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LEVY AREA WITHOUT APPROXIMATION

ISAO SAUZEDDE

ABsTRACT. We give asymptotic estimations on the area of the sets of points with large Brownian
winding, and study the average winding between a planar Brownian motion and a Poisson point
process of large intensity on the plane. This allows us to give a new definition of the Lévy area
which does not rely on approximations of the Brownian path. It also does not depend on the
metric structure on the plane.
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INTRODUCTION
For a smooth, simple, closed curve « on the plane, Stokes’ theorem allows one to express the

integral f7 x dy (up to sign) as the area delimited by the curve ~. If we lift the assumption that

Key words and phrases. Stokes’s formula; Planar Brownian motion; Lévy’s area.
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the curve is simple, we have to take a multiplicity into account. The formula becomes

Lx dy = /]R 0. (2) dz, (1)

where 6,(2) is the integer winding of v around the point z (defined for z outside the range of ).
This integral can then be evaluated by a Monte Carlo method. If P is a Poisson point process
with intensity K dz with K large, then the normalized sum

1
2 > 0(2) (2)
z€P
is approximately equal to the integral f,y x dy.

When one substitutes the smooth curve v with a Brownian motion, the integral on the right-
hand side of (1) does not make sense anymore. Werner already remarked this fact in [14], where
he defined a family of approximations for the right-hand side of (1) and proved a convergence in
probability toward the left-hand side. In this paper, we use a different family of approximations
and prove an almost sure convergence. We also link these approximations with (2).

The study of the winding function for the Brownian motion, started with the celebrated result
of Spitzer about the large time asymptotics around a given point in the plane [12], is a long-
standing subject. Yor gave in [15] an explicit form for the law of the winding of a Brownian loop
around a fixed point (the result can also be found in [10]). In [11], Shi gave a detailed analysis
of the distribution of the winding around a fixed point as a process in time.

Werner studied the behaviour as N tends to infinity of the area Ay of the set of points with
winding N in the L? sense. In [13], he showed in particular that Ay behaves as 5~ (see
Equation (6) below for a precise statement). He also derived the leading term of the asymptotic
expansion of the area Dy of the set of points with winding at least N. We will push the analysis
of Dy further, and obtain a bound on the difference between Dy and the leading term. Besides,
we will show that both the leading term and the bound remain valid in L? (for any p) and almost
surely. This allows us to prove the following result, which is the main result of this paper. Let
us recall that the Cauchy distribution with position parameter p € R and scale parameter o > 0
is the distribution with density f given by

flz) =

o 1
7 (x—p)2+ 0%
Theorem 0.1. Let B = (X,Y) : [0,1] — R? be a Brownian motion on a probability space
(Q,F,P), and v be the concatenalion of B with a straight segment from By to By. Let also
P =P(K) be a Poisson process with intensity K dz on a probability space (Q', F',P').

Then, P-almost surely, the normalized sum (2) converges in distribution, as K — oo, towards
a Cauchy distribution with position parameter

! Xo+ X
/ XdY—%(Yl—YO)
0

where the integral is to be understood in the sense of Ito.

From Spitzer’s result, one expects that the random variable given by (2) should converge to
a Cauchy law as K goes to infinity. We show that this is the case indeed. What might be more
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surprising is that the convergence actually holds almost surely. The fact that the asymptotic
behaviour of Dy is deterministic at the leading order can be understood, very roughly, as follows.
The value of the winding, when it is large, depends ‘mostly’ on a small piece of the path. We
can therefore expect to be able to decompose Dy into a sum of independent and identically
distributed contributions from different pieces of the path. The random fluctuations of each of
those contributions around their mean cancel out, so that Dy should indeed be deterministic
as N is large. The difficulty is to control the ‘mostly’, as well as the speed at which the random
fluctuations cancel out.
We also show a similar theorem for slightly more regular curves.

Theorem 0.2. Let p,q > 1 be reals such that § = % + % —1>0. Let vy = (z,y) : [0,1] — R? be
a continuous closed curve such that x has finite p-variation and y has finite g-variation. Then,
the range of v has zero Lebesgue measure and 0., € L‘S,(RQ,Z) for any &' € [1,0). Besides, the
equality

1

_l’_

/ xy dyp — 0 5 e (y1 —yo) = / 0(2) dz. (3)
0 R2

holds if the left-hand side is interpreted as a Young integral.

The paper is organized as follows. The first section is a summary of the main results. Sections
2 to 5 are devoted to the proof of Theorem 0.1. Section 2 contains technical bounds that will be
used at different points in the paper. Section 3 extends the estimation of Werner on Dy by giving
an L? bound on Dy — ﬁ In Section 4, we obtain a maximal inequality that allows us to extract
an almost sure bound from the result of the previous section. We show in Section 5 some general
facts about families of Cauchy-like variables, which allows us to compute the position parameter
that appears in Theorem 0.1. In Section 6, we extend the estimations previously obtained in L?
to LP. Section 7 consists mostly on the proof of Theorem 7.1. In the last section, we conclude
with a few remarks about the dependence, or not, of the quantity [z, 6,(z) dz + ””0‘5”“ (y1 — vo)
with respect to the ambient Riemannian metric.

1. FIRST DEFINITIONS AND MAIN RESULTS

1.1. Average winding of a curve. We denote Borel sets with curly letters (A, D, ...) and use
the same straight letters (A, D, ...) for their Lebesgue measures. We also denote the Lebesgue
measure by |- |. We write N* = N\ {0} and Z* = Z \ {0}.

Let s < t and v : [s,t] — R? be a continuous planar curve. Let z be a point of R? that does
not lie on the range of v nor on the segment joining v; to v,. We denote by 6,(z) the winding
around z of the closed curve obtained by concatenating - with the segment [y, vs]. Provided the
range of v has zero Lebesgue measure, the function 6, is defined almost everywhere, measurable,
and takes its values in Z.

We define a finite measure p, on Z* by setting, for all n € Z*,

py({n}) = [{z € R?: 0,(2) = n}|.

In words, juy is the restriction to Z* of the image by the function 6, of the Lebesgue measure
on R2.
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Provided piy(Z*) # 0, we also define v, as the probability law obtained by normalization of p.:
Hy
Uy = :
! piy (Z¥)
Provided the tail of the measure p., decreases fast enough, its first moment

Z njiy (1)

nez*

is well defined, and is the algebraic area enclosed by the curve .
For a smooth curve ~, this quantity can also be expressed as an integral. Indeed, denoting,
for all t € [0,1] by x; and y; the coordinates of 7, it is equal to the integral

1
T+ x
/$ty£dt—12 % (1 — w0).

0

Note that the second term in this expression (with the minus sign) is the integral of = dy along
the segment [y1,70]. The equality of the two quantities is a consequence of Stokes’ formula '. We
are interested in a less regular situation, in which 1, does not necessarily possess a first moment,
but can still be assigned a quantity which will play the role of a substitute for the non-existing
first moment.

Let us recall that the Cauchy distribution C'(p, o) with position parameter p € R and scale
parameter o > 0 is the following probability measure on R:

odx

) = T e
We also set C'(p,0) = 6,. We recall also that, for any p,o, C(p,0) is a 1-stable law: if X and ¥
are independent random variables distributed according to C'(p, o), then % is also distributed
according to C(p, o).
A probability measure v on R is said to lie in the attraction domain of a Cauchy distribution
if there exists sequences (an)n>1 and (by),>1 of reals such that for an i.i.d. sequence (Z,)n>0
with common law v,

Z1+...+ 2, (d)
for some p € R, o > 0. ?

It is known that (4) is equivalent to some condition about the asymptotics of the tail (see
for example [4]). In particular, it is sufficient that the cumulative distribution function F), of v

satisfies the two tail conditions
o o
1-F,(x) ~ — and F(x) ~ ——.
T—+00 X r——00 TX
In this general situation, the position parameter p of the limiting Cauchy distribution has no

particular meaning, as it can be changed arbitrarily by shifting the sequence (by,)n>1.

IFor a smooth curve with non-vanishing derivative, compactness and the implicit function theorem allow one
to split the interval [0, 1] into finitely many sub-intervals on each of which one coordinate of the curve is a smooth
function of the other. The formula holds on each sub-interval, hence on [0, 1] by additivity.

2One cannot include the case 0 = 0 without imposing some restrictions on the sequence (an)n>1.
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We will make use of the following less common (and more restrictive) definition. We say that
a probability measure v on R lies in the strong attraction domain (of a Cauchy distribution) with
scale parameter ¢ > 0 if there exists § > 0 such that

o 1 o 1
@), =t <J;|1+s> L=F) = oo <$1+5> - ()

We use here the terminology of [8] (Definition 5.2). It is shown in [8, Lemma 5.1] that the
condition (C) implies the existence of a Cauchy distribution v/, a real 6 > 0, and a coupling
(X,Y) with X distributed according to v and Y according to v/, such that E[|X — Y['*] is
finite. In particular, not only does v lie in the attraction domain, but the convergence (4) holds
with the choices a,, = n, b, = 0 (see Theorem 1.2 in [8]*).

We then denote by p, the position parameter of the limiting Cauchy distribution (for these
choices of ay,, by,), and by o, its scale parameter. The scale parameter o, is also the value of the o
that appears on (C). We call p, the position parameter of v, and o,u its scale parameter. Any
distribution with a finite moment of order strictly greater than 1 also satisfies (C) with o = 0,
and in that case p, is equal to the first moment of v. However, the distributions that satisfies
(C) with o # 0 do not even have a moment of order 1. We will show that when v lies on the
strong attraction domain, p, is given by the explicit formulas

pv=Y_ (V([N,+00)) = v((=00,—N])) = > N(v(N) — v(—N)).
N>1 N>1
We can extend these definitions to finite measures on R. If p is a finite measure with mass
Z, and the probability measure v = % satisfies condition (C), then we set p, = Zp, (resp.
o, = Zo,) and we call it the position parameter of p (resp. the scale parameter of p). We then
say that p lies on the strong attraction domain (of the Cauchy distribution).
We will prove the following statement, from which we will deduce Theorem 0.1 at the end of

Section 5.

Theorem 1.1. Let B= (X,Y) : [0,1] — R? be a Brownian motion. With probability 1, the
measure up lies in the strong attraction domain of the Cauchy distribution, and the position
parameter pg = p,, s related to the Lévy area of B by the formula

! X1+ X
pa= [ Xy - TR0 v, @
0

1.2. Strategy of the proof. We will prove Theorem 1.1 by showing that the measure vp =
% satisfies almost surely the condition (C) with 6 = %. For this, our main object of interest
will naturally be the tail of vg.

Let us choose, on a probability space (£, %, (P,).cg2), a Brownian motion (By)icp,1). 1t is
understood that under P,, the Brownian motion is started from z. We will often consider the
Brownian motion started from 0, and we write P = Py.

3There seems to be a minor mistake in the assumptions of this theorem. The condition “E[X;] = 0 if a > 17
should be replaced with the condition “if 3 > 1, there exists an a-stable random variable Y such that E[X;—Y] = 0”
in order to deal correctly with the case a < 1 < . The last inequality on the proof (p. 841) is true only under
this stronger condition.
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For every integer N > 1, we define
Iy ={2€R?:0p(2) > N} and Dy =|Zn]| = 15 ([N, +00)).
It is known from the work of Werner [13] that

> 1
N2up(N) L5 =
MB( ) N—>_+>oo 27 (6)

Thus, we expect Dy to be of the order of ﬁ

After the preliminary estimations of Section 2, we will study both the expectation and the
variance of NDp, in Section 3. We will obtain the two following lemmas.

Lemma 1.2. There exists C' > 0 such that for all N > 1,

N ‘E[NDN] - %

<C.

Lemma 1.3. For all § € (0, %), there exists C' > 0 such that for all N > 1,
N?Var[NDy] < C.

We will obtain these two estimates by quite different methods. The proof of the first one
relies mostly on the study of some explicit, analytical expression, and we consider it as not very
enlightening. On the other hand, the proof of the second estimate is based on making rigorous
the idea that Dy can be decomposed into a sum of ‘local’ quantities. We hope that the ideas
used there may be applied to solve different but similar problems. These two lemmas merge into
the following proposition.

Proposition 1.4. For all § € (0, %), there exists C' > 0 such that for all N > 1,

2
N2 <NDN - ;)

™

E <C. (7)

From this result in L?, we will deduce with some extra work that the measure pp satisfies
almost surely the condition (C): this is the subject of Section 4. Informally, the goal is to put a
maximum under the expectation in (7). We do this at the cost of lowering the upper bound on
§ from % to ¢. This also gives a probabilistic control on the remainder of (C).

At this point, the first assertion of Theorem 1.1 will be proven, and there will remain to study
the position parameter of the limiting Cauchy distribution. We will do this on Section 5, using
a few general results on ‘Cauchy-like’ distributions. We will in particular make a repeated use of
the gap between the dominant term in |2|~! and the first correction in |z|~'~° imposed on the
definition of the strong Cauchy domains.

Theorem 1.1 will then be proved. Section 6 presents the extensions of some of the result
in L? into results in LP, for arbitrary large p. We expect to use these additional estimations
on a forthcoming work, in which the approach given here is the cornerstone to study others
stochastic integrals, including some non-trivial ones. The main conclusion of this section will be
the following.
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Theorem 1.5. For all p € [2,00) and all § < %, there exists a constant C' such that for all

N e N*,
E[N|NDy - £[] <C. (8)

2. PRELIMINARY LEMMAS

We will split the Brownian trajectory into many small pieces, and study the winding of the
whole trajectory as resulting from the individual contributions of each of these pieces. For this,
we will need to understand something of the joint distribution of the winding of two of these small
pieces. Up to scaling, this amounts to studying the joint winding of two Brownian trajectories
started at different points.

Let us assume that our probability space carries a second process (Bé)te[o,l] with values in R?
and a family (P ./), . cge of probability measures such that under IP, ./, the processes B and B’
are independent Brownian motions, respectively started from z and 2’.

We define, for all N > 0,

DY = {2 € R?: |0p(z)| > N and |05/(z)| > N}.
Note the absolute values in this definition. As usual, we denote by Dg\?) the Lebesgue measure

of DJ(\%).

We will state several results which say in various ways that D

g\?) is small.

2.1. Statements of the lemma. The first lemma deals with the expectation of Dg\?) in several

situations regarding the relative positions of the starting points of the Brownian motions.

Lemma 2.1. For all € > 0, there exists C' > 0 such that for all N > 1,

sup E,..[DY] < ON"2Fe
2,2/ €R2

Bestides, for all § > 0, there exists C > 0 such that for all N > 1,

sup [E, . [Dﬁ)] < Ce 17N

[e—2'|>N?
Finally, for all € > 0, there exists C' > 0 such that for all N > 1, for all 0 > 0,
—2+¢
(2)
EZ,N(Z,UQ) [DN ] S C 1 _|_ 0-2 :

To be clear, we used the notation E, yr(. ,2) in the following sense:

e —=)? dz’
EZ,N(Z,UQ)[']_/Rze 202 EZ,Z’['] 2o’

In the proof of this lemma, we will need the following estimate of the probability that the
Brownian motion started at 0 winds at least IV times around a point z.
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Sublemma 2.2. For all z € R2, define
fn(z) =Po (10B(2)| = N).
For every 6,3 > 0, there exists a constant C > 0 such that for all N > 1, for all z € R?,

1 if z € B(0, N~P)
fn(z) << Clog(N)N-! if z€ B(0, %)\ B(0, N~?) (9)
Cealll? if z € C\ B(0, ).

The second lemma is the analogue of Lemma 2.1 for the second moment of Dg\%).

Lemma 2.3. For all € > 0, there exists C' > 0 such that for all N > 1,
sup IEZJ/[(D](\?))Q} < ON—4e,
2,2/ €R2
Besides, for all 6 > 0, there exists C' > 0 such that for all N > 1,

26
sup K, [(D](\?))Z] < Ce= 7.
l[z—2"|=N°

Finally, for all € > 0, there exists C > 0 such that for all N > 1, for all 0 > 0,
—4+e
(2)\2 N
BN G [(DN ) } SO

We will also need a preparatory result in the vein of Lemma 2.2.

Sublemma 2.4. For all 21,z € R?, define
I8 (z1,22) = Po (|65(1)] = N and [05(20)] 2 N).
For every 0,8 > 0 define
Tss = {(21,22) € B0, N°)* s min(||z1, |22, 21 — 2)) < N~7}.
There exists a constant C > 0 such that for all N > 1, for all 21,20 € R?,
1 if (z1,22) € Tps
FP (21, 2) < { Clog(N)2N~2 if (21,22) € B(0,N%/2)2\ Ty 4 (10)

1

Cemamax(llzalliz® g (21, 25) € (R? x R2) \ B(0, N%/2)2.

2.2. Proofs. We now begin the proofs of these four lemma. We will denote by C,C’,CM), C®) ..
for different constants that appear during the proofs. We sometime use additional subscripts to
emphasize their dependency on some parameter.

Proof of Sublemma 2.2. : The first case is a triviality.
For the third case, set B* = supyc(o 1] | Bt||- Since 0p is zero outside the ball of radius B*,

In(z) SP(B* 2 ||2l]) < 82(|12]l/v2)

t2 12
where ®(z) = \/% [¥ e~z dt. The fact that ®(z) < ez for z > 1 allows us to conclude this
case.
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The second case is a direct application of an inequality which can be found page 117 in Shi’s
article [11].
The inequality states that for ¢t and = positive reals such that tlog(z) is large enough,

> < §+ 2log(16tlog(az)). (1)

x

Py < sup 0p,,(1,0) >z

0<u<t
Here, t = ||z|| 72 and = = N. For z ¢ B(0, N9), ||z||2log(N) > N?’log(N), which becomes
arbitrarily large when N is large. Therefore, we can apply the inequality, at least when N is

larger than some Ny which does not depend on z. Using also the scaling property of the Brownian
motion, we end up with

8  2log(16]z]|~2log(N))
)§N+ . (12)

Py < sup Op,, (2) = N N

0<u<l1

There is a constant C, which does not depend on z € R?\ B(0, N=#), such that the right-hand

side is less than C %. Up to modification of the constant C', the inequality

log(N
Py < sup 0p, ,(2) > N) <C og(N) (13)
0<u<l ’ N
stays true for N < Ny, which concludes the proof. O

Proof of Lemma 2.1. First, we rewrite E; ./ [D](\?)}:

E. DY) = E..o { /R L Los@ N Loy ©=N df}
- /R P(105(9)] > NP (105()] > N) d
=A;m@—wm@—ﬂda

Now we distinguish between the three results we want to show.

First case. Using the Cauchy—Schwarz inequality and the sublemma, we find

| ivte=anme—ags [ pele? ae
R2 R2
< |B(0, N"?)| 4+ C?log(N)2N~2|B(0, N°/2)| + 02/ el g
]R2\B(0,N5/2)

< C'N"28 4 C'log(N)2AN"2+20 4 e~ 16N

We take 0 < 6 < 7 and 8 > 1 — 5 to obtain the desired result.
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Second case. We assume that ||z — 2/|| > N°. Since fy is bounded by 1, we have:

foxe-ame-aes [ ave-aer [ et de

2,N%/2) R2\B(z,N9/2)

< C'NQ‘Se_%N% +C 6_1%”5”2 dé
R2\B(0,N9%/2)
< C/N2667%N25

1 26
< O"em N7,

Third case. We denote the 2-dimensional heat kernel by

1 |z — yl|?
t S _ =y
p(t,z,y) oy eXp< 57

’

We use the two first cases with some &’ < ¢, and we set § = 5=,
2 2 2
E. nz0n [DV] < / p(o?, 2, OB, ¢ [DP] de + / p(0?,2,€) E.¢[DY] de
B(2,N%) R2\B(2,N?)
< B NO)|Ip(0% 2, oo sup B [DP]+  sup  E..[DY)]
2,2/ €R? lz—2|>N°

—2+4€’+26

< CiN 3 +Ce N

o

—2+4€

<o
o2

For o > 1, we can directly replace o2 by 02 4+ 1 and C’ by 2C’. For ¢ < 1, the third statement
directly reduces to the first one, so we can again replace o2 with o2 + 1. O

Proof of Sublemma 2./. Once again, the first case is trivial. For the third one, we remark that
f](\?)(zl, z9) < fn(max (||z1]],]|22]])) and we apply the third case in Lemma 2.2.

The second case is a bit subtler than the one in lemma 2.2, because we had a turnkey inequality
which is not sufficient to conclude here. The very rough idea is that if B must turn N times
around z; and N times around zo, then there is a time S when it has turned % times around
one of them (say, z;1), but still has to turn % times around the other one. In order to do the
first part of that, it has to go close to 21, and then go close to z2. Both conditions have a small
probability to be satisfied (this is the content of Lemma 2.2). Besides, they are formulated in a
way such that one depends on B before S, whilst the other depends on B after S. This permits
us to benefit from the Markov property.

We introduce the rays d* = 21 + Ry (21 — 22) and d? = 20 + Ry (22 — 21). In words, d' starts
at z; and goes away from zo, whilst d? starts at zo and goes away from zi.
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We also define the following stopping times, with the convention that the infimum of an empty
set is equal to 1, and with ¢ € {1,2}.

S'=inf{u € [0,1]: X, € &', |05, ,(2:)] = [N/2]}
S = min(S!, 5?)

U - inf{u > S :[0p, , (21)| = [N/2]} £ S= S?
- | inf{u >S50, (22) = [N/2]} if S= St

In words, we wait for B to wind N/2 times around either z; or zo (whatever happens first), and
then we wait for it to wind N/2 more times around the other point.

The event {|0p(z1)| > N and |0p(22)| > N} is then included in the event {U < 1} (up to the
negligible event By € d' U d?).

We write 6”(s, z) = max,c[,4(0B,,(2)). In particular, we have the following properties:

e The function s — 6*(s, z) is increasing.
e For all z € R?, under Py, we have the equality in law 0*(1,2) = 0*(||z||~2,1), where we
write 1 for the vector (1,0) € R2.

Using the Markov property between the first and the second line, we have:

](\?)(zl,zg) <Py(S=S"and U < 1) +Py(S=S5%and U < 1)

<Po(05(1,21) > [N/2]) sup Py (67(1, 22) > [N/2])

+Po(05(1,22) > [N/2]) SgﬁPy(H*(l,Zl) > [N/2])

=Po(0"(|lz1]7%,1) = [N/2))Po(0" (|22 — 21| 7%,1) = [N/2])
+Po(0 (|22l 7%, 1) > [N/2])Po (6" (|l22 — 1] 7%, 1) > [N/2]).

We use again the inequality (11), which implies that there exists a constant C' > 0 such that
for all z € R?\ B(0, N~°), for all N > 1,

Bo(6* (120172, 1) > /2)) < 0B,

Outside T} s, the condition is satisfied for z = 21, for 2 = 29, and for z = 29 — 21, so that for all
(21,22) & Tp.s,

fn(z1,22) < C*log(N)*N ™2

This finishes the proof. O
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Proof of Lemma 2.3. : By translation we can assume 2z’ = 0. Then:

E.o[(DP)?] = Buo[l{€ € C:185(9)] 2 N and [8:()] = N}

= Ezyo[ /(R2)2 Lo @ =N Liog 1= Lo @) =N Ljog )=~ A€ dé’}

= /(‘RQ)2 f](\?)(é“ — 275/ _ z)f](\?)(f,i’) df d§'

Here again, we distinguish the three cases.

First case. Using the Cauchy—Schwarz inequality and the sublemma, we find

/ FO( - ne — )P (e.€) de e

(2) n) 2 /
< d¢ d
< [, (W) acae
< 02/ =3 mxUELIEN? qe ag’ + C2Vol(B(0, N° /2)) log(N) N~ + Vol (Ts )
(R2)2\B(0,N?/2)?
< Cle_%?N26 + log(N)4N_4+4§ 4+ C'N26-28,
We take 0 < ¢ < g and 3 > 2+ ¢ — 5 to obtain the desired result.

Second case. We assume that ||z|| > N°.

[ g - arfied) aca
s/ FOE— 26— 2) d£d§’+/ 1O (€. de e’
B(0,N%/2)xRR2 (R2\B(0,N%/2 )XR2

<0N26/ o~k max(LN l¢'|) d€/+/ =i max(ELIED? ge e
N C R2\ B(0,N5/2)) x R2

25
< C/e_T?N .

Third case. We use the two first cases with some ¢’ < ¢, and we set § = =55

Botoon ()] < | pie® 0.0 (DRF)] a +/Rz\3(<a 0.6)E0¢ | (DR)?] de

B(0,N%)

< 1B N)l(0,0, Yo sup Eo [ (D2)7] + sup Eo.[(DR)]
2R 2| >N

N74+5’+26 25
<O+ CeN
(o
N—4+a

o2

<
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For o > 1, we can directly replace 02 by 0241 and C’ by 2C". For o < 1, the third statement
directly reduces to the first one, so we can again replace o2 with o2 + 1. O

3. ASYMPTOTICS IN L2

3.1. Asymptotic of the mean. Recall that Dy denotes the area of the set of points z for
which the winding 6p(z) is at least N. Our temporary goal is to obtain a nice bound on the
quantity E[(NDy — %)2], which is already known to converge to 0 as N — +o0o. We first show
the following asymptotic, which is a reformulation of Lemma 1.2.

Lemma 3.1. As N tends to infinity,

1 -2
E[Dn] = 5V +O(N™7). (14)
Proof. We use the complex coordinate z on the real plane R?, and we denote by é(z) the value
at time 1 of the continuous determination of the angle of B around z, initialized to be 0 at time
0. It will be convenient here to study 6 instead of the integer-valued winding number 6 that we
use in the rest of the paper. The reason is that, for a given z, explicit formulas are known about
the law of 6(z). For any point z € R? for which §p(2) is well-defined, the quantities f(z) and
0(z) are related by the bound

05(2) — 2=0()] < L. (15)
It is also convenient to eliminate from our analysis the points on the plane which are very close
from the starting point of our trajectory. Indeed, such points have a higher probability to have
a large winding number. It is thus more convenient to simply bound this probability by 1 than
to try to control this high probability. We thus introduce, for N > 1, the set

Dy ={ze€C\ B(0,e™™):0(z) > 2rN},

of which we denote the Lebesgue measure by Dy.
From (15), we deduce the following inclusions:

'ZiN_i_Q CDn41 C ’DN U B(0, €_N) CDy_1U B(O, €_N).
In particular,

1 L ~ 1 L
E[Dn] = TN +O(N™“) < E[Dn] = SN +O(N™79).

We prove the right-hand side. First, we give an integral representation of the quantity E[f)N]
We denote by Iy the modified Bessel function of the first kind with parameter 0. The single thing
about this function that we will need is the inequality Io(x) > 1 for > 0. Then, for § > 7 and
p,7 >0, Mansuy and Yor showed in [10] (Theorem 5.2) the following equality:

n 1 O > —rpcosh(t T
IP’T(H(O)ZOHBﬂ:p):W/G /0 e ()mdtdx. (16)

—Tr
Here of course, the conditioning corresponds to the disintegration with respect to the (continuous)
density of B;. By integrating back with respect to p (with the appropriate density), we obtain:

P(é(0)>9)—1/oo £ /% (r, pe'®) do M/me’“ﬂmh(t) T dtdaed
' — 0 2m? oy Io(rp) Jo prnp 9—n Jo x? + 12 &
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Using the invariance of the Brownian motion with respect to translation, we have
Eo[DN} = / Po(é(z) > 27TN) dz
C2\B(0,e—N)

—277/00 rP,(0(0) > 2w N) dr

2 (2N+1)m »
—TpCOoSs
/ / IO ) / pi1(r, pe'? dqb / L o t2 dt dz dpdr. (17)

Roughly speaking, on the asymptotic regime N — 400, we have x ~ 27N — 400 and we
expect that # o~ % We also expect that the bound e can freely be replaced with 0. The
multiple integral (17) then decouples into

(2N+1)m
A dz (18)
@eN-1rx T

1 [e'e) 00 27 ) o)
A= / 7"/ p / p1(r, pe“p) dqb/ e TPeosh(t) qy dp dr.
©Jo Jo To(rp) Jo 0

The reader might by puzzled by the fact we first introduced a kind of “cutoft” e~V in the definition
of Dy to then remove it with computations. The thing is we remove the cutoff after we replace
Tﬁﬁ with % The rest of this proof consists on a lengthy but elementary computation to show

that the difference between (17) and (18) is a O(N~2).
We denote by Iy the right-hand side of (17) but with ﬁ replaced by ?12 Set oy =

Iy — Eo[DN That is,

27 2N+ h(t t2
) )d e P dt dx dp dr.
T Ay T L N A e e R

Observe that dny > 0. We decompose dy as 5]1\, + (5]2\, by splitting the first integral, with respect

tor, at r=1:
1t 1 [
(5]1\7:/ ... dr and 5]2\[:/ oo dr
T Je—N ™ J1

To estimate J%;, we use the bounds

where

1 1 ENFDT 4y o
< 0,0); < —: —_ < —_— I > 1.
pl(x7y) = pl( ) )a 72 +t2 = 2 /(\2N—1)ﬂ' 23 = ((2N — 1)71')3’ O(Tp) =

Integrating then with respect to p, t and finally r, we obtain

77"pcosh(t 2

2N “ e / / / t*dt dp dr
dt d

/ / (r cosh "

2T



LEVY AREA WITHOUT APPROXIMATION 15

To estimate 6%, we also use the bounds e~ <*sh() < e=Peosht) (for r > 1) and [, pi(z,y) dy=1.
We then obtain

2 o0 o0
62 < = —pcosh(t)tQ dt do.
N> n2N - 1))3/0 p/o ‘ ’

Computing first the integral on p, we obtain

00 t2
2 -3
§% = O(N )/0 e dt.

The remaining integral is clearly finite. We conclude that oy = O(N~2), that is, Eg[Dy] =
In + O(N~2). We now wish to eliminate the cutoff, that is to replace Iy with Iy 4+ Jy where

—N

JN:/ oo dr
0

Remark that In + Jy is, as we hoped, exactly the right-hand side of (18). Inverting the integrals
on the definition of J, we can write it
o0
JN = / ... dp.
0

and we then split the integral with respect to p at p = 1. We thus define

e N 1 rp 27 ) e
/ / / p1(r, pe“z’) dgb/ e~ TPeosh(t) gy dp dr
0 o To(rp) Jo 0

e~ N [e'e] 2T o)
rp / 10 / —rpcosh(t)
p1(r, pe'?) d¢ e dt dp dr,
/0 /1 Io(rp) Jo ( ) 0

TN

T

and we have

IN +1
SON_1°

Inv =N +J¥) o

We will use the following estimation: there exists some finite C' such that for any p € (0, W}ll(l))v

dt <C+2In(p™ ). (19)

f(p) = /*Oo 1 — (1 + pcosh(t))ercosh®)
)= 0 p? cosh(t)?
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We use now this inequality and we postpone its computation to the end of the proof. Using the
facts that p; is maximal at (0,0), and that Ip > 1, we have

e N 1 o0
Jx < 2mp1(0, 0)/ / rp/ e~"Peosh(®) qt dp dr
0 0 0

e NV r ] du
< / / u/ e~ueosh®) qp— qr (u=rp)
0 0 0 r

-N
e ©1_(1 h(t —r cosh(t)
= / / (L+ :’ZZZhEt))); dt dr (computing the integral on w.).

—N

< / r(C + 2log(r™1) dr
0
= O(Ne V).

—rpcosh(t) —r cosh(

For JJQV7 since p > 1 inside the integral, we can bound e by e ). Then, we have

e NV 2 00 00
3 < / | / / pi(r, pe®)p dp dg] /0 e=reoshlt) gt dy
/ / —r cosh(t dt dr
0 0

/Oo 1— (14 e N cosh(t))ee " cosh(®)
0 cosh(t)?

dt (computing the integral on r)

= 2 f(e )
= O(Ne 2Ny,

From this, we deduce in particular that Jy = O(N~2) and finally that

@N+D)7 g A
E[Dy] = A L LON?) = 2 1 O(N2).
@N-1)x & N
Wiener’s estimate on Dy gives E[Dy] = 51v 4 o(+). It follows that A = ;- and that
E[Dn] = Ly O(N7?)
N 2n N

To conclude the proof, we only need to show the inequality (19). It is easily proven that, for
any p, t Z 07

0<1— (14 pcos(t))e P < p2 cosh(t)?,
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For t > 1, we also have 2sinh(t) > cosh(t). Thus, we have

o) = /1 1 — (14 pcosh(t))e—reosh(®) dt + /“‘OO 1 — (1 4 pcosh(t))e—reosh(®) dt
= 0 p? cosh(t)? 1 p? cosh(t)?
<14 /+°° 1 — (14 pcosh(t))e=P<sh(t) 2psinh(t) dt
- 1 p? cosh(t)? pcosh(t)
te 11 U
=1+ 2/ % du (u = pcosh(t))
pcosh(1) u
! 1—(1+u)e™ ol — (14 u)e™™
pcosh(1) 1

Because of the exponential decay, the last integral is finite. Using e™ > 1 — u, we then obtain,
for some finite C,

f(p)§C+2/l 1—(14u)(l—wu) du

3
pcosh(1) u

! 1
=C+ 2/ — du
pcosh(1) U

= C +2In(p~ ' cosh(1))
=C'+2In(p™h).
This is the announced inequality. O

Remark 3.2. If we replace the Brownian motion with a Brownian loop, the integrals on ¢ and
p disappear (it is the case p = 0), and the Bessel function reduces to 1. In that case, Garban and
Ferreras obtained in |7, Theorem 5.2| the ezact value

1
2TN2’
Their computation also uses the explicit expression (16) given by Mansuy and Yor. They then
compute the integrals by performing a residue computation.

E:r,z,l[AN] —

Remark 3.3. With a much simpler computation, we also obtain, for every z # 0 the estimate
Py(0p(z) > N) = % +O(N72). Our estimate (14) does not follow from this simpler estimation,
since the remainder is not uniform near z = 0.

3.2. Decomposition into small pieces. Let v : [0,1] — R? be continuous, and such that
its range has vanishing Lebesgue measure. We will introduce a decomposition that allows us
to relate the large winding set for v with the large winding sets of different pieces of v. Two
inclusions are obtained here, and will be used again many times during the paper. Though we
show them in a general framework, we first explain briefly how we will use them.

We fix three positive large integers N, M and T, such that T'(M + 1) < N. Typically, T
and M will be (the integer part of) some fractional power of N. The integer T will be the
number of pieces we cut the curve into: We will write + as the concatenation ' --~7, where *
is the restriction of v to the interval [ T , T] Using the self-similarity of the Browman motion,



18 ISAO SAUZEDDE

the inclusions will induce inequalities in distribution satisfied by the large winding set of the
Brownian motion. The integer M is used as a barrier between two different situations. Basically,
we want it to be large enough that one can asymptotically neglect the set of points around which
two different pieces both wind at least M times, but small enough that the relation T'(M+1) < N
holds. We invite the reader to always keep in mind the idea that when a Brownian path winds
a lot around some point, only a small piece of the path is responsible for almost all of these
windings.

We now start a rigorous reasoning. Let us introduce some notations. Let N, M,T be three
integers such that T(M +1) < N. Set 0 =ty < --- < t7 = 1. Set also 4 the restriction of v to
[ti_1,t;]. We denote by v*! the piecewise linear curve with interpolation times to,...,ty. That
is, for i € {1,...,T} and u € [0, 1),

Pty + ulti = tio1)) = y(tio1) + u(y(t) = y(tio1))-
We denote the function 6.,: by ¢;. The following equality of measurable functions holds almost

everywhere:
T
Oy =00+ Y 0;.
i=1

It actually holds pointwise at any point z € R? which does not lie on the range of «y, nor on the
range of 4?, nor on the segment between vy and ;. We fix such a z, and we assume that it
satisfies 6(z) > N.

It is easy to see that |6,| is bounded by %, hence by T. This implies Zszl 0i(z) > N —T.
Discussing whether the second highest value of {0;(z) : i € {1,...,T}} is more or less than M,
we have two cases. Either there exist two integers i, € {1,...,T},i # j such that

0i(z) > M and 6;(z) > M,
or there exists an integer i € {1,...,T} such that 0;,(z) > N -T — (T'— 1) M.

This gives us a condition implied by 6,(z) > N. Similarly, we show that 6,(z) > N is implied
by the condition that there exists one integer i € {1,...,T'} such that §;(z) > N+T+ (T —1)M,
and that there is no pair of integers ¢,j € {1,...,T},i # j such that

10:(2)] > M and 16;(2)] > M.

We introduce the following notation, for all positive integers N and M (with implicit depen-

dency on T and on the decomposition into T' pieces):
Dn(y) = {z € B2 : 0, (2) = N}
Di(y) = {2 € R*: 6;(2) > N}
Dyl (7) = {z € R?: 0;(2)] > M and |0;(2)| > M}.

The same notation without v means that we take v = B, a standard Brownian motion from

[0,1] to R?, with ¢; = & for i € {0,...,T}.

Then, our previous reasoning translates into the following inclusions:
T

UDN+T+MT H() A\ U D v) € Dn(vy UDN -1y (Y U D’J . (20)
=1 1<i<j<T =1 1<i<j<T
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Using the inclusion D - D% (7) and the Bonferroni’s inequal-

N+T+M(T— 1)( )mDNJrTJrM(T 1)( 7)
ities, we have corresponding inequalities at the level of measures:

T
ZDN+T+M(T_1)(’Y) - Z Dy1(v) < Dn(y) < ZDN r—mr-1() + Z Dyr(v). (21)
i=1 1<i<j<T 1<i<j<T

Let us remark that in this last step, we could have use any measure p instead of the Lebesgue
measure, under the sole conditions that p(Range(y)) = pu(Range(v?')) = 0.

3.3. Asymptotic for the second moment. We now prove Lemma 1.3 about the second mo-
ment of Dy. Let us first state it again.

Lemma 3.4. For all § € ((), é), there exists C' > 0 such that for all N > 1,
N%Var[NDy] < C.

Proof. We write dy = E[Dy], and x4 (resp. z_) for the positive (resp. negative) part of a real
number z. We also set N* = N+T+ M(T—1),and N~ = N—T — M(T —1). The value of M
and T will be given later on by M = |[N™| and T = | N!] for some positive exponents m,t, so
that N* and N~ only depends on N. Besides, the exponents are assumed to satisfy m +¢ < 1
so that

Nt ~ N ~ N~
N—+o0 N——+oco

We know from (21) that

DN<ZD’ + > Dy

1<i<j<T
so that

T
N(Dy —dy) <N Z Dy - =)+ N(dy- —dn)+ N Y _ Dji.
= 1<icg<T
Taking positive parts, squares, and expectations, and using the identity

(a+b+c)* <3(a®+b* +c?),

we obtain

T
E, {(N(DN - dN)+)2:| < 32Var[ND§V,] + 3N2(dN _dN,)Q + SNQE[( Z Dﬁ\j)z}

i=1 1<i<j<T
< 3T ' Var[NDy-] + 3N?(dy — dy-)* + 3N2E[( > Dﬁ’wjﬂ :
1<ic<T

For the second inequality, we used the fact that the variables D}V_ are i.i.d., and distributed
as T~'Dy-. This in turn follows directly from the Markov property, and scale and translation
invariance of the Brownian motion. The apparently insignificant 7! factor that appears here is
actually the core of the proof: the sum of the fluctuations of the Df\, is of lesser order than the

sum of the absolute values of these fluctuations. This is why Dy itself has very small fluctuations.
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We now fix some ¢ > 0. Using the preliminary lemma 2.3, with the scaling B <+ T7'B, we
have the following inequalities, for some constant C, C’:

E[(Y D) <7 > E[(D))’]
1<i<j<T 1<i<j<T
T—QCM—4+E
Z ] — Z

<77
1<i<j<T
< O'M 4T 1og(T). (22)

To control nicely dy — dn-, we summon the convergence shown by W. Werner:

> 1
N?|{zeR?: =N} 5 —
’{z < GB(Z) }‘ N—+oo 27

In particular, this implies that the family n?(d,,1 — d,) is bounded, so that

N
C C'(N-N-)
dy —dn-| < R i S S SV "MTN™2.
ldn —dn-| < ~ n? = NN- Moo ©
Byl

We do the same computation for the negative part, and we obtain the existence of some C such
that

M?T7?
N2

Using now the explicit expressions of M and T, we obtain, for m,t € (0,1) such that m+¢ < 1,
and € > 0 arbitrary:

Var[NDy] < C(T~(Var[NDy-] + Var[NDy+]) + + N?M e Tlog(T)).  (24)

Var[NDy] < C(N7Y(Var[NDy-] + Var[NDy+]) + N~ 2F2mi2tte  y2-dmtite) (25)

If we have some asymptotic bound on Var[Dy], we can now put it on the right-hand side of
the equation and hope that it will lead to a better asymptotic bound: if the additional terms are
small enough, we should gain a factor CN~!. We will iterate this process, with different values
for t and m at each iteration. We recursively define a sequence o by ag =0, a1 = 50‘%:2. We
show the following:

Claim 3.5. For all k € N, for all ¢ > 0, there exists C' such that for all N, Var[NDy| <
CN e,

For k = 0, this follows directly from (6).
4—t

Now assume this to be true for some k, and use (25) with t = @ >0,m=" —¢>0:

2—3ay

2—3a _
Var[NDy] < C'N~ s “—awte . o N2H—5 =405 =) 4e o ()
S O//N—ak+1+66

which conclude the recursion. Since oy, — %, we deduce Lemma 1.3. O
k—o00
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4. FROM L? TO ALMOST SURE ESTIMATES

Our goal in this section is to go from the asymptotic estimation of Dy in L? to an asymptotic
estimation of Dy in the almost sure sense. We achieve this by inserting a supremum under the
expectation. Then, the Bienaymé—Tchebychev inequality allows us to deduce an almost sure
bound. We first show the following general maximal inequality, with assumptions suited to our
purpose. As it is formulated, this lemma also allows one to work in L? instead of L2.

Lemma 4.1. Let (Dy)nen be a random sequence which is almost surely decreasing and takes
non-negative values. Assume that there exists m >0, 6 € (0,1) and p > 1 such that, for all N
large enough,

E[[NDy —m|P] < N79.
Then, for §' < 1’}%15,

E[ sup N6/|NDN—m|p} — 0.
N>Ny Ng—o0

Proof. Let w € (515, p(s_—,l). This set is non empty precisely when & < pp%lé. Let also N =

{|K“] : K € N*}. The main idea of the proof is to replace N with N in the supremum. Since
this set is ‘sparser’, we can then bound the supremum with a sum, and still get something finite.
Of course, we then have to replace back N with N. This is done by showing that N Dy varies
slowly.

For M € N, let s(M) be the successor of M in N (that is, the smallest element of N which is
strictly larger than M). Then, for N € N, let N_ and N4 be the two unique elements of N such
that N_ < N < Ny = s(N_).

5/

& &
Then, N» (NDy — m) is less than N/ (N; Dy_ —m). We decompose this quantity into

8 5’ 5’ 5
p

N?(N_Dyx_—m)+ (N} —N”)(N_Dy_—m)+ N/ (Ny—N_)Dy_.

For Ny € IA\VI, we obtain

E[ max HNDN_m>0N‘SI(NDN — m)p] < CP(E[ max M‘SI(MDM — m)p]
>No M>No

+E[ max (s(M)i' _ M‘%)p(MDM —m)P] +E[ max (s(M))® (s(M) — M)”DM>.
R, SR,

The first term on the right-hand side is the one that we wanted in the first place: the same thing
as our initial maximum, but with N instead of N.
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To bound the two other terms, let us remark that for any o # 0, s(M) ~ M and s(M)*—M“ ~
CowM @~ for some constant Caw- The previous expression can then be reduced to

E[ max LypyznN" (NDy —m)’] < C' (E[ max M® (M Dy — m)P]

N2>Nop ]\]4\42611\\}0
1_P ’ D
+ E[ max (M® =& (MDy — m)?] + E[ max M? +p_wD§\’/l]>
MeN MeN
M>No M2=>No
/ ’ b
<c” (E[ max M® (MDy; —m)?] +E[ max M° +P—wDﬁ4]). (26)
MeN MeN
M>Ng M=No

1
Let us denote Ko = |[N§’ |. Then,

E[ max N¥|NDy —m[] < Y E[N”|NDy —ml’]
J\ZfVZGJI\\;() NGN

< (NO% O =D=1(1 £ o(1))  (since w(8' —§) < —1)
<N %(1 +o(1)). (27)

Replacing N with Nis necessary for the inequality from the second to the third line: the additional
power w makes the sum converge.
To control the last error term, we also need the following estimation:

E[ max N GDR] < 3 NTHUE (DR
]\]4V2€]I\Nfo NEIA\'I
N>No

<c Y N5

NeN
N>Ng

<C Z Kwé’—p

KeN
K>Kg

< C'K(‘)Ué/_pﬂ, since wd’ —p < —1. (28)
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Putting (26), (27) and (28) together, we obtain

E “mzoN7 —m)’ '
g P (VD )
N>Ng
We show similarly that
& _ p
)
N>Ng

which concludes the proof of the lemma. O

Proposition 1.4 gives us the preliminary estimate needed to apply this lemma with p = 2 and
d € (0, %) We obtain the following bound.

Corollary 4.2. Let § € (0, %) Then, there exists a finite constant C' such that

26 12
E| max N (NDy - 2£)°] < C.

By application of the Bienaymé-Tchebychev inequality, we immediately deduce the following.

Corollary 4.3. Let § € (0, %) Then, there exists a finite constant Cs such that for all € >0

P( max N°|NDy - | > @) <¢
NeN* \/E

The condition (C) is, in particular, almost surely satisfied by the winding measure pp. In
other words, pup lies almost surely in the strong attraction domain of a Cauchy distribution.
What remains to be done in order to prove Theorem 1.1 is the computation of the position
parameter pp of the limiting Cauchy distribution.

5. COMPUTATION OF THE POSITION PARAMETER

For the planar Brownian motion B = (X,Y’), define

X1+ Xo

1
AB:/ X dY; — (Y1 — Yp),
0

the Lévy area of B.
Our goal, in this section, is to show the equality between this Lévy area and the position
parameter of the measure pup:

Lemma 5.1. Let B be a planar Brownian motion. Then, almost surely,
pp = Ap.

To prove this, we will first look at piecewise linear approximations of B. We will chose the
dyadic approximations, since it is known that the integrals of x dy along those approximations
converge in the almost sure sense toward the stochastic integral fol X dY;. We compare ‘integral’
with ‘position parameter’ at the level of the approximations. We then show that there is no
discontinuity of the sequence of position parameters when we pass to the limit. The situation
here is the exact opposite of the one for the previous result: the non-vanishing of the scale
parameter is only due to the small pieces between the Brownian path and its piecewise-linear
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approximation. The position parameter, on the opposite, is very well approximated by the
piecewise-linear approximation.

We will write A for the set of laws p which lie on the strong attraction domain of a Cauchy
law (that is, those which satisfy Condition (C) after normalization). We also denote by A the
set of curves v such that v, € A. The ambiguity will always be resolved by the context. For
a given probability space (2, F,P), we also set A(f2) the set of random variables on © whose
distribution lies in A.

Before we proceed, we should warn the reader about the following facts, which might seem
counter-intuitive: if  is large enough, the set A() is not a linear space. Even worse is the fact
that for a general additive subset S of A(€2), the map p : S — R which maps a random variable
to the position parameter of its law, is not additive in general. A counter-example to this was
given by Chen and Shepp [3], where S is actually generated by two Cauchy random variables.

In Section 5.1, we introduce a formula to compute position parameters, and a way to bypass
this global lack of additivity. The next section (Section 5.2), is dedicated to the computation of
the position parameter for the Brownian motion.

5.1. Some properties of Cauchy-like laws. We will need the two following lemma, whose
proofs, given below, consists in simple computations. In what follows, (2, F, P) is a fixed prob-
ability space.

Lemma 5.2. Consider X € A(Q). Let p be its position parameter. For two real numbers a, k
with k > 0, let also (a), denote the quantity max(min(a, k), —k). Then, we have the following
equalities:

p= lim NE[sin(X/N)] = lim E [X1 x<;] = lim E[(X)].
N—oo k—o00 - k—o0

This lemma will allow us to express the position parameter pp in terms of the sequence Dy .
We will also need the second following lemma, which roughly speaking states that the position
parameters do add up as soon as the corresponding variables are not too strongly correlated in
their tail behaviour.

Lemma 5.3. Let n € N and X1,...,X,, € A(Q) with position parameters p1,...,pn,. Assume
that there exists § > 0 such that, for all i,j € {1,...,n}, i # j,

P(Xi| >z, |Xj] > z) = o(a= (1) as T — +o0.

Then Y i~ X; € A(Q) and its position parameter p is equal to > | p;.

Proof of Lemma 5.2. The first equality is a known result (see, for example [4]|, Part XVII, The-
orem 3 p. 580, and conclusive remark p. 581), and relies on the study of the characteristic
function of X. Let u be the law of X. Let F' denote its cumulative distribution function, and
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set I~ (z) = F(—z). Let py = NE[sin (X/N)]. Then,

k
py = lim N sin(z/N) dF (x)
k—+oco —k
k
= lim Nsin(z/N)d(1+ F — F7)(x)
k—+oco 0

k—+o0

= lim (Nsin(k/N)(l +F —F7)(k)— /Ok cos(z/N)(1+F — F~)(z) dx) :
From the fact that p lies in the strong attraction domain, we deduce that, for some € > 0,
14 F(z) — F(—x) = o(z~'79). (29)
It follows that
|INsin(k/N)(1+F —F7)(k)|<Ek|(1+F—F")(k)|=o0(1),
so that

PN = — /OOO L1y<ncos(z/N)(1+ F(x) — F~ (z)) dz.

The integrand is dominated by the integrable function 1+ F —F~, and from pointwise convergence
it follows that

p= ]\}i_IPOOPN = —/000(1 + F(z) — F(—x)) dx.

Besides,

k

:/kxd(l—i-F—F_)(x)
0

k
— k(1= F(k) — F(—k)) — /O (1+ P(z) - F(—2)) do
P OO(1 + F(z) — F(—2)) dz (using (29) once again).
—+00 0

This implies the second equality.
For the third equality, it suffices to remark that

E[(X)i] — E[X T y<x] = k(P(X > k) — P(X < —k)) — 0.

k—4o00
The proof is complete. O

Proof of Lemma 5.3. We first assume n = 2. We set a1, ag and ~ such that

P(X;>z) = —+olz” 7).
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Wealsofixe:0<e<1— %M, and assume x° > 3. We first show that X; + X3 lies on A(Q):

P(X,+Xo>12)> P(X;+ Xo >z and |Xo| < 2'79)
+P(X1+ Xy > 2 and | X| < 2'79)
> PXi2z+2")-P(X1>z+2"7% | Xo| > 2'79)
+P(Xe >z + :clfs) -P(Xe >z + e, | X1| > 1:1*5)
> ai j; az + O(Iflfs) + O(xflfy) + O(xf(lfs)(lJré))‘

Besides,

PX)+Xo>2)<PX1>2—2"9)+P(Xy >z —2'7°) + P(X; > 2'7° and Xy > 2'79)
< ai + as

+ O(xflfs) + O(xflffy) + O(:Lf(lfs)(lJr&)).

The estimation near —oo is identical, and it follows that X; + X lies on A(2). To show that
p = p1 + p2, we use Lemma 5.2. We write k* = k 4 k1 7¢.
Then,

{X120,|X1 + Xo| <k }\{X1>0,[Xo| > k"%, | X1+ Xp| <k}
g {Xl € [07 k]}
C{X1>0,|X1+ Xo| <ETYU{X; € [0,k'5], | X > B} U{X) € k75, K], | Xo| > K174),

so that
E[X11x,ejo,n] < E[X11x,clok], X +Xo| <kt
+ EEP({| Xa| > k) 4+ kP(|Xq| > Y and | Xo| > E9)
S E[Xl 1X1€[0,]€],‘X1+X2‘Sk3+:| + kia + kli(lig)(1+6), (30)
and
E[X11xcpom] = B[X11x,50,x,1x00<k-) — B[X01 1 x5 012 x40 <k- |-

To bound the last term, we introduce some &’ such that e <&’ <1 —
events {X; < k'~%'}, {X1 > k'=¢'}. We obtain

Tlea and we separate the

E[X11|x, /501 x4 X<k ] < B TP Xa| > B'7°) + kP(IX1| > k' and [Xa| > k179,
which is less than k¢~ 4 k1=(=)0+0)  Thyg,

E[X11x,ej0,1] = E[X11x,50,1x, 4 Xo| <k~ ] — g — (), (31)



LEVY AREA WITHOUT APPROXIMATION 27

Finally, writing F' for the cumulative distribution function of X, we have
E[X1 1y, >0, x,+xalefe—kt]) < K TTP([Xo| > k — 26179)
+ (k+ 2k P(Xy € [k'75, k4 2k, Xy > k179)
+ (k 4+ 2k1)P(Xy € [k — 215k + 2k179))
< Ok~ + k=0=90490) 4 k(F(k + 2k'°) — F(k — 2k'9)))
< Ok 4 k1 (m0040) 4 a2 | g1y, (32)
With (30), (31) and (32), we obtain
E[X11x cpon] = E[X1Lx, eok],|x1+Xs|<kt] T O(z™%)

where £ = min(e —&’,v,1 —¢,(1 —¢')(14+6) — 1) > 0. We do the same thing with (—X7, X3),
(X2, X1), and (—Xy, X1) instead of (X1, X2), and we obtain

E[X11)x, <k + B[X21x,1<1] — E[(X1 + X2)L1x, 4 x0 <] = O(@7%) = o(1).
Taking the limit £ — 400, we obtain p; + ps — p = 0.
The proof is now complete in the case n = 2, and the inequality

n—1
€ . x
P<|Xn\ > x and ‘Zle} ZﬂU) §P(]Xn| > - and 3 € {1,...,n—1}:|X;| > E)
1=

allows us to extend, by induction, the result to an arbitrary number of random variables. O

Remark 5.4. For the case of the area measures of two independent Brownian motions, the
condition of Lemma 5.5 follows from the preliminary lemma 2.35.

5.2. Computation for the position parameter of the Brownian motion. We now have
the tools to show Lemma 5.1.

Proof of Lemma 5.1. For a positive integer N, we set
Dy = |{z € R?: 0p(2) < —N}|.

It is clear, by symmetry of the Brownian motion that D is equal in distribution to Dy, and thus
satisfies the same estimates. Using Lemma 5.2 (which extends directly to the case of measures

with finite mass), we have
Ellps|] = U Z Dy — Dy }

The reader will remark that the dominant term in the asymptotic expansion of Dy cancels with
the one of DYy, so that it is the second order term which is relevant here. We now use the L?
estimation on Proposition 1.4, which tell us that, for § < %, for some constant C,

Ellpsl] < ZCN <

so that pp has finite expectation.
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Let us denote by BP" the dyadic piecewise linear approximation of B with 2" steps: for
i€40,1,...,2" —1} and u € [0, 1),

plin _
By, =B +u(Bix — B ).
on on on on

We also let B(i,n) be the restriction of B to the interval [, 2t], so that

on

HB == HBpl,n + ZGB(%”)'

i=1
Let us assume that the equality holds at the level of position parameters, that is
277.

PB = Ppitn + Y PB(im)- (%)
i=1

Since the function 0gpi.» is bounded, it is easy to see that pgpin = fRZ Oppin, and that this is
equal to Apgpi.n. It is widely known, from the early introduction of the Lévy area, that Agpin
converges toward Ap, in the almost sure sense, as n — oo. Thus, under the assumption (x), the
conclusion would follow from

2’)’L
p.S.
ZpB(i,n) =2 0 (33)
i=1

Since we already know that

271

p.S.

ZpB(z’,n) e PB Ag,

i=1
it is actually sufficient to show that the convergence (33) holds in distribution. Remark that the
curves (B(i,n) — Bi-1)ieq1,.. 2} are i.i.d. Brownian motions, so that their position parameters

on IR

are 1.i.d. variables. Their position parameters .y are equal in distribution to 22 because
B(i,n) on s

of the scaling property of Brownian motion. Since pp has finite expectation, the weak law
of large numbers applies and ensures that 212;1 PB(i;n) converges in distribution towards the
expectation of pg. By symmetry of the Brownian motion, this expectation is zero, which implies
(33). Remark that the strong law of large numbers does not apply directly, because we have a
triangular array instead of a sequence of random variables.

There is only (*) left to show.

Remark first that for any two curves «y,7/, if «y lies in the strong attraction domain of the
Cauchy law and j., admits a first moment, then ~ -+’ lies in the strong attraction domain of the
Cauchy law, and p,.,» = p, + p,. This follows directly from Slutsky’s Lemma.

Since Ogpi. is a bounded function, f1,/ admits a first moment (recall that n is fixed here). We
let (BPY™)~! be the curve BPY" with reversed orientation, and B-(BPY™)~! be the concatenation
of B and (BP'™)~! so that

PB = PB.(Bpln)-1 + pppin.
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Remark that the following equality holds almost everywhere

2n
HB_(Bpl,n) - ZGB(i,n)'
i=1

We now want to apply Lemma 5.3.
Let (X1,...,X9n) be a family of Z-valued random variables such that

P((Xy,...,X2n)=(0,...,0)) =0
and for any (ki,..., ko) € Z2" \ {0},

1 . n
P((X1,...,Xo0) = (kp,...  kon)) = E\{z eR?:Vie{l,...,2"}, 053 (2) = ki}|

where the normalizing constant Z is such that P is a probability measure.

For i,j € {1,...,2"}, i # j, set

D'y = [z € R £ 01 (2)| 2 N and |05, ()] > N}
=ZP(|X;| > N and |X;| > N).
Then, for 6, > 0 such that 20 +¢ < 2,
oo
P(AN > No: D’y > N7'70) < Y™ P(DH, > 2(H(=1=0)
k=/log,(No))

o SN2
< Z 92(k+1) (140 {(D;gk) ]
k=|log,(No)]

< Z 27 2k(140) gh(=d+e) (using Lemma 2.3 )
k=log(No)]

— 0. (34)
No——+o0

This implies that, for all n,4,j, P-almost surely, the hypothesis of Lemma 5.3 is satisfied for
(X1,...,X9n) (under P). Thus, P-almost surely, (x) holds. This ends the proof of Lemma 5.1,
and thus of our main theorem 1.1. O

5.3. Proof of Theorem 0.1. The goal of this section is to show that Theorem 1.1 does imply
Theorem 0.1, as we announced earlier. We first show the following lemma.

Lemma 5.5. Let (X;)ien be a family of i.i.d. random wvariables. For any N € N, let P(N) be
a Poisson random variable with parameter N and independent from the family (X;)ien. Assume

that the random variables N
1
Zn = z; X;
1=

converge in distribution as N — +oo. Then,

P(

=2

)
X;

1

(2

Il
N
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also converge in distribution as N — 400, and the limiting distributions are the same.

Proof. Let ¢ (resp. ¢n, (JBN) be the characteristic function of X; (resp. Zy, Zn). Set also ¢uo
the characteristic function of the limit distribution of the Zy.
Let 0 € R and set uy = ¢(&). As N — 400, uy — ¢(0) = 1. Hence uy — 1 e Log(un)

—00
where Log is a determination of the logarithm continuous at 1 and with Log(1) = 0. Then

N(UN — 1)N:OONLOg(uN).

In C/2inZ, for N large enough, uy # 0 and then N Log(uy) = Log(ul) = Log(én(6)). The
assumption of the lemma ensures that ¢x () ¢ $oo(0). Hence, in C/2inZ,
— 00

N(uy ~ 1)~ Log(6s(6)).

It follows that exp(N(uy — 1)) N_:)roo $oo(0). The random variable Zy is a compound Poisson

variable, and ¢n(0) is equal to exp(N(uny — 1)), so ¢n(0) Nioo $oo(0). Since this is true for

any 0 € R, the conclusion of the lemma follows from the Lévy’s continuity theorem. O
We now start the proof of Theorem 0.1.

Proof. Let )y be the full probability event of Theorem 1.1. It is a subset of the probability space
) in which the Brownian motion is defined. We set w € Q.
Set R = supycpo 1) [|Bt(w)|| and vg the probability law defined in Z (including 0) by

) = 1€ BOR)\Range(B(w)) : Op() () = N}

vr(
|B(0, R)|
The probability law is related to the probability law vp(,) by the relation
VA |B(0O,R)| — Z

vr(N) = 5o (35)

BO.R)P " (B0, B)
with Z the mass of ppy).

We denote by N the cardinal of P(K) N B(0, R), which is a Poisson random variable with
parameter |B(0, R)|K. Set (X;)ien a family of i.i.d. random variables distributed as vg, and
independent from Ng. Then,

(d)
D> Op(z) = Y pwmx) DX (36)
2eP(K) 2€P(K)NB(0,R) i=1
Using (35), we can write X; = B;Y; where the B; are Bernoulli’s random variables with parameter
Wzmw the Y; are distributed as vp(,) and B; is independent from Y;. Since the X;, Nx are

globally independent, we can further assume that the B;,Y;, N are also globally independent.
Set Mg = |{i € {1,..., Nk} : B; = 1}|, which is easily seen to be a Poisson random variable
with parameter ZK. Then,

Nk Mg
S x2Y v (37)
=1 =1
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Theorem 1.1 implies that ZZZ: IiYZ converges in distribution toward a Cauchy distribution with
position parameter pp(,). Lemma 5.5 then implies that Zﬁff Y; also converges in distribution
toward a Cauchy distribution with position parameter pp(,). Together with (36) and (37), we
obtain Theorem 0.1. O

6. FROM L2 ESTIMATES TO LP ESTIMATES

We now extend the second order bound that we obtained from L? to LP, for any p € (2, +00).
The goal of this section is show Theorem 1.5. We first show a ‘large deviation’ bound.

Lemma 6.1. For any k > 0 and € > 0, there is a constant C such that for all N € N*,
P(Dy > N~y < CNF, (38)

Proof. The proof follows the same pattern as many that we presented already: we start with an
estimation at some rank, we cut the long trajectory into smaller ones, we rescale, and we apply
the known estimation to obtain the one at next rank.

Set pnec = P(Dy > CN~1F¢). Using the Markov inequality and the L? convergence, we
first obtain, for all € > 0, and for all C > 0, that there is some C’ such that for all N € N*,

PNe,C < CIN*QS-
Suppose that we already know, for all € > 0 for some a > 1, for all C' > 0, for some C’, that
Ve > 0,pnec < C'N—%,

Then, set t = ﬁ—aa and T = | N!|. This is always less than N¢, so that when N is large enough,
T>0and N-T > .

We use here a dichotomy which is simpler than before. Recall that when we pass from a
trajectory from [0, 1] to its pieces of length 7!, we need to replace N with N —T because of the
winding of the piecewise-linear approximation of X. For Dy to be larger than some value D,
either there exists some ¢ such that Df\,_T is larger than %, or there is at least two indices i # j
such that D}'\_T and DgV_T are both larger than %. We thus have the following inequalities:

pNec =P(Dy > CN1e)
<PFie{l,....,T}: Dy_p > SN~1F9)
. . ; —1+e 1 —14e
+P@Ei£je{l,....,T}: Dy_p > §85— and DY_, > $85—)
< TpN—T,e+t,% +1°

2
PN_1eC
< C/Nt—a(e—l—(S) + C«/NQt—Zae
2a26
=20'N™ 1+,
Remark that fj% > a as soon as a > 1, so that we improved our estimation, but it would not

have worked if we had started with ¢ = 1. In particular, this method cannot be used as a quick
way to improve the L' convergence of NDy into an L? convergence.
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2
Setting now ag = 2, and apy+1 = %, we recursively obtain that for all n € N, for all € > 0,

for all C' > 0, that there is some C’ such that for all N € N*,

PNec < C'N74e,

The function f: x +— IQJ% — x is strictly positive on [2,400). It follows that a, — 400, which
n oo

concludes the proof. O
Remark 6.2. We actually expect P(Dy > N~17€) to decay at least power-exponentially in N.

We can now show Theorem 1.5.

Proof. First, remark that for any N € N*, Dy < Dy < || B||2
moments of all order. Set C,, = E[D}].

Choose € € (O, ﬁ) and ¢ > p. Then, using a disjunction and Hélder inequality, we have

[0.1]° The right-hand term admits

E||NDy = &|"| SE||NDy = k["Lp,cn-ree| +E[[NDy = &|*|P (Dy = N71+) . (39)
The first term can be bounded by
E[(NDy - )% (N0~ 4 (2m)2 7).

According to 1.4, for any § < %, for some C, this is less than CN—0+e(P—2),
According to the previous lemma (Lemma 6.1), for all ¢ > 0, there exists some C’ such that
the second term can be bounded by (NCj; + 1) C'N~F, which goes to 0 more quickly than any

power of N. Taking ¢ close to 0, we deduce that for all § < %, for all p < oo, there is some C
such that for all N € N*,

E[|NDy - £['] <ON 7%,

This is the announced bound. O

7. A SIMILAR RESULT FOR YOUNG INTEGRATION

Let v = (z,y) : [0,1] — R? be a continuous function. Let us recall that 6,(z) denotes the
integer winding of v around z, obtained by closing v by adding to it a straight segment between
the endpoints. When « is piecewise linear or smooth, the Stokes formula implies

1 1+
/xtdyt— 12 O(yl—yo):/ 0, (z) dz. (40)
0 R2

Our main theorem can be understood as a generalization of this result to the case when v is a
Brownian motion.

We now show Theorem 7.1, which states that (40) can also be generalized (without Cauchy
laws involved) when the Young integral fol x¢ dyy is well defined. Let us recall that a dissection
D of [0,1] is a finite increasing sequence 0 =ty < --- < t,, = 1 (with n that depends implicitly



LEVY AREA WITHOUT APPROXIMATION 33

on D). Its mesh |D| is the positive real max{t; —t;_; : i € {1,...,n}}. The p-variation norm
|||, of a continuous function z : [0, 1] — R is the (possibly infinite) quantity

. ;
(Sup Z |xti71 - Ty |p>
D iz

where the supremum is over the dissections D = (t; < --- < t,) of [0,1]. We denote by VP the
set of continuous functions from [0, 1] to R with finite p-variation. We also let VP4 be the set of
couples v = (z,y) with x € VP, y € V1. We identify such a couple v with the function from [0, 1]
to R? that maps ¢ to (¢, ys)-

Theorem 7.1. Let p,q > 1 be reals such that § = % =+ % —1>0. Let v € VP9, Then, the range

of v has zero Lebesque measure and 0., € L"(R% Z) for any r € [1,1 + 0). Besides, the equality
(40) holds if the left-hand side is interpreted as a Young integral.

In [2, Theorem 3.2|, a similar result is shown in the case where 7 is further assumed to be
simple.

We recall from the theory of Young integration that a control is a function w : A = {(s,t) : 0 <
s <t <1} — R which is continuous, vanishes on the diagonal, and satisfies ws ¢ +wy,y < wg,, for
s <t < u. As a preliminary material, we state four previously known results. We give a precise
reference for each of them, but we also refer the reader to [5] and [9] as general references. Apart
from the first one, all of them are used in the construction of the Young integral. The proof of

Theorem 7.1 is partly similar to this construction.

Theorem 7.2 (Banchoff-Pohl inequality, [1]). Let 7 : [0,1] — R? be a continuous function with
finite 1-variation. Then, 0, € L? and

N 1
16,17 < .

Theorem 7.3 ([6, lemma 6.2] ). LetT': A ={0<s<t<1} - R and assume that

o there exists a control & such that
r
lim sup ot — 0,
=0 (s Heaw(st)<r T

e there exist a control w and 0 > 1,& > 0 such that
ITsul < [Tl + [Toul + Ew(s, u)’

holds for 0 < s <t<u<1.
Then, for all0 < s <t <1,

Padl < 7=

WC&)(S, t)e

For a function x : [0,1] — R and a dissection D = (ty < --- < t,,) of [0,1], let ¥ be the

t—ti—1 ti—t . :
T, + 5 T where i € {1,...,n} is such

piecewise linear function defined by =P = ——
K2 11—

that ¢;,_1 <t <t.
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Theorem 7.4 (|6, theorem 5.25|). Let x € VP. Let (D,) be a sequence of dissections of [0, 1]
with mesh converging to 0. Then, £ converges to x in uniform norm and for all n,

227 [lp < 31747 -

Theorem 7.5 (|6, theorem 5.33] (Wiener’s characterization)). Let x € VP. The following state-
ments are equivalent:

1. x belongs to the p-variation closure of V'.
n

2. lim sup d(xe, ,,x,)P =0.
€—>0D:|D<s; -

To be clear, in the second statement, the supremum is taken over all dissections of [0, 1] with
mesh less than e.

The proof of Theorem 7.1 is organized as follows. First, we show an inequality similar to the
Young-Loéve estimate: for smooth enough curves, the L™ norm of ¢, can be controlled by the
p (resp. g)-variation of its coordinates. This is Lemma 7.6. We then show that 6, is defined
almost everywhere (Lemma 7.7), that it lies in L” for r small enough (Lemma 7.8), and finally
that the equality (40) holds.

We fix once and for all p, ¢ and ¢ as in Theorem 7.1.

Lemma 7.6. Let v = (z,y) : [0,1] — R? be a continuous curve with finite 1-variation. Then,
Jor every r € [1,2], 0, € L". Moreover, for all 6 <1 and all 7 € [1,140), one has

o[yl
105l < # (41)

Proof. For 0 < s <t <1, set Os; = ‘97\[5,,5] and Iy = ||0sf|rr. For 0 <s <t <u<1,let Tsysy
be the convex hull of {~s, v, 7}
For f € VP, let [|fl|, s be the p-variation norm of the restriction of f to [s,] (linearly

reparametrized by [0,1]). We will apply Theorem 7.3 with £ = 1, with the controls ws; =

1/(1+6 1/(14+6 ~
2l il and @y = |y, s, + Iy

uses to prove the Young—Loéve estimate, and we refer to [6] again for the proof that these are
indeed controls (see Proposition 1.15, Exercise 1.10, Proposition 5.8 and page 120).
Since 0 takes its values in Z, one has

1,s,#]- These are the exact same controls that one

2

2
1 1 T
? R dlEre wg
Lo = ([ Jousolr dz) < ([ #4020 az) " < S0H < Bet
’ R2 ’ R2 ’ 47'(' 47'('

This allows us to obtain the first assumption of 7.3.
Then, for s <t < wu, set &4 = sy — 05t — 044, so that

‘gsatyu‘ = ]‘Ts,t,u .

Thus, [0l < 18l + 16aller + 122, l2r that is,

22
P

1
Csul < sl + Tl + [Topul™ < Lol + [Toul +wls, )7
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This is the second assumption of 7.3, with £ = 1.
We now apply 7.3 to obtain the announced result. O

Lemma 7.7. For any v € VP4, the range of v has vanishing Lebesque measure.

Proof. Let v € VP4, The range of Yk, b is included in a box of length Cel/P and width Cel/9,

for some constant C' that depends only on 7, p,¢. Such a box can be covered by C’e!/P+1/a-2
balls of diameter . Thus, it is possible to cover the whole range of v with no more than
e~ 1" et/Pt1/a=2 — ¢ (2-9) balls of diameter e. Thus, the range of 4 has Hausdorff dimension
at most 2 — J, and thus has vanishing Lebesgue measure. O

Lemma 7.8. For any v € VP9, the function 0. lies in L"(R?,Z) for any r < 1+ 8. Besides,

31—5
[04][r < Mﬁ”ﬂ\p”?%”q- (42)

Proof. We set v(®) the e-thickening of the range of v, that is the set {z € R? : d(z, Range(y)) < }.
From the fact that the range of v has vanishing measure, we deduce that the Lebesgue measure
|| of 4(#) goes to 0 with .

We now fix a sequence (0,,)n>0 decreasing to 0, and for all n, a dissection D,, with mesh less
than 6,. We set v, = (zP»,yPn). We fix € > 0, and ng such that for n > ng, the range of ~, is
included in 7). Then, for every k > 0 and r < 4,

win([6, ()" k) dz < [ 18, ()" de -+ bl
R2 R2

I8
< (Hxn’p||1yn6|q> + k| (using Lemma 7.6)
1-2"~

30 lpllylla "
< (121f’1+6‘1> + k7| (using Lemma 7.4).

We let € go to zero and then k go to infinity to conclude. O
Finally we are ready to show the theorem.

Proof of Theorem 7.1. Let v = (z,y) € V4. From the previous lemma, we know that both sides
of (40) are well defined.
In the case when ~y is piecewise-linear, an easy recursion on the number of vertices shows the
equality stated by Theorem 7.1.
According to [6, Corollary 5.35], since x has finite p-variation, it belongs to the closure of V!
in p/-variation norm for all p’ > p. Together with the Wiener’s characterization, this implies
n

. /
lim sup E |z, — x¢, ,|P =0.
e—=0 D:|Dl<e ;4

Let D = (tg < --- < t,) be a dissection of [0,1]. A consequence of Wiener’s characterization is
that when the mesh of D is small enough, the maximum over i € {1,...,n} of |||+ . (resp.
Yllg t;_1,t;) 15 less than 1. We assume this condition to be satisfied.
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We have the equality almost everywhere:

n
97 - HVD + Z 07\[751'71»%']‘
=1

,+$—1>0,andp”>p’>p,q”>q/>qsuchthatI%—F

L 1) =001 = < > JCIEE

[~

% =1, we have:

With ¢ =

3

31—5/ n

< 1_ 90 Z HxHP’,tz‘—l,ti”yHlI’,tiﬂ,ti (using (42) with r =1)
=1

1
o

3176/ n p// ﬁ n q// a
1— 9% Z HxHP’,tz‘—hti Z ||qu/:ti—1:ti
=1 =1

1 1
31—5/ n o o7 n g P
- 1—9¢ Z ”pr/,tFl,ti Z HyHQ’,tFl,ti
i=1 i=1

—
|D|—0

IN

Thus, 0,0 converges in L' to 6. Since the Young integral is also continuous and since (40) holds

for the piecewise linear curve v, the integral fRQ 0,0 (z) dz converges to both the left-hand side
and the right-hand sides of (40). This concludes the proof. O

8. FURTHER DISCUSSION

For a real number z and a positive number k, recall that we denote by (z); the quantity
max(min(a, k), —k). The main theorem of this paper implies that we can use, as a definition for

the integral fol X dY, the almost surely defined quantity

lim (0B(2))r dz A dy. (43)
k—+oo JRr2

This definition would have, from our point of view, three important advantages that we briefly
discuss now.

The first one is that the expression (43) does not really require to know the structure of vector
space on R?, nor actually its structure of Riemannian manifold. Given the differential structure
and orientation of R?, the data of a closed curve  with vanishing measure (a property that does
not depend on a specific choice of volume form), and of a smooth differential 1-form «, we can
as well form the quantity

/ (6,(2)k da
R2

and hope that it will have a limit as k — +00. The invariance of the integral under diffeomor-
phisms is then granted by definition. A similar property seems rather difficult to obtain for other
integration theories, and even false for the simple case of the Young integral: even rotations of
the plane can mix up the regularities, and turn a well-posed integral into an ill-posed one. Any
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integration theory that would rely on approximations by piecewise geodesic curves is likely to
suffer from this metric dependency that we avoid here.

The second advantage is also linked with the approximations. The usual definition of the
stochastic integral imposes to choose at some point a sequence of dissections. One example for
which this dependence appears is the following. Let A = (Ayy,)e(o,1),nen, With each Ay, a
dissections of [0,¢]. Then, the set T'(A) of couples (w,t) for which the Riemann sums associated
with Ay, converge (as n — +oo) depends on A. For two such families A, A’ even if we assume
that A; and A} are increasing sequences (for all t), there is no clear relation between I'(A) and
['(A"). This forbids to define a universal ‘good’ set T' of couples (w,t) for which the integral
fg X dY is well-defined. When we replace the limit of the Riemann sums with a continuous
modification of it, we simply eliminate this set and we cannot study it anymore. As opposed to
that, our approach allows to define such a ‘good’ set I without any additional data involved.

The last advantage is the generality to which this definition extends. We will discuss this
precise point further in a forthcoming paper. We intend to show that one can recover the
Young integration and a large part of stochastic calculus (not restricted to semi-martingales). In
particular, some ‘weak’ diffeomorphism invariance of those integral theories can then be proved.
We also intend to show that one can define new integrals, for which both the 1-form a and the
path v are random and very irregular.

There are nonetheless three important drawbacks. The first one is technical: as we have seen,
it seems rather difficult to show the existence of the limit (43), even for the most simple cases,
for which the stochastic integral is almost trivially shown to be well defined.

The second downside is that Chasles’ relation is not satisfied in full generality. We had a
glimpse of that problem when we computed the position parameter. Though, we still managed
to circumvent the difficulty, which gives hope for this drawback not to be critical. In practice,
for a given set of curves, we should most often be able to show that Chasles’ relation holds for
these curves. The defect on Chasles’ relation is similar to the fact that the sum of two Cauchy
laws might be a Cauchy law with a position parameter different from the sum of the two previous
position parameters.

The third drawback is that since the definition does not depend on the linear structure of R?,
the map ‘v — fv a’ does not seem to be linear in general. This is nonetheless not very surprising
if we consider it as an integral map from curves on a manifold.

In a different direction, it is possible to extend the main result of this paper to study asymp-
totically the monodromy of the Brownian motion when we consider a flat G-bundle over R? \ P
and the random points on P carry curvature of the order of the inverse of the intensity of P.
More details should be given in another forthcoming paper.
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