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Outline

How can mathematical morphology be associated with AI, in symbolic,
semi-qualitative and machine learning frameworks?

1 Introduction to mathematical morphology

2 Mathematical morphology and logics

3 Mathematical morphology and spatial reasoning

4 Mathematical morphology and deep learning

Note: only a small part of mathematical morphology will be described, and
a small part of AI as well...
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Introduction to mathematical morphology

1. Introduction to mathematical morphology
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Introduction to mathematical morphology

Lattices and information processing

Lattices: core mathematical structure in many information processing
problems.
Examples:

soft computing (fuzzy sets, bipolar information),

knowledge representation,

logics,

formal concept analysis,

automated reasoning,

decision making,

image processing and understanding,

information retrieval,

etc.

Mathematical morphology on complete lattices.
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Introduction to mathematical morphology

Mathematical morphology for spatial information

Matheron [Matheron, 1967, Matheron, 1975], Serra
[Serra, 1982, Serra, 1988]

A theory of space.

Widely used in image processing and interpretation.

At different levels (local, regional, structural...).

For different tasks (filtering, enhancement, segmentation,
interpretation, spatial knowledge modeling...).

Filtering
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Introduction to mathematical morphology

Segmentation
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Introduction to mathematical morphology

Interpretation
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Introduction to mathematical morphology

Knowledge modeling What is the region to the right of R? Is B to the
right of R (and to which degree)?

Spatial reasoning
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Introduction to mathematical morphology

Algebraic dilations and erosions -
[Heijmans and Ronse, 1990]

Complete lattices (T ,≤), (T ′,≤′)
Example: (P(E ),⊆) for a set E

Algebraic dilation: δ : T → T ′ such that

∀(xi ) ∈ T , δ(∨ixi ) = ∨′iδ(xi )

Algebraic erosion: ε : T ′ → T such that

∀(xi ) ∈ T ′, ε(∧′ixi ) = ∧iε(xi )

Properties:

δ(0) = 0′ (in P(E ), 0 = ∅)
ε(I ′) = I (in P(E ), I = E )

δ increasing, ε increasing

in P(Rn), δ(X ) = ∪x∈X δ({x})
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Introduction to mathematical morphology

Adjunctions

δ : T → T ′, ε : T ′ → T , (ε, δ) adjunction if:

∀x ∈ T , ∀y ∈ T ′, δ(x) ≤′ y ⇔ x ≤ ε(y)

Properties:

δ(0) = 0′ and ε(I ′) = I

(ε, δ) adjunction ⇒ ε = algebraic erosion and δ = algebraic dilation

δ increasing = algebraic dilation iff ∃ε such that (ε, δ) is an adjunction
⇒ ε = algebraic erosion and ε(x) =

∨
{y ∈ T , δ(y) ≤′ x}

ε increasing = algebraic erosion iff ∃δ such that (ε, δ) is an adjunction
⇒ δ = algebraic dilation and δ(x) =

∧
{y ∈ T ′, ε(y) ≥ x}

εδ ≥ Id and δε ≤ Id ′

εδε = ε and δεδ = δ

εδεδ = εδ and δεδε = δε

δ and ε increasing such that δε ≤ Id ′ and εδ ≥ Id ⇒ (ε, δ) adjunction
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Introduction to mathematical morphology

Morphological dilations and erosions

On the lattice of the subsets of Rn or Zn, with inclusion:

δ(X ) = ∪x∈X δ({x})

+ invariance under translation
⇒ ∃B, δ(X ) = D(X ,B) = {x , B̌x ∩ X 6= ∅} (with Bx = x + B).

B = structuring element (neighborhood, binary relation).

Same result on the lattice of functions.

Similar results for erosion: ∃B, ε(X ) = E (X ,B) = {x ,Bx ⊆ X}.
Derived operators: opening, closing, conditional (geodesic) operations,
gradient...
Relaxing the assumption on invariance under translation: structuring
elements varying in space (ex: projective geometry, omnidirectional
images...).
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Introduction to mathematical morphology

A simple example

(Illustration: C. Ronse [Bloch et al., 2007])
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Mathematical morphology and logics

2. Mathematical morphology and logics
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Mathematical morphology and logics

Morpho-Logics: first steps

Mathematical morphology on logical formulas, via the models, in
propositional logic [Bloch and Lang, 2000, Bloch and Lang, 2002].

Set of all models of a formula ϕ: JϕK = {ω ∈ Ω | ω |= ϕ}
Lattice structure on the set of all models ⇔ lattice structure on the
set of formulas (up to an equivalence relation).

Jϕ ∨ ψK = JϕK ∪ JψK,

Jϕ ∧ ψK = JϕK ∩ JψK,

JϕK ⊆ JψK iff ϕ |= ψ, and ϕ is consistent iff JϕK 6= ∅
Algebraic dilations and erosions as in any complete lattice.
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Mathematical morphology and logics

Morphological dilation of a formula ϕ with a structuring element B:

JδB(ϕ)K = δB(JϕK) = {ω ∈ Ω | B̌ω ∧ ϕ consistent}.

Morphological erosion:

JεB(ϕ)K = εB(JϕK) = {ω ∈ Ω | Bω |= ϕ}.

B: a relation between worlds, e.g. neighborhood, distance.

(1, 0, 0)

(0, 1, 1) (1, 1, 1)

(1, 0, 1)(0, 0, 1)

(0, 0, 0)

(0, 1, 0) (1, 1, 0)

   

   

ϕ

δ(ϕ)

Example of a dilation of size 1 (Hamming distance):
ϕ = (a ∧ b ∧ c) ∨ (¬a ∧ ¬b ∧ c) and δ(ϕ) = (¬a ∨ b ∨ c) ∧ (a ∨ ¬b ∨ c).
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Mathematical morphology and logics

Use for typical reasoning problems in AI
[Bloch et al., 2001, Bloch et al., 2004, Bloch et al., 2006, Bloch et al., 2018].

Revision.

Merging (fusion).

Abductive reasoning.

Mediation.

Using dilations and erosions
Morphological partial ordering: stratification of the models from successive
dilations and erosions.

Σ

y

z

x

Example: x �f y �f z
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Mathematical morphology and logics

Jϕ1K Jϕ2K

Fusion(ϕ1, ϕ2)

JΣK

JϕK

ExplaΣ(ϕ)
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Mathematical morphology and logics

Belief revision
Revision of ϕ by ψ (new piece of information): ϕ ◦ ψ (with minimal
change on the initial set of beliefs)

ϕ ◦ ψ = δn(ϕ) ∧ ψ

with n = min{k ∈ N | δk (ϕ) ∧ ψ is consistent}.

(0, 0, 0) (1, 0, 0)

(0, 1, 0)

(0, 0, 1)

(0, 1, 1) (1, 1, 1)

(1, 1, 0)

(1, 0, 1)

ϕ

ψ

ϕ ◦ ψ

Satisfies the AGM postulates [Alchourron et al., 1985] in Katsuno and
Mendelzon’s model [Katsuno and Mendelzon, 1991].
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Mathematical morphology and logics

Belief merging
Morphological expressions of several operators for logical fusion of beliefs
{ϕ1...ϕm} under integrity constraint µ, satisfying the rationality postulates
of [Konieczny and Pino Pérez, 2011]:

∆max
µ (ϕ1, ..., ϕm) = δn(ϕ1) ∧ δn(ϕ2) ∧ ... ∧ δn(ϕm) ∧ µ

where n = min{k ∈ N | δk (ϕ1) ∧ ... ∧ δk (ϕm) ∧ µ is consistent}.

∆Σ
µ (ϕ1, ..., ϕm) =

∨
(n1,...,nm)

δn1(ϕ1) ∧ δn2(ϕ2) ∧ ... ∧ δnm (ϕm) ∧ µ

where
∑m

i=1 ni is minimal with δn1(ϕ1) ∧ δn2(ϕ2) ∧ ... ∧ δnm (ϕm) ∧ µ
consistent.

ϕ

ψ

∆max(ϕ,ψ)
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Mathematical morphology and logics

Agent 1:

prefers to travel in Spain: ϕ1 = Spain.

Agent 2:

prefers to travel in Morocco: ϕ2 = Morocco.

⇒ conflict!
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Mathematical morphology and logics

Extending preferences using dilations:

δ(ϕ1) = Spain ∨ France ∨ Portugal ∨Morocco

δ(ϕ2) = Morocco ∨ Algeria ∨ Portugal ∨ Spain

Fusion:

∆(ϕ1, ϕ2) = δ(ϕ1) ∧ δ(ϕ2) = Spain ∨ Portugal ∨Morocco.

⇒ Solution for travelling in the set of models of this formula.

I. Bloch, S. Blusseau, R. Pino Pérez Mathematical Morphology and AI ECAI 2020 21 / 99



Mathematical morphology and logics

Mediation
Symmetric merging is not always fair:

⇒ New mediation operators based on morphological median.
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Mathematical morphology and logics

Abduction

Explanation γ of α: Σ ∪ {γ} ` α.

Abduction: finding the best explanations.

Rationality postulates of [Pino Pérez and Uzcátegui, 2003].

General idea: finding the most central models in Σ or in Σ ∧ α.

⇒ Using morphological erosions:

α�`ne
1 γ

def⇔ γ ≡Σ ε`(Σ ∧ α)

α�`ne
2 γ

def⇔ γ `Σ ε`(Σ ∧ α)

α�`c γ
def⇔ γ `Σ ε`c(Σ, α) ∧ α

Choice of the structuring element ⇒
explanation as a disjunction (OR),

explanation as a conjunction (AND),

explanation as an exclusive disjunction (XOR).
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Mathematical morphology and logics

Other logics

First order logic, with application to merging
[Gorogiannis and Hunter, 2008b, Gorogiannis and Hunter, 2008a]

Modal logics [Bloch, 2002]:

Accessibility relation / Structuring element – 2 / ε – 3 / δ

Description logics [Hudelot et al., 2008, Atif et al., 2014]: δ and ε as binary
predicates, ontological reasoning.

Satisfaction systems and institutions
[Aiguier et al., 2018a, Aiguier et al., 2018b, Aiguier and Bloch, 2019]:

General framework for many logics.

Revision based on relaxations.

Abduction based on cuttings and retractions.

Dual operators from dilations and erosions.

Towards spatial reasoning.
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Mathematical morphology and spatial reasoning

3. Mathematical morphology and spatial reasoning

Qualitative (symbolic) and semi-qualitative frameworks

Spatial reasoning: Knowledge representation and reasoning on spatial
entities and spatial relationships
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Mathematical morphology and spatial reasoning

Spatial reasoning using modal morpho-logic

Examples in mereotopology (with 2 ≡ ε and 3 ≡ δ):

tangential part: ϕ→ ψ and 3ϕ ∧ ¬ψ consistent, or
ϕ→ ψ and ϕ ∧ ¬2ψ consistent

X / ϕ

Y / ψ
ψ

ϕ

(Y) / 

(X) / δ

ε

non tangential part: 3ϕ→ ψ, or ϕ→ 2ψ

external connection (adjacency):
ϕ ∧ ψ inconsistent and 3ϕ ∧ ψ consistent (or ϕ ∧3ψ consistent)

Further links between mathematical morphology and RCC:
[Bloch et al., 2007, Bloch, 2017, Landini et al., 2019]
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Mathematical morphology and spatial reasoning

Abductive reasoning: example in image understanding

Pathological brain with a tumor

K |= (γ → O)

Compute the “best” explanation to the observations taking into account
the expert knowledge (e.g. formalized in description logic)
[Atif et al., 2014]

I. Bloch, S. Blusseau, R. Pino Pérez Mathematical Morphology and AI ECAI 2020 27 / 99



Mathematical morphology and spatial reasoning

Tbox:

Brain v HumanOrgan

CerebralHemisphere v BrainAnatomicalStructure

PeripheralCerebralHemisphere v CerebralHemisphereArea

SubCorticalCerebralHemisphere v CerebralHemisphereArea

GreyNuclei v BrainAnatomicalStructure

LateralVentricle v BrainAnatomicalStructure

BrainTumor v Disease u ∃hasLocation.Brain

SmallDeformingTumor ≡ BrainTumor u ∃hasBehavior.Infiltrating

u∃hasEnhancement.NonEnhanced

SubCorticalSmallDeformingTumor ≡ SmallDeformingTumor u
∃hasLocation.SubCorticalCerebralHemisphere

u∃closeTo.GreyNuclei

PeripheralSmallDeformingTumor ≡ BrainTumor u
∃hasLocation.PeripheralCerebralHemisphere

u∃farFrom.LateralVentricle

LargeDeformingTumor ≡ BrainTumor u
∃hasLocation.CerebralHemisphere

u∃hasComponent.Edema

u∃hasComponent.Necrosis

u∃hasEnhancement.Enhanced
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Mathematical morphology and spatial reasoning

DiseasedBrain ≡ Brain u ∃isAlteredBy.Disease

TumoralBrain ≡ Brain u ∃isAlteredBy.BrainTumor

SmallDeformingTumoralBrain ≡ Brain u ∃isAlteredBy.SmallDeformingTumor

LargeDeformingTumoralBrain ≡ Brain u ∃isAlteredBy.LargeDeformingTumor

PeripheralSmallDeformingTumoralBrain ≡ Brain u ∃isAlteredBy.PeripheralSmallDeformingTumor

SubCorticalSmallDeformingTumoralBrain ≡ Brain u ∃isAlteredBy.SubCorticalSmallDeformingTumor

· · ·
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Mathematical morphology and spatial reasoning
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Mathematical morphology and spatial reasoning

Abox:

t1 : BrainTumor

e1 : NonEnhanced

l1 : LateralVentricle

p1 : PeripheralCerebralHemisphere

(t1, e1) : hasEnhancement

(t1, l1) : farFrom

(t1, p1) : hasLocation

Most specific concept:

C ≡ BrainTumor u ∃hasEnhancement.NonEnhanced u
∃farFrom.LateralVentricle u

∃hasLocation.PeripheralCerebralHemisphere
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Mathematical morphology and spatial reasoning

Concept abduction problem 〈K,C 〉 : γ vK C

Possible explanation set:
{DiseasedBrain,∃isAlteredBy .>,SmallDeformingTumoralBrain,
PeripheralSmallDeformingTumoralBrain...}.

A preferred solution with respect to some minimality criteria:
γ ≡ PeripheralSmallDeformingTumoralBrain
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Mathematical morphology and spatial reasoning
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Mathematical morphology and spatial reasoning

Semi-qualitative framework: fuzzy sets

Modeling spatial imprecision (objects, spatial relations).

Fusion.

Reasoning.
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Mathematical morphology and spatial reasoning

Fuzzy sets in a nutshell (Zadeh, 1965)

Space S (image space, space of characteristics, etc.).

Fuzzy set: µ : S → [0, 1] – µ(x) = membership degree of x to µ.

Set theoretical operations: complementations, conjunctions
(t-norms), disjunctions (t-conorms).

Logics, aggregation and fusion operators...

Example: spatial fuzzy set

S: R3 or Z3 in the digital case

µ : S → [0, 1] - µ(x) = degree to which x belongs to the fuzzy object
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Mathematical morphology and spatial reasoning

Fuzzy spatial relations [Bloch, 2005]

Set theoretical relations.

Topology: connectivity, connected components, neighborhood,
boundaries, adjacency.

Distances.

Relative direction.

More complex relations: between, along, parallel, around...
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Mathematical morphology and spatial reasoning

Modeling fuzzy spatial relations: example
Mathematical models: combining fuzzy sets and mathematical
morphology.

νright δνright
(square) δνclose

(square)

I. Bloch, S. Blusseau, R. Pino Pérez Mathematical Morphology and AI ECAI 2020 37 / 99



Mathematical morphology and spatial reasoning

Types of representations

number in R+ (or in [0, 1])

interval

fuzzy number, fuzzy interval, distribution

spatial fuzzy sets

linguistic value

logical formula

⇒ unifying framework of fuzzy set theory

dmin = 17, dHaus = 80
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Mathematical morphology and spatial reasoning

Reasoning

Ontological representations:

concepts, relations, roles...
semantic gap between abstract concepts and image features
linguistic variable

Reasoning for image understanding:

graphs and hypergraphs, conceptual graphs
matching
constraint satisfaction problems
logics
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Mathematical morphology and spatial reasoning

Example in brain imaging

Concepts:

brain: part of the central nervous system located in the head
caudate nucleus: a deep gray nucleus of the telencephalon involved
with control of voluntary movement
glioma: tumor of the central nervous system that arises from glial cells
...

Spatial organization:

the left caudate nucleus is inside the left hemisphere
it is close to the lateral ventricle
it is outside (left of) the left lateral ventricle
it is above the thalamus, etc.
...

Pathologies: relations are quite stable, but more flexibility should be
allowed in their semantics
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Mathematical morphology and spatial reasoning
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Mathematical morphology and spatial reasoning

[Fouquier et al., 2012, Nempont et al., 2013]
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Mathematical morphology and spatial reasoning

[Delmonte et al., 2018]

I. Bloch, S. Blusseau, R. Pino Pérez Mathematical Morphology and AI ECAI 2020 43 / 99



Mathematical morphology and spatial reasoning

Descriptions:
Sacral Plexus = (crossing(VertebralCanalL5) and not anterior
of(ObturatorMuscle)) or (crossing(SacralHoleS1) and not (anterior
of(LevatorAniMuscle) ...
S4 = crossing SacralHoleS4 and crossing SacrumCanal
L5 = anterior of Sacrum and ...
...

Spatial relations: fuzzy models and mathematical morphology.

Fuzzy connectives.

Aggregation and final decision.

[Muller et al., 2019]
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Mathematical morphology and spatial reasoning

Conceptual graphs and complex spatial relations [Vanegas et al., 2016]
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Mathematical morphology and deep learning

4. Mathematical morphology and deep learning
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Mathematical morphology and deep learning Combining Mathematical Morphology and Deep Learning

4.1 Combining Mathematical Morphology and Deep Learning
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Mathematical morphology and deep learning Combining Mathematical Morphology and Deep Learning

Morphological pre-processing

[Decencière et al., 2018]: Dealing with Topological Information within a Fully

Convolutional Neural Network
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Mathematical morphology and deep learning Combining Mathematical Morphology and Deep Learning

Morphological pre-processing

[Decencière et al., 2018]: Dealing with Topological Information within a Fully

Convolutional Neural Network

A geodesical reconstruction adds non-local topological information.
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Mathematical morphology and deep learning Combining Mathematical Morphology and Deep Learning

Morphological pre-processing

[Decencière et al., 2018]: Dealing with Topological Information within a Fully

Convolutional Neural Network

A geodesical reconstruction adds non-local topological information.

Left: input image ; Middle: Segmentation of a test image by a U-net trained on raw

images (no pre-processing) ; Right: Segmentation of the same image by a U-net trained

on pre-processed images where non-local topolgical information was included.
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Mathematical morphology and deep learning Combining Mathematical Morphology and Deep Learning

Morphological pre-processing

[Xu et al., 2018]: White Matter Hyperintensities Segmentation In a Few
Seconds Using Fully Convolutional Network and Transfer Learning.

Top hat residual
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Mathematical morphology and deep learning Combining Mathematical Morphology and Deep Learning

Morphological pre-processing

[Couteaux et al., 2019]: Automatic knee meniscus tear detection and orientation

classification with Mask-RCNN

The input to the CNN is enhanced by a black top-hat, which improves explainability.
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Mathematical morphology and deep learning Combining Mathematical Morphology and Deep Learning

Morphological pseudo-labelling

Motivation: In many real life applications (industrial, bio-medical),

a large amount of data is available

but little is labelled (labelling is expensive)

best performance are expected from supervised learning strategies
(deep learning)

Can we train sophisticated models on cheap labelling and still get good
performance?
“Cheap labelling”: typically, by a non supervised algorithm (e.g. a
morphological one).
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Mathematical morphology and deep learning Combining Mathematical Morphology and Deep Learning

Morphological pseudo-labelling

Example: Segmenting strands in high resolution X-ray computed
tomography of 3D woven fabric
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Mathematical morphology and deep learning Combining Mathematical Morphology and Deep Learning

Morphological pseudo-labelling

Target segmentation

Labels available
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Mathematical morphology and deep learning Combining Mathematical Morphology and Deep Learning

Morphological pseudo-labelling

A morphological pipeline to produce distance functions as pseudo-labels.

1.

2.

3.

1 Adaptive anisotropic opening [Blusseau et al., 2018].

2 Classical morphological closings, fill holes.

3 Distance function, watershed transform and new distance function on each segment.
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Mathematical morphology and deep learning Combining Mathematical Morphology and Deep Learning

Morphological pseudo-labelling

Top to bottom: Input, morphological processing used for pseudo-labelling, associated contours.
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Mathematical morphology and deep learning Combining Mathematical Morphology and Deep Learning

Morphological pseudo-labelling

A U-net is trained to compute pseudo distance functions on the morphological

pseudo-labels.
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Mathematical morphology and deep learning Combining Mathematical Morphology and Deep Learning

Morphological pseudo-labelling

Top to bottom: Input, output of a U-net trained on the pseudo-labels, associated contours.
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Mathematical morphology and deep learning Combining Mathematical Morphology and Deep Learning

Morphological pseudo-labelling

Top to bottom: Input, morphological processing used for pseudo-labelling, associated contours.
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Mathematical morphology and deep learning Combining Mathematical Morphology and Deep Learning

Morphological pseudo-labelling

Top to bottom: Input, output of a U-net trained on the pseudo-labels, associated contours.
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Mathematical morphology and deep learning A short review on morphological neural networks

4.2 A short review on morphological neural networks

I. Bloch, S. Blusseau, R. Pino Pérez Mathematical Morphology and AI ECAI 2020 62 / 99



Mathematical morphology and deep learning A short review on morphological neural networks

Probably the first paper on the topic

[Wilson, 1989]: Morphological networks

x1

x2

xn

+w1

+w2

+wn

.

.

.

a (x)Rth

A neuron performs a weighted rank order filter:

a(x) = rankedR {xi + wi , 1 ≤ i ≤ n}
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Mathematical morphology and deep learning A short review on morphological neural networks

Probably the first paper on the topic

[Wilson, 1989]: Morphological networks
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Neural networks without learning.

[Davidson and Ritter, 1990]: A theory of morphological neural networks
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Neural networks without learning.

[Davidson and Ritter, 1990]: A theory of morphological neural networks

I. Bloch, S. Blusseau, R. Pino Pérez Mathematical Morphology and AI ECAI 2020 66 / 99



Mathematical morphology and deep learning A short review on morphological neural networks

Neural networks without learning.

[Davidson and Ritter, 1990]: A theory of morphological neural networks

A neuron performs a dilation:
x1

x2

xn

.

.

.

a (x)max

+w1

+w2

+wn

a(x) = max {xi + wi , 1 ≤ i ≤ n}
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Learning dilations on images

[Davidson and Hummer, 1993]: Morphology neural networks: An
introduction with applications.
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Learning dilations on images

[Davidson and Hummer, 1993]: Morphology neural networks: An
introduction with applications.
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Learning dilations on images

[Davidson and Hummer, 1993]: Morphology neural networks: An introduction

with applications.
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Learning some decision surfaces (two classes)

[Ritter and Sussner, 1996]: An introduction to morphological neural
networks.

Computing capabilities of Morphological Neural networks (can represent any boolean
function)

Morphological Associative Memories

Single Layer Morphological Perceptron (SLMP): learning in finite steps but limited class of
decision surfaces
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Learning any decision surfaces (two classes)

[Sussner, 1998]: Morphological perceptron learning

Generalized Single Layer Morphological Perceptron (SLMP)
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Learning any decision surfaces (two classes)

[Sussner, 1998]: Morphological perceptron learning

Multilayer Morphological perceptrons (MLMP): learning in finite steps and arbitrary
decision surfaces (for 2 classes)
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Improving the learning of hyperboxes with SGD

[Zamora and Sossa, 2017]: Dendrite morphological neurons trained by
stochastic gradient descent.

dn , c (x )=min1≤i≤N (min(xi−wmin , i
n ,wmax ,i

n
−xi))
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[Zamora and Sossa, 2017]: Dendrite morphological neurons trained by
stochastic gradient descent.
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Between linear and morphological networks.

[Pessoa and Maragos, 2000]: Neural networks with hybrid
morphological/rank/linear nodes: a unifying framework with applications
to handwritten character recognition.
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[Pessoa and Maragos, 2000]: Neural networks with hybrid

morphological/rank/linear nodes: a unifying framework with applications to

handwritten character recognition.

An example in two dimensions:
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[Pessoa and Maragos, 2000]: Neural networks with hybrid

morphological/rank/linear nodes: a unifying framework with applications to

handwritten character recognition.

PCA
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MLP and MRL nets compared: similar performance with faster convergence for

MRLs.
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Dense max-plus layers to prune networks

Seminal experiment by [Charisopoulos and Maragos, 2017].
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Classification of the MNIST dataset.
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Weights of the two layers in the previous
architecture [Charisopoulos and Maragos, 2017], after training on the
MNIST dataset.
Left: weights wij of the 10 active linear filters. Right: weights αjk of the
max-plus layer for N = 64 units in the previous layer.
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Extended study by [Zhang et al., 2019].

Adding dropout:

V
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(b)  25% (a) Dropout : 0% (c)  50% (d)  75% (e)  90% 

Classification accuracy per epochs for 25 runs with different random

initializations and dropout ratios on MNIST validation set.
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Extended study by [Zhang et al., 2019].

Interpretation of max-plus blocks as “dynamic” Maxout units
[Goodfellow et al., 2013]:

class 1

class 3

Pruned fully-connected layer Pruned Max-plus layer

!
"

#
$%& $%'

class 4

max

max

max

K units

K units

K units

! $ (
"

#class 1

class 3

class 4

Illustration of the comparison between the pruned Max-plus model (left) and

Maxout model (right).
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Extended study by [Zhang et al., 2019].

Pruning deeper CNNs for more complex data:

CNN Max-plus Pruned Max-plus
conv(5*5) conv(5*5) conv(5*5)

maxpool(2*2) maxpool(2*2) maxpool(2*2)
conv(5*5) conv(5*5) conv(5*5)

maxpool(2*2) maxpool(2*2) maxpool(2*2)
fc(384) fc(384) fc(384)
fc(192) fc(192) fc(10)
fc(10) maxplus(10) maxplus(10)

83.5% 83.9% 83.9%

The architecture of the CNN model, unpruned and pruned Max-plus model, along

with their performance on the test set of CIFAR-10 dataset.
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Convolutional-like morphological networks

[Franchi et al., 2020]: Deep morphological networks.
Morphological layers instead of convolutional layers (shared weights)

Learned structuring elements (morphological counterpart of the kernel filters)

Gradient based optimization using modern tools (Tensorflow)

Adaptive pooling, classification, denoising, edge detection
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4.3 Deep morphological networks in practice
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Code tutorial 1: pruning a network with a max-plus dense
layer

Architecture: “max-plus block” [Zhang et al., 2019]
x ∈ RI , y ∈ RJ , z ∈ RK , wf ∈ RI×J , wm ∈ RJ×K

max ,

yj =
∑I

i=1 xi ·wf
ij

zk = max1≤j≤J

{
yj + wm

jk

}
.

I. Bloch, S. Blusseau, R. Pino Pérez Mathematical Morphology and AI ECAI 2020 86 / 99



Mathematical morphology and deep learning Deep morphological networks in practice

Code tutorial 1: pruning a network with a max-plus dense
layer

Fully-connected layer Max-plus layer

!
"

#
$% $&

Pruned fully-connected layer Pruned Max-plus layer

!
"

#
$'% $'&

Illustration of the comparison between the original Max-plus block (left) and the pruned

Max-plus block (right).

Tutorial based on code available
at https://github.com/samyblusseau/maxplusblock.

The notebook running on Google Colaboratory is at
https://cloud.mines-paristech.fr/index.php/s/BEZIx6s7uZWqXxW
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Code tutorial 2: training a morphological network like a
CNN

Tutorial based on code developed by Santiago Velasco-Forero, available at
http://www.cmm.mines-paristech.fr/~velasco/morpholayers/intro.html.

The notebook running on Google Colaboratory is at
https://cloud.mines-paristech.fr/index.php/s/BEZIx6s7uZWqXxW
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Conclusion

Algebraic framework of mathematical morphology.

Strong properties.

Natural links with logics.

Applies in different frameworks (many types of logics, fuzzy sets,
bipolarity, graphs and hypergraphs, formal concept analysis...).

Knowledge representation.

Reasoning (on preferences, on beliefs, on spatial information...).

Both symbolic and numerical.

Combination with machine learning and deep learning.
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Explanatory relations in arbitrary logics based on satisfaction systems, cutting and
retraction.
International Journal of Approximate Reasoning, 102:1–20.

Aiguier, M. and Bloch, I. (2019).
Logical dual concepts based on mathematical morphology in stratified institutions:
applications to spatial reasoning.
Journal of Applied Non-Classical Logics, 29(4):392–429.

Alchourron, C., Gardenfors, P., and Makinson, D. (1985).
On the logic of theory change.
Journal of Symbolic Logic, 50(2):510–530.
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I. Bloch, S. Blusseau, R. Pino Pérez Mathematical Morphology and AI ECAI 2020 94 / 99



Mathematical morphology and deep learning Deep morphological networks in practice

References VI

Franchi, G., Fehri, A., and Yao, A. (2020).
Deep morphological networks.
Pattern Recognition, 102:107246.

Goodfellow, I. J., Warde-Farley, D., Mirza, M., Courville, A., and Bengio, Y. (2013).
Maxout networks.
arXiv preprint arXiv:1302.4389.

Gorogiannis, N. and Hunter, A. (2008a).
Implementing semantic merging operators using binary decision diagrams.
International Journal of Approximate Reasoning, 49(1):234–251.

Gorogiannis, N. and Hunter, A. (2008b).
Merging First-Order Knowledge using Dilation Operators.
In Fifth International Symposium on Foundations of Information and Knowledge Systems,
FoIKS’08, volume LNCS 4932, pages 132–150.

Heijmans, H. and Ronse, C. (1990).
The algebraic basis of mathematical morphology i. dilations and erosions.
Computer Vision, Graphics, and Image Processing, 50(3):245 – 295.
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Xu, Y., Géraud, T., Puybareau, É., Bloch, I., and Chazalon, J. (2018).
White matter hyperintensities segmentation in a few seconds using fully convolutional
network and transfer learning.
In Crimi, A., Bakas, S., Kuijf, H., Menze, B., and Reyes, M., editors, Brainlesion: Glioma,
Multiple Sclerosis, Stroke and Traumatic Brain Injuries, pages 501–514, Cham. Springer
International Publishing.

Zamora, E. and Sossa, H. (2017).
Dendrite morphological neurons trained by stochastic gradient descent.
Neurocomputing, 260:420–431.

Zhang, Y., Blusseau, S., Velasco-Forero, S., Bloch, I., and Angulo, J. (2019).
Max-plus operators applied to filter selection and model pruning in neural networks.
In International Symposium on Mathematical Morphology and Its Applications to Signal
and Image Processing, pages 310–322. Springer.
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