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Abstract

This paper proposes to take into account the influence of some morphologi-
cal fluctuations — often observed in unidirectional composite materials — on
the modelling of the elastic behaviour of such materials. This work relies on
a Generalized Self-Consistent Scheme coupled with a Morphologically Rep-
resentative Pattern based approach. An analytical model is proposed to
deal with “non-percolated” or trapped matrix regions. Closed-form analyt-
ical expressions are provided to investigate different kinds of morphological
fluctuation effects on the effective transverse elastic behaviour. Finally some
examples are given to illustrate the effectiveness of this approach.
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Acronyms
EHM

FEM

GHW
GSCS
MRP

RVE

UD

ZC

List of Acronyms & Symbols

Equivalent Homogeneous Medium.......................... 15
Finite Element Method ........ .. .. ... .. .. .. ... .. 8
Refers to the results published in Gusev et al. (2000)....... 30
Generalized Self-Consistent Scheme........................ 10
Morphologically Representative Pattern.................... 10
Representative Volume Element............................ 11
Unidirectional (fibre-reinforced composites) ................. 7
Refers to the results published in Zimmer and Cost (1970) 30

Subscripts, superscripts and brackets

.(i)\) or .i)\

Represents an arbitrary (0, 1, 2)-tensor field or a matrix vari-

able

Defines a first-order tensor (vector)
Defines a second-order tensor
Defines a fourth-order tensor

Phase index inside the pattern A, iy € {1, ..., n,}

eveline.herve@uvsq.fr (E. Hervé-Luanco)

2



33

34

35

36

37

38

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

.(k) or e,

ol
f
.® or .@

. or .

. or .

The letter k is used generically to designate any phase (k). It
can be the phase index o® or e;, i € {1, 2, ..., n+ 1} or the

phase index inside the pattern A, i) € {1, ..., ny}

An estimate of e during the iteration process

of o™ or ¢l Related to “fibre”, “matrix” or “effective” properties

Indicates the pattern dependency

Identity transformation defined for two patterns and two phases,

AN =1Id(\) with[@=1 and [2] =2

Complementary transformation defined for two patterns and

two phases,

BN=Cp()\) withll=2andA=1
Average volume fraction of any e expression over the domain Q5

When e needs to be expanded, e can be, partially or completely,
split into several parts: {A1}, {A2}, ...; {A,}, p € N, represents
Ce Ce Ce
all these parts. When e can be written in different forms, {B,},
Ce

{C,}, ...are used. When only one part is needed, index is
Ce

omitted

Material constants and parameters

H23

Shear modulus
Poison’s ratio

Young’s modulus
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56

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

ka3

¢

Transverse bulk modulus

Elastic stiffness tensor

Other Symbols

T

Position vector, i.e. £ = w1e; + xaey + T3€3 Or T = re, + T1€1

€1, e, g) Cartesian orthonormal basis set

(&, €y, ﬂ) Cylindrical orthonormal basis set

(21, xa, x3) Cartesian coordinates of z in the basis (ﬁ, €, @)

(Ta Q) 1’1)
Q

5}

D)

fi

Cylindrical coordinates of x in the basis (‘ir , €0, ﬂ)
Domain of material whose effective properties are sought
Domain of the pattern A, partition of €2

Domain of phase (i), partition of €

Domain of phase (7) inside the pattern A, partition of €;
Number of phases

Number of “Morphological Representative Pattern” families
Number of phases inside pattern A

Volume fraction of phase (1), in the case Ny = 2 and n, = 2

for each pattern; i.e. f = f;
Volume fraction of phase ()
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73

74

75

76

7

78

79

80

81

82

83

84

85

86

87

88

89

90

Y

Ci@

Volume fraction of pattern A

Volume fraction of the “direct” pattern, in the case Ny, = 2

and n, = 2 for each pattern; i.e. m = m,
Volume fraction of phase (i) inside pattern A
Volume fraction of the “ith” phase inside pattern \

Volume fraction of phase (1) inside the “direct” pattern, in the

case Ny = 2 and n, = 2 for each pattern; i.e. ¢ = c1, = ¢y
Outer radius of phase (i) lying within the radii R;_; and R;
Stress vector

Applied stress vector

Stress vector component along e;

Displacement vector

Displacement vector applied to each pattern, homogeneous con-

ditions

“Given” displacement vector applied to the equivalent homoge-

neous configuration, homogeneous conditions
Displacement vector component along e;
Stress tensor

Strain tensor
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99

100

101

102

Qor @

0

Strain tensor such that u® = €. z is applied to each pattern

Strain tensor such that u® = E.x is applied to the equivalent

homogeneous configuration
Average intensity concentration for phase (iy)
Average intensity concentration tensor for phase (7)

Bold notation for rectangular arrays
i.e. rectangular arrays such as V, J, N or @ with components

denoted (), for example

Transfer matrices

Ay, Bg, Cr and Dy, Integration constants for each phase (k) in the case of

an in-plane transverse shear mode

A;, and D;, Constants for phase (i)
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1. Introduction

1.1. FEwvaluating the transverse elastic properties of unidirectional compos-
ites

Knowing and anticipating how a structure will deform when subjected
to a load is a daily challenge for engineers. Depending on their anisotropy,
composite materials can exhibit a strong dependence on the direction in
which loads are applied. It is clear that a single unidirectional (UD) ply,
for example reinforcing the rubber of a tire, will exhibit a considerable re-
sistance to deformation if the load is applied along the direction of the
reinforcement. In contrast, this same ply will undergo a large deformation
if the load is now applied in a non-longitudinal direction. To design effi-
cient composite structures and take advantage of the anisotropy, engineers
need to characterize or predict the load-deformation material response for
all the directions in which loads may occur. Regarding transverse proper-
ties, experimental characterization is always a tedious procedure and result
uncertainties are often large. These complications provide a strong practical
motivation for the development of models which can be used to predict the
material performance.

However, this does not mean that models remove the underlying difficul-
ties. If the prediction of UD longitudinal properties is rarely complicated,
transverse properties are more affected by interactions between the con-
stituents and predicting accurately the transverse properties is always chal-
lenging. Models taking into account the morphological distribution of the
phases, in addition to their volume fractions, are required to obtain realistic

predictions for the transverse properties of such UD composite materials.
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Morphological variabilities and fibre packing strongly influence the trans-
verse linear elastic behaviour of these composites. Numerous and varied
methods have already been proposed in order to predict effective proper-
ties of such a multi-phases medium. Existing solutions include, on the one
hand, full-field approaches — as the Finite Element Method (FEM) for ex-
ample — requiring to model the microstructure in details. Such methods
require complex! mesh operations, especially when the fibres get very close
or when functionally graded materials are considered. On the other hand,
mean-field approaches are based on a single inclusion problem and unlike
full-field approaches, only statistical information about the microstructure
is needed. Both approaches have their advantages and this work is focused
on an efficient, fast and cost-effective analytical mean-field model to take
into account morphological fluctuations at the microscopic scale, in order to
predict the transverse linear elastic shear and bulk moduli of unidirectional

composites.

1.2. A rational microstructure model

As explained previously, this work is devoted to the study of the elastic
behaviour of fibre-reinforced composites with different distributions of fi-
bres. Restricting the attention to cylindrical shape and transverse isotropic
elasticity, we can refer to Hashin and Rosen’s (1964) composite assem-
blage or to Christensen and Lo’s (1979) three-phase model which deal

with two-phases coaxial cylinder for a two-phases material. A model has

I'The two-dimensional models dealt with in the present investigation are nevertheless
far more simple than the three-dimensional ones require in the case of macroscopically
isotropic particulate composites, such as in Bardella et al. (2018).

8
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been developed in Hervé and Zaoui (1995) to predict the elastic behaviour
of heterogeneous fibre-reinforced composites including the case of coated
fibre-reinforced composites, usually referred to as the (n+ 1)-phase model?.
This work has also provided the elastic strain and stress fields in an infinite
medium constituted of an n-layered transversely isotropic cylindrical inclu-
sion, surrounded by a transversely isotropic cylindrical matrix subjected to
uniform conditions at infinity. These fields have been given in a simpler
form in Hervé-Luanco (2020). From that, we can study the transverse elas-
tic behaviour of more complex morphologies regarding the way the fibres
are distributed inside the matrix and by also accounting for fibres that can
have a functionally graded behaviour. These concerns lead directly, on the
one hand, to more than one pattern®, and, on the other hand to more than
two phases in each pattern.

The way used here to take into account complex morphologies is to
add as many elementary patterns as needed like in Marcadon et al. (2007)
or in Majewski et al. (2017) in the case of particle-reinforced composites
having size effects, or in Diani and Gilormini (2014) in the case of linear
viscoelasticity of nano-reinforced polymers with an interphase, or in Bil-
ger et al. (2007), Bardella and Genna (2001) and Bardella et al. (2018)
in the case of porous materials. This latter case, dealing with macroscopi-

cally isotropic particulate composites, is particularly relevant to show that

2Tt should be noted that the three-phase model proposed in Christensen and Lo (1979)
corresponds also to the (n + 1)-phase model developed in Hervé and Zaoui (1995) in the

particular case of n = 2.
3A « 9 . « ) . d . f f h . .
pattern” contains a “representative disposition of some of the constitutive me-

chanical phases”, as defined by Bornert et al. (1996).
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the present study makes sense. Although the materials are very different,
in Bardella et al.’s paper (2018) it is shown that the method adopted in the
present investigation, using representative patterns to account for complex
morphologies, works very well even with an extremely large filler volume
fraction.

If a biphasic matrix-inclusion material is considered, at low volume frac-
tion of inclusions, there is no doubt that the matrix is a continuous and
percolating phase as opposed to inclusions which are distributed discontin-
uously. If the volume fraction of inclusions increases sufficiently a network
of percolating aggregates can be formed. The matrix is then trapped by ag-
gregates which makes it lose its continuity and leads to a “phase inversion”
phenomenon as discussed in Albérola et al.’s paper (1994). In this specific
case of two patterns with two phases in each pattern, using an “inverse”
pattern — where the inclusion surrounds the matrix — allows to model this
phenomenon (Albérola et al., 1994; Mélé et al., 2005).

In this work, the Generalized Self-Consistent Scheme (GSCS) used in Hervé
and Zaoui (1995) and in Hervé-Luanco (2020) is coupled with the Mor-
phologically Representative Pattern (MRP) based approach developed by
Bornert et al. (1996) in order to take into account local morphological fluc-
tuations and heterogeneous distribution of fibres. Analytical estimates are
provided for both effective transverse shear and bulk moduli. In this pa-
per, the approach followed by Marcadon et al. (2007) for particle-reinforced
composites in the case of two patterns with two phases has been generalized
in the case of: 1) fibre-reinforced composites 2) for any number of patterns
with any number of phases inside each pattern like in Hervé-Luanco and

Joannes (2016a). In this latter paper a model has been developed to predict
10
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the transverse properties of a fibre-reinforced composite in the case of trans-
port phenomena. In a second article (Joannes and Hervé-Luanco, 2016b),
the authors have used their model to study the influence of fibre packing
effects on the transverse properties of the composites regarding transport
phenomena.

In the present paper, a MRP-based approach is coupled to the (n + 1)-
phase model thanks to a rearrangement of the transfer matrices in terms
of their dependence on the behaviour of a given phase as shown in Hervé-
Luanco (2020). It is organized as follows: Section 2 is devoted to the de-
velopment of the model. Closed-form equations are given for the transverse
shear and bulk moduli. In section 3, the model is applied in the case of two
patterns with two phases inside each pattern. An example of application is
given to highlight the possibilities of the presented model. Two comparisons

with experimental data are presented in section 4.

2. Extension of the (n + 1)-phase model by using a MRP-based

approach

2.1. Introduction

Let us consider the configuration defined in Hervé and Zaoui (1995)
where the elementary pattern representing the microstructure is a n-phase
cylindrical inclusion which is embedded in an infinite matrix subjected to
homogeneous boundary conditions at infinity (Figure 1). Each phase is
homogeneous, linearly elastic and transversely isotropic with the axis of
transverse isotropy along the direction of the fibre.

Let us assume first that the Representative Volume Element (RVE) of

the studied microstructure is a Hashin assemblage of cylindrical domains
11
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- Transversal
— § (—/ shear
Hydrostatic | (®. R e
pressure
e

Figure 1: One single elementary pattern made of a n-layered cylindrical inclusion em-

bedded in an infinite matrix, i.e. phase (n + 1).

consisting of a set of N, families (see Figure 2) of homothetic identical fi-
nite composite domains whose material content is known. These families are
called here “pattern”, they are made of different phases and this microstruc-
ture can be referred to as a generalized Hashin’s assemblage of patterns. The
configuration under study is referred to a Cartesian rectangular coordinate
system in the basis (ﬁ , €2, @) thus allowing to locate any point from the
origin O by its position vector x = z1e; + x2eg + w3e3. Direction given by
ey is parallel to the fibre longitudinal axis while (O, €, @) define the trans-
verse plane. A cylindrical coordinates system with the same origin and
the orthonormal basis set (ei, g, ﬂ) can also be used. In this cylindrical
representation, coordinates of the position vector are denoted (r, 0, x1). As

in Hervé and Zaoui (1995), let phase (i), for ¢ € {1, 2, ..., n+ 1}, lie within

12
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the shell limited by the inner radius R;_; and the outer radius R; (see Fig-
ure 1). It should be noted that we consider Ry =0 and R, 1 — oo. The
interfaces between the different phases are supposed to be perfect leading
to the continuity of the displacement vector u and of the stress vector T at
each interface r = R;. Let k;%) and ,ugg) be respectively the transverse bulk
and shear moduli of phase (i) and € and g be respectively the strain and
stress tensors. A cylindrical symmetry behaviour is considered where krég)
and ugg) depend only on r. In order to determine the effective transverse
bulk and shear moduli of the assemblage (i.e. kST and pSl), two elementary
loadings modes are studied: an in-plane hydrostatic mode and an in-plane

transverse shear one.

2.2.  Methodology

In the two studied modes the same methodology has been used in order
to derive closed-form solutions of the transverse bulk and shear moduli. The
local fields inside each phase of each pattern A with A € {1, 2, ..., N,} are
here expressed thanks to the model developed in Hervé and Zaoui (1995)
and simplified recently in Hervé-Luanco (2020). Let n, be the number of
phases inside pattern A and mj the volume fraction of pattern A. Phase
(i) corresponds to the part of phase (i) present in pattern A. Depend-
ing on the context, iy can take an explicit form? or represents the position
of phase (i) inside the pattern A using an integer to indicate the ranking.
This is particularly the case if calculations are carried out with i, such
as, for example, iy — 1. In that latter case, i), may take the following val-

ues {1, 2, ..., ny}. Consider that the studied material occupies a volume €2

4For instance 1o, designating phase (1) in pattern 2.
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275

and that the volume corresponding to pattern A is denoted €2,. We suppose
that Q = Uf\vélﬂ,\ and that ﬂf\vélQ,\ = (. We also denote by €; the vol-
ume corresponding to all the parts of phase (i) present in several patterns
and consider that €2; = LJf\VQlQZ-A and ﬂf\vngiA = () where Q;, is the volume
corresponding to the phase (i) in pattern A. The particular case of two
patterns and two phases (section 3) makes it possible to grasp more easily
the relationship between (i) and (iy).

Overall properties are defined through consideration of a boundary value
problem. The determination of the effective behaviour is derived from first,
the solution of the elementary problem of each pattern embedded in an in-
finite homogeneous elastic matrix with adequate moduli subjected to the
same uniform strain at infinity and secondly, with some adequate average
operation leading to the determination of the effective elastic stiffness ten-
sor geﬁ (transverse moduli in this paper). The first step is to consider that
the same kind of boundary conditions are imposed on each pattern as for
the classical GSCS model (Hervé-Luanco, 2020). The terminal sections of

the composite are subjected to the following boundary condition:

ud =0
T9 =0 (1)
TO=0

and the lateral surface, i.e. r = R,,;1, to the following ones:

u=FE.zx (2)
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280

On the terminal section of each pattern:

ud =0
T9 =0 (3)
0 =0

and on the lateral surface of each pattern:

wW=ez (4)

where £° in Eq. (4) depends on the considered mode (in-plane hydrostatic

or in-plane transverse shear mode).

uw=FE¢2

i)\E{l,...,nA}

Figure 2: MRP approach with N, patterns made of a ny-layered cylindrical inclusion
embedded in an infinite medium, i.e. phase (n+ 1), also corresponding to the Equivalent

Homogeneous Medium (EHM).

The linear constitutive relation for elasticity will be denoted by:

g=C:¢ (5)
15
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294

Since we disregard eigenstrains the average strain tensor in any phase (i) is

written as follows:

(©)oi = Ai - E (6)

where A; is the average intensity concentration tensor regarding phase (7).
The efffevctive elastic moduli tensor geﬁ is derived from the following rela-
tions:

Z:<0>Q:CGH: <§>Q:geﬁiE (7)

It comes immediately from Eqgs. (5), (Eq. (6)) and (Eq. (7)) that:
Z:<C:A>Q:E:Zfig(i):Ai:E (8)
i=1

where f; is the volume fraction of phase (i). Consequently, as defined by Hill
(1963):

CF =3[, CD: A (9)
=1

2.3. In-plane hydrostatic mode

In the case where an in-plane hydrostatic mode is considered, following

Hervé and Zaoui (1995), €% in Eq. (4) is chosen as:

€= (e2®e) + (®es)] (10)

Thanks to the (n+1)-phase problem solved in Hervé and Zaoui (1995) (Eq.? (37)),

with € = 0, as typographically defined in Hervé and Zaoui’s paper (1995),

we know the average strain tensor (g),, in each phase (i)) of any pattern A:
A

(ix-1)
(©a, = iy P lle2 ® e5) + (€3 ® e3)] (11)

[ (nx)
11

16
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307

From Egs. (10) and (Eq. (11)) it is worth noticing that (g), can be written
LN
under the following form:

(€)q, = Aing’ (12)

iy =
where A;, is a scalar defined by:
(ix—1)
'Aix = =4 (13)

(nx)
11

and where @ is the transfer matrix defined in Hervé and Zaoui (1995). It
is now possible to write the strain average of whole phase (i) (m, is the

volume fraction of pattern \):

Ny Ny
(o, = D_male)g, =D madig" (14)
A=1 A=1

Therefore:

It is worth noticing that consequently:
B =El(e®ea)+(a8e)

n Ny
S, (z mAAh) 5
A=1

i=1

(16)
with F =

From Eqs.” (39) and (40) of Hervé and Zaoui (1995), with ¢ = 0 and using
Eq. (A.1) from Appendix A (which summarizes some basic elastic relations
applied to transversely isotropic systems), we get the average stress tensor in
phase (7)) when each pattern A is subjected to boundary conditions defined
in Eq. (4) with £’ given by Eq. (10):

_ (ix) 4 50
<011>QiA =20 Ay B (17)

(022 (€2 ® €3) + 033 (€3 ®§3)>QiA = 2 k3 Ay, £
17



308 leading to:

n Ny )
<U11>Q = {Z Ji (Z my 2 C%A)Az;)] 50
A=1

i=1

(092 (63 ® €9) + 033 (€3 @ €3)) =

n Ny )
> of; (Z my 2 kg:?)fl;)] g’
=1 A=1

50 The effective elastic moduli tensor QEH is derived from relation (Eq. (7))

a0 and Eq. (A.1) applied to the equivalent homogeneous medium:
S =2C8E = (on),
oz (€2 ® €5) + Yis (€3 © e3) = 2 kg B

= (022 (€3 ® €5) + 033 (€3 ® €3))

(19)

su  Comparison between Eq. (19) and Eq. (18) where £ and E are given by

a2 Eq. (16) implies that:

n

Ny, '
S f (Z ma 0&*%)
Ofg _ =1 - /\:1N>\
Z Ji (Z m)\Ai,\)

i=1 A=1

n Ny ]
Fi | S ma kS A
=1 A=1

]

eff _
k23 -

n Ny
> fi ( mAAZ’A)
1

i=1 A=

a3 The effective transverse bulk modulus is finally obtained by substituting A;,

ae from Eq. (13) in Eq. (20):

Q) N gilel)

Zfz k23 Z A (x)
k,eff =1 A=1 11
23 n N (ix—1)

(21)
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324

325
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328

and we get the effective value of (5 in the same manner:

N (M 1)
Zfl 012 Z (n,\)
012 = - A=l (ZA 111) (22)
S5 m T
i=1 A=1 11

Eq. (22) will not be considered in the following because only the elastic
transverse behaviour is adressed in this paper.
It should be noted that kST, given by Eq. (21), depends on the volume frac-
tion of each phase in the composite, on the volume fraction of each pattern,
on the distribution of the different phases inside each pattern and also on
the transverse properties (bulk and shear moduli) of each phase.
Such a coupling between the effective moduli is totally similar to that no-
ticed for macroscopically isotropic particulate composites by Bardella and
Genna (2001).

It has been shown in Hervé-Luanco (2020) (following Eq. (23)) that Qi

depends on kST and on St

Q(”A) — ;;_H (Rm) Q*(m) (23)
with
(R = 1 2 ™ R, o4)
nx+1 A7 ny+1 ny+1
g 2 Ry, (k Dl )) 2 k) R
leading immediately to:
(nx) 2/123”1)@117” + RmQ*(nA
= (25)

2 Ry, (kS + ulp )

19



329

330

331

332

333

334

335

336

337

338

339

340

341

kST can be rearranged by substituting Eq. (25) into Eq. (21):

n N, ix—1
> fi k‘gs) A gf )Rm
peff — i=1 )\ 1 2#33@11m + RmQ*(m (26)
fl *(n : n
i=1 A=1 2,“2 ( ) +Rn>\Q2 Y
where (kég”l) + ug?“)) has been removed because this expression is the

same in all the patterns (same infinite medium).

The different matrices @ and Q" present in Eq. (26) depend all on the
pattern A they refer to. For this reason and in order to more easily evalu-
ate kST, we will write it in the following form® using the symbol ® to denote

the pattern dependency:

Ny, Q('LA 1)@
i=1 A=1 2#23@11 + Rm@QZl
n Ny, (U-U@R

Zfz Zm 11 naQ)

i=1 =1 2ust *® + Rm@Q

ks = (27)

For Ny > 1 (more than one pattern), it is worth noting that the effec-
tive transverse bulk modulus k5T depends on the effective transverse shear

modulus ST

2.4. In-plane transverse shear mode

In the case where an in-plane transverse shear mode is considered, fol-

lowing Hervé and Zaoui (1995), £° in Eq. (4) is chosen as:

e =" (e2®e) ~ (s ®es)] (28)

#(nx)

5As Q" is only written for ny and n, being perfectly defined for each pattern, Q

will be equivalently written Q*®.
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The same methodology as the one presented in the case of an in-plane
hydrostatic mode is used.

From Eq.% (74) published in Hervé and Zaoui (1995), the average strain
tensor (g}QiA in each phase (i)) of any pattern A is given by Eq. (29),
where A;, — not to be confused with A;, — and D, are defined constants

for phase (7)) (see Hervé and Zaoui (1995)):

1 Ri, — R;
(€)q, = D;, — 3 A, 2< . 5 . 21> e = A, (29)
* o Do 5N (RiA - Rix—1>
leading to:
1 R, — Rj,
Ay =—— |Dy — 34, (R~ Ri) (30)
D11 R (B2 - R2 )

It is easy to deduce that we have still:
n n Ny
E=(g)g=2 file, = [Z fi (Z mAAA)] g’ (31)
A=1

i=1 i=1

with A;, given now by Eq. (30) and consequently:
E =FEl(e;®ey) — (e3® e3)]

n Ny (32)
Z fi (z_: m)\-AiA)] 70

with F =

=1

Using Eq. (A.1) we get the average stress tensor in phase (i)) when each
pattern ) is subjected to boundary conditions defined in Eq. (4) with g°
given by Eq. (28):

(@), =2 s Ay, (33)

leading to:

(g)q = li fi (

=1

Ny, '
> my 2 #S:?)A'A)] g’ (34)
A=
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The effective elastic stiffness tensor C°% is derived from relations (Eq. (7))

and (Eq. (A.1)) applied to the equivalent homogeneous medium:
L =2u3E = (a), (35)
Comparison between Eq. (34) and Eq. (35) (with £° given by Eq. (28)),

where E and E are given by Eq. (32), implies that:

n Ny )
S f; (Z m ué?)A;)

i=1 A=1

i Ji (i mAAiA>
A=1

i=1

ps5 = (36)

Substituting Eq. (30) into Eq. (36) yields the following expression of usk:

n N 1 (R4 — R )
: (7) . 3141 5N ix—1
of HE ™D, | R (R - R (37)
M =
23 n Ny 1 ( R} — Riq)

D fi D ma

i=1 =1 Dnﬂrl

Di/\ - 3Az>\ RZQ)\ (R?A _ Rlz/\_l)

In Hervé and Zaoui (1995), the form of the solution of the displacement
field is expressed in terms of four constants (Ay, Bg, Ck, Dg) in the case
of a transverse shear mode and V}, denotes the matrix with these constants

as components:

Ak

B
vie| " (38)

Ch

Dy,
Here A;, and D,, correspond respectively to Ay and Dj and are given
in Eq. (39) where phase (k) will be replaced by phase (7)) present in pat-

tern A and n will be replaced by ny (see Eq.?” (72) in Hervé and Zaoui
22



w (1995)):

(k—1) (k—1) (k—1)
11 12 13
k—1 k—1 k—1
Vi 1 G QY QY
P~ QU - Q0 | g0 g0 gt
(h=1) A (k=1)  ~E=1)
41 42 43
e leading to:
k— n
Ay _ —le Y +Q14 ( )
Dy 4>4 Q4](~ Q .
Dy, _ = 14 +Q44 Qll
D1 Q44 1 —Q41

It is important to highlight that Ay, i.e. A;, and Dy, i.e. D;

i)

through the different components of Q™)

(k—=1)
14

(k—1)
24

(k—1)
34

(k—1)
44

Q'Y

(40)

depend on pS

. In order to show the dependence

on p§ in Eq. (37), Q™ is expressed thanks to Eq. (23) with J,1; (R,,) (see

Hervé-Luanco (2020)) given in the transverse shear mode by:

J;L+1 (R ) -
RN, RA i i
8 Ry, 8RS 48 VR 48yt R2
0 _ R,i l/n+1R (2 Vn+l — S)R
1 ARL, 12 u(”“ RE,, 24 (”“)Rn+1
B8R, 8RE, 1640VR2., 16 4TVRZ,,
1 1 Vn+1 —1 2 Vn+1 — 1
2R, 4 R, 4 S 8 uln

23

(41)



30 After tedious calculations (all the details are given in Appendix B) the final

s equation providing the effective shear modulus is:

2”: %: ARm@ (6 M2304@ + Rm(,\)ﬁg)))

- i=1 A=1 Apnsi o+ Bauss + Cg (42)
i 2 g (6 i) + R o05)
i=1 A=l A@M + B®u + C@

31 with
o) = 0P (@i + i)
- (0 + @)
R‘,1 — R?
2( ix— 1@) (43)
Ri/\ ( ixQ RM 1®)
X 521)(/\)( I+ Qo )
- AP (P )]
372 and

55 = Q5P (@R + i)
QR (0 + @)
R o~ R!
( I~ 1@) (44)

M@( 6N RZA 1@)
&rl)@( . + Qi )

o (0 + 0]

X
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Am), By and Cg) have been determined in Eq. (B.14) of Appendix B:

R
Ay =127 +6-22 <Z§+Z§§+Z§§+Z§?)
23
275 R ® L 0/, D, O (45)
23

Cp = 23%333@
where ZZ-C;-\) denotes:
7P QR - P (46)

It should be noted (see Egs. (42) and (Eq. (45))) that the transverse shear
modulus depends on the transverse bulk modulus. Finally both moduli kST
and psh are linked together. In addition, the radius R, o disappears in
both final equations (Eq. (27)) and (Eq. (42)) for particular cases of N

and n, (see section 3 for N = 2 and ny = 2 for each pattern).

3. Particular case of two patterns with two phases in each pat-

tern (IN), = ny) = 2)

In this section we consider one “direct” pattern and one “inverse” pattern
as drawn in Figure 3.
The first pattern (A = 1) is called the “direct” pattern and consists in two
concentric cylinders where the internal phase is made of the fibre mate-
rial (1) and the external phase of the pure matrix material (2). The second
pattern (A = 2) is called the “inverse” pattern and, on the opposite, the
internal phase is made now of the pure matrix material (2) and the external

phase of the fibre material (1). Let f be the overall volume fraction of fibre,
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Figure 3: Two morphologically representative patterns.

i.,e. f = f1 and let m be the volume fraction of the first pattern and ¢ the
volume fraction of fibre inside this first pattern.

Let phase (i) (i € {1,2}) lie in each pattern A within the shell limited by
the two concentric cylinders with the radii R, ;5 and R for A € {1,2}.
In this studied configuration, phase (1) represents the fibres and is split
into phase (1) inside the direct pattern 1 and phase (15) inside the inverse
pattern 2. As shown in Figure 3, phase (1;) corresponds to the first phase,
i.e. the internal phase of pattern 1, and lies between radii Ryq = 0 and Ry).
Still considering the fibres, phase (13) corresponds to the outer phase, i.e.
the second phase of pattern 2, and lies between radii Ryg and Ryg). It
is important not to confuse the phase number and its indexing number
within each pattern. This is expressed as follows for the volume fractions
but also applies to radii: ¢;, corresponds to the volume fraction of phase (i)
inside pattern A whereas ¢, is the volume fraction of the “ith” phase inside

26



w0 pattern A; ¢, and cyg) are thus not equivalent. The parameters presented

ws in Figure 3 are linked by the following relations:

L, =C@p=Cc= Rf®/R§® and ¢ = =1-c
Cly, = C2® =1- Co, and Coy, = C1® = R%@/R%@ (47)
fi=mey, + (1 —m)ey, =me+(1—m)(1—cy)=f

fo=1-—Ff

w6 It should be noted that f, m and c are the three independent parameters of

w7 the model and all these data allow to express ¢, as ¢, = [(1 — f) + m (c — 1)]/(1 — m).
ws Let also kézg) and ugg denote respectively the plane strain bulk modulus and

wo transverse shear modulus of phase (7).

410 Eq. (27) and Eq. (42) have been particularized in this particular case of

a1 two patterns with two phases in each pattern. For this purpose, the different

a2 transfer matrices @ and @* have been determined in Appendix C in the

a3 case of an hydrostatic pressure loading and in the case of a transverse shear

ss loading. These developments lead to the following solution for the effective

as  transverse modulus (see details of calculation in Appendix C.1).

{Clﬁ}/@g + {C2ﬂ}

off def Chko3 Ck33
o 48
SRV B (o .

ot

as  where coefficients {C,} for p € [1,4] are known in terms of the three in-
cr3g

a7 dependent parameters f, m, and ¢ and in terms of moduli of each phase

as inside the two patterns (see Eq. (C.18)). With more tedious calculations

no the effective transverse shear modulus has been determined in Appendix
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C.2 as the solution of the following equation:

{A}

A e C off
ﬂgg = Mgg (f m, ¢, k/’237 M23 al{?237#23) = :3 (49)
cugh

where coefficients {A,}, p € [1,2], function of xSk, are defined by Eq. (C.34)

off
Crss

and Egs. (C.36) to (Eq. (C.44)).

4. Highlighting the usefulness of the “two patterns - two phases”

approach

The specific case of two patterns with two phases in each pattern is par-
ticularly suitable for taking into account local morphological fluctuations,
such as trapped matrix regions induced by the heterogeneous distribution of
fibres. The purpose of this section is to illustrate this ability and to justify
the addition of an inverse pattern to the classical GSCS.

In order to check the accuracy of any model, a sufficient amount of re-
liable “reference data” must be available. Initial resources are generally
coming from experimental characterization tests and results from the liter-
ature.

A very large majority of experimental studies reported in the literature
are based on “mechanical” testing techniques. Although the mechanical
characterization of longitudinal and transverse Young’s moduli does not,
generally, provide any difficulties, this is not as simple for the characteri-
zation of the transverse bulk and shear moduli which are considered in the
present paper. These moduli are usually missing from the publications and

in the best case, are estimated indirectly from elastic constants easier to
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obtain. To facilitate the characterization of these transverse elastics con-
stants and reduce the inherent propagation of experimental uncertainties,
alternative testing methods have been proposed.

Ultrasonic methods offer such an alternative and have been developed
since the 1970’s, initiated by Markham (1970) and Zimmer and Cost (1970).
The principle is based on the propagation of ultrasonic waves through a
sample and the phase velocity of these propagating plane waves is measured.
An appropriate geometry thus makes it possible to propagate the waves in
the desired directions and to estimate more easily elastic constants using the
well-known Christoffel’s equations. A recent review of ultrasonic methods
written by Paterson et al. (2018) can be consulted for further details.

Beyond experimental results on the transverse elastic behaviour, the
comparison with a micromechanical model, as presented in the present pa-
per, requires to know the properties of the constituents but also the mor-
phology of the microstructure. This is the case for Zimmer and Cost’s pa-
per (1970) which will allow — in a first step — to highlight that the intro-
duction of the inverse pattern leads to better predictions of the “average”
experimental values. If ultrasonic methods make it possible to limit exper-
imental uncertainties, it nonetheless remains true that these uncertainties
on average properties remain large. In addition, other problems are raised
when using experimental results as reference data, even when increasing the
number of tests.

Experimental results are indeed affected by behaviours unaccounted for
by the linear elastic homogenization procedure, such as nonlinearities, un-
certainties on the actual moduli of the employed phases, or even the pres-

ence of interphases of unknown properties between the reinforcement and
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the matrix. The use of numerical experiments makes it possible to get rid
of these issues. In a second step, results obtained with full-field finite ele-
ment simulations are thus employed to test the present approach. Gusev
et al.’s paper (2000) has been selected because it combines both experimen-
tal results — using ultrasonic techniques — and numerical ones for the desired
elastic properties.

Material properties related to the two above-mentioned examples cho-
sen to illustrate the present approach are gathered in Table 1, where “ZC”
refers to Zimmer and Cost (1970), “GHW?” to Gusev et al. (2000), and the

superscripts “f” and “m” to the fibre and the matrix respectively. As sug-

Property & Notation ZC GHW Units
Overall volume fraction of fibres...... (f) 0.49 0.54 -
Young’s modulus of the fibre ......... <Ef> 72.4 72.5 GPa
Poisson’s ratio of the fibre............ <1/f> 0.20 0.20 -
Young’s modulus of the matrix....... (E™)  4.34 5.32 GPa
Poisson’s ratio of the matrix.......... (v™)  0.36 0.365 -

Table 1: Materials data as provided by Zimmer and Cost (1970) (referred as ZC, E-glass
fibre and Scotchply ™ 1002 epoxy matrix) and by Gusev et al. (2000) (referred as GHW,

E-glass fibre and 913 epoxy matrix).

gested by Zimmer and Cost, due to the viscoelasticity of the resin and the
ultrasonic frequencies chosen, the Young’s modulus of the matrix, (E™),,
is presented with a 40 % increase over the measured value for modelling pur-

poses; which gave, in their situation, the best matches between experiences
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and reference models. We place ourselves under the same conditions.
The primary objective of this paper is clearly the development of the
model, while emphasizing its effectiveness by experimental and numerical

examples ¢ .

4.1. Proposed methodology

Reference data, i.e. transverse bulk and shear moduli, are firstly ex-
tracted from the two publications mentioned above (Zimmer and Cost, 1970;
Gusev et al., 2000) and the uncertainties on the average values are evalu-
ated. These results are intended to be compared with those obtained by the
model presented in Section 3. For this purpose, material data from Table 1
are used as input data for the model. The transverse moduli of the uni-

directional composites are derived by using an iterative algorithm — based

6 A work in progress will complement the illustrative nature of this section and will offer
to scan, different morphologies and fibre volume fractions for validation and parameter

calibration purposes.
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on Egs. (C.17) and (C.33) — which can be described by Eq. (50)
{G }Mm +{C}

off li+1] def CkES crsy
K3z = ks 0]
{Csfpss +{Cu}
crsf S8
with {C,},p € [1,4], depending on (f m,c, k23,,u23)
CkeH

23

50
(A} 0
[]+1] def C“ng

/1’23 Ha3 {AQ}

cusf

with {Ap} p € [1,2], depending on (f m,c, k‘23,,u23,

cusl

ksl ~ kS, s ~ udy)

and where kgj] and um are respectively estimates of the effective plane-
strain bulk and transverse shear moduli at step [j], 7 € N, of the iteration
process (see Figure 4). The initial estimates, ki) 3} and ,ug;;], can be chosen
as the plane-strain bulk and transverse shear moduli of the matrix or the
ones of the fibre leading respectively to the lower or to the upper estimates.

The iteration process is stopped when the relative error defined by Eq. (51)

is lower than 1076.

) \/(M[Qj;u ng})) (kG - km)
IT =

8+ (k)

Figure 5 illustrates the iteration process for two isotropic but contrasted

(51)

phases as in Hervé et al. (1991). Convergence is obtained within only a few
iterations and in a fraction of a second on a personal computer.
The input parameters in Eq. (50) are the elastic behaviour of each phase

and the following three morphological parameters: f, the volume fraction
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Figure 4: Recursive algorithm to get the effective transverse behaviour.

of fibre, m, the volume fraction of the “direct” pattern and ¢, the volume
fraction of fibre inside the “direct” pattern. If the values of m and ¢ were
chosen arbitrarily in the example given in Figure 5, it is necessary to proceed
differently for the comparison with Zimmer and Cost (1970) and Gusev
et al. (2000) papers. Let us recall that m and ¢ must satisfy, respectively,
Egs. (52) and (53) as in Joannes and Hervé-Luanco (2016b) .

1 1
> — - = 52
mz 2+ - (52

-1
Ogcmin:1+f7<c<cmaxzi<1 (53)
m m

Knowing f from Table 1, the range of variation of m and c is determined
and possible pairs (m, ¢) — distributed over the entire parameter space — are
selected to assess the domain of the response of the model in terms of
effective moduli kS and pSE. Plotting the response domain of the model

makes it possible to compare it with the reference data.
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Figure 5: Effective shear modulus of a fibre-reinforced composite yielded by an iterative
algorithm and normalized by the shear modulus of the matrix (phase (2)). The fibre
(phase (1)) volume fraction, f, is equal to 0.5, as to m and c. Shear moduli are p(*) = 6

and p(?) = 1 with the Poisson’s coefficients v() = 0 and v(?) = 0.45.

4.2. Results and discussion

As previously mentioned, Zimmer and Cost’s paper (1970) is particularly
suitable to highlight the interest of the present model. Zimmer and Cost
have considered the ultrasonic characterization of a glass-epoxy composite:
E-glass fibres reinforcing a Scotchply™ 1002 epoxy matrix (see Table 1).
The following results for Cys and Cas (see Eq. (54)) have been reported with

their associated uncertainties.

(Cya)yee = (17.79 £ 1.03) GPa

<023>ZC = (979 + 152) GPa
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It is worth noting that the transverse moduli Cs; and Cs3 are related to the
effective transverse plane-strain bulk and shear moduli through Eq. (A.2).
Experimental average values from Zimmer and Cost (1970) are finally given

as follows:

(ks8),. = (13.79 £ 1.28) GPa -

<’u§§>zc — (4.00 + 1.28) GPa
<k§g>zc is provided with an estimated uncertainty of slightly more than 9 %

and <Mg§>zc with an estimated uncertainty of 32 %.

By following the iterative process described in § 4.1, and by varying m
and ¢, it is possible to build gradually the domain of the response of the
model corresponding to Zimmer and Cost’s experimental results (1970).
The data of Table 1 being given, for each investigated pair, (m, ¢), a “point”
of the response domain is obtained. In order to illustrate the way the error
defined in Eq. (51) decreases during the iterative algorithm, its value has
been plotted in Figure 6 (top and bottom), respectively when the initial
medium corresponds to the fibre (glass) and to the matrix (epoxy).

It is worth noticing that the speed of convergence, obviously for one
set of parameters, is very fast; namely the number of iterations necessary
to reach the desired relative error (107°) is low, i.e. 9 iterations for the
conditions considered here. We have chosen to keep in Figure 6 only five
different values for m with ¢ = f = 0.49. This is also the case for the
response domain plotted in Figure 7, even if, for this figure more values
of m and ¢ are necessary to draw the envelop curves.

Figure 7 requires some explanations; the values of kST or uSt are placed

on the y-axis and evolve as a function of ¢ (placed on the x-axis) and of m
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Figure 6: Error minimization during the iteration process corresponding to Zimmer and
Cost’s experimental conditions (1970), in the particular case where ¢ = f = 0.49 and

where medium [0] corresponds to the fibre (top) or to the matrix (bottom).

represented with dotted lines. The value of m is between 0.51 and 1, this
latter case corresponding to the classical three-phase model (represented by
the “@” symbol), and the limit values for ¢ are indicated by left and right

triangles. What appears first is the relatively large area related to Zimmer
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Figure 7: Analytical results, obtained with the present model, are compared to Zimmer

and Cost’s experimental data (1970).

and Cost’s results (1970) inherent to the experimental uncertainties. If the
GSCS predicted value for psf is very close to that obtained experimentally
by Zimmer and Cost, it is not the same for kST, which is far below the

expected value. The response domain of the proposed model is located be-
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tween the solid line curves (envelope curves). The response domain is quite
large and allows to reach the plain-strain bulk modulus obtained experi-
mentally. An infinity of pairs (m, ¢) achieves this goal but the experimental
uncertainty is really too broad to provide further conclusions. These are
the limits of this first comparison step based on experimental results.

As already stated, the second set of data is taken from Gusev et al.
(2000) where a glass-epoxy composite is also considered: E-glass fibres re-
inforcing a 913 epoxy matrix. In Gusev et al.’s work (2000), the ultrasonic
experimental results are compared to finite element simulations making it
possible to overcome a large part of the uncertainty problems raised above.
Elastic constants “are calculated numerically based on periodic Monte Carlo
realizations with unit cells comprising a random dispersion of 100 non-
overlapping fibres”. According to the authors, this process is sufficient to
reduce the uncertainty on the average values of elastic constants to less
than 1%. They show a good agreement between the experimental and nu-
merical results. Thanks to their numerical approach, they also show “that
the randomness of the composite microstructure had a significant influence
on the transverse composite elastic constants”; what is now well known and
justifies the use of the MRP approach which offers great flexibility. Gusev
et al.’s numerical results (2000) are used in this second comparison step
and Cy and Cy are calculated from the compliance matrix provided in
their paper. The following results have been found while considering an

uncertainty of 1 %:

(Cos)swyr = (22.38 £ 0.22) GPa
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which leads to Eq. (57) (using Eq. (A.2)) :

eff _
(R58) g = (1623 £0.16) GPa -

(H5E) oy = (614 % 0.16) GPa
It is necessary to say that the value of uSl provided in Gusev et al.’s pa-
per (2000) is slightly below (about 1%) the value calculated here, which
ensures the transverse isotropy.

As for the first step, the domain of the response of the proposed model
is plotted in Figure 8. It can be seen that the analytical results are in good
agreement and encompass the numerical values. However Gusev et al. do
not give precise estimates of the uncertainties of their simulations, which
in all cases are negligible compared to the range of values represented and
are not shown in Figure 8. The three-phase model corresponding to m =1
is the lowest value of the predicted moduli in Figure 7 and Figure 8, the
predicted moduli are far below the expected values for the materials that
are considered in this paper. This can be explained by the fact that, in the
studied microstructures, a part of the matrix is trapped by the fibres (see
for instance an image” of the transverse cross-section of Gusev et al.’s ma-
terial (2000) in Figure 9).

Figure 7 and Figure 8 clearly show that the introduction of an inverse
pattern makes it possible to considerably extend the prediction range of the
three phase model. The reference values considered in the two comparison
steps are reached without any difficulty by varying m and c¢. These last two
figures provide a wealth of results and other analyzes can be drawn from

them:

"A similar micrograph is presented in Zimmer and Cost’s publication (1970).
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Figure 8: Analytical predicted transverse moduli compared to Gusev et al.’s numerical

results (2000).

603 e Even considering relatively low contributions of the inverse pattern,
604 it is possible to increase the transverse moduli by several percent.
605 This is “graphically” highlighted in Figure 7 where the experimental
606 uncertainty range is plotted. In the studied configuration and as a
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Figure 9: Example of a transverse cross-section microstructure of a unidirectional com-
posite taken from Gusev et al. (2000). Glass fibres appears in black and the epoxy matrix

in white, trapped matrix regions are clearly visible.
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617

618

first approximation, considering a third of reverse pattern and two-
thirds of direct pattern allows about 20 % variation on the values of k§1

eff
Or figs.

In the case of the plain strain bulk modulus, for a given m # 1, vary-

ing ¢ does not offer much “modulation” of the predicted values.

The effect of ¢ is much more visible when considering the transverse
shear modulus. Two areas appear in the kST graphs of Figure 7
and Figure 8: “c < f” and “c > f”. When ¢ < f, the sensitivity
to c is very low as in the case of uSI analysed above. When ¢ > f,
the sensitivity to ¢ becomes very large and tiny variations are enough
to increase the predicted values by a few percent. This highly sensi-

tive area is probably difficult to use, while providing very little added
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value in terms of the predicted range.

e As a first approximation, setting ¢ = f seems to be a good modelling
compromise. This allows a wide modulus range to be obtained while
ensuring stability and smoothness regarding predicted values. More-
over, it seems that (m,c) solutions pairs for kST and pSt are quite

close®.

5. Conclusion

In this paper, a pattern-based method has been introduced to take into
account the effect of the morphological fluctuations on the transverse elastic
behaviour of fibre reinforced composites. For that purpose a Generalized
Self-Consistent Scheme based on N, patterns with n, phases each has been
proposed. The particular case of two patterns with two phases has been
completely developed, the first pattern is a “direct” one (fibre embedded
in the matrix) and the other is an “inverted” one (matrix embedded in the
phase fibre). This second pattern allows us to take into account the role the
non-percolated matrix part plays on the transverse elastic behaviour. Two
additional morphological parameters (m, the volume fraction of the direct
pattern in the microstructure and ¢, the volume fraction of fibre inside the
second pattern) have been introduced.

As it has been shown in this paper, these two parameters make it pos-
sible to widely extend the predictive capacity of the classical three phase

model. For a given microstructure, several pairs (m,c) seem to be able

8This analysis, dealing with the uniqueness of solution pairs, constitutes a work in

progress that goes beyond the scope of the present paper.
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to accurately describe the experimental results. This means that from an
appropriately identified pair (m,c), it is possible to predict the transverse
behaviour of a composite microstructure with trapped or non-percolated
matrix areas. This identification, which is not the subject of this paper,
can be carried out in different ways. An image analysis procedure, derived
from a covariogram analysis can for example be applied and is under devel-
opment by the authors. Moreover, a work in progress aims to show that for
a given microstructure, a couple (m,c) can be chosen quasi-independently
of the phase contrast and the phase properties in order to predict effective

transverse elastic constants.
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Appendix A. Elastic behaviour of transversely isotropic systems

The linear constitutive relation, for elasticity is written here in the form:

011 = 01 Cii Cia Cig 0 0 0 €1 = £n

02 = 09 Cia Cypp Cy3 0 0 0 €2 = £

033 = 03 B Ciz Coz3 Cpn 0 0 0 €3 = £33

O3 = 04 0 0 0 Cyu O 0 €4 = 2693

031 = 05 0 0 0 0 Cs5 O g5 = 2¢€31

o1y = 0g 0 0 0 0 0 Css €6 = 2¢€19
(A.1)
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In the equivalent homogeneous material we will use ijﬁ and in phase (k)
C’Z(Jk ) to describe their respective elastic behaviour. By combining Cy and

Cos, ko3 and o3 can be calculated as follows:

fooe — Coz + Co3
23 = 9 (A2)
O — Co3 '
H23 5

Appendix B. Determination of ugg in the case of IN, patterns

with n, phases

In section 2.4, the homogenisation approach has led to the following

effective transverse shear modulus (Eq. (37)):

Zfz Mgg Z mpy [DiA _ 34, (R4 Riﬂ 1)
i= .Dn)\-‘,-l R? (RQ RZ)\ 1)
M;g n (R>\4 R4 ) (Bl)
ix—1
o g " Dnm n T (B2 - Ry

A;,/Dp,+1 and D; /D, 11 in Eq. (B.1) are given by Eq. (40) which is

written in the following form:

1 n z 1 n
Ai)\ Ql,\ )Q( A) A= ) 54A)

Dy, G fﬁi)@%m) Q m)@%m)l) (B.2)
Din _ Qui Q" — QN QL
D1 oY — Qi ei

It should be noted that A;, and D;, depend on u2 through the different
components of Q™). In order to exhibit the dependance on xS in Eq. (B.1),
Q™ is expressed thanks to Eq. (B.3) where @™ does not depend on p§t

Q™) = T\ (Ry) @ (B.3)
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680

with (Va1 — 1) J, !4 (Ry,) (see Hervé-Luanco (2020)) given in the trans-

verse shear mode by:

Rmﬂ _ R?uﬂ Rnwl L
8 Ri/\ SR?L\ 48 M(n)\-‘rl R2 48 (n>\-|—1)}%721A
0 _ R;’M Vm+1R (2 Vny+1 — 3)R;1M
TR 124 >R 2p5° "R | (B
- RTL)\ RTL)\ Rn)\ 'f’L)\
1 o M _M
2 Ry, 1R, 4 psp Y 8 psp Y

To facilitate reading, n, being perfectly defined for each pattern, @*™)
will be noted Q*® in the following equations where @ denotes the pattern
dependency. It is worth taking into account that phase (ny + 1) is the
same phase in all the patterns and corresponds to the effective medium. To
determine kST and pSt) we will thus consider that kST = kys (D) and pst =
ps .

Coefficient v,,+1 can be calculated by using its definition given

in Hervé and Zaoui (1995):

nx+1)
Vpyt1 = Gy (B.5)
matl CEAtD | oD '
By using Eq. (A.2):
k n/\+1) Oén)\-i-l) + C(n)\-l-l)
B.6
(nA+1) C(nk—i_l C(n/\—‘rl) ( )
23 5

Un,+1 can then equivalently be rewritten as:

k(nﬁ-l) N M(nﬁ-l)

23 23
Vnyx+1 = 9 l{;gg)‘+1) (B7)

Or more generally as:
-

k
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Let us now calculate the denominator of equation (Eq. (B.2)):

[A} QMo - QiVol (B9)

C/an+1

e All of the components of Q™) present in the previous equation can be

2 determined by introducing Eq. (B.4) in (Eq. (B.3)):

(na) 2V 7
i Unas1— 1| 2R, 4R,
S i
+——(Wnyt1 — 1) — ———==2 vy, 41 — 1)
4 1§D At 8 pftD At
2 *
(nx) 1 Rn)\+1 . 1@
1 Vpys1 — 1\ Ry, 8 Ry,
Qs T
® @8 s (B.10)
(nn) 1 Qi @y
i Unog1— 1| 2Rn., 4R,
i i
+W(Vm+1 —1) - W(Q Vny1 — 1)
2 x
() _ 1 Rm\+1 N 19
" Upos1 — 1\ Ry, 8 Ry,
Q) *@ *@
8R,, 48 u(’““) 48 M"*“’

3 Using Egs. (B.7) and (Eq. (B.10)), {A} can consequently be rewritten
g/Dn)\Jrl
684 QAS!

4R
{A} = o 2 ( {B:} {B2} — {Bs} {34}> (B.11)
C/Dny+1 Ri/\ (1 n M;B At )) C/Dny4+1 S/Dny+1 C/Dny+1 S/Dny 41

CA
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es with {B,} , p € [1,4], given by:

g/Dn)\+1
w QP P o
B = — — Uy —1
;Dnlﬁl 2R, 4R, 4 M(m+1)( w1 — 1)
Q44
73 8 gD (2 Vpy41—1)
By} _tu Lo
S/Dny+1 8R,, 8 Rm 48 ,u(mH) 48 ,u("”l)
«® @ QP (B.12)
B wr Wi Wo By 1
giD,iil 2 Rn)\ 4 Rn)\ 'u(n)\-‘rl)( at+1 )
QY
8 gyt uéfél*“’ (B vt = 1)
{84} def w14 24 34 B
C/Dpy 11 8 Rn)\ 8 Rn)\ 48 M(HAJrl) 48 ,U/(n)\+1)
B ing (Eq. (B.12)) thanks to 22 2 Q:¥@:® ithi, j € {1,4
y rearranging (Eq. (B.12)) thanks to Z;5 = Q> Q1" — Qs Q W it i,7 € {1,4}

(Eq. (46)) and by using (Eq. (B.7)) it follows that:

384 R? ué@”l) ({51} {B2} — {Bs} {Ba} ) =
C/DPny+1 S/Dny+1

CS/Dpy+1 S/DPny+1

A@M(n’\+) —f—B@p(n’H— +C® (B13)

s With Ay, By and Cpy given by:

de: RTL
Ap 1275 +6 k@ <Z§+Z§§+Z§Z)+Z§?)
23
L2750 R? ® L 0y® ., D, O (B.14)
By 2@ R, o (220 + 228 + 28+ 29) |
23
Cop 2R
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It is important to notice that Ag) and By depend on kst
Finally:

(A} - s

2
C/Dpy 41 M(m+1) 2
96 R4, (1 = ps

kgt
(A@Iu 3A+1) + B@M(HA+1 —I— C@) (B15)

Eq. (B.2) takes the following form and consequently can be calculated
s thanks to Eq. (B.15) and to Eq. (B.10):

6

<
<

6

<<

A (ix=1) y(nx) _ ~(ix=1) ~H(ni)
2N — 14 11 11 14
Do A
ny +1
D. Q4/\ 1)@(71,\) ng)Q(M 1) (B.16)
i
Dnﬁ-l {A}
C/DPny+1
s leading to:
ps Y (n+1)2 +1)
AR, | 1+ (6,u M g, —l—Rmu{;* 5&;)
Ay _ has (B.17)
Dn)\+1 A@/.L<n>\+1) +B®/J/(n>\+1)+c®
e0 Wwith

an, ZQ0 QP+ @) - ol (0P + @)

| (B.18)
Ba, 207 (@04 o) - Qi (@ + QP
691 and
ps Y (ma1)2 +1)
N 4R, |1+ k,(nA-H) |:6 Mg A ap;, + Rnxﬂ%/\ BD@J
i _ 23 1 1 (B.19)
an'f‘l A@ﬂ(n;-ﬁ- ) + B@p(ﬂk"‘ ) + C®
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692

693

694

695

696

697

698

with
an, £ (Qi?w;@)— G (P + o)
fo, Qi (P + Q) - @ (@ + i)

Replacing A;, /D,,,+1 and D;, /D, 11 respectively with the expressions
given by Eq. (B.17) and by Eq. (B.19) in Eq. (B.1), uSf becomes:

(B.20)

(na+1)

Ha3 (na+1) (na+1) (i) (@)
o ot 10 4555 (0182000 1 )

Z fi Mg?? Z =
=1 =1

A@M%A—H) + B@/ub(nﬁ_ +C®

e R W D,
23 ny+ ny+
. Ny 4 m,\Rm (1 + k%/\+1)) M23A (6 L3 A @ —+ Rnxﬁ®)
Z fl n
== A®u( A+1)2 +B®'u23)\+1) 4 C’®
(B.21)
with R4 R
(4)  def _ ix—1
" O ()
A -l (B.22)
, R4 R} ‘
pY g, —3 Dol By,
@ DY }%ZQA (R2 Rb\ 1) A

,ué?“ and kég”l) do not depend on the pattern they are attached to (see

Figure 2) consequently they do not depend on A and Eq. (B.21) can be

rewritten as:

n () Ny m)\Rn)\ (6 [L23 @ + Rn/\/g )
Z i th3 Z
e i=1 A=1 A@M T B@M + C@
23 = 7
Na maR,, (6 ,ugfgfaé)b + Rmﬁ )

Zz;fiz

A=1 A@Meﬁz + B@/,L + C@

(B.23)

49



e0s where

700

701

702

703

704

o) =0 (P + @)
o0 (o + )
(RL —RLY)
Ry (B2 - R )
52—1)< Tl + Q5 )
- (e @)
| | (B.24)
a5 =l ( ;@wz@)
z(ff D( + Qui )
(RL - RL )
Ry (B2 - R )
52—1)( ;,1 + Qli )

- o (@ + )]

It is worth remembering that Eq. (B.23) is an implicit equation depending

X

X

both on pSE and on kST through A® and B). In the different applications
we will use the following expressions to take into account the fact that the
different radii and the matrices @ and Q" present in Eq. (B.23) depend on
the pattern A\ they are attached to:

i f NZ AR?@\@ (6 ,u23a® + R 5@)
T = i=1 =1 A@MGHQ + B@Mzs + C@
i NZ mR,, @ (6155l + B8 )
S0 At + Beusi + Cg

(B.25)
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705 where finally
of) = Qi (e + o)
QP (@i + o)
(R?,\ B Ri\_1®)
Ri\ (R?)\QD - R?A*1®>
< QP (@i + @)
-0+ @)
55 =P (@ + i)
Q5P (P + Qi)
(R?,\ B R?,\—1®>
Rl?x@ (fo® B R?,\—1®)
< QP (@ + @)
P (e + )]

(B.26)

06 Appendix C. Details of the calculations made in the particular

707 case of 2 patterns with 2 inverted phases

708 In this section a configuration with two patterns is considered, one is a

700 “direct” pattern and the other is an “inverse” one, each one being made of

70 two phases (n =2, N, = 2 and n, = 2 for each pattern) see description in

m section 3 and Figure 3.

712 In the following, we will use the functions and parameters defined below:

Id: {1,2} — {1,2}
ca CN

1 ifa=1

A o= Id()) =D =

2 ifA=2

51

(C.1)



713

714

715

716

717

718

719

720

Cp: {1,2} — {1,2}
cQ CN

1 ifA=2 (C.2)
A = Cp()) =R=
2 ifA=1

where the codomain {1,2} of Id and Cp transformations have totally lost
CN

any “pattern” reference. It means that images Id (\), i.e. [\, and Cp ()),
i.e. B\, are just natural numbers and can, for example, describe phase num-
bers if they are placed in parentheses or in indices as for : o*) or e,. So,

taken from Hervé and Zaoui (1995):
e
oA d:fﬂgg)/ﬂgza)

def

agy :p+(3—4)

def

by = (3-2vy) + oy (2 v —3)

(C.3)
diy d:efZ—l—l—p(l—ZV“)
S\, o 1-— P
see Eq. (B.8) for yy and yy. And:
I@° =c
def
&= R/ R = 2 (C.4)
4@~ = C2,

To calculate 0‘8 and Bg)) in the case of the determination of the effective

transverse shear modulus it may be noted that:

= + 2 d (05)
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730

Appendiz C.1. Development of k;fg

In the case of two patterns with two phases each, Eq. (27) becomes:

(1)\ 1)®R

2

> fi kg

i=1

03 m,

A=1

2 ﬂ23Q + Rz@@é@

eff
k23 -
2 2

(ix—1)

(C.6)

Ry

Zfzzm 11

i=1 A=1

2 M23Q + Rz@Q;@

Substituting the different components of the Q® matrices (see Hervé and
Zaoui (1995)) (for A € {1,2}) in Eq. (C.6) gives:

PR AL + (1= DA {A} (B
keﬂ _ Chk3y sl def crslt C.7
BT AT (- DAY (B (&0
Ckg‘;f Ckggf Ckgg
where
(A} def ng(i)CDRQ@ i (1—m) Q§11)®R2®
o 20 " RpQsP 2 i$5Q5P + RQ@Q*@ €8
{Az} d:ef Q 2@ ( ) 2@
s M23QT1 + Rz@QggD 2 M§3 *® + RQ@Q

The Q@ matrices are determined from Hervé and Zaoui (1995) for A\ €

{1,2}:
QO = 1= QYO 1
1 (Mgs ) + kg?, )
QU® _ N
A B
0@ = 0 by definition leading to:

QL _ M

T

%%? + ko3

)
)

(C.9)

R2 A\ A

Rgg WD _ )

R .

R2® WD 1 1)

1

(C.10)
(C.11)



7 In order to determine AST in terms of uSI from Eq. (C.6) the @ matrices

72 have to be calculated by using the @ matrices like in Hervé-Luanco (2020).

Q=1 (Ryg) QU (C.12)
733 with R2
e S~
R = C.13
> (Ro) k™, Fe m) (1)
23 - RQ a3
20

73« It can easily been shown that:

. @, Fo®m_ @
o _ Ry (st + ka3 ) Ry (k — ka3 )
1
“g k) (C.14)
() )
P = =
o+ i
{A,}, p € [1,2], in Eq. (C.8) are then written as:
(2) (2)
(A} = (M23 + ka3 )

S8 2 <M23 kf(l)) (ﬂ23 + kS ) +2c (k‘ @ ké?) (Mzg #é?)
(1- )<M23 +k )

2 (M23 + k’23 ) <M23 + k ) + 2 ¢, (k23 - ké?) (Mgg - M%)>

(ué? + k)

ks 2 (M23 + k(l)) (M23 + kS ) +2c (k@) k%)) (M23 /ﬁ%))
) (=) 2+ )

2 <M23 + k23 ) (Ngg + k23 ) +2 ¢, (k23 - ké?) <M5§ - M%)>

(C.15)

+
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736 By reintroducing {A;} and {As} from Eq. (C.15) in Eq. (C.7) we obtain:
ck3g ck3g
fk?23 m (#23 + kS ) (1—=1) k‘é?m (M%) + k(l))
SO ) (- 15) v (- o0 (8 o)
Phsg (1= m) (b +K53) + (1 - f)k@)( >(u§3 + k)
(Mg:s + ]{723) (M23 (1)> +C2 ( — ks )) (Mzs - #é?)))
fm (M23 + ki3 ) (L= f)m (Mgg) + ki )
crgh - ( Moz + k(l)) (N23 + k23) +c (ké?, — kS ) (/63 - M%))
FU=m) (usg +k3) + (1= £) (1= m) (s + kS
(M23 k ) (M23 k(l)) 22 (k23 - ké?) (Ngg - M%))

(C.16)
737 kzgg can finally be developed in terms of pfgg
{Clﬁ}ﬂ + {CQH}
i " C.17
5 ey 1
Ckeﬂ Ckeff

23 23

95



738 with

{Co} = ksl () + ks ) + (1= ) ki m (i) + k53 |
Chys
x [e, (i) — k53 ) + (uds) + k53|

+ [£hsg (1= m) () + k53) + (1= £ kS (1= m) (b + k53]

o (KD~ K) + (2 4 180)]

{C2ﬂ} =\ [ 53 'm (M%) + k23 ) + ( k?23 m <N23 + k% )}
Ck:
x [ (e + kS3)) by — ca, (Kb — )@ﬂ
+ [fk% (1- <M23 (2)) k% 1—m) <M23 + k23 )}

X [(N%) + ké?) k’23 - <k23) - k23 ) %)}

{Cs} d:ef[ <M23 ké?&) (1—=f)m (ﬂ23 +k23 )]

x [es, (ki — K83) + (e + k83)]
+ [f (1—m) (M23 km)) (1—=/f)(1—=m) <H23 + k’23 )}
o (KD~ K) + (42 -+ 180)]

{C4} { <M23 + kg?) (I—=f)m

Ck: (
23
[(“23 + ké?) k’%) — Co, (k;%) e ))
+[F 0 —m) (usy +—ké?) 1= ) (1= m) (6D + K]
x [(“23 ké?) —c (kg? kL )) M%)}

26

2+ 1)

]

(C.18)



o Appendiz C.2. Development ofu?g
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740 In the context of two patterns with two phases Eq. (42) becomes:
- - A + Bayust + C,
o z—l A=1 M23 Ho3
st = Q il (C.19)

22: s 22: m)\R2® (6 Mggaé@) + R2®ﬁ®)
SUS AgsT + Byt + Cg

1 In order to calculate A®,u§ + B®u + Cz let us use the following equa-

2 tions:

R
Ay =127 +6 -2 (Z§+Z§§+Z§+Z§?>
23

ZOp
Bg :T@+2R2® <2 Z§+22§§+Z§+Z§> (C.20)

Co =725 Ry

ns where all the Z;; (see Eq.” (81) in Hervé and Zaoui (1995)) are already
+ defined by:

7

N

23 Q0¥ - P’ (C.21)

s with:
QY= JP (Rg) QU9 (C.22)
746 From Hervé and Zaoui (1995), in the case of a transverse shear loading,

o7



747 Jg’\) (R2®) is given by:

~dugRyy Ry 4 (1-wp) Ry Ry

J%D(R@): (6-1m) Ry Ry —(2-4m) Ry Ry

0 —6 Mg3 ) -8 M§3 ) 2 ,Ug3 )
12 Mg?, ) —6 Mg:a ) —4 Mgzz ) —2 Mgg )
(C.23)
and Q(1)® by:
1
Q(1)® _
1 (1-m)
1- 1 -rm 0
2 2 2
ey ey ey
" 2 qé@b q&c 2 qé\)d qé\) ( — 1) (C.24)
—3 CIED (1 - p) 0 qé\)a q& (1 — p)
—6 dyy 3 (1 - p) 2 by

s The different Q*® matrices are calculated from Eq. (C.22) with the help

o8



79 of Eq. (C.23) and Eq. (C.24):

R
D 20 an 4
11 1 (1_m>[ Vﬂq& q@
—12 (1—1/m)q§96—6d
R
ey —@[(6 4 )
2 = m) o 2 ek
4 (1—Vm> @ e
+3 (2—4Vg)qé6+6d
®
. 2
P =7 g 12 dyem 6
(1 m)
o . (C.25)
«Q Ha3 I
o= 6 6q®b.+6q®€l+6dl
(i -m)
Q) 200 [ 4 2
_ Y T 14 (1- +
14 1 (1—Vm> i q®€ ( Vﬂ) q®€ }
* R [
- =2®Vn> —ayem— (24 vm) dyem — )
*®: g) 346—4264»6}
34 Vm) Q® Q®
4 (l—un> ® @

750 The different components ZZ%-\) present in Eq. (C.20) can then be determined
751 thanks to Eq. (C.21) with the previous values of QY leading to:

— 6 ¢Gyamem — 6 yeman + 12 ¢Gydme

+4 g% ber (3 — 4 va) + 6 a8k (4 v — 3) + 4 g hman
2a
—12 g& ey + “W (3~ 4 vgy) + 8 agerg (3 6 vy + 4 y)]
e

(C.26)
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2
16 (1 — vgy)
—12 ¢}yemay (2- 1) — 12 aByemenm + 12 afyehy (3 —2)
_ A appv
2

Z:%‘) = 8 qé\)b +8 nge (2 -3 m)

+24 g% e (2 — vp) — 24 g} dyery + 16 vyea
(C.27)
Z@ . 2 Ngs )R2®
S a—
16 (1 1)

=8 (3-2vp) ame — 4 (5 - 6 1) dyemig

3 (6 — 4 vpy) g3 yamen + 6 gy (5 — 6 vpy)

—12 (3 -2 vp) Eemdm + i C; (3-2wm)

—4 g bman + 6 gyamem (3 — 2 vm) + 12 ¢y emd
754 (C.28)
o 2 Ry
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16 (1 - vgy)

+12 qgemdn + 8 (3 — 4 vy amer

6 (2 Iy — 1) qé\)aenLG q&e (5 -6 V“)
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ey,

755 (029)
(BY)
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79 :M

Y16 (1-m)

+12 q®e.b. 36 q®e.d. +

18 quCbe — 18 q&e + 36 qé\)ed — 24 aey

6 a.o.

—12 q‘@b + 18 q&e
(C.31)
and consequently to a®, A, By and C®, which can be factorized by
respect to the radius Ryg). Let us introduce al R@ Ape)» Brgyr Crey defined
as:
a;)(/\) = ozg)) / Ry
Ay = Ag/RY

(C.32)
def
Brm B@/R2®
def
Crp = C@/R2®
such that psl in Eq. (C.19) writes now:
2 ma (6 1oy + )
Zfi ZA ueHQ+B usk +C (A
e i=1 A=1 def Cush

my (6 u23aﬂ® + Bl ) {A2}

Chgs

Sy

i=1 =1 A,R(,\)N +B,R®M +C,R(,\)
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with {A,}, p € [1, 2], given by:

Cuss

(A} = m [fﬂ%) < 04;()@#23 + 5(1)) +(1-f) Mg? (6 O‘%M% + 5@ )}

Cugh A /1232 + Broiss + Crm

(1—m) {fﬂzs (6 O{R@M 5+ 5@ ) (1=1f) N%) (6 /}{@M% + 5(2))]
A/R®u g B/R@,u% + Cr

{AQ} {f (604 M23+5 ) (1—=17) (6 O‘/S{()DM%"_B@ )]

Cught Aﬂ@,u ’ 4 Bﬁ@u + Crp

(1- Mf@a“u%+6 N+ (1= £) (6 abgyust + 82))]

A,R@M% + Broisi + Cro

+

_|_

(C.34)
It is worth noticing that we have used the fact that Agr), Bgg) and Cgg
only depend on pattern A but not on phase (i) in Eq. (C 33).
We can now get the final expressions of the eight terms o' /R(/\) and B (Eq. (B.26))
because Q' O® I an identity array, and because Q can be determined

by the help of Eq.? (69) in Hervé and Zaoui (1995):

B =0

_ ax

Qll - 4 (1 . I/“) qég
(C.35)
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77 leading finally to:

@) 2 oy 4
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axa
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e and to:
(B)
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16 (1 - vgy)
a|c
+3 ae(qé\) —1)+6 edqé\) +
70 We can also get the final expressions of A e Broy C ROY-
m Apry) is given by:
{A2}
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773 B,R@ is given by:

{Aq2}
Bag = {Ar} + k;;? (C.41)
CB@ 23
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— 12 qé\)b + 18 q&ec
(C.43)



me Chpy Is given by:
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