z a;

cp ‘
Q#0, QFA{1..N} 1€Q

’ (59)

A(P) = in | S ail = min {Ao(P); | 3 o}
Q;@ 1€Q ep

13



The following increasing properties hold:

QCP - a(Q) < a(P),
(60)
QCP = A(Q) > Ao(P).
There is also,
VP C{l...N}, Ao(P) > A(P). (61)

Now, let S > 0 be a parameter supposed very large and that is fixed later on. One defines the
set

Dg = {t€[0,T): max_|z;(t)—zy(t)| > S}, (62)
7,k=1...N
and tg := min®g € [0,T]. Since the largest distance between vortices is larger or equal to S at
time tg, then by the triangular inequality the vortices are divided into two nonempty clusters
P,QC {1...N} (with PUQ = {1...N} and PN Q = ) separated by a distance d that is
bounded from below by S/(N — 1). Indeed, the least favorable case consists in the situation
where all the vortices forms a rectilinear chain made of N points spaced with intervals of same
length and that link the two vortices that realize the maximal distance. If the distance d is
larger than 1 then the interaction between two vortices that does not belong to the same cluster
is bounded by suprzl“fl—f(r)‘. For that purpose, one makes now the assumption that S > N so
that d > 1 (this constraint is handled later in the choice of S) n that case, the evolution of the
points x; in cluster P, using (54), is given by

Lailt) = 3 a3 VEG(milt) — a(0)]) + (e mi(0), (63)
A
where,
Fltni®) = £ (b)) + 3 a3 V4G (oa(t) — 23(0)) (64)
=
and
17l < e + 0(Q) sup | 520 (65)

Then, as long as the distance between the two clusters remain larger than 1, it is possible to
apply the result of Proposition 4.1 recursively to (63). Note that since Ag = Apg({1...N}) >0
by hypothesis then A(P) > 0 as a consequence of (61). It is therefore possible to define the
center of vorticity of the cluster P:

Bp(t) := (Z%‘)_l > aja;(t). (66)
jeEP JjeEP

Proposition 4.1-(i7) applied recursively to P with a number of vortices #P < N gives that for
all index 7 € P,

Yt € [to, 1), ’(xi(t) — Bp(t)) — (i(to) — Bp(to))’
a(P) ~ 1 dG (67)
< 30p) CO#P Il 11 = tol, a(P), s sup | G50 ).
where
t1 :==sup {t € [to,T) : min min |z;(¢) — z;(¢)] > 1}. (68)

i€P jEQ
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Note also that t; > tg since S > N implies that at time ¢y the distance is larger than N/N—1 > 1.
Since the function C' is increasing with respect to any of its variables, the estimate (67) with
the increasing properties (60) becomes, for all i, j € P, and for all ¢t € [tg, 1),

‘(wi(t) — Bp(t)) — (zi(to) — BP(tO)))

a ~ 1 dG

< — — o -

< (N =1 Wl 7,00 o sup 500, (69)
a 1 dG

< — -1, o0 -

< 0V =1 1l +“Sup‘d ' Zp SR )

Where (65) is used for the second inequality. On the other hand, the center of vorticity is
preserved by the flow of the point-vortex dynamics (12) and therefore Bp is only moved by the
external field:

Yt € [to,t1), %Bp(t) - (Zaj)_l S it i(t)). (70)
JjEP JjEP
Thus,
Veclot)  |Be(0) - Bl < ST e < T (I +asw | TE0) ()

where was used (65) for the second inequality. One now establishes that ¢t; = 7" is S is chosen
large enough. Let t € [to, 1) and let i € P, j € Q. Equations (69) and (71) together gives

|2i(t) — ()] = |2i(to) — z;(to) ’ - ’ xi(t) = Bp(t)) — (wi(to) — BP(tO))‘ - ‘BP(t) - BP(to)‘
—|(@s(t) = Ba(®)) = (2;(t0) ~ Balto))| - |Ba(t) - Ba(to)
Zm—%fc( “1 W+ asupl 0], 7 sup | 0]

- QIOT(“JCHLOO +a sup ‘%(T)D-
: (72)

If one chooses S big enough so that the last expression above is larger than 2, then the definition
of ¢t; implies t1 = T'. For that purpose we set the parameter S equal to:

a da 1 G
Sy = 2(N—1)+2(N—1)A—OC<N—17 \Ifl!Lm+asup’7(T)),T Ay S o )D

0 (|\f\|Lw+asup\d ))).
(73)

YN — 1)+

Remark that the constraint Sy > N previously required in the case N > 2 is indeed satisfied
with such a definition.

It is now possible to establish the announced estimate. First, in the case 0 < ¢t < tg, then by
definition of ¢y,

Vi,j=1...N, | (zi(t) — x;(t)) — (2i(0) — 2;(0))| < 2Sw. (74)
Otherwise if tg <t <t1 =T,
Vi, j=1...N, ‘(wi(t) — 2;(8)) — (2:(0) — xj(O))‘

< ‘(l“i(tO) —(to)) — (2:(0) — a4 )) + |zi(t) — @i(to)| + |a;(t) — 2;(to)|

15



The first term above is estimated similarly as (74). For the other terms, suppose for instance
that i € P, then one uses again (69) and (71) to get

zi(t) = wi(to)| < |(wi(t) = Bp() — (wi(to) ~ Bp(to))| + | Bp(t) - Bp(to)|

a dG 1 dG
<—C(N-1 o — )|, T, a, — —
_AOC( Al +a§1§11>‘dr ()|, T, a, 250 S | (?")D
a dG (76)
_T 0o bl
+ 537 (17 s+ sup[ G0))
B Sy — (N—l— 1) < Sf]\[
2N -1) T 2
Thus, gathering the two estimates (74) and (76),
Vi g, Yte[0,T),  [(zit) - z;(t) - (2:(0) — x;(0))] < 3Sn. (77)

In the view of the definition of Sy at (73), it is possible to define the function C(N,...) such
that

1 dG
C(N, w, T, a, —, sup | 2= D — 35 78
Il T o sup [ 570)]) = 35 (78)
It is a direct computation to check that the function C' is increasing with respect to any of its
variables and (77) corresponds exactly to (56). O

4.2.2 Proof of Corollary 2.2

Assume for the sake of contradiction that there exist 7' > 0 such that

liminf mi R _ o

iminf min |z;(t) — ()] = 0 (79)

Then it is possible to extract an increasing sequence of time (¢,) and two indices ig # jo such
that

lim |z, (tn) — xj,(tn)] = 0. (80)

n—-+00

Consider two indices ko # lgp. Two cases occurs:

either Eg}r&f |k (tn) — 21, (tn)] = 0 or  VneN, |xg(ty) —x,(tn)] > ¢ > 0.
(81)
In the first case, it is possible to obtain that
i oy (ta) — 2y (ta)] = 0, (s2)

provided that we proceed to another omitted extraction of the sequence (¢,). We considering
now successively all the possible pairs of indices i # j and we proceed iteratively to such
an extraction if the first case of (81) happens. We eventually end up with a set of couples
P C{(i,j) :4,j=1...N with i # j} and an increasing sequence of time (t,) such that

v (i,7) € P, |$Z(tn) - l’j(tn)‘ —0F as n — 400 (83)

and
V(@) ¢P i# G |ilts) —2(ta)] 2 ¢ >0, (84)
with ¢ > 0 a constant independent of n. Since the a; are all positive, the non-neutral cluster

hypothesis is satisfied and then Theorem 2.1 in apply. The trajectories remain bounded by a
constant C. Combining this with (84) gives

V)P A Gt~ o)) = min GO). (35)
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Since the a; are all positive, we deduce that

Zaz a; G |$z tn) — x](tn)D

i#j
. 86
> E a;a; G |:cz tn) — xj(tn)|)+(rg[101%]G(r)) E a; a;. (86)
(i)eP ’ (ig)¢P
1#£] 1#]

Using again the positivity of the coefficients a;, we obtain that hypothesis (20) combined
with (83) imply that

Z ai a; G(|zi(tn) — zj(tn)]) — +o0 for n — 4o0. (87)

(i,5)EP
i#j

Thus, in the view of (86),

Zaz a; G(|zi(tn) — zj(tn)]) — +o0 for n — 4o0. (88)
i#j
This is in contradiction with the energy preservation stated at Lemma 9. O

4.2.3 Proof of Theorem 2.3

Let S > 0 parameter very large fixed later. Suppose by the absurd that there exists an initial
datum X e R2V \ €7, two indices iy and jo and a time ¢y such that

[io (to) = @jo (to)| = max|a; — ;] + . (89)

By continuity of the trajectories, there exists an interval of time [t1,¢2] such that

S

|Zio(t1) — 5, (t1)] = max |z; — 5] + S, |Tio(t2) — j,(t2)| = max |zi — x| + 5 (90)
and such that g
Vi€ [t tal, fwio(ta) — 2jo(t2)] = max|a; — 2] + 5. (91)

As a consequence of this last property and similarly as in the proof of Theorem 2.1, we can split
the system of vortices into two non-empty subsets P and @ with PUQ = {1... N} such that
for all t € [t1,t2],

(92)

min min [2;(t) — 2;(t)] = 2N

It can be assumed for instance that ig € P and jg € Q). Therefore, the vortices in the set P
evolves according to equation

d
= a;VHG (2l () — 2 (0)]) + Fi(al (), 1). (93)

jeEP

JF#i

where the external fields F; is the interaction with the vortices that belongs to (). As a conse-

quence of (92), and if S is chosen large enough, this field satisfies

|[Fi(x,t)] < sup|—-

s ‘ - r)’. (94)

The analogous equation holds for the vortices of the set (). We now want to apply Theorem 2.1
to the dynamic of the cluster P on [t1,t2] given by (93). The non-neutral clusters hypothesis is
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satisfied for the cluster P as a consequence of (22) because P is a strict subset of {1... N}. We
obtain from Theorem 2.1 a constant C' such that the dynamic of the cluster P without external
field F; is bounded by C'. If we add the smooth external field F;(z,t) and since the bound given
by Theorem 2.1 is uniform, we end up with

to
sup max |x;(t) — x;i(t1)] < C+/ sup |Fj(x,t")|dt'. (95)
t€tr,ta] E€P t1 xzeR2N
Combining this with (94) gives
sup max |x;(t) — x;i(t1) d G(T‘)’ (96)
X |Ti(l) — Ti(l1)]| > - .
tefts ta] €P r>1 ldr

Doing an analogous argument on the cluster @) gives

d
sup max |z;(t) —xi(t1)| < C+T sup |—G(r)|. (97)
tefti ta] €Q r>11dr
On the other hand, the conditions (90) imply that
S S
o (t2) —@io(t1)| = 1 or e (t2) — 2o (B1)[ = - (98)

The two bounds (96) and (97) are in contradiction with (98) if S is chosen large enough. O

4.3 Proofs of the lemmas for Theorem 2.4

4.3.1 Proof of Lemma 3.1

Let Px(t) be the distribution defined by (27), assumed well-defined for all ¢ € [0,7]. Let
¢ € D(R?). Then,

C‘Zt<Px() O) i = dtzazso it ZW@D it -j i(t). (99)

The equations of motion (4) give

d (1) — @i(t) *
dt<PX D,D Z azaJVgo x;(t (\atj(t) — :c,-(t))\?
i#]
1 (l‘j(t) o .I‘Z'(t))J— (100)
R (W(”(”) ~Velei®)) - o
Therefore,
{Px(8).0)pip| < Z jaiaj] ||V (101)

z#ﬂ

Then, t — <PX(t), gp>D,D is Lipschitz and converges as ¢ — T—. Since this holds for any ¢ €
D(R?), this implies that Px (t) converges in the sense of distributions towards some Px € D'(R?)
as t — T~. There remains to prove that Py is actually a measure that takes the form given
by (28). Consider now an increasing sequence (t,) converging towards 7. We remark first that
it is always possible, up to an omitted extraction of the sequence, to reduce the problem to

either xi(ty) — =} or |zi(tn)| — 400 (102)

18



for some X* € R?Y. Indeed, if |$Z(tn)‘ — +00 is not satisfied then there exists an extraction
such that z;(t,) stays bounded. But if it stays bounded then another extraction makes this
sequence converge towards some x;. Repeting this process for ¢ from 1 to N gives (102). Now
that (102) holds, define

|0 if |2(tn)| — +o0,
bi = { 1 either. (103)
Therefore it holds
N N
Z a; 5J1i(tn) — Z a; b; 690;‘ as n — +00o, (104)
i=1 i=1
in the distributionnal sense. By uniqueness of the limit, it is possible to identify
N
Px = a;b; oy (105)
i=1

The fact that the convergence of Px(t) towards Px in D’ is actually a convergence in the weak
sense of measure comes from the fact that the measure Px (t) is bounded by ), |a;| for all t. [
4.3.2 Proof of Theorem 2.4

e Step 1: Consider the X* € R?N given by Lemma 3.1. Let 2 € R? such that foralli =1... N,
z # x}. We are going to prove that for alli =1... N,

liminf |z;(¢) — 2| > 0. (106)

t—T—

Suppose by the absurd that there exists A C {1... N} with A # () such that for all i € A,

liminf |z;(¢t) — z| = 0. (107)
t—T—

This set A can be chosen such that for all i ¢ A,

liminf |z;(t) — 2| > 0. (108)
t—=T—
Define
dl:=min{|z} —z[:i=1...N} >0,
d? := min { liminf |z;(t) — 2| : i ¢ A} >0,
2 1= min {lim inf [z,(t) = 2| : i ¢ A} (109)

d} := min {di, dﬁ} > 0,
where by convention, for the definition of d?, the minimum of the empty set is +oc0. Let ¢ be
a C* function supported on the ball B(z,d%/2) and equal to 1 on the ball B(z,d%/4). As a

consequence of Lemma 3.1 (and Theorem 2.1 to obtain that b; = 1 for all i) and by definition
of d} we have,

N N
< Zaﬁxi(t), g0>D/ - — <Zai(5m;, <p>D, - 0 ast— T . (110)
i=1 ’ i=1 ’

Using now (107) and (108), we infer the existence of an increasing sequence (¢, )nen converging
towards 1"~ such that for all n € N,

Vie A, xi(tn)el’)’(z, dz) and  Vig A, xi(tn)géB(z, %) (111)
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With the definition of ¢ and the definition of d} given at (109), holds for all n € N,

N
<Zai(5v’vi(tn)> QP>D/D = Zai. (112)
i=1 ’

i€A
As a consequence of the non-neutral clusters hypothesis (18) we have .., a; # 0. Therefore,
Equations (110) and (112) are in contradiction and then (106) holds.

e Step 2: Assume now that a given vortex x;(¢) has two adherence points. By (106),

these two points must be some z;. For instance, x;‘ and xj, with j and k such that x;‘ # Ty

Define the smallest distance between 2 and any other possible adherence point
r;::min{r>():5|l:1...N, |x;—$7|:r}. (113)

Consider then the circle .
2 * *
S:= {xGR : ]x—xj(t)\:§rj}. (114)
Since x;‘ is inside the ball of radius r;f /2 and x}, is outside, since these two points are adherence

points for the dynamics of x;(t) as t — T'~ and since the trajectories are continuous, there exist
an increasing sequence of time (¢, ),en converging towards 7'~ such that

VneN, xzi(t,) €8S. (115)

By compactness of S, it can be assumed that, up to an extraction, z;(¢,) — z* € S as n — oo.
By definition of 7, for all [ = 1... N, a7 ¢ S. These two facts together are in contradiction
with (106) and this concludes the proof of Theorem 2.4. O

4.4 Proofs of the lemmas for Theorem 2.7
4.4.1 Proof of Lemma 3.2

First, the conclusion of Theorem 2.7 can be formulated as follows

£2N{X eR*™ :3Tx € Ry, liminf min|z;(t) — z;(t)| = 0} =0, (116)
t—Ty 77

where £? refers to the Lebesgue measure of dimension d. It is possible to reduce the problem

to bounded intervals of time and bounded regions of space by rewriting (116) as follows.

+00 +o0
£2N( U U {X cR* :3Tx €[0,7], liminf min |z;(t) — z;(t)] =0
721 21 =Ty (117)

and T%x‘xi(tzo)—xj(t:())‘ Sp}) = 0.

Indeed, we can directly check that the two sets appearing respectively in (116) and (117) are
equal. Since the reunion in (117) is a countable reunion, then to conclude that (116) holds it is
enough to prove that for all 7> 0 and p > 0,
£2N{X eRXN 3Ty €[0,7], liminf min |z;(t) — z;(t)] = 0
t=Ty 7]
(118)
and mjx}xi(tzo)—xj(t:O)’ Sp} =0.
i#]

Now, let T > 0 and p > 0. For i fixed in {1... N} denote by 7; the isomorphism that gives
the position of the point vortices (azk)szl knowing the position of z; and knowing the differences
(ij)ji- In other words define,

Ti: RZxR2N-D R2N

119
(z,Y) = ($+yil~--$+yi(z’—1)a €L, $+yi(i+1)-~£€+yiN)- (119)
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Thus, the following inclusion holds

{X eR*™:3Tx €[0,7], liminf min_|z;(t) —2;(t)| =0
t—=Tx J:‘;-;N
JFt

and m;émx ’ml(t =0)—z;(t= 0)’ < p}
i#]

C 7;[]1;&2 X {Y = (yij)j € R*V"V 1 3Tx €[0,7], liminf min |y;;(t)| =0 (120)

t—Ty J#0
and  max |y;;(t = O)| < p}]
i#£]

= ﬁ[R? % {Y; = (yij)j € B0,p)*N D 3Ty €[0,7], liminf min|y;(t)] = O}]
t—Ty J70
We conclude that the studied set satisfies

{X cR*™ :37Tx €[0,7]), liminf min min |lzi(t) — 2;(t)] =0
15Ty i=1..N j=.1¥.‘.N
j#i

and I?%X‘xi(t =0) -zt = 0)} < ,0.}

-

{X eR*™:3Tx €[0,7], liminf min_|z;(t) —2;(t)| =0
t—Ty J=L..N

=l i#i

and m;x‘a:i(t =0) —;(t =0)| < ,0-}
i#j

)

7;[]1{2 X {YZ = (yij)ji € B(0,p)* ™Y :3Tx €[0,7], liminf min ‘yw(t)‘ = 0}]
i=1 ’

t—Ty J#
(121)

Using now hypothesis (31) and the Fubini theorem,

2N (Rz « {Y = (yij)ji € BO,p)* NV :3Tx € [0,7], liminf min|y;(t)] = o}> =0.
t—Ty J7#0
(122)
Since 7; is a linear map, it is absolutely continuous and therefore maps any sets of Lebesgue
measure 0 into sets of Lebesgue measure 0. Therefore, combining this fact with (121) and (122)
gives (118). O
4.4.2 Proof of Lemma 3.4

Let T >0, p> 0 and € > 0. For ¢ # j, we define the set of initial datum such that occurs an
e-collapse between the two vortices z; and z;

L= {Y; = Wi)iei € BO,p)* NV € (0,T),  |yy(t)| < 5}- (123)
We also define the time at which occurs the e-collapse. Let Y; € Uj £i Ffj’.’) ,

Ty, := inf {t €10,7]: m?ién lyii (t)] < 6}. (124)
j#i

We are also interested in the situations where other collapses occur, far from z;. This corresponds
to the e-collapses of vector y;; := x; — 2 = yij — yir. Let k # 4, j, define

T = {y €T3t <T5, |yy(t) — yin(t)] < g}. (125)
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The fact that Ff]’k gives information on whether another e-collapse occurs far from z; with z;
before the expected e-collapse between z; and z; implies the following inclusion.

I IR, (126)

This inclusion must be understood as follows. If occurs an e-collapse between x; and x) before
the first e-collapse between z; and z; (left-hand side of the inclusion above), then in particular
we have an e-collapse between x; and zj, (the set Fif’) in the right-hand side above). Yet, since
we do not have an 5 collapse between z; and x; before the e-collapse between x; and x), we can

remove the set F ”in the right-hand side of the inclusion above. Another important inclusion
is

9. 72
ri T (127)

These two definitions (123) and (125) study the e-collapse on the exact system with kernel Gs.
We need the same definitions with the regularized kernels G .

B0 o= (Vi = (s € BO 0PN 02 31 0,7], (0] <<},
Ty, = inf {t € [0.7] : min [yf5(1)] < <. (128)
Bp={vielyae<Bi, 50 -0l <}

One remarks now that as long as the quantities |yij‘ and ‘yij — yik| remain higher than e for
all j # i and k # 1, j, then the dynamics of y;; and y;; coincide as a consequence of (36). This
property implies in particular, using the sets defined at (123), (125) and (128),

o (U ) =m (U T (120
k#i,j k#i,j

The hypothesis of Lemma 3.4 can be rephrased as follows: for all p > 0, and for all i # 7,

£ (f‘?ip) —0 ase—0T. (130)

ij
Concerning the conclusion, it is enough to prove that for all p > 0, and for all ¢ # j,

£ (I‘Z’-p) —0 ase—0T, (131)
because for all ¢ = 1... N the following equality holds:

{Yi i= (Yij) ji € B(0, p)?N=V . 3Ty € [0, 7], limTH*lf I]n;n ‘ym )‘ = 0} ﬂ UF"’p. (132)
n=1 j#i

The fact that the convergences (130) imply the convergences (131) is given by the following
computations. First, using (126) we get

bl 9. 9. 9. b 9. 72 72
riy = ey (U i) |0 (U i) < e (U ) o U ).

k#i,j k#i,j k#i,5 k#i,5

One remarks that it is possible to do the same computation with the remaining term on the
very right using again (126) and this gives

72 2 ’2 2 2
D\ g = |5 (U ) o (U )
c remy (U)o (U miamse).
L l#k,j J 1#1,7,k
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Doing the same computation as above recursively until the residual term is empty and using (127)
transforms (133) into

, 2N .2
i c [sz 7\ < U i p)] (135)
k#j l#5,k
Using now (129), we finally get
, -~ 72N -~ ’2N -~ 72N
e U (U )| e Ung™ (136)
k#j I#5,k k#j
Thus the convergences (130) imply the convergences (131) and the lemma is proved. O
4.4.3 Proof of Lemma 3.5
Leti e {l1...N},e>0and p>0.
Step 1. Let a > 0. We define a kernel L, by
Lo(q) :==q7>7" (137)

and we associate to the kernel L, its e-regularization L, . as defined by (36)-(39). From this we
define the function

(V) := Z Lo (lyijl)- (138)
J#i
This function is all the most high valued as the system is close to collapse with vortex z;. Denote
by (‘5;6 the flow of the modified system (30) with the regularized kernel G .. This gives

d d

so(sly) = 2 VEac (i 01) - i)

- Z VLa,s(‘yfj(tM) ’ |:(az + aj>vLGs,e(’yiEjD + Z Ak (lesﬁ(’y?kD + VLGS’E(’yfj N yfk|)>:| ’
j#i k#i,j

=3 3" VLo (w50 - (V- Cacllinl) + V-G (155 — vit)))-
JFU kg

(139)

where for the last equality we used the identity Vf - V-1g = 0 that holds for f and g two radial
functions. Thus,

Lo(ey) < w(sly), (140)
where
(V) =30 3 okl VEae (i) | ([9Gse(winl) |+ |VGoe (s — wiel) ). (141)

i ki
We now observe, recalling the definition of G given at (3), that the e- regularization (36)-(39)
implies, by a direct computation using polar coordinates,

1 if s > 0.5,
/ ’VG8,5(|y|)|dy < C 1 log(l/e) if s = 0.5, (142)
5(0,p) g2s—1 if s < 0.5,

where B(0, p) is the euclidean ball on R2. T he constant C' depends on p and s. Similarly with
the definition of the kernel L, at (137) and since a > 0,

/ Laoe(ly)dy < Ce™@ and / ’VLaﬁ(\ymdy < Ce e, (143)
B(0,p) B(0,p)
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Therefore using (143) with the definition of ® gives
/ B(Y;)dY; < =" (144)
B(0,p)N

Similarly, the definition of ¥ given at (141) gives

[ v,
B(0,p)N 1

N
/ 0N~ Z Z ak‘VLaE yzj ’ <|VGS,E(‘ka|)} + ‘VGS,€(|yij - yzk|)‘)] dezl (145)

J# kg ll;%
N-3
oSS a)( [ a) ([ 9mloblan) ([ 96 (ula).
J#i k#i,j B(0,p) B(0,p) B(0,p)
and then, using (142) and (143),

€ if s > 0.5,
/ U(Y;)dY; < Ce 279 clog(l/e)  if s = 0.5, (146)
B(0.p) g2 if s < 0.5.

Step 2. It is now possible to integrate ¢ along the flow. We obtain

T
d
/ sup ®(&;.Y;)dY; < / ®(Y;) dY; +/ / <6t ) dtdY;
B(0,0)N-1 t€[0,T) ’ B(0,p)N-1 BopN-1 Jo |dt
(147)
Using (140) in the estimate above gives
/ sup ®(6!.Y;) dY; g/ 3) dY; +/ / dtdY (148)
B(0,0)N 1 t€[0,T] ’ B(0,p)N 1 B(0,p)N 1
Using the Fubini theorem in (148) and the Liouville theorem 3.3 leads to
/ sup ®(&!.Y;) dmg/ dY+/ / (Yz) d&; LY dt
B(0,p)N -1 t€[0,T] ’ B(0,p)N~ 1 &t B(0,p)N 1

:/ dY+/ / )dY dt.
B(0,p)N— 1 &} B(0,p)N

We now make use of hypothesis (22) on the intensities of the vorticies. Indeed, this hypothesis
allows us to use Theorem 2.3 which states the existence of a constant C” independent on e (but
dependent on p, T, s and the a;) such that

(149)

&;.B(0,p)V "t € B(0,C")N (150)

Thus, the estimate (149) above becomes

/ sup ©(6}.Y;)dY; < / 3) dY; +/ / ) dY; dt.
B(0,p)N -1 t€[0,T] ’ B(0,p)N -1 B(0,C"N
it s > 0.5, (151)
<Ce 4+ CTe 2?0 elog(l/e) if s =0.5, ,
g2s if s < 0.5.
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where for the last estimate we used (144) and (146).
Step 3. By definition of the function ®, there exists a constant ¢ > 0 such that,

A S N=1. pin i € <
{Yz (yij)j2i € B(0, p) I}l;gltel{éfT]\yZJ(t)l 75}

(152)
- {Yz = (yij)jzi € B0, p)" "2 sup ®(&}.Y;) > 68_2_a}-
te[0,7) ’
Combining this inclusion with the Bienaymé-Tchebycheff inequality gives
N— N— . .
£ 1){5/;‘ = (yij)j#i € B0, p)N " ‘min ik |u5; ()] < e}
c2+a (153)
< / sup ®(6].Y;) dY;.
¢ JB(0,p)N-1 te[0,T) '
Using now (151) in (153),
€ if s > 0.5,
52(1\7—1){}/2. = (yi5)j2 € B0, p)V 1 : min inf 5 ()] < 5} < C1 elog(l/e) if s=0.5, ,
T tEl0 ] g2 if s < 0.5.
(154)
where C is a constant that depends on T', p, N, s and on the a;. The lemma is proved. ]
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