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2D random magnetic Laplacian with white noise magnetic
field

Léo MORIN and Antoine MOUZARD

Abstract

We define the random magnetic Laplacien with spatial white noise as magnetic field on the
two-dimensional torus using paracontrolled calculus. It yields a random self-adjoint operator with
pure point spectrum and domain a random subspace of nonsmooth functions in L?. We give sharp
bounds on the eigenvalues which imply an almost sure Weyl-type law.
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Introduction

The magnetic Laplacian associated to a magnetic potential A in two dimensions
H = (i0) + A1)? + (i02 + A3)?

is of interest in the description of a number of physical models. For example, it describes the
comportement of a particule in a magnetic field B related to A via

B:VXA:82A1—81A2.

While the case of constant magnetic field has been largely studied, the analysis of the magnetic
Laplacian with nonconstant magnetic field gives rise to a number of interesting questions. Apart
from the analogy with the electric Laplacian —A + V', the spectral study of the magnetic Laplacian
is also motivated by supraconductivity, where H plays a specific role in the third critical field of
Ginzburg-Landau theory, see [7]. This work is dedicated to the study of the magnetic Laplacian
with random singular magnetic field given by the space white noise B = £ on the two-dimensional
torus T?. It can be constructed as a distribution with independant random Fourier coefficients with
centered normal law of unit variance. In two dimensions, the space white noise belongs almost surely
to the Sobolev spaces H~'~* or Besov-Holder spaces C~'7* for any & > 0. Since the associated
potential A verifies the equation

£ =041 — 014,,

each component Ai, As is expected to belong to C™"* for any x > 0. The potential is not a
measurable function and the associated magnetic Laplacian falls out of the range of the classical



theory: It is a singular random operator. The study of PDEs or operators where rough stochastic
terms give rise to ill-defined operations such as product of distribution has been intensively studied
since the 2010’s with the parallel introduction of regularity structures in [10] by Hairer and the
paracontrolled calculus in [8] by Gubinelli, Imkeller and Perkowski. A famous example of such
singular operator is the Anderson Hamiltonian

“A ¢

which naturally appear in the parabolic Anderson model describing random walks in random en-
vironment, see [13] for a survey on the topic. The random operator introduced and studied in this
work is the magnetic analog of the Anderson Hamiltonian.

The class of singular stochastic PDEs consists of equations with rough stochastic terms which
give rise to ill-defined terms, classicaly products of distributions. Examples are given by the KPZ
equation

(0 = )u = ¢+ (9pu)?

with ¢ a spacetime white noise in dimension 1 + 1 or the ®% equation

(0 — A)p=—¢ +¢

with ¢ a space white noise in dimension d > 2. These equations do not make sense a priori
since solutions are expected to be too irregular for the terms (9,u)? or ¢* to make sense. The
recently developped approach consist in the construction of a random subspace of classical function
spaces through a stochastic renormalisation procedure from the noise in which one can make sense
almost surely of the equation. The different approaches of regularity structures and paracontrolled
calculus differ by the tools used to study the singular products. In the first one, distributions
are locally described by generalised Taylor expansions while the second one relies on tools from
harmonic analysis with a description of distributions by frequency “schemes”. In both approaches,
solutions are described by a richer stochastic object than the noise called the enhanced noise, the
renormalisation procedure corresponds to its construction. This idea takes root in the theory of
Lyons’ rough paths and Gubinelli’s controlled paths developped as a pathwise approach to stochastic
integration. This has been used to study the Anderson Hamiltonian

~AtE

which is singular in dimension d > 2, the first time by Allez and Chouk using paracontrolled calculus
on the two-dimensional torus, see [1]. See also [9, 15, 17] for more general settings including
dimension d € {2,3}, different boundary conditions or a more general geometrical framework.
Following the approach for singular SPDEs, the idea is to construct a random subspace D= of L? as
domain for the operator given an enhancement = of the noise £ such that (H,D=) is a well-defined
unbounded operator in L?. The singularity is dealed with through a renormalisation procedure in
the construction of the enhanced noise Z. In this work, we construct such a domain for the random
magnetic Laplacian with white noise magnetic field.

Main results

The 2D magnetic Laplacian with potential A : T? — R? is formaly given by
H=-A+2A-V+A-A+idivA

and the magnetic field is
B =V xA.

From the physical point of view, one considers a given magnetic field B : T2 — R and chooses a
potential A such that it satifies this equation. Different choices of A yield to different operators
H 4, this is the choice of gauge. However, there is a partial invariance by gauge change. Indeed, if
A :T? — R? is a given potential associated to B, then the new potential A+ V£ is still a potential
associated to B for functions f : T? — R. The two operators are related formaly by the relation

Hypivy = eifHAe_if

hence the spectral properties of H4 and H4yvy are the same. While on R?, every pair (A, A’) of
smooth potential that satifies
VxA=VxA



are related by
A=A +V/f,

this is no longer the case on T2 due to topological holes. One can show that the choice of a potential
A can influence the spectrum of H 4, see for example the Aharonov-Bohm effet in [12]. In this work,
we consider the magnetic field B = ¢ the space white noise and we choose the Lorentz gauge defined
as follows. Take

A=Vtp where ¢:=A"1¢

Then A satifies indeed
E=VxA

with the addition of div(A) = 0. Our method could also deal with a gauge A + Vf with A the
Lorentz gauge and f a smooth deterministic function, see Section 3 for a discussion about this. It
would be interesting to study the influence of a more general gauge but the implict definition

B=VxA
makes more difficult the study of singularities. This leaves us with
H=-A+2IA-V+A-A

where A € C*~! almost surely for any o < 1. The term A - A is singular and one has to give a
meaning to it using probabilistic arguments. This is done in Section 3 and yields the associated

enhanced potential
A = (A, A%) € C*H(T? R?) x C**2(T? R).

Remark that since A is a distribution of negative Holder regularity, the singular product A - A is
expected to worsen the regularity. Given such an enhanced potential A, we construct in Section 1
a dense subspace Da C L? such that

weDayCcL? — Huel?

In Section 2, we show that (H,Da) is almost surely a self-adjoint operator with pure point spectrum.
We also prove that it is the resolvent-limit of

H.=—-A+2iA. -V + A?
for any regularisation A, = (A, A2) € C°°(T?,R?) x C*°(T?,R) such that

lm || A — Adljca-2 + ||A% — A%|c2a-2 = 0.
e—0

Finally, we construct in Section 3 the enhanced potential A associated to the random magnetic
field B = £. In particular, it is described by the limit in probability of

(Ag, AZ - cE)
as € goes to 0 where A, is a regularisation of A and
ce = E[A.(0) - A-(0)].

In particular, the almost sure singularity of the product A - A implies the need to substract a
diverging constant c. as € goes to 0 and a singular random operator has to be interpreted as the
description of the limiting behavior of a diverging system. One is interested in the fluctuations of
this system in this diverging frame, as the central limit Theorem for a simple random walk. For the
case of the Anderson Hamiltonian, see the work [16] of Martin and Perkowski for a nice example.

Our results on the random magnetic Laplacian are the analog of the ones obtained in [17] on
the Anderson Hamiltonian. This illustrates the flexibility of the paracontrolled calculus approach
to singular stochastic PDEs. In particular, this shows that the method could be used to deal with
a general class of operators of the form

7A+CL1'V+CL2

with rough stochastic scalar fields a1, a2 and therefore associated time-dependant PDEs. Since we
only define and prove self-adjointness of the operator, no major differences appear in the study of
the Anderson Hamiltonian or the random magnetic Laplacian with white noise magnetic field. As



one does for smooth potentials, it is natural to pursue the study of both operators to understand
their differences.

In both the Anderson and the magnetic case, it would be interesting to study the influence of
a scaling A > 0 in the noise. For instance, the behavior of

“A+ X

as A goes to 0 should not be a problem however the limit A goes to co is much more delicate and
of great interest. It is equivalent to the large-volume limit obtained by taking a torus of large
diameter v/\. It was studied for example in [5] by Chouk and Van Zuijlen using the large deviation
principle, see also [14] for motivations from Probability. This is also equivalent to the semiclassical
limit h goes to 0 in

—hA +&.

For regular potentials V', the semiclassical limit is deeply related to the classical dynamics described
by the Hamiltonian
(z,v) € T*(T?) > |v]* + V()

with 7*(T?) the cotangent bundle of T2. Similarily, would it be possible to find an effective
“classical” equation describing the semiclassical limit in the case of a singular potential V = £ or
B = ¢ 7?7 See the book [12] from Helffer for details on the semiclassical limit and the work [6]
by Dumaz and Labbé for a very precise description of the asymptotics in one dimension for the
Anderson Hamiltonian.

Organisation of the paper

In the first section, we construct the domain and prove density in L?. We compare the graph
norm and the natural norms of the domain which gives the closedness of the operator. We also
give an explicit form comparison between the random magnetic Laplacian H and the Laplacian A.
In the second section, we show that the operator is symmetric as a weak limit of the regularised
operator. The form comparison of H and A with the Babugka-Lax-Milgram Theorem gives the
self-adjointness. Finally, we show that H is the resolvent-limit of the regularised operator H. in
Proposition 2.4 and compare the spectrum of H and A. In particular, this implies an almost sure
Weyl-type law for the random magnetic Laplacian. The third Section deals with the construction of
the enhanced potential A built from the noise £ through a renormalisation procedure. We gather in
Appendix A all the results we need for the paracontrolled calculus and refer to [17] for the details.
In particular, P and [T respectively denotes the paraproduct and the resonent term such that

f9=Prg+Pyf +N(f,9)
and P is a paraproduct intertwinned with P via the relation
AoP=PoA

and satisfies the same continuity properties as P. We also denote

1
A= 7/ etAdt
0
A

an inverse for the Laplacian up to the regularising operator e~.

1 — Definition of the operator

In this section, we first construct the domain and show that its natural norms are equivalent to
the graph norm of H. In particular, this guarantees the closedness of the operator. Finally, we
compare the respective forms associated to H and L.



1.1 — Construction of the domain

Fix a € (%, 1) and let A be an enhanced magnetic potential
A = (A A% € X .= C* H(T?,R?) x C** (T, R)

with its natural norm
Al xa = [|Allca-r + [|A?[|c20-2.

For A € L™, the term A? can be interpreted as A-A while it is not defined if A is only a distribution.
It is enhanced in the sense that one does not have a natural interpretation of A - A for singular
potential, this is specified by the additional data A2. Section 3 is devoted to the particular case of
magnetic white noise where A? is constructed through a probabilistic renormalisation procedure.
Thus we refer as noise-dependent a quantity that depends on this enhanced potential A.

For any regular function u € C°°(T?), we have
2iA - Vu + A?u = Py, 2iA + P, A% + (1)
where (f) € C*°(T?) with P,2i4 € H*"! and Py, A? € H?*~2. Assuming Hu € L? yields
—Au = Hu — 2iA - Vu+ A’u € H>**?

since 2 —2 < a— 1 hence u is expected to belong to H2 by elliptic regularity theory. For u € H2,
we have

2iA - Vu + A%u = 2Py, A + 2iP 4 Vu + 2iM(Vu, A) + P, A% + P g2u + M(u, A?)
=(a-1)+Ba—-2)+(2a—-2)+ (da—2)
=P A% + Py, 2iA + (3a — 2)

where () denotes a term of formal regularity H? for any 3 € R. Following the paracontrolled
calculus approach, we want to consider a paracontrolled function of the form

u =P, X1 + Py, Xs + uf
with uf a smoother remainder such that Hu € L?. Thus we take
X, :=A1(A%) and X, :=A"1(2iA)
and define the domain of H as follows.

Definition. We define the set Da of functions paracontrolled by A as

Da = {u S L2; U — ﬁqu — ﬁvuXQ € 7‘[2}

The domain is defined as
Da =0 '(H?)
with _ _
(I)(U) =Uu— Pqu — PVuXQ-
However the domain could be anything from trivial to dense in L? a priori. For s € (0,1), we
introduce the map ®° as
DA — H2

O ~ ~
u = u— P;Xl — PSVUXQ

with P® the paraproduct truncated at scale s; see Appendix A for the definition. In particular, the
map

o HP - HP
is a perturbation of the identity for any 8 € [0,2a) invertible for s small enough, we denote its
inverse I". Since (Pv — Pf))X is a smooth function, the domain is also given by

Da = (®°)"H(H?) =T (H?).

The reader should keep in mind that I implicitely depends on s, we do not keep it in the notation
to lighten this work. This parametrisation of the domain will be crucial to prove that the domain



is dense in L? and to study H. In particular, sharp bounds on the eigenvalues of H are needed to
get a Weyl-type law for H. To do so, we need to keep a careful track of the different constants.
The reader interested only in the construction of the operator and its self-adjointess can skip these
computations. Obtaining sharp bounds requires explicit constants with respect to the parameter
s and the regularity exponent in the paracontrolled calculus. We recall the needed bounds in
Appendix A, see [17] for details and proofs. For 8 € [0, 2«), let

(B T
ss(A) = (m|A||Xa)

where §* =1—-pif § €[0,1) and 8* =2a — S if 8 € [1,2«) and m > 0 is a universal constant, see
Appendix A. The following Proposition gives regularity estimates for ®° and T'.
Proposition 1.1. Let 3 € [0,2a) and s € (0,1). We have

208
S 4

B*

In particular, s < sg(A) implies that the map ®° is invertible and its inverse I' verifies the bound

19%(u) = ullys <m

[[A | zea [l e

1
(I PV =5 (o

Proof: If 5 < 1, the bounds on ®* follow directly from

2a—8 at+1-8
~ ~ s 14 s 4
IPLX1 + Py Xaollps < m-— 3 lull 22 X1 [l 2o + 1m0 =— 3 [Vullgga-1 [ X[l 3041
s2a4—[3
< mm”“”m (1 X1 llcze + 1 Xz2llcass)
2a—p3
s 4
SMITS [[ull3s [| Al xe-
For 8 € [1,2a), we have
_ _ SZQ;E Sa+l—t}
P21 + P Xalles < ma—— el Xallew +m—" [ Vulz2 | Xl
208
s 4
<mg — Bll””w (IX1lleze + | X2(lcats)
8204—11
< Allxe.
< Mmp— Bll“”%lll 2

The result for I" follows since 2o — 8 > 0.
O

We also consider the associated maps ®7 and I'. for a regularisation A, of the enhanced poten-
tial. It is defined as _ _
®:(u) i= u = P, X {7 — Py, Xy

and _ ~
Fauu = Prauﬁxl(s) + PvrequQ(E) +uf

where
X = A"1(4%) and AX{) :=2iA..

These satisfy the same continuity properties as ®° and I'" with bounds uniform with respect to €.
Moreover, we have the following approximation Lemma holds.

Lemma1.2. Let 8 € [0,2a) and s € (0,1). If s < sg(A), we have
1d =TT |2 pe Sas |A = Acllxa.
In particular, this implies the convergence of I'c to I' with the bound

”F - F6||Hf3—>7-lﬂ SA,S ”A - AEHX‘*~



Proof : Given any u € H?, we have u = I'T~!(u) = I'(u — P5 X, — ﬁ‘*vqu). We get
lu = TDZ ()| 3gs = [T (1 — Py X1 — P, Xa) — T (u— Py X{T — P, X{7)
= [r(Pa(x? - x1) + Po, (x8 - X2)) |

s

HP
PL (X[ - x1) + P (X8 - o)

SA,s

Sas [|[Ae - Al x2a||ul| L2

since s < sg(A) implies the continuity of I" : HP — HP and Xi(e) — X depends linearly on A, — A
for i € {1,2}. The result on I" — ', follows from the bound on I'; uniform with respect to e.

O
This allows to prove density of the domain.
Corollary 1.3. The domain Da is dense in HP for every B € [0,20).

Proof : Given f € H?, I'(g.) € Da where g. = I'Z1f € H? thus we can conclude with the previous
Lemma that

limn [/ = T(ge) 3> = 0.

The density of H? in H? completes the proof.

1.2 — First properties of H

Since H is formaly given by
H=-A+2IA-V+A- A

we are able to define (H, Da) as an unbounded operator in L? associated to the enhanced potential
A.

Definition 1.4. We define H : Do C L? — L? as
Hu := —Au* + R(u)
where uf = ®(u) and
R(u) := Po;aVu + M(Vu, 2iA) + P g2u + M(u, A?).
The definition of H is independant of the parameter s € (0,1). It is a very usefull tool to get

differents bounds on the operator with the different representations

Hu = —Au? + R(u) + U (u)
where uf := ®*(u) and

WS (u) i= —A(Py — P3) X1 — A(Pgy — PY,) Xo € C(T?).
For example, we can compare the graph norm of H
lull?; = llullZ= + | HulZ,

and the natural norms of the domain

lullp, = llulZe + 9% (u) )13

with the following Proposition provided s is small. Let 8 := (3 + 2&) and 6 > 0. For s € (0,1)
such that s < sg(A), we introduce the constant

[A]xe

m3(A, 5) = ks"Z | Al xa + k677
1 —ms || Al

(1+ 5% A]xe)

X«

with £ > 0 a large enough constant depending. In particular, mg (A, s) diverges as s goes to 0 or
sg(A) or as 0 goes to 0.



Proposition 1.5. Let w € D and s € (0,1) such that s < sg(A). Then for any 6 > 0, we have
(1= O)ullze < [Hullz2 +m3(A, 5)lull 2

and
[Hullz> < (14 6)||ulllzz +m3(A, s)||ul >

with uf = ®°(u).
Proof: Recall that for any s € (0, 1), the operator is given by
Hu = —Au? + R(u) + U (u)
thus we need to bound R and ¥®. For u € Da, we have
IP2iaVu + N(Vu, 2iA)| L2 S [|2i A ca-1 [|ul3s
1P a2+ M(u, A%)|| 22 S [ A% c2az]lull7s
hence
[R(u)l[L2 S [|A]xe |l
We also have
1% () |2 S (Pu = P2) X1 + (Pyu — PY,) Xallae 577 | Alxelullze.
For s < sg(A), Proposition 1.1 gives
1

l[ullgs < 55 [
1—m= Bi | A || xo
thus we get
A xe a2
[ Hu+ Aufll 2 S e [ubllzge + 577 | Allxe [l 2
1fm5T||A||Xa

Since 0 < 8 < 2, we have for any ¢t > 0

¢
/ (—t'A)et At dr’
0

S t/

HB + Hemui”w*

—B B
ST ||ublpge + 2 ||ub]| 2

s < \

2—58 _B 2a
S bl + 5 (14 5™ | Allwe )l 2.

For any § > 0, take
2a—p3

5(1—mis— || Allx)

t =
k|| Al xe

with k the constant from the previous inequality. This yields
1Hu + Aubllzz S mi(A, s)llullz + 8juf |42

and completes the proof.

Remark: In comparison to the work [17] on the Anderson Hamiltonian
u— —Au + ué

where the space white noise can be interpreted as an electric potential, one needs s small for these
bounds to hold here. In fact, one could perform the same kind of expansion with

AXQ = PVXI 2iA

at the price of a nonlinear dependance of Xo with respect to A in order to bypass the smallness
condition on s. This would change the different bounds one get for ®° and T but still yield a self-
adjoint operator that is the limit of the regularised H.. Theorem XII1.26 from [19] guarantees that
the different choice of construction coincide provided that H is self-adjoint.

In particular, this implies that (H,Da) is a closed operator in L?.



Proposition 1.6. The operator H is closed on its domain Da.

Proof: Let (u,)n>0 C Da be a sequence such that
up, —u in L? and Hu, —v in L%

Proposition 1.5 gives that (@S(un))n>0 is a Cauchy sequence in H? hence converges to uf € H? for

s < sg(A). Since ®* : L? — L? is continuous, we have ®*(u) = uf hence u € Da. Finally, we have
|Hu — v||z2 < ||Hu — Huy||z2 + ||Hun — v|| 12
Sa llub = @5 (un)llaz + lu = unllL> + [ Hup — o] L2
hence Hu = v and H is closed on Dj.
O

We conclud this Section by computing the Holder regularity of the functions in the domain.

Corollary. We have
Da C ct—r

for any k > 0.
Proof: The Besov embedding in two dimensions implies
H> s BL , < L™
and ®° : L°° — L is also invertible for s small enough hence
Da = (%) (H?) C L*™.
First for u € Da, we have

lulles S [hull e[| Xallca + [Vulle-1 | X2llcatr + [luf]lca
Sa flullpe + [luf|lge.
Finally, this gives
luller—« S llull e | Xallei—r + [ Vallca-t]| Xallez-atr + [[u[ler-
Sa flullpe + [lullea + [uf|l5e

and the proof is complete.

1.3 — Form comparison between H and A

We have proven in Theorem 1.5 that Hu can be seen as a small perturbation of —Aw? in norm.
Here, we prove a similar statement in the quadratic form setting. Let 1 := ¢ and § > 0. For
s € (0,1) such that s < s;_,(A), define

Al e

Zatn—1 (1+S%”A||X°‘)
(L—p~ts™ ||A||Xa)2>

mi(A,s) = (1457 )| A xa +57 7" (
with k£ > 0 a large enough constant. In particular, m}(A, s) diverges as s goes to 0 or s;_,(A) or
as d goes to 0.

Proposition 1.7. Let u € Da and s € (0,1) such that s < sy_a(A). For any 6 > 0, we have
(1= 0)(Vul, Vul) < (u, Hu) +mi (A, s)|ul|72

and

(1= 0)(Vad, Vu) < (u, Heu) + my (A, s)||ulZ-
where uf = ®°(u).



Proof: For u € Dj, recall that
Hu = —Au} + R(u) + U*(u)
where uf = ®*(u) € H2. We have
(u, —Aub) = (PS X1, —Aub) + (PY, Xo, —Aub) + (uf, —Auf)
= —(PiAX1,ul) — (P, AXy, ul) + (Vul, Vb))
thus
(u, Hu) = —(P5AX1, ul) — (PL, AXo,ul) + (Val, Vul) + (u, R(u)) + (u, ¥ (u)).

For n < 5, we have

[(PLAXL ud)] S IPLAX: [lggzaz[ullzn—n < 1A 2ellul 2 [[ul]l3a-n,
[(PYuAXz, ud)| S IPYuAX|lya-1-nllubllsa-n S [ Allxa[ullz-nllukllz-n,
|(u, Poia V)| < [lullpa-nlIP2iaVullgga-1-n < [ AllaellullFp-.,
|(u, Pazu+ N(u, A%))| < ullp2 [P azu + N(u, A%) L2 S [ Al xel|ull g2 ]lull 200,
[(u, @ (@) S 22 |(Pu = PR LX1 + (Pyu = Py ) LXollrz S 57 | Allwa fulfs

The only term that is not a priori controlled is <u, M(2iA, Vu)> since the resonant term is singular
if we only suppose that u € H!; this is where the almost duality property comes into play. We have

(u,M(2iA, Vu)) = (Pu2iA, Vu) + F(u,2iA, Vu)

with the corrector F(u,2iA,Vu) controlled if v € H'™7 with n < 4. The paraproduct is not

singular however one can not use better regularity than L? for v thus we use an integration by part
to get
(Pu2iA, Vu) = —(div(P,2iA),u) = —(Pydiv(2i4),u) + (B(u, 2i4),u)

with
B(a, (bl, bg)) = diV(Pa(bl, b2)) — Padiv(bl, bg),

see Appendix A for continuity estimates on B. We have
(u,N(2iA,Vu)) < [(B(u,2iA),u)| + |F(u, 24, Vu)| S [|AllxellullF-n
since div(A) = 0. Since s < s1_,(A), we get

Ao
2a+4+n—1
(1=~ 1s™ || A xe

a=2
|(u, Hu) — (Vul, Vad) | € (14572 )| AllxaJul72 + )QHUEII%—n

To complete the proof, one only has to interpolate the %'~ norm of ug between its H!' norm and
its L? norm which is controlled by the L? norm of u, as in the proof of Proposition 1.5. Since
0<1—mn<1, we have for any ¢t > 0

t
dt/
it < H [ v

e

|7-[1 n

S 3|k lgpr + 1772 ||u”||L2

< el + 677 (1 5% Al )l o

For any § > 0, take

2
atn— 2\ =
o (5(1_77_182 +4n 1||A||X0<) >77

k|| A xa
with k the constant from the previous inequality. This yields
|(u, Hu) — (Vul, Vul)| S m§ (A, s)||ul| £z + 6[full:-

and completes the proof.

10



2 — Self-adjointness and spectrum

In this section, we prove that H is self-adjoint with pure point spectrum. It is symmetric since HI'
is the limit in norm of the regularised H.I'c as proved in Section 2.1. Hence it is enough to prove
that

H+k:Dpa — L?

is surjective for some k € R, this is the content of Section 2.2. In Section 2.3, we prove that
H. converges to H in the stronger resolvent sense. Finally, we give in Section 2.4 bounds for the
eigenvalues of H using the different representation

H=-A®*+ R+ V°

parametrised by s € (0,1) from the eigenvalues of —A. In particular, it implies a Weyl-type law
for H.

2.1 — The operator is symmetric

To prove that H is symmetric, we use the regularised operator H.. Recall that (H.,H?) is self-
adjoint and that ®¢ : H? — H? is continuous. In some sense, the operator H should be the limit
of

H.:=—A+2iA, -V + A2

as € goes to 0 with A, := (A., A%) a smooth approximation of A in X“. Since D(H.) = H?, one
can not compare directly the operators. However given any u € L2, we have

= (o ®® = lim (I’ o ®° .

u=(I'o®")(u) 61_r>1(13(so ) (u)

Thus for u € Da, the approximation u. := (I’E ) <I>8)(u) belongs to 2 and one can consider the

difference
|Hu — Houel|r2 = ||[(HD — H.T.)ub|| 12

with uf := ®*(u). The following Proposition assures the convergence of H.I'. to HI provided
s < sg(A) where 8 = (5 + 2a).
Proposition 2:1. Let uw € Da and s € (0,1) such that s < sg(A). Then

| Hu— Houcllys Sa [l e A = Aclxe

with uﬁ = ®%(u) and ue := Feug. In particular, this implies that H.I': converges to HT' in norm
as € goes to 0 as operators from H? to L2.

Proof : We have
H.u. = —Auf + Ro(u.) + W (u.)

where R, and ¥? are defined as R and ¥® with A, instead of A. Since % < B < 2a, we have
[ R(u)=Re(ue)l| L2 < [[R(u — ue)|z> + (R — Re)(ue)|| 2>
Ssa [t —ucllps + [|A = Acllxeluells

and
0% (u) — WE(ue)llre Ssoa llu—uelle + |A — Acflxa||ull L2

and the proof is complete since s < sg(A) implies

[fa(PyE SsA |\U§||H5~

The symmetry of H immediately follows.
Corollary. The operator H is symmetric.

Proof: Let u,v € Da and consider u? := ®*(u) and v := ®*(v) for s < sg(A). Since H. is a
symmetric operator, we have

(Hu,v) = g%<H5r€u§,F5v§> = g%@aug,mravg) = (u, Hv)

using that H.I'c converges to HI' and I'. to I in norm convergence.
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2.2 — The operator is self-adjoint

In this Section, we prove that (H,Da) is self-adjoint. Being closed and symmetric, it is enough to
prove that
(H+ku=v

admits a solution for some k € R, see Theorem X.1 in [20]. This is done using the Babuska-Lax-
Milgram Theorem, see [2], and Theorem 1.7 which implies that H is almost surely bounded below
for any ¢ € (0,1) and s small enough.

Proposition 2.2. Let § € (0,1) and s € (0,1) such that s < s1_a(A). For k > mj(A,s), the
operators H + k and H, + k are invertibles as unbounded operator in L?. Moreover the operators

(H+k) "' :L> = Da

(H.+ k)" 12 = 2
are bounded.
Proof: Since s < s;_a(A) and k > mj(A, s), Proposition 1.7 gives

(k—mg(A,s))|lull7 < ((H + k)u, u)
for u € Da. Considering the norm
lullb, = llullfe + l[ud]

on Dy, this yields a weakly coercive operator using Proposition 1.5 in the sense that

lullps Sa ll(H +E)ullzz = sup ((H+ k)u,v)

vl L2=1
for any u € Da. Moreover, the bilinear map

B: DaxIL? — R
(u,v) — <(H—|—k)u,v>

is continuous since Proposition 1.5 implies
| B(u, v)| < [[(H + k)ull2][vll L2 Sa llullpallvllz:
for u € Da and v € L% The last condition we need is that for any v € L?\{0}, we have

sup |B(u,v)| > 0.

llullp, =1
Let assume that there exists v € L? such that B(u,v) = 0 for all u € Da. Then
Yu € DA, <u,v>DA,DZ =0.

hence v = 0 as an element of D} . By density of Da in L2, this implies v = 0 in L? hence the
property we want. By the Theorem of Babuska-Lax-Milgram, for any f € L? there exists a unique
u € Da such that

Yo e L?,  B(u,v) = (f,v).

Moreover, we have |[ul|p, <a ||f|lz2 hence the result for (H +k)~!. The same argument works for
H. + k since Peroposition 1.7 also holds for H. with bounds uniform in e.

O
As explained before, this immediatly implies that H is self-adjoint. Moreover, the resolvent is

a compact operator from L? to itself since Do C H? for any 8 € [0,2a) hence it has pure point
spectrum.
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Corollary 2.3. The operator H is self-adjoint with discret spectrum ()\7L(A))n>1 which is a nonde-

creasing diverging sequence without accumulation points. Moreover, we have

L? = P Ker(H — A, (A))

n>1
with each kernel being of finite dimension. We finally have the min-max principle

An(A) = inf sup  (Hu,u)
D ueD;|lull =1

where D is any n-dimensional subspace of Da that can also be written as

An(A) = sup inf (Hu,u).
V1 4y Up—1 EL2 uEVec‘T‘('Lill,...,tlzn,l)i
wll 2=

2.3 — H is the resolvent-limit of H,

Since the intersection of the domains of H and H. is trivial, the natural convergence of H. to H is
in the resolvent sense, this is the following Proposition. In particular, this result explains why our
operator H is natural since the regularised operator satisfies

(i0h + AD)? + (101 + A = H + c. + 0.0(1)
in the norm resolvent sense.

Proposition2.4. Let 6 > 0 and s € (0,1) such that s < sg(A). Then for any constant k > m}(A,s),
we have
I(H + k)™ = (He + B) " lresze Sas [A = Ao

Proof: Let v € L?. Since H + k : Do — L? is invertible, there exists u € Da such that
v=(H+k)u

thus
II(H + k)_lv — (H: + k)_l'l}HLz = ||lu— (H:+ k)_l(H + Ek)u| 2.

We introduce u. := I'.®*(u) which converges to u in L? and we have
lu = (He + k)" (H + k)ull g2 < llu— uel| g2 + [lue — (He + k)7 (H + k)ul| 2.

Since Lemma 1.2 gives
[ —uelle Sas [A = Acflxe,

we only have to bound the second term. We have

Hus - (Hs + k)il(H + k)u”L2 = ”(Hs + k)il((HE + k)us - (H + k)u) ||L2
S ||(HE + k)ue - (H + k)u”Lz
S ||Heue — Hul|p2 + kljue — ul| g2

using Proposition 2.1. In the end, we have
I(H + k)" o — (He + k)Mol ez S Jlubllaez|A — Acflxe

hence the result since (H + k)~! : L? — D, is continuous.
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2.4 — Comparison between the spectrum of H and A

The following Proposition provides sharp bounds for the eigenvalues of H from the eigenvalues of
A, we denote by (Ap)n>1 the non-decreasing positive sequence of the eigenvalues of —A since it
corresponds to the case A = 0. For ¢ € (0,1) and s € (0,1), introduce the constant
mi(A,s) = (1+6)(1+ms?|Alxa).
For s < s9(A), we also introduce
1-90
“ st Al

Recall 8 = %(% + 2a). Write a,b < ¢ to mean that we have both a < c and b < c.

Proposition 2.5. Let § € (0,1) and s € (0,1) such that s < sg(A) Asi_=(A). Given anyn € Z%,
we have
A (A), A (AL) < mf (A )\, +2+ 2ms? || Al|xe +m2(A,s).

If moreover s < so(A), we have

An(A), Ao (AL) > my (A, 8)A, — mi(A,s).

Proof : Let u%, ...,uf, € H? be an orthonormal family of eigenfunctions of —A associated to
Al,..., A, and consider
u; = Fug € Da

for 1 < ¢ < n. Since I is invertible, the family (u1, ..., u,) is free thus the min-max representation
of A\, (A) yields
MA) S s (Huu).

u€Vect(uy,...,un)
llull 2 =1

Given any normalised u € Vect(uy, ..., u,), we have
(Hu,u) < ||Hullp2 < (1+06)][ufll3z +m3 (A, )
for uf = ®*(u) using Proposition 1.5 and s < sg(A). Moreover
bl < (14 Allullze < (14 A0) (14 ms¥|ALxa )
hence the upper bound
M(A) <mF (A, 8)\, + 2+ 2ms? ||Al|xe +m3(A,s).

For the lower bound, we use the min-max representation of A, (A) under the form

An(A) = sup inf (Hu, u).
V1yeoostn 1 €EL2 UEVeCt(v1,..,Un 1)+
lull 2 =1

Introducing
F := Vect(um;m > n),

we have that F'* is a subspace of L? of finite dimension n — 1 thus there exists a orthogonal
family (v1,...,v,_1) such that F'+ = Vect(v,...,v,_1). Since F is a closed subspace of L? as an
intersection of hyperplans, we have F' = Vect(vy,...,v,_1)" hence

> i .
An(A) > “L}%rflg:fHu’w
Let u € F with ||u||z2 = 1. Using Proposition 1.7, we have
(Hu,u) > (1 (5)<Vuﬁ Vut) —m}(A, s)
> (1= 0)(uf, —~Au) —my(A, 5)
> (1=0)An Huulle ms(A, ).
Finally using Proposition 1.1 for s < s;_a(A), we get

1-46
Hu,u) > ————5————X\, —m}(A,s
< )z 1 —ms?||Al xa 5(A;5)

and the proof is complete.
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In particular, taking

1[N

»= ()
m]Allxe

An —m5(A) < Ay (A) < (1+40)\, +m3(A)

gives the simpler bounds

for any ¢ small enough. This is sharp enough to get an almost sure Weyl-type law from the Weyl
law for the Laplacian A.

Corollary 2.6. We have
Jim AMHH{n >0\ (A) <A} =7
—>00

Proof: The lower and upper bounds on the eigenvalues give

N(A+mi(A) < [{n> 0 A (A) <A} < N (W)

hence the proof is complete using the result for the Laplacian.

3 — Stochastic renormalisation of the singular potential

The enhanced potential
A= (A A exr=crt xcr?
would be defined with A2 := A- A for regular enough potential, for example A € L* is enough. For
arbitrary distributions A € C*~!, this does not make sense since the product of two distributions
in Holder spaces can be defined only if the sum of their regularity exponents is positive. The
magnetic Laplacian with white noise B = £ as magnetic field corresponds to this framework since
the associated magnetic potential
A:=Vip
where ¢ = A~1¢ belongs to C®~! for any o < 1. In this case, one has to make sense of
A-A=(=020)% + (Dr9)°

which is expected to belong to C?*~2 since o — 1 < 0. A natural way of proceeding is to consider a
regularisation of the noise &, := £ x p.. In this case, the associated magnetic potential A, is smooth
and the product A, - A, is well-defined. The singularity of the limit translates as the almost sure
divergence of the product as e goes to 0. Indeed for = € T?, one has

E[A.(x) - A-(2)] = E[(:A7¢)%(@) + (1A 7'€)*(@)]
= (226G (a2 + 191Gl )5

with G the kernel of A~! and G.(z,-) := G(z,-) * p.. In particular, G is smooth on T?\{0} with
the same singularity as the Green function of the Laplacian at + = 0. Hence the mean of the
regularised product diverges as

In(e)

~ .
e—0 472

ce :=E[A:(0) - A-(0)]
While the mean of the random variable A, (x)-A.(x) diverges, one can try to describe the fluctuation
around this asymptotic and find a limit to
Ac - A: —EJA: - Al

as € goes to 0. It happens that this converges to a limit in the expected Holder space C2~2, this is
the Wick product. As far as discrete associated models are concerned, this can be interpreted as a
central limit Theorem where one describes the fluctuation around a diverging number of particules,
see for example [16] for an exemple with the Anderson Hamiltonian.
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Theorem 34. There exists a random distribution A? that belongs almost surely to C2*~2 such that

hmEMAQ — (Ae “Ae — CS)HIC)Za—z] =0

e—0

foranyp > 1.
Proof: Let (Aj)x>—1 be the family of Paley-Littlewood projectors and consider
Qe 1= AEE)

for i € {1,2} and we want to show that a? — E[a?] converges in the correct space as £ goes to 0.
Gaussian hypercontractivity gives

E[|an(@) @) = E [|an@) )]

hence it is enough to consider second order moment. Using the Wick formula, we have

2

E [|as(a2)"(2)] = /T oo Ko@) K, (@ y)E o () a- ()] dydz

— [, Ko )Ka (o) (B2 ]E[2(:)] + 28 [a(y)ac(2)]* ) dyd
T2 x T2

2
= </ KAk(xvy)E[a’g(y)]dy> + 2/ KAk (‘T7y)KAI« (x7y)E[a€(y)a€(z)]2dde
T2 T2 % T2

= E[|Au(@)](@)] + 21 ()

The first term corresponds to the diverging quantity that is substracted thus we only have to bound
the second one. We have

IE(.’L‘) 5 AQ - KAk(x7y)KAk (x7y)]E[8ZA71£E(y)81A71£€(Z)]Qdydz

5 / KAk ($7y)KAk ($7y)<alG€<y - ')a 6lG€(Z - >>2dde
T2 x T2
< 2—/€5

for any 6 > 0. This implies that (AE c A — cg) is a bounded family in C?*~2 for any o < 1. The
same type of computations shows that A, - A. — c. actually converges to a distribution in C2*~2
that we denote by A%. See for example Lemma 3.1 in [11].

O

Then A := (A, A%) belongs to X® and the convergence in probability
lim [|[A — A.ljxa =0
e—0

with
A, = (A, A - Ap — o) € X

Remark:

e The effect of a change of gauge A=A+ df on H can be seen at the level of the regularised
operator. It would give _ B B
H. = (ion + A1)? + (i0s + Az)? — &:
with L
c. =E[A. - A,

Since the spectral properties of the magnetic Laplacian with smooth potential are not affected
by the choice of gauge, it only remains to see the impact in the renormalisation procedure. It
gives

e =E[A. - A+ 2E[df - A ] + E[df -df] =c. + Af

in the case of a deterministic change of gauge df. This would change the spectral properties
of the limit however one could recover the same operator by incorporating the term Af in the
renormalisation procedure since it does not cause any divergence. The arbitrary choice one
has to make in the renormalisation allows to deal with different gauge choice and should be
motivated by the applications.
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o As for the Anderson Hamiltonian, this raises interesting questions as far as probability is
concerned. For example, the eigenvalues are random variables and a direct application of
the method used in [17] would give tail estimates. One could also consider the martingale
problem associated to rough differential equations (RDEs) in the case of a time-independant
distributional drift, see [18] and the references therein.

A — Paracontrolled calculus

In this Appendix, we recall the basics for paracontrolled calculus based on the heat semigroup,
see [17] for details. See also [3] where high order paracontrolled calculus was first introduced in a
parabolic spacetime setting. We only consider the case of the Laplacian

L:=-A

but one can take any nice enough second order differential operators L in Hérmander form

d
Ly
i=1
Given any integer b, consider the families of operators

®) (tL)betL

b b
T and —BtPt():Qg)

with Po(b) = Id. Then there exists a polynomial p;, of degree b — 1 such that Pt(b) = pp(tL)ett and
we have

1
e p®) @ At S
r=tmpr = [ QP rF+ PO

The operators Q,Eb) and Pt(b) play respectively the role of Paley-Littlewood projector and Fourier
series. Indeed, working on the torus gives
b —
(th) — A%t

() b N
§>(A):We and PV (A) = py (HA?) e Mt

hence ng) localizes in frequency around the annulus |A| ~ t~2 and Pt(b) localizes in frequency

on the ball |A| < ¢~2. Since the measure dt/t gives unit mass to each interval 2=+ 27 the
operator Q,(gb) is a multiplier that is approximately localized at ‘frequencies’ of size t3. However,

this decomposition using a continuous parameter does not satisfy a perfect cancellation property
but the identity

b
(®) () _ ts (2b)
Qt Qs ((t+8)2 Qt—i—s
for any s,t € (0,1) which is small for s < t or ¢ < s hence the parameter b encodes a “degree”
of cancellation. We denote StGC* the standard family of Gaussian operators with cancellation of
order k, see Section 1.2 from [17] for a precise definition.

Definition A1, Given any p,q € [1,00] and o € (—2b,2b), we define the Besov space By, as the set
of distribution f € D' such that

”fHBg‘,q = He_LfHLg + sup Ht_%”Qtf”Lﬁ |Lq(t*1dt) < 0.
QeStGCk

Jo| <k<2b

The exponent p = ¢ = 2 coresponds to Sobolev spaces and p = ¢ = co to Besov-Hélder spaces.
As for the discrete Paley-Littlewood decomposition, this can be used to construct paraproducts.
Formaly, a product is described by

. b b b
fgztlg%Pt()<Pt( )f'Pt( )g)

! dt
= /0 (@7 PPg)+ PO(Q 1 PPg) + PO (PYF-Qg) }
+ P (PMr-Pg).
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The family P®) does not encode any cancellation while Q(® encodes cancellation of order 2b. We
can transfer some of the cancellation from Q(® to the P in each term using the Leibnitz rule

Vi(fg) = Vi(f)g + fVi(g).

Multiple uses of this allows to decompose the product as

f-9=Prg+Pyf+N(f9)

where Pg is a linear combination of

1
| arir-ai) g
0

and MN(f,g) of
/1 L 5\ dt
. Pt(Qtf'th)T

with Q',Q? € StGC? and P € StGCI%Y. Tt is then a direct computation to prove the following
continuity estimates. We refer to Appendix B in [17] for a proof. The parameter b can be taken as
large as needed in applications.

Proposition A.2. Let o, 8 € (—2b,2b) be reqularity exponents.
. If a >0, then (f,g) — Psg is continuous from C* x HP to HP and from H® x CP to HP.
. If a <0, then (f,g) — Psg is continuous from C* x HP to HOP and from H* x CP to HOTP.
. Ifa+ B >0, then (f,g) = N(f,g) is continuous from H* x CP to H 7.

Given any differentiable operator D constructed from the V;’s, one can consider a new para-
product P intertwined with P via the relation

DoP=PoD

It enjoys the same properties as P and appear naturally in the weak formulation of PDEs involving
D. In this work, we consider P intertwinned with P via L, it is the natural object to describe the
domain of H. The truncated paraproduct P? is defined as a linear combination of

8 d
JCAIRES
0

It is then possible to get explicit bounds on its convergence to 0 as s goes to 0 and the difference
P — P is smooth since it is localised in “frequency” in [s, 1], see again Appendix B in [17] for details.
In particular, there exists a universal constant m > 0 that only depends on this construction such
that

B—~
S 2

ﬂ*
for s € (0,1),8 € [0,2a) and v € [0, 3). The last ingredient used in this work is continuity estimates
on the corrector

IPabllrn < m——llall3[|bll3¢-

F(a,b,c) = <a, n(, c)> — <Pab7 c>
and the commutator
B(Cl7 (bl, bz)) = diV(Pa(bl, bg)) - PadiV(b1, bg)

Proposition A.3. « Let a, 8,y € (—2b,2b) such that B+~v <1l anda+B+~v>0. Ifa <1,
then (a, b, c) — F(a,b,c) extends in a unique trilinear operator from H® x C? x C7 to R.
« Let o, 8 € (—2b,2b) such that. If « < 1, then (a,b) — B(a,b) extends in a unique bilinear
operator from H* (T2 R) x C#(R?,R?) to HOTA~1(T?,R).

Proof: The proof of the continuity estimates of F is already present in [17] hence we only consider
here B. We have
B(a, (b1, bQ)) = 01Pyb1 + 02P by — Py 0101 + Py 0obo

hence the result follows from the continuity estimates on the commutators

see for example Theorem 7 in Section 2.2 from [4] for the result on Holder spaces. The extension
to Sobolev spaces can be done as in [17].

O
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