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A B S T R A C T

We analyze the ground state phase diagrams of the Kondo alloy model (KAM) as a function of Kondo coupling
(JK), electronic band f lling (nc) and magnetic impurity concentration (x). We use DMFT/CPA method to treat the
disorder and the inter-site electronic exchange correlations along with mean-f eld (MF) approximations to de-
couple the Kondo interaction. Here, we generalize “Doniach-like” phase diagrams of the periodic Kondo lattice
( =x 1) to Kondo alloys. We consider the competition between the paramagnetic Kondo phase (K) and purely
ferromagnetic (F) or staggered antiferromagnetic (AF) ordered phases. Our phase diagrams are consistent with
various experimentally obtained phase diagrams for alloys like CexLa x1 Pt2Si2, CexLa x1 Ni2Ge2, CexLa x1 Ru2Si2,
CexLa x1 Pd2Si2, or CexLa x1 Cu2Ge2.

1. Introduction

The single impurity Kondo ef ect has been extensively studied [1–4]
for decades. It results from a local antiferromagnetic coupling JK be-
tween conduction electrons spins and the spin of quantum magnetic
impurities. At low temperature, it is characterized by the formation of
local non-magnetic singlets, below the Kondo temperature TK . Kondo
ef ect was observed in transition metals alloys with low magnetic im-
purities concentration (as Mn or Fe), and also in rare-earth materials
like Ce or Yb based compounds.

In concentrated Kondo systems, various types of ground states can
be stabilized giving rise to rich phase diagrams with a large diversity of
unconventional quantum phases and behaviors[5]. These include un-
conventional superconductivity[6,7] as observed, e.g. in CeCu2Si2 [8]
or non-Fermi liquids behavior [9]. Application of pressure on these
systems usually increases the Kondo interaction thus yielding a phase
transition from magnetic ordering to a paramagnetic phase. This be-
havior can be understood by Doniach’s argument [10]: Kondo energy

scale T exp J1/K K
1

00
competes with the Ruderman-Kittel-Kasuya-

Yoshida state (RKKY) inter-impurity magnetic interaction J JRKKY K
2

0.
Here, 0 is density of conduction electron states, JK is Kondo coupling.

JK0 is af ected by pressure: increasing pressure in Ce-based compounds
increases JK0 and induces a transition from a magnetically ordered
phase to paramagnetic Kondo phase, whereas the contrary occurs in Yb-

based materials.
In Kondo systems, another pertinent parameter besides pressure is

the electronic f lling of the conduction band (nc). Multiple theoretical
studies were conducted in order to explore the ef ect of nc for Kondo
lattice model (KLM) with varieties of complementary approaches.
Lacroix and Cyrot calculated the f rst Kondo lattice phase diagram [11]
by using mean-f eld approximations, thereafter multiple theoretical
techniques [12–14] were used to ref ne and explore it. All these theo-
retical studies revealed Doniach-like phase diagrams.

Nozières [15] raised the question of ‘exhaustion’ regarding how a
coherent Fermi liquid Kondo ground state can be formed when the
concentration of Kondo impurities is larger than the concentration of
conduction electrons and he proposed that there are 2 energy scales, the
Kondo temperature TK and a coherence temperature lower than TK . This
proposition was discussed in many papers and authors now agree that
the ratio of these 2 energy scales depend only on the band f lling nc
[16–20].

On the other hand, the concentration of Kondo impurities x is a
parameter that can be f nely tuned allowing to study the issue of co-
herence in Kondo alloys. Multiple experimental studies of Ce-La sub-
stitution shows that substitution can give rise to magnetically ordered
phase like in CexLa1−xRu2Si2 [21], non-Fermi liquid properties like in
CexLa1−xNi2Ge2 [22], persistence of magnetically ordered phase up to
low concentration of Cerium like in CexLa1−xCu2Ge2 [23] or simply
diminution of TK without long range magnetic order in CexLa1−xPt2Si2





2.2.2. Symmetries considerations
In our study of Kondo alloys, we consider only pure paramagnetic

Kondo phase (K), pure ferromagnetic phase (F) or antiferromagnetic
(AF II) phase with staggered Néel order =Q ( , ) . The choice of this
specif c staggered Néel order is very convenient for the DMFT/CPA
method which can use the bipartitness of the lattice. Using the DMFT/
CPA method, the lattice problem has been mapped onto four single site
ef ective problems that account for the possible local correlations,

N=a or K , on sublattice =A or B.
In Table 1 we analyse symmetry properties of the various phases

that we consider. For dif erent reasons, in each case, the problem can be
simplif ed to 2 sites (instead of 4).

2.3. Mean-f eld approximations for the paramagnetic Kondo phase

Here, we describe the mean-f eld impurity solver that we used in
order to solve the local action (3) for the paramagnetic Kondo phase
(K). We decoupled Kondo interaction by means of mean-f eld approx-
imation as introduced by Lacroix and Cyrot in [11], which was shown
to be analogous to the “large N” expansion or slave boson approxima-
tion developed by Coleman in [29] and Read and Newns in [30]. In
numerous occasions (see, e.g., [11,5,31–37]) this approximation was
proven to be ef cient for describing the low energy properties of the
Kondo lattice.

At f rst, we represent spin operators within Abrikosov’s fermionic
representation = f fS / 2† thereafter the Kondo interaction is

mapped as K K K Kc c f fS s 1
2

† † . Then the Kondo interac-
tion is decoupled using mean-f eld as S s
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ef ective Kondo c-f hybridization appears due to the decoupling, de-
f ned as K K=r c fJ

2
†K . Additional local constraint

K K =f f 1† should be added to restrict the number of Abrikosov’s
fermions to one per site which is imposed by introducing a Lagrange
parameter . As done in most cases, this constraint is considered only
in average on the lattice and this Lagrange multiplier is identif ed to an
ef ective energy level for the auxiliary f fermions.

Since here we are treating pure Kondo phase with all A-sites
equivalent to B-sites, the mean-f eld parameters r and becomes site
independent as long as site is a Kondo site. Therefore, we skip the
and indices. Then the expressions for local Green function KG ( )c are
obtained as
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For a non-Kondo site, the Green function can be obtained directly
from the electronic bath :

N =
+

G
i µ i

1
( )

.c

(8)

The chemical potential µ , the ef ective energy level and the ef-
fective hybridization r are determined by solving the following self-
consistent equations

K N= +n x G i x G i2 1 2 ,c
i

c
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c

(9)

K=r J G i1 ,K
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(10)

K= G i1 2 .
i

f
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In this mean-f eld description, r is an order parameter for the Kondo
paramagnetic phase. It describes the low temperature magnetic en-
tanglement between conduction electrons and Kondo impurities spins.
The Kondo crossover temperature is replaced by a transition at Kondo
temperature TK , def ned as the temperature where r continuously van-
ishes. It can be computed from JK by solving the equation

=J i
G i

i
1 1 ( )
K

0 , where G i( )0 is the non-interacting Green’s function
and is independent on x, as discussed in [25].

The Eqs. (9)–(11) together with (5)–(8) are solved self-consistently
to f nd the self-consistent solutions for µ , and r and i( ).

2.4. Mean-f eld approximations for ferromagnetic (F) and
antiferromagnetic (AF) phases

We restrict our study of Kondo alloys to pure ordered phases, and
we ignore the possibility of mixed phases where Kondo ef ect and
magnetic order would co-exist. Following the symmetries allowed by F
and AF phases (see Table 1), we restrict our study on the sub-lattice A
for both spins and . Consequently, hereafter, in this section we
consider only =A and we omit the index. The Kondo interaction is
decoupled using Weiss mean-f eld channel as

+S s S s S sSs z z z z z z , and the order parameters are the local
magnetizations of impurity spins and c-electrons on a site A

K K= =S m f f1
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,z
f z

†

(12)

= =s m c c1
2

.z
c z

†

(13)

The local ef ective problem described by the action (3) can be
solved explicitly. We obtain the expression for local Green function

KG ( )c of the magnetic ordered phases for K -sites as

K =
+

G
i µ i J

1
( )

,c

z K
m
2
f

(14)

and for N -sites as

N =
+

G
i µ i

1
( )

.c

(15)

The chemical potential µ and the order parameters m f and mc are

Table 1
Table that resumes local Green’s function invariance according to the trans-
formations for K, F and AF II phases. From the table, sites A and B are
equivalent for F and K phases, while in AF phase electrons on sub-lattice A with
spin are equivalent to electrons on sublattice B with spin ¯ .

Transformations Invariance

K F AF II

A B
¯ yes no yes

A B
yes yes no

A A
¯ yes no no
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determined by solving the self-consistent equations

K N= +n x G i x G i1 1 1 ,c
i

c

i

c

, , (16)

K=m G i1
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i
z

cc

, (17)

=m m J1
2
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2

.f
c K

(18)

These Eqs. (16)–(18) together with (14), (15) are solved self-con-
sistently using the DMFT/CPA in order to f nd the self-consistent so-
lutions for µ m, f and mc . The results are presented in the next section.

3. Results

In this section, we present and discuss the ground state phase dia-
grams obtained for periodic Kondo lattice and for Kondo alloys for

=n 0.30c and 0.90. In each case, the phase diagrams were obtained by
comparing the energies of each phase considered after subtracting en-
ergy of the system without interaction ( =J 0K ). At f rst, we studied the
phase diagrams for periodic Kondo lattice for 1D ‘chain’, 2D ‘square’
and 3D ‘cubic’ lattices and we reproduced the existing results which
validated our method. Then, we present the results for Kondo alloys.

3.1. Periodic Kondo lattice ( =x 1) at T= 0

In order to validate our DMFT/CPA approach, we calculated the
solutions for paramagnetic Kondo phase (K), for ferromagnetic phase
(F), and for commensurate antiferromagnetic phases for periodic 1D
‘chain’, 2D ‘square’ and 3D ‘cubic’ Kondo lattices without using DMFT/
CPA algorithm. We then studied the same problem for the 2D ‘square’
lattice using DMFT algorithm. For each case, we came up with same
results obtaining the same phase diagram at =x 1.

Fig. 2 shows the phase diagrams obtained for 1D ‘chain’, 2D ‘square’
and 3D ‘cubic’ lattices at T= 0 with K, F and AF phases with several
commensurate antiferromagnetic phases (cf. Table 2). The ground state
phase diagrams are consistent with Doniach Phase diagram [10]. At
small coupling (JK), magnetically ordered (MO) phases are obtained
while paramagnetic Kondo (K) dominates at larger JK . One can easily
notice that at small JK , a cascade of antiferromagnetic phases to fer-
romagnetic phases is observed as we move from higher electronic f lling
(nc) to lower electronic f llings (nc) for each lattices. Since all three
phase diagrams have the same form, we will concentrate on the 2D
square lattice for the study of Kondo alloys.

3.2. Kondo alloy

We used the DMFT algorithm to study binary Kondo alloys for
x [0.01, 1] for dif erent nc and for dif erent couplings JK considering
pure K, F and AFII phases.

We present below (Fig. 3) the ground state phase diagrams obtained
for =n 0.30c and 0.90. Here, the strength of the Kondo interaction is
represented by the ratio between the corresponding Kondo temperature
TK and the non-interacting electronic bandwidth W.

We also determined the phase diagrams for other values of elec-
tronic f lling (not presented here). All phase diagrams have a lot of si-
milarities, and are Doniach-like: at low Kondo temperature (TK) MO
phase is found to be the ground state and this MO phase is suppressed
by the paramagnetic Kondo phase at higher TK . The persistence of MO
down to very low impurity concentrations is remarkable. This could be
explained by the long range of the RKKY interaction.

Fig. 2. phase diagrams (a) 1D ‘chain’, (b) 2D ‘square’, (c) 3D ‘cubic’ lattices at T
= 0. K =paramagnetic Kondo phase, F = ferromagnetic phase (conduction
electrons partly polarized), sat. F = saturated ferromagnetic phase (conduction
electrons fully polarized) and AF = antiferromagnetic phase. W denotes the
non-interacting electronic bandwidth.

Table 2
Commensurate AF phases considered here, with their respective ordering wave
vectors.

QAFI
0 QAFII

0 QAFIII
0

1D
2D ( , 0) ( , )
3D (0, 0, ) ( , , 0) ( , , )
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4. Comparison with the experimental data with few Ce-based 122-
family heavy fermion (HF) materials

In real isostructural Ce-La substitution series, experiments show that
the strength of the Kondo interaction decreases when decreasing
Cerium concentration. This is due to the ef ective pressure ef ect. In
order to provide a scenario for real Kondo alloys, using the (x-TK) phase
diagrams depicted on Fig. 3, Ce-La substitution can thus be character-
ized with a non-constant but rather monotonous variation of TK as a
function of x.

The Kondo versus magnetic order phase diagrams suggest a co-
herent scenario for Ce-La substitution in various HF materials. Here, we
focus only on 122-family but the scenario isn’t restricted to these
compounds and we expect that it can be much more general. Fig. 4 is
the generalized phase diagram obtained through DMFT/CPA calcula-
tions where we placed few Ce-based 122-family HF materials. For
several of Kondo lattice ( =x 1) 122 compounds, the Doniach argument
is consistent with occurence of magnetic ordered ground state when the
strength of the Kondo coupling TK becomes smaller than about 10
Kelvin. We can thus depict various Kondo alloys on a single schematic
phase diagram, where the energy scale is arbitrarily f xed (see Fig. 4).
For CexLa1−xPt2Si2, the paramagnetic phase persists with substitution,
with TK decreasing from 70 K ( =x 1) to 2.6 ± 0.6 K ( =x 0.10) [24]. For
CexLa1−xNi2Ge2, the ground state also remains paramagnetic but the
Kondo interaction is smaller, from 30 K for =x 1 to 1 K for =x 0.01

[22]. Invoking the present scenario, the vicinity of a magnetically or-
dered phase at intermediate Ce concentration might explained the non-
Fermi liquid behavior that has been reported for this Kondo alloy [22].
For CexLa1−xRu2Si2, the Kondo lattice ( =x 1) is paramagnetic with
TK= 24 K, but an antiferromagnetic ground state is stabilized below the
critical concentration =x 0.91 [21] and down to the smallest con-
centrations for which this alloy was synthesized. The Kondo lattice
CePd2Si2, which is characterized by a smaller TK =9K, has an anti-
ferromagnetic ground state with a Néel temperature TN=9.9 K. For
CexLa1−xPd2Si2, the antiferromagnetic phase is observed when

>x 0.75, but a paramagnetic Kondo ground state is obtained at lower
Cerium concentrations, with TK decreasing down to 2.8 K for =x 0.20
[38]. Another example of 122 Ce-La substituted compound has a similar
behaviour as CePd2Si2: the Kondo alloy CexLa1−xCu2Ge2 was indeed
reported to be antiferromagnetic with =T 4.1N K and =T 4K K for =x 1,
and a surprizing persistence of antiferromagnetic order down to

=x 0.10 [23]. Our present scenario might also explain this persistence.
Of course, the quantitative energy scale used for the schematic Fig. 4
was choosen arbitrarily in order to mimic various 122 Ce-based com-
pounds in a coherent scenario. However, we expect that the qualitative
properties observed experimentally should remain universal beyond the
specif c cases that are analyzed here.

5. Conclusion

Using the DMFT/CPA method together with standard mean-f eld
approximations, we have extended the Doniach phase diagram to
Kondo alloys where Kondo ions can be substituted with non Kondo
ones. We f nd that the long range magnetic order which is predicted at
small Kondo coupling can be persistent down to very low concentration
of Kondo spins. This persistence is related with the long range nature of
the RKKY interaction. Our results provide a coherent scenario for Ce-La
substitution in several compounds. It is illustrated here by a few ex-
amples from the 122 family, CexLa1−xPt2Si2, CexLa1−xNi2Ge2,
CexLa1−xRu2Si2, CexLa1−xPd2Si2, and CexLa1−xCu2Ge2, that exhibit
absence of magnetic order, non Fermi liquid behavior, persistence of
magnetic order, or reentrance magnetic order upon Cerium dilution.
Beyond the 122 family and the Cerium-based compounds, this scenario
should be relevant for most of other Kondo alloys. The issue of a pos-
sible breakdown of coherence and Fermi surface reconstruction that
might characterize the paramagnetic phase was not analyzed here and
it will be investigated in further works.

Fig. 3. Ground state phase diagrams of the Kondo alloys on a square lattice for
=n 0.30c and 0.90, with Kondo (K), Néel ordered anti-ferromagnetic (AF II), and

ferromagnetic (F) phases.

Fig. 4. Schematic description of the Kondo alloys phase diagrams depicted on
Fig. 3, with Kondo (K) and magnetically ordered (MO) phases. In order to f x
the energy scale, the K-MO transition is arbitrarily choosen to be realized here
at T 10K Kelvin for the Kondo lattice ( =x 1) and at around 1 Kelvin in the
dilute limit x 1. Dashed lines describe four examples of Kondo alloys:
CexLa1−xPt2Si2 (circle), CexLa1−xNi2Ge2 (star), CexLa1−xRu2Si2 (square) and
CexLa1−xPd2Si2 (triangle).
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