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Measuring and comparing risks of different types

Maximilian Aigner™, Valérie Chavez-Demoulin(®, Armelle Guillou®

(1) University of Lausanne, Faculty of Business and Economics, Switzerland
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Abstract

Being able to compare risk measures in practice is crucial in many applications such as in
finance, insurance or environmental science. The difficulty is that the variables of interest are
not always of the same nature, nor of the same type or scale. Thus the usual risk measures are
often misleading and to solve this issue we propose to use the Expected Proportional Shortfall
(EPS) which is scale invariant and thus, which does not depend on the unit of measurement.
To estimate the EPS, an estimator of the tail index v is required. The main asymptotic
properties of our EPS estimator are provided under very general assumptions in case of
d—variate f—mixing processes with Pareto-type marginals. Then, we propose a test statistic
based on the EPS estimators to compare different risks, whatever their nature/type/scale
are. Since the performances of the test statistic are poor when a biased estimate of v is used,
we propose to perform our EPS estimation with an asymptotically unbiased estimator for ~.
The efficiency of our test statistic is illustrated in a simulation experiment and validated on

an environmental dataset.

Keywords: Asymptotically unbiased estimator; S—mixing; Convergence in distribution; Ex-

pected Proportional Shortfall.



1 Introduction and motivation

In many fields where assessing risk matters, it is of main importance to compare several risk
measures but often these measures are calculated from variables of different types or nature or
have different unit scales. An insurance company, for instance, may be interested in comparing
its claims linked to fire and its claims related to car accidents. In finance, one may want to com-
pare market risks of assets of different currencies. In this paper, we consider an environmental
application, where the question of interest is: what is the most risky climate extremes, floods or
heatwaves, in a certain area? Answering this question is crucial for policy-makers and insurers
to prepare for a future of climate change. Although humans can prevent the effects of floods by
building dams, extreme rainfalls still strike Europe, destroying constructions, lands and, some-
times, killing people. Likewise, severe heatwaves can lead to fatalities. The European heatwave
of 2003, for instance, resulted in at least 30 000 deaths in total, with more than 14 000 recorded
in France. These two risks linked to heavy rainfall and heatwaves originate in phenomena of
different natures and measured on different scales. To help in addressing the question above,
namely, which is the higher risk, we use daily data of precipitation (hourly sum over day, in
mm), of temperatures (daily minimum, in degree Celsius) and of humidity at 2m above ground

(daily maximum, in %) observed in Lausanne, Switzerland, during three years (2016-2019).

In this context of comparing risks linked to different types of data, the use of traditional risk
measures such as the Value-at-Risk (VaR), commonly used in finance, or its equivalent used in
environment (return level), can be misleading. To solve this issue, the Expected Proportional
Shortfall (EPS) has been introduced by Belzunce et al. (2012), and is defined for a non-negative

random variable X with finite mean and continuous distribution function Fx, as

X —VaR,
VaR,, i

for all p € {p € (0,1) : VaR, > 0}, where VaR, = inf{x € R : Fx(z) > 1 — p} and

EPS, = E : (1)

a+ = max(a,0). The EPS measures the thickness of the upper tail to a fixed VaR, proportional
to the VaR, and thus it can be useful to measure risks of different nature. In particular, it has

the nice property of being unaltered when all the values are multiplied by a positive scalar value.



In this paper, we consider d—variate (X(l),...,X(d))T time series where each marginal dis-
tribution function is of Pareto-type with tail index v; < 1, j = 1,...,d, respectively. We
further assume that the vector is coming from a S-mixing process as we typically encounter in

environmental applications, often dealing with auto-correlated and cross-correlated components.

In a recent paper, Hoga (2018) constructs tests for equality of “tail risk” in the multivariate
context of S-mixing processes. The test is applied to financial data with an estimate of the
test statistic based on the tail index estimator proposed by Hill (1975). As is well-known in
the literature, this estimator may suffer from bias in some circumstances, which affects the
performance of the test. To illustrate this point, we simulate 1 000 independent bivariate
samples of size 1 000 (corresponding to the size of observations in our application) where each

marginal distribution function Fj, j = 1,2, follows a Burr(\;, 7;) distribution, namely:
Fj(x)=1—(1427)"Y, (2)

where ; = ﬁ, j = 1,2. In our simulations below, we set 71 = 2 = 0.2, mimicking the esti-
mated values obtained in our application (Section 5). Our objectif is to test the null hypothesis:
Ho : 71 = ¥2. To this aim, we use the test statistic proposed by Hoga (2018) with v;,j = 1,2,
estimated by the Hill estimator (as done in the latter paper), but also with the bias-corrected
estimator proposed by Chavez-Demoulin and Guillou (2018). The choice of the tuning parame-
ters involved in these estimators is the one suggested in each of the two abovementioned papers.
Since we want to point out that the bias in the tail index estimation has an impact on the per-
formance of the test, an important parameter in this illustration is the second order parameter,
denoted subsequently by p;, and which is equal to p; = _A%-’ j = 1,2, for a Burr-type distribu-

tion as defined in (2). More precisely, the closer |p;| is to 0, the more biased is the Hill estimator.

Table 1 shows the rejection frequency of the null hypothesis Hg : 71 = v2. We choose, p; =
pa = —1, corresponding to a situation where the Hill estimator does not suffer from bias. The
columns of the table correspond to the test statistic proposed by Hoga (2018) in case where the

tail index is estimated by the Hill estimator (left, Hill-estimate) and the Chavez-Demoulin and



Guillou (2018) estimator (right, CG-estimate), for two levels 5% and 10% corresponding to the
rows of the table. Clearly, both methods perform well with rejection frequency close to the level.
This was expected since the second order parameters p;,j = 1,2, are far from 0, and thus the

test statistic is not too much sensitive on the tail index estimation method used.

Hill-estimate CG-estimate
5% 0.055 0.047
10% 0.12 0.092

Table 1: Burr distribution. Rejection frequency of the null hypothesis Hg : 71 = 2 in case
v1 =2 = 0.2 and p; = p2 = —1, based on 1 000 samples of size 1 000.

Similarly, Table 2 shows also the rejection frequency of the null hypothesis, but this time, when
p1 = —0.5and py € {-0.7,-0.6,—0.5, —0.4, —0.3}. As |p2| becomes closer to 0, the rejection fre-
quency based on the test statistic computed with the Hill-estimate increases drastically, leading
to an important type I error. On the contrary, with the CG-estimate, the rejection frequency

stays close to the level.

P2 -0.7  -06 -05 -04 -0.3

5%
Hill-estimate 0.036 0.060 0.091 0.146 0.274

CG-estimate 0.046 0.047 0.052 0.052 0.049

10%
Hill-estimate 0.101 0.123 0.160 0.236 0.421
CG-estimate 0.088 0.100 0.099 0.096 0.110

Table 2: Burr distribution. Rejection frequency of the null hypothesis Hg : 71 = 72 in case

v1 =72 = 0.2 and p; = —0.5, based on 1 000 samples of size 1 000.

Since the bias in estimating the tail index parameter clearly affects the performance of the test
statistic, we only use throughout the paper the bias-corrected estimator proposed by Chavez-

Demoulin and Guillou (2018). First, we extend the theoretical results of the latter paper to the



multivariate context of d-variate S-mixing processes. Then, since a test based on equality of tail
indices is difficult to interpret for practitioners, except if they are familiar with extreme value
theory, we focus in this paper on a test statistic based on the EPS which, in addition to be easily
interpretable, allows us to compare risks of different nature, and as such it provides an answer

to our initial environmental question.

The remainder of the paper is organized as follows. In Section 2, an estimator of the Expected
Proportional Shortfall is proposed and its asymptotic properties are established. Then, in Sec-
tion 3, a test statistic based on this risk measure has been constructed in order to compare risks
of different nature or different unit scales. The performance of our test statistic in terms of
size and power is illustrated in Section 4 through a small simulation study. Finally, Section 5
is devoted to the analysis of the real data presented in the introduction in order to answer our

environmental question. All the proofs are postponed to the appendix.

2 Estimation of the Expected Proportional Shortfall

Let {X; = (Xi(l), e ,Xi(d))T}i:L...,n be a d—variate time series, where the continuous distribu-

tion function of Xi(j),j € {1,---,d}, are denoted by Fj and is assumed to be of Pareto-type
with index ~; > 0, that is

1= Fy(z) = 2= ity(w),

where /;(.) is a slowly varying function at infinity. Define also the associated tail quantile
function by Uj(z) = inf{y : Fj(y) > 1 — 1/z}. Our estimator of the Expected Proportional
Shortfall is based on an intermediate sequence k, i.e., an integer sequence such that k = k,, — oo
with k/n — 0 as n — oo. To establish its convergence towards some Gaussian process, we need

to assume, as usual in extreme value theory, the following second order condition (SOC):

Assumption (SOC). For j € {1,--- ,d}, there exist pj < 0 and a positive or negative function
A;(+) with limy_c Aj(t) = 0, such that for all y > 0,

¢ v yr —1
. 7 — oY -
in DG =S ruzo



The function A;(-) in Assumption (SOC) is regularly varying with index p; < 0, and the bias
of the tail estimators, e.g., extreme value index or EPS estimators, can be explained by the rate

of convergence of this function A;(-) towards 0: the closer p; is to 0, the larger the bias.

More precisely, our time series {X;}i=1 ... , are assumed to be strictly stationary sequences of

R?—valued random vectors, which are f—mixing, i.e., such that

B):=supE | sup |P(A|F")—P(A)|| —0, as { — oo,

meN AEF o
where F2° , | and Fi" are the o—algebra generated by (N, 1041, Nyqep2, ) and (R, -+, Ny,

respectively.

All our results require some additional assumptions which can be viewed as multivariate analogue
of conditions required in extreme value theory for dependent data, as already used in, e.g., Drees

(2000, 2003), and defined as follows:

e Assumption (C). {N;}ien is a strictly stationary S—mizing process with continuous
marginals and mizing coefficients 5(-) such that
im {2 I 1og2 -
7}1_{{)10{%5(&) + \/Elog (k)} =0,

for sequences {€p}neny C N, {rptnen C N tending to infinity with £, = o(ry) and r, = o(n);

e Assumption (Cy). There exists a function r; j(z,y), (i,7) € {1,--- ,d}?*, such that for
some 6 > 0, we have for all (z,y) € (0,1 + §)%:

k k

nh—>Hc}o KCO’U (Z ]l{X(z)>U n }, Z ]l{X(J)>U n }) :Tz,](zay)7

e Assumption (Cs3). For some constants C > 0, § > 0, we have fori € {1,--- ,d}:
[Z Loz <xtd <z

4
<Cly—z),V0<z<y<l+dneN.

k

Examples of time series satisfying Assumptions (C1) — (C3) can be found, for instance, in Drees

(2000, 2003), and include, among others, linear and ARCH models.



Our aim is to estimate the Expected Proportional Shortfall defined in (1). To this goal, observe
that the EPS based on XU), j € {1,--- ,d}, can be rewritten, for v; < 1, as follows

& T
EPS,;, = —1)dF;
P /VaRp,,- <V3Rp7j > i)

1 - Fy(2VaRy,)
= p/ : dZ
1 1= Fj(VaRy;)

= ol [Tty (D) [T
1 b/ /1 ViPj

1-Fj(zVaRy ;) —1/v;

+A'<1) /OO 1 (VeRps) B S
J
PN 45 (1) iPi

ez ro(a())

since, according to de Haan and Ferreira (2006, p. 161), under our Assumption (SOC), we

have the following inequality: for any a,g > 0, there exists sg = so(e,g) > 1 such that for all

s,82 > sp and j € {1,--- ,d}:
1-Fj(zs) _ _—1/~; s i - ~
1-Fj(s) “ ’ - 271/%& < 527%’ % max (2:67276) . (4)
A;(1/(1 = Fj(s))) ViPj

Thus, to estimate the Expected Proportional Shortfall, we need to estimate the extreme value

index ;.

Chavez-Demoulin and Guillou (2018) introduced a class of estimators for the extreme value
index in the case of a univariate f—mixing time series, say X. This class can be viewed as
statistical tail functionals, T(Q,,), where @, is the tail quantile function defined as Q,(u) :=
Xn—|kuln, 0 <u < n/k,and T(-) is a suitable functional, see also Goegebeur and Guillou (2013).

We propose to extend this class of estimators in the case of d—variate S—mixing time series, as

follows:

~ LQUNz)

RE (1) = /0 og 25 1y KD, (5)
where

Q(j) (2) = x )

Lt Lkt) ), [t for 0 <z <n/k, tel0,1],and j € {1,---,d}, (6)



and where K satisfies the following assumption:

Assumption (K). Let K be a function such that fO t)dt = 1. Suppose that K is continuously
differentiable on (0,1) and that there exist M > 0 and T € [0,1/2) such that |K(t)| < Mt™T.
These conditions on the function K(.) are not restrictive, in particular they are satisfied by
the usual power kernel function K(u) = (1 4+ v)u”,v > 0, and the log-weight function K (u) =
(—logu)”/I'(1+v),v > 0. Note also that the usual tail quantile function @), has been slightly
generalized in (6) since, later in Section 3, we use the self-normalization approach in order to
construct the test statistic, and thus we need to evaluate this function for different values of .
Clearly, the estimator proposed in Chavez-Demoulin and Guillou (2018) is a particular case of
(5) corresponding to the specific value ¢t = 1, whereas the well-known Hill estimator (Hill, 1975)
corresponds to the case K(z) =1 and ¢t = 1.

Before stating our first theorem on the convergence in distribution of our kernel-type estimator
for the index, we first define, for any ¢y € (0, 1), the space D[ty, 1] of cadlag functions on [tg, 1]
equipped with the Skorohod metric, and by D%[tg, 1] = Dl[tg, 1] x - - - x D[tg, 1] the product space

endowed with the product metric.

Theorem 1. Let {X;}i—1 ... , be a time series satisfying Assumptions (C1) — (C3) together with
the second order condition (SOC) with VkA;(%) — A\j € R for j € {1,---,d}, as n — oo.
Assume that the distributions Fj are continuous, for all j € {1,---,d}, and that the kernel K
satisfies Assumption (K). Then we have

~ 1

k() =71 — Ar (3 )f SO d(sK (s)

tVk : 4, SY2By(t) in DUt 1],
~ 1g
TR ®) =0 — A (§) fy S=Ld(sK(s))

where By(-) denotes a standard d—dimensional Brownian motion and

saim (oo [ [ |70 ol ol o )] drai) )

Y z Y
with O—i,j(x7y) = % [ri,j(xay) + ri,j(yv .’L')] ) (%]) € {17 T ad}Q'

(i:j)e{lv"' 7d}2

This theorem can be viewed as a generalization of Theorem 1 in Chavez-Demoulin and Guillou

(2018) to the multivariate context. Recall that our aim is to construct asymptotically unbiased



estimators. To reach this goal, we have to use a mixture between two kernels, of the form
AKi() 4+ (1 — A)Ks(-), where A € R is selected in such a way that the bias of our kernel-type
estimator computed with this mixture is 0. This yields to a class of asymptotically unbiased
estimators. Although the question of finding the asymptotically unbiased estimator with minimal
variance is open in the case of a S—mixing time series, in the independent and identically
distributed (iid) framework it has been solved by Goegebeur and Guillou (2013), who found the
following “optimal” kernel

2
K,(z) := <1;p> _a —P)[S _Qp)zfp, z € (0,1).

In the sequel, we propose to use this advocated kernel for our f—mixing time series, as already

done in Chavez-Demoulin and Guillou (2018) in the case of a univariate S—mixing time series.

From (3), a natural estimator of the Expected Proportional Shortfall in case p — 0 is given by

K

~pali %‘ 1:j (t) .
EPSp,j(t) = pl\iKpj’ for ] € {17 ce 7d}‘ (7)
1=7,," ()

We are now able to show the convergence in distribution of our EPS estimator defined in (7).

Corollary 1. Let {R;}i=1... n, be a time series satisfying Assumptions (C1) — (C3) together with
the second order condition (SOC) with \/EA](%) — Aj € R forj e {1,---,d}, as n — oc.
Assume that the distributions F; are continuous with v; < 1, for all j € {1,---,d}, and that
p = pn is such that k/(np) — co. Then we have
EPS, (t)
EPS,.1
tVk : 4 52 Ba(t) in DU, 1],

a4
EPS,%(t)
EPSp,d

-1

where

ST L el o, (zy)  oig(@l)  o4(1y)
Ed = (7(1_%)1(1_%) fO fO [ ny y) ]w . Jy Y —f—Ui,j(l,l) d(pri(:C))d(prj(y)))(i,j)e{l,-“7d}27

and o; j(z,y), (i,7) € {1,--- ,d}?, defined as in Theorem 1.



Our Expected Proportional Shortfall estimator is thus asymptotically unbiased in the sense that

the expectation of the limit is zero whatever \;,j € {1,---,d}, is.

Unfortunately the second order parameters pj,j € {1,...,d}, are unknown in practice and thus
we can either replace them in (7) by canonical values or estimators. First, we consider the case
where p; is replaced by some canonical value p;,j € {1,---,d}. In that case, the convergence

in distribution of our EPS estimators given in Corollary 1 is modified as follows.

Corollary 2. Let {R;}i=1... n be a time series satisfying Assumptions (Cy) — (C3) together with
the second order condition (SOC) with \/IEA](%) — X\j €R forj e {l,---,d}, as n — oo.
Assume that the distributions F; are continuous with v; < 1, for all j € {1,---,d}, and that

P = pp 18 such that k/(np) — oo. Then we have

%N}l(t) —1- A (%) = (1=p1)(p1—p1)

EPSp,1 p1(1—p1)(1—p1—p1)(A—71)m
N : L £2Ba(t) in Dto, 1],
EPSL% (1) n 1= 5) (Fu
Trht — 1= Ag (}) srrpg et

where

5, = (m fol fol [ai,;(;c,y) B O'z‘,jix,l) . O'i,jél,y) + Uz‘7j(1, 1) d(xKﬁi(az))d(yKﬁj (y)))

and o; j(z,y), (i,7) € {1,--- ,d}?, defined as in Theorem 1.

(i,j)E{l,"' 7d}2 ’

One clearly loses the bias correction, except if p; corresponds to the true value of p;, j €
{1,---,d}. However, the Expected Proportional Shortfall estimators are not very sensitive to
such a mis-specification and thus our estimator ETP\SE]] (t),7 € {1,...,d}, can still outperform the
estimators that are not corrected for bias. If we want nevertheless to keep the property of being
asymptotically unbiased, we need to estimate p; in a consistent way. This leads to the following

general result.

Corollary 3. Let {R;}i=1.... n be a time series satisfying Assumptions (Cy) — (C3) together with
the second order condition (SOC) with VkA;(%) — A\j € R for j € {1,---,d}, as n — oo.

Assume that the distributions F; are continuous with v; < 1, for all j € {1,---,d}, and that

10



p = pn is such that k/(np) — co. Let pjr, := p; be an external estimator for p;, j € {1,--- ,d},
consistent in probability, which depends on an intermediate sequence k,. Then we have
EPS), (1)
EPSPJ
tVk ' 4 52 Ba(t) in DUto, 1],

EPSpd L)
EPSp P

where X4 is defined as in Corollary 1.

A possible choice for pj,,j € {1,---,d}, is that proposed by Gomes et al. (2002) and defined

as
—4+65% +./35® _9
~ Jk gk . (2) 9 3
Pjkp = 45(2) 3 £ provided Sj,kp €(3,2),
Jkp
where
(4) @ \* 2) 1)\ 2
2) 3 [ijkp - (ijk) ] {ij’% -2 (MJJ%) ]
KCaa! ®) m3?]’
|:Mj7k[) - 6 (M]7k9> :|
with

Jk k Z(lOgX])E—H IOgX( )k n)a=a€N-

According to Theorem 2.1 in Gomes et al. (2002), this estimator pj x, is consistent in probability
as soon as the intermediate sequence k, satisfies \/k,A;(n/k,) — oo and our second order

condition (SOC') hold.

3 Test statistic based on the Expected Proportional Shortfall

We have now all the ingredients to move to our final goal of the paper, i.e., the construction
of our test statistic, based on the Expected Proportional Shortfall, in order to compare risks of

different nature or of different unit scales. Our null hypothesis is formulated as follows

EPS, ; EPS, ;
—PJ — 1 or equivalently lir%logip’] =0, Vi=1,---,d—1,
p—

EPS, 4

11



and allows us to compare the EPS of S—mixing series as p goes to zero.

To construct our test statistic we propose to use the self-normalization approach, originally in-
troduced by Kiefer et al. (2000), Lobato (2001) and Shao (2010). See also Shao (2015) for a
recent review. The idea behind this approach is to use a ratio-type statistic in order to cancel
the unknown asymptotic variance ¥4 appearing in both the numerator and denominator. Thus
a pivotal limiting distribution results, whose critical values may be computed through simula-
tions. The main advantages of this approach is the simplicity of implementation together with

the fact that it does not depend on any tuning parameters.

To this aim, define the two (d — 1) x 1 matrices:

EPS’L, (1) B EPS (1)
log —&1— 2505 log —2
& EPS,%(1) d Z]_l o8 EPS,%(1)
LREPS,(t) := : and  LREPS,(t) := :
EPS 11 (1) EPS’7 (1)
lo Ap’iﬂ_l 1d 1 —B.J
EPS, (1) 1 2.=110% EPS,%(t)

Then, our test statistic for HIOEPS is given by

— . T
TIPS = [LREPSp(l)—LREPSp(l)}

x [/Iﬁ { [LEE\Psp(t) —mp(t)} - [L@spu) - mpu)}}

to

 {[FRPS ) — TIPS 0] — [P, 1)~ TP )]} ]
x [Lﬁspu) - mpu)} , 8)

and its behaviour, under the null hypothesis and its alternative, is summarized in the following

theorem.

Theorem 2. Under the same conditions as in Corollary 3, if X4 is a positive-definite matriz,
then we have:

o under HETS:
. -1
TS 4 BT (1) { {Baoa(t) = tBa1 ()} {Bar () — tBa—a(1)} dt | By (1),

to

12



where By_1(+) denotes a standard (d — 1)—dimensional Brownian motion;

o under HEPS:
EPS
T,

5 = Op(1).

4 Simulation experiment

In this section, we perform a simulation study in order to illustrate the performance in terms of
size and power of our test statistic defined in (8). We limit ourselves to the case d = 2, although
similar results can be obtained in higher dimensions. Note that our EPS estimator (7) is defined
in case p tends to 0, but since our test statistic involves ratios between two EPS estimators, it
no longer depends on p. In practice this means that the conclusion of the test is stable over
levels p (small enough) or equivalently over time horizons if the interpretation of the EPS is in
terms of the return period. This seems realistic in the environmental context: If, in a given area
and over a certain (long-term) horizon, flood is more risky than heatwave, this is likely to be
true for higher time horizon, under same underlying conditions of climate or human interven-

tion. We choose throughout this section p = 1/n corresponding to the boundary of observations.

Now, we need to select tp. This parameter cannot be too large or too small. Indeed, a small
value of typ means that the EPS estimator (7) is based on samples that are too small for ¢ close
to tg, whereas a too large value, implies that the integral-term in our test statistic (8) is based
on too few differences. An extensive simulation study (not reported in the paper) shows that
the value ty = 0.3 provides a reasonable trade-off and performs well in all the models considered
and whatever the sample size is. Then, we have to compute the critical values of the limiting
distribution in Theorem 2 for tg = 0.3. This is done by a Monte Carlo method using 100 000
paths of standard Brownian motions, each path coming from 100 000 standard normal random

variables. Table 3 gives these critical values.

Next, the intermediate sequence k used in our test statistic needs to be selected. To this aim,

13



Level ‘ 5% 10%

Critical value ‘ 67 41

Table 3: Critical values of the limiting distribution in Theorem 2 for tg = 0.3 and d = 2, for two

levels.

the following algorithm is used. For a given series j, j = 1, ..., d, since the Chavez-Demoulin and
Guillou (2018) estimator for «y is asymptotically unbiased, we expect to see a plateau when we
look at this estimate as a function of the intermediate sequence. Thus, the latter is selected as
the smallest value from which the median of the estimates of v over all the replications exhibit
a stable part. We denote this value by k;,j = 1,...,d. Finally, the retained value of £ used in
our test statistic corresponds to k& = minj<;<qkj. We use here the minimum since a too large

value of this parameter might induce a bias in the estimation procedure.

Concerning the choice of the sequence k, required in the estimation of the second order parameter
p, as in Chavez-Demoulin and Guillou (2018) we use

2m

k, := sup {k : k < min (m — ) and py exists} ,

1
"loglogm

with m the number of positive observations in the sample.

In this simulation study, we use two data-generating [-mixing processes. One corresponds
to the iid case of two Burr-type random variables as defined in (2) and the second one, to
a VMA process, which is a more realistic process encountered in real environmental context.
More precisely, it is a -mixing process that allows both auto-correlation and cross-correlation,
and thus it can naturally appear in environmental data, auto-correlation reflecting persistence
of weather, whereas cross-correlation reflects the dynamics of weather. Our VMA(1) process

considered is of the following form

Xz'(l) = Wz'(l) + Wi(—l)l + VW@'(E)I
(

x® = wew?,

)

(9)

i=1,...,n, where (WM WE)T is a bivariate random vector with margins W) ~ Burr (A, 75),
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j = 1,2 and with dependence structure coming from a Gumbel copula with parameter 6 = 2.
The choice of a Gumbel copula is to exhibit upper tail dependence. We take v = —0.45 to mimic

the (negative) cross correlation we observe between temperature and humidity in our application.

Table 4, respectively Table 5, shows the rejection frequency of the null hypothesis ’HOEPS in the
iid case of two Burr-type random variables, respectively our VMA(1) process defined in (9),
with 71 = 0.2, mimicking the estimated values obtained in our application and with p; = —1
and pa = —0.25. The index 77 varies from 0.2 to 0.9. We run 1 000 samples of size 500, 1 000
and 2 000.

From these two tables, one can draw the following conclusions:

o If 7o = ~1, the frequencies of rejection, which correspond to the type I error, are rather

close to the level of the test, especially in Table 4 when the sample size is sufficiently large;

o If 9 is different from -1, but without being too far away from it (e.g., 1 = 0.2 and v2 =
0.25), the frequencies of rejection are already high, especially in Table 5. It underlines the

quality of the test which is able to detect deviations, even small, with the null hypothesis;

e When -5 deviates significantly from ~1, the frequencies of rejection drastically increase for

both levels and all sample sizes, illustrating the high power of the test.

5 Application to an environmental dataset

The past few decades have seen extreme climate events with catastrophic impacts on human
society and the economy. In addition to global warming, many climate projections suggest an
increase in climate extremes in Europe (IPCC, 2012). With the warming of the oceans, periods
of excessive rainfall will appear considerably more often. The European Environment Agency
(www.eea.europa.eu) supports this projection, endorsing, in November 2019, the statement that

“Heavy precipitation events are likely to become more frequent in most parts of Europe” and
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Y2 0.2 025 0.5 0.7 0.9

n = 500
5%  0.034 0.055 0.478 0.839 0.986
10% 0.056 0.116 0.705 0.904 0.991

n = 1000
5%  0.040 0.151 0.757 0.951 1.000
10% 0.087 0.270 0.872 0.971 1.000

n = 2000
5%  0.050 0.220 0.891 0.862 0.996
10% 0.098 0.341 0.954 0.941 0.998

Table 4: Rejection frequency of the null hypothesis HEPS in the iid case of two Burr-type

random variables based on 1 000 samples, for different values of 7o, levels and sample sizes. The

parameters are y; = 0.2, p;y = —1 and ps = —0.25.

Y2 0.2 025 0.5 0.7 0.9

n = 500
5%  0.040 0.102 0.602 0.678 0.933
10% 0.064 0.177 0.763 0.808 0.964

n = 1000
5%  0.066 0.242 0.874 0.862 0.981
10% 0.122 0.371 0.949 0.942 0.994

n = 2000
5%  0.065 0.342 0.943 0.818 0.954
10% 0.119 0.492 0.978 0.927 0.980

Table 5: Rejection frequency of the null hypothesis HOEPS in case of the VMA(1) process defined
in (9) based on 1 000 samples, for different values of o, levels and sample sizes. The parameters

are v1 = 0.2, p1 = —1 and py = —0.25.
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the possible consequences include erratic climate situations, leading to crop failures, increases
in food prices, and economic and social instabilities (Vogel et al., 2019). In Europe, another
source of societal damages and fatalities is the extremes of temperature causing severe winter
conditions or heatwaves. A large majority (91%) of deaths due to extreme temperatures are
the result of heatwaves. Between 2000 and 2019, Europe accounts for 88% of all deaths, due to
the heatwave in 2003. Although human intervention can, to a certain extent, return significant
damage due to flooding, it is impossible to divert a heatwave or an extreme precipitation. These
points are crucial in managing societal risk and in making public safety decisions. It is therefore
important to ask the question: in a specific region of Europe and during the same season of the
year, what is the highest risk between a heatwave or an heavy precipitation? These two events
have alternatively stricken Lausanne several times in late spring season.

In this study, our aim is to compare the different risks of observing extreme precipitation, extreme
humidity and extreme daily maximum temperature in Lausanne. The three being measured on
different scales, it does not make sense to compare their VaR whereas the EPS is precisely an
adequate risk measure in this context. Comparing the tail index  of the three time series would
be an alternative but unfortunately it is not easily interpretable for practitioners or people who
are not familiar with extreme value theory. On the other hand, the EPS can claim to be a
universal measure for risks of different natures.

Our dataset concern 1003 observations measured daily in Lausanne, from July 9, 2016 to April
12, 2019. The data consist of humidity at 2m above ground, in %, daily maximum (Figure 1);
precipitation, in mm, hourly sum over day (Figure 2); and temperature, in degree Celsius, daily
maximum (Figure 3). ACF plots (not shown here) of the series show some auto-correlation, so
we apply ARMA models to the series individually and keep the residuals series to work with.
According to the CCF plots of Figure 4, the residuals look cross-correlated, especially when the
residual series of precipitation is involved, which means that a VMA process can be adjusted to
our data. Figure 5 represents the estimators for v, with, on the left panel, the Chavez-Demoulin
and Guillou (2018) estimators and, on the right panel, the Hill estimators, for temperature (solid
line), humidity (dotted line) and precipitation (dashed line). In the three cases, the estimates

of v based on the Chavez-Demoulin and Guillou (2018) method look more stable as a function
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Figure 1: Humidity at 2m above ground in Lausanne (in %, daily maximum) from July 9, 2016

to April 12, 2019.
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Figure 2: Precipitation in Lausanne (in mm, hourly sum over day) from July 9, 2016 to April

12, 2019.

of k than the Hill estimators. This is explained by the fact that the Chavez-Demoulin and

Guillou (2018) estimators are asymptotically unbiased and, as explained in the introductory
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Figure 3: Temperature in Lausanne (in degree Celsius, daily maximum) from July 9, 2016 to

April 12, 2019.

section, for this reason, they are the reference in the estimation of the EPS. The retained value
of k is 50, corresponding to the smallest value of the three intermediate sequences after which
a stability in the left panel of Figure 5 appears. Choosing a level p = 1/n, for humidity, we
get ETP\SH = 2.79 x 10, for precipitation we have ETP\SP = 5.38 x 107%, and for temperature,
ETP\ST = 7.78 x 107°. As expected, and in accordance with climate science literature, the
risk of extreme rainfall in this region is higher than the risk of high humidity or high daily
temperature. Lausanne has been struck by huge spring precipitation in June 2018 and 2019.
On June 11th, 2018, 41.0 mm fell within 10 minutes, making that period of three days (three
crossed points in Figure 2) an extreme climate event. Although the risk of humidity is lower
than the risk of high precipitation, it is linked to precipitation by physical law. Table 6 provides
the values of the test statistic based on the comparison of the three series together and then of
all combinations of pairs. According to Table 3, the critical value corresponding to a level of 5%
is 67 in dimension 2 and a similar computation yields to 168 in dimension 3. Since we reject the
null hypothesis when using the three series, it is important to perform pairwise tests. We notice

that we reject the null hypothesis based on the EPS of the pair (Precipitation, Temperature)
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Figure 4: Cross Correlation plot (CCF) between Precipitation-Humidity, Precipitation-

Temperature and Humidity-Temperature.

whereas we do not reject the null hypothesis when we use the pairs (Humidity, Precipitation)
and (Humidity, Temperature). As shown in the left panel of Figure 5, the estimator for ~
based on the precipitation variable is larger than the ones for humidity and temperature. This
means that we can expect more rainfall extremes than high temperature or humidity extremes
in Lausanne. The fact that we get significantly much higher risk (EPS) of extreme precipitations
than temperature is in accordance with the increase of extreme rainfalls recently observed in
Switzerland and planned by the climate extremes projections. Although there is an increase of
heatwaves observed in Switzerland, note that the daily maximum temperature does not really
define an heatwave but just a punctual peak, the definition of an heatwave including also the
heat duration. For the pair (Humidity, Precipitation), the non-rejection of the null hypothesis

may be due to the physical link between these two variables, whereas for the pair (Humidity,
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Figure 5: The Chavez-Demoulin and Guillou estimator (left panel) and the Hill estimator (right

panel) for temperature (solid line), humidity (dotted line) and precipitation (dashed line).

Temperature), it shows an equivalent and limited risk for each variable, in Lausanne.

HEPS Test statistic Decision
EPSy = EPSp = EPSt 190.88 Rejection
EPSy = EPSp 3.77 Non — rejection
EPSy = EPSy 6.37 Non — rejection
EPSp = EPSt 73.17 Rejection

Table 6: Test statistic based on the three series (Humidity, Precipitation, Temperature) and the

pairs (Humidity, Precipitation), (Humidity, Temperature), (Precipitation, Temperature).
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6 Appendix: Proofs of the results

Before proving our Theorem 1, we first remark that our kernel-type estimator of the index,

ﬁij(t), can be rewritten as

1 Q(j)(z) Lkt] Lkitj Q(j)(z)
~K n,t n,t
A5 (1) = / og 2 gk (2) = Y / log =) gk (2))
’ o QY A N OFHEY
Lkt] X(J) i
= Y log =L [ Gk (2))
X(J) i—1
i=1 |nt)—kt),|nt) ” TRE]
|kt (4)

= glog j(((t;‘l)ﬂ e { thj K (UQJ) B iU;tle (iLl;tJ1> }

|nt]—|kt],|nt|

= %ng [nt]—i+1,[nt] { th JK (Lkit J> B iLl;t JlK (itlztj)}

©))
K(1 )logXL t]—|kt],|nt)
|kt]|—1 . ()
_ ZJ: |kt] — K(thj Z)log XLntJ—thJ—H—i—l,LntJ

kt kt ©)
|‘ J L J |nt|—|kt|+i,|nt]

=0
k‘tJ 1 \_ntj |kt]+i+1,[nt] Lkt |—i

_ Z / (ot e o) / K () b Y
LntJ Lkt ]+i,|nt] 0 Yy

WJ Lkt],[nt]

B (e 9] Fn,] (tvy) 7:'-/
= [T ek ) (10)
1 0 Y

[nt]

1
F . t =
n,y( 7y> kt Z {X(J)>ZIXL”)U Lkt], |_ntJ}

9

where

Y

7)
L(n;] Lkt], | nt] XLntJ —|kt], | nt]

Lntj |nt]
0 if y > PO
|nt|—|kt],|[nt]

x ) €]
|kt]—i . LntjkatJJrz‘,Lntj XLntjftktJJriJrl,LntJ
ify e 5 ~

Thus to study the asymptotic properties of %Kk(t), we need first to look at the behaviour of

F, ;(t,-). This preliminary result is given and proved in Section 6.1 below.
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sup
telto,1],z>1

6.1 Preliminary result

Theorem A. Let {X;};=1..n be a time series satisfying Assumptions (C1) — (C3) together
with the second order condition (SOC) with VEkA;(%) — A\; €R for j € {1,--- .d}, as n — occ.
Assume that the distributions F; are continuous, for all j € {1,--- ,d}. Then, for anyty € (0,1)

and v € [0,1/2), under a Skorohod construction, we have, as n — 0o

v [ _1 _1 A _1 _1
AV B = - ()7 2 [ () sG]
_ _ 230,

v [ 1 o~ 5] 1 1
274 {tVk Fpa(t,z) —z 7 — Ay (E) z M ET ) — [Wd (t,z M) — 2z Wd(t,l)]
where W(.,.) = (W1(-,-),-++,Wa(-,))T is a d—variate continuous centered Gaussian process
with covariance function given by

min(¢y, to)

5 (73,5 (Y1, y2) + 735 (y2, yl)])

Cov(W (t1,y1), W(t2,y2)) = ( :
(i,j)G{l,"' 1d}2

Proof of Theorem A. We follow the lines of the proof of Theorem 1 in Hoga (2018), in par-
ticular, we consider random variables Ui(j ), ie{l,---,n},je{l, - ,d}, uniformly distributed

on [0, 1], such that

e Assumption (U;). {Ui = (Ui(l), e ,Ui(d))T}A N is a strictly stationary f—mixing process
1€
with uniform|0, 1] marginals and mizing coefficients B(-) such that
n r
lim < —B(ly) + —log?(k) p =0
i {2506+ gt}

for sequences {€p}nen C N, {ry}nen C N tending to infinity with £, = o(ry) and r,, = o(n);

e Assumption (Usz). There exists a function rgj(u,v), (i,5) € {1,---,d}?, such that for

some & > 0, we have for all (u,v) € (0,1 + §)%:

Tn Tn
n
im - | | U (-
nh—{%o rnkcov (; H{Uéz)>1—%u}’ z:l H{Uﬁz>>1_ﬁv}> Tij (ua U)»
— m=

e Assumption (Us). For some constants C > 0, 6 > 0, we have fori € {1,--- ,d}:
Tn 4
n
erE > H{I_ZTKUéi)Sl_ﬁu}] <Clw—-u),VO<u<v<l+dneN,
=
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Then, as n — oo, we have, for any v € [0,1/2)

[nt]
% (=1 |:]1{U1§1>>1_%y} - %y] Wl(tay)
v 'Vk : sy : in D%([tg, 1] x (0,1 +0]). (11)
Loy [H{Ué@ﬂf%y} - %y} Wal(t,y)

Note that Assumptions (C;) — (C3) for Xéj), jeA{l,---,d}, imply Assumptions (U;) — (Us) for
U(]) (X(J)) Also
x9 > v ( ><:>U§J)>1ky
ky n

which implies by (11) and since nt — 1 < |nt] < nt, that, as n — oo,

[nt]
i ﬂ{xﬁb@(ﬁ)} —ty Wi(t,y)
y "k : Ly : in D4([to, 1] x (0,1 + d)).
nt
k ZL J ]1 >Ud( )} —ty Wd(t’y)
By the Skorohod’s representation theorem, this convergence holds a.s. on a suitable probability
space, i.e.,
el —t
x>y~ Wi(t,y)
sup v 'V : —y Y : 250, (12)
t€(to,1],y€(0,149] Lntj
k Z ]1 >Ud( )} —ty Wd(ta y)
the limit being continuous, the convergence is thus uniform.

Now, we need to show that Uj( Z) can be replaced by U;(%)y~, j € {1,--- ,d}. To this aim,

we use the inequality (4) by setting s = U;(%), z = y~7/, from which we deduce that, as n — oo,

; n n P
R = Ei(y U] =y — ARy
sup

- =o(1). 13
y€(0,144] ij(E) 1) (13)

Set ypj = 2[1 — Fj(y % U;(%))]. In the j—th row of the matrix in (12), j = 1,--- ,d, inserting
Yn,j for y, implies that

y;l{ {\/% % L;’r:ltlJ H{Xél)>U1(L)} - tyn,l - Wl(tayn,l)}

L kyp 1
sup : as g,
te(to,1],y€(0,149] L J _
—v nt
Yn,d {\/% T Z H{X,_Sd)>Ud(ky" d)} —tYnd| — Wd(t, yn,d)}
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ie.,

sup
telto,1],y€(0,149]

f {VE [ EE Uy gy~ toma] = Wit o)}

a.s.

— 0.

—v 1 [ nt]
Yn,d {\/% [E /=1 H{Xéd)>y*"/dUd(%)} - tyn,d} - Wd(tv yn,d)}

Using (13), the fact that vkA;(%) — A; € R and a uniform continuity argument for W;(t, ),

je{l,---,d}, we have

sup
te[to,l},y€(0,1+6]

[nt] n
v VIS sy gy — 0= Ay

1

or by changing y into z % (j—th component)

S {\/E

sup
telto,1],2>1—8

v

e {@

ZLntJ 1 T
k (X{V>201(2)}

ZLntJ 1 - tz_%
I3 (XD >2U4(2))

Ay ()t

— Ag(B)te

y {\/> [ ZLHtJ ]l X(d)>y_’ydUd(%)} — ty — Ad (%) ty Yy

P1

z71 —1

Y1p1

Pd
zd —1

YdPd

for some 6 > 0. The next step consists to replace Uj(%).J € {1,

—P1_1
Y1pP1

—pg_1

YdPd

}—Wl(t,y)}

} - Wy(t, Z/)}

| =i ()}

—wy, (t, z‘vld)}

-+ ,d}, by suitable order

a.s.

— 0,

2%0,(14)

statistics. This can be done since from (14) and the generalized Vervaat Lemma of Einmahl et

al. (2010, Lemma

5), we have for all j € {1,---

1

EJ)J Lkt],[nt] o
nt t],|nt
telto,1] Uj(%)

Finally, replacing in (14) z by z, = ZXEi)'fJ*thJintJ/Uj(%) (j—th component) and since 7

-1

_l’_

,d}, as n — oo,

t

W;(t, 1)

a.s.

— 0.

Lkt] _

t+0 (%) uniformly in ¢, Theorem A follows. Note that the covariance structure of the Gaussian

process W(-,-) comes from Lemma 1 in Hoga (2018).

We have now all the ingredients in order to prove our main results.
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6.2 Proofs of the main results

Proof of Theorem 1. To prove this theorem, we make use of the Cramér-Wold device (see,

e.g., Severini, 2005, p. 337). More precisely, we show that

() = — Ay (%) Jo Fo=Ld(sK (s))  fy [s7Walt, s) — Wa(t,1)] d(sK (s))
BT +VE : 4, 67 :
) =72 = Aq (2) [y ==L d(s K (s)) v fy [s7 Walt, s) — Wa(t,1)] d(sK(s))

for all € RY.

To this aim, first remark that, using (10), and since, under Assumption (K), we have

o y
Sl
1 0
direct computations lead to

L) = = Ar (3) [y o=Ld(sK (s)

—1/vj

dy
y’

d(zK (Z))}

BT tVEk

0 =0 = Aa (F) f3 (K ()

) [ ]

Then, applying the mean value theorem, we get for some &, € (0,1)

Fn,é(tz 'VZ) . SK
/0 d(sK(s)) :/0 d(sK(s)) + {Fne(t,z"7) — z} J|3:Z+£Z[Fnye(t,z77€)fz]‘

This implies that, uniformly in ¢ € [to, 1]:
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() — 71 — Ar (%) Jo FE=Ld(sK (s)

stk :
~ ny [l s—Pa_
Tie®) = va— Aa () Jo Satd(sK(s))
L vE . . d(sK(s)) dz
= Zzlﬁﬂt Ye 0 { n,f(ta z ) - Z} T’SZZJrﬁz [Fn,e(t,sz)*z]?
n Lg=re 1
—Ay (= d(sK
(5) [ e )
d a !
5 S den [ I Walt) — Wilt, )] d(K (9)
=1 0
by our Theorem A. This achieves the proof of Theorem 1. |

Proof of Corollary 1. Combining (3) with (7), together with the fact that |A;(.)| is regularly
varying at infinity with index p; < 0, we deduce that
_— K,
EPS, ;(t 7 (t 1 — .
tx@(”“—l) Y e B

EPS,; 1—7,0 () + OAi(5)

)

_ ij( L{‘ tf(vjk() VJ)+OP<\/EAj<119>>

1=, ()
= VR (5 0 - ) (L on(0) + oz (VEA, (7))
= StV - ) el

uniformly in ¢ € [to, 1].
Now, using Theorem 1 and the fact that for all j € {1,---,d}, fl £ ZJJ Ld(sK,,(s)) = 0,
Corollary 1 is established. |

Proof of Corollary 2. Following the lines of proof of our Corollary 1,

EPS,,(t) n (L= 7)) py)
ik AU NI LA B i\P; — P
EPS,,; ’ <k> pi(1 = pi)(1 = pj — pj) (1 —75)7;

N o 1T P I LA Gl
a %(1%)75\/%(7”@) 7 AJ(k)ﬁj(lpj)

gﬁj_pj)~ >+0p(1),

)
(1—pj—pj)
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uniformly in ¢ € [to, 1].
Now, combining Theorem 1 with the fact that for all j € {1,--- ,d}
Lo (1-7)(5; - p)
|t () = = )
0 Pj p;( 2 Pj — Pj)
Corollary 2 follows. |

Proof of Corollary 3. Again, following the lines of proof of Corollary 1, we have

5, K5,
Vi EPS,;(t) - e Yk (1) -y
. 1
EPSp,; 1— ?f;fj (1) T OA;(5)

- - 1KA. tVk <ﬁf,fj (t) —%') +0p (ﬁAj <119>>

uniformly in ¢ € [to, 1].
Now, we use the decomposition

_K K, K; Ky,

() —m N = m R (E) = ()

tVk : =tVk : +tVk : =T, +Th.
K5 K K5 K
Var' () — v Yar' (&) —Ya Yot (&) — Vgt (@)

The convergence in distribution of T} follows from Theorem 1. Concerning T5, we have to
show that each component is uniformly negligible as n — oco. To this aim, remark that, using

(10) combining with the mean value theorem as in the proof of Theorem 1, we have for some

& €(0,1)

. oo Fn,j(ty)
iE (af,:%t)—af,:j(t)) ~ i { / y[d(sK,sxs))—d(stj(s))]}dy

Yy
= vk [ { [ s o0 - d(stxs))]} &
= otV [ [ atsia )~ dtsm, o1} £ (15)
otV /0 () — o] 2o (szi - K, (s))) e s g
_ i /0 Bt ) — 2] d(s[K,sj(szl - Kpj<s>}>,s_z+fz[&,j(tﬁzwj)_z]ciz
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since the term in (15) is equal to 0. Now, using again the mean value theorem, we have

d(S[Kﬁj(Siis— Kp, (5)]) _ 55— p3) {—2(1@— pi) 2(1 - 5;‘)(;3— pj — 5?)5—53- L= /71);1 —20)) 5, 1n3}

<

with p; an intermediate value between p; and p;. Since p; is a consistent estimator for pj,

Theorem A achieves the proof of Corollary 3. |

Proof of Theorem 2. First remark that

EPS’ (1) EPS,1 1 <~d EPS,,
log Epg;l log EPSZ; — 3 2—1108 EPSZ,Z
tVk [LﬁE\PSp(t) —LREPS,(t)| = A x tVk : +tVk : ,
EPS Y, (t EPS 41 1 ~d EPS,,
log Wﬁy log EPZé; - a2—1log EPSZS
where A is the (d — 1) x d matrix defined as
1 0 0 0 1 1
0 1 0 0 1
A= — =
00 ... 10 1 ... ... 1

Then, we can remark that under ’H[];DPS, according to (3), we have all the indices equal, i.e.,

v1 = -+ = 4. This implies that, under ’HOEPS,

3 ot o (3) o ()
- o(vEa (7)) +o(vEa(3))

p
n n
= o (VR (7)) +o (VEaa ()
= o(),
since |Ay(.)| and |A4(.)| are regularly varying with negative parameters and k/(np) — oc.

Moreover, we have

Cov (Ai}/ 2By(t), AT 2Bd(s)) — min(s, ) AZ4A7,
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where AX4AT is a (d — 1) x (d — 1) Hermitian positive-definite matrix, which thus can be

decomposed into LLT, where L is a lower triangular matrix with positive diagonal entries. Thus
Vk [LﬁE\PSp(t) - LREPSp(t)] 4y LBy_1(t) in D& to, 1]

The first part of Theorem 2 then follows from an application of the continuous mapping theorem.
The second part of Theorem 2 is a direct consequence of our Corollary 3 combining with the

fact that, under H?Ps,
EPS 1-—
lim log il S log <WW> #0,
0 , 1=y 4
forall{=1,---,d—1. |
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