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SEMICLASSICAL LIMIT FOR ALMOST FERMIONIC ANYONS

THEOTIME GIRARDOT AND NICOLAS ROUGERIE

ABSTRACT. In two-dimensional space there are possibilities for quantum statistics contin-
uously interpolating between the bosonic and the fermionic one. Quasi-particles obeying
such statistics can be described as ordinary bosons and fermions with magnetic interac-
tions. We study a limit situation where the statistics/magnetic interaction is seen as a
“perturbation from the fermionic end”. We vindicate a mean-field approximation, proving
that the ground state of a gas of anyons is described to leading order by a semi-classical,
Vlasov-like, energy functional. The ground state of the latter displays anyonic behavior in
its momentum distribution. Our proof is based on coherent states, Husimi functions, the
Diaconis-Freedman theorem and a quantitative version of a semi-classical Pauli pinciple.
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1. MODEL AND MAIN RESULTS

1.1. Imtroduction. In two dimensional systems there are possibilities for quantum statis-
tics other than the bosonic one and the fermionic one, so called intermediate or fractional
statistics. Particles following such statistics, termed anyons (as in anything in between
bosons and fermions), can arise as effective quasi-particles in correlated many-body quan-
tum systems confined to two dimensions. They have been conjectured [2] [43] (5] to be
relevant for the fractional quantum Hall effect (see [25] Bl 29] for reviews and [5, [51] for re-
cent experimental developments). They can also be simulated in certain cold atoms systems
with synthetic gauge fields [18| [T}, [63] 65 [66], 13, 67, [68].

The statistics of anyonic particles is labeled by a single parameter o € [0,2][ where
the cases @ = 0,1 correspond to ordinary bosons and fermions, respectively. Since the
many-anyon problem is not exactly soluble (even in the absence of interactions other than
the statistical ones) except for the latter special values, it makes sense to study limiting
parameter regimes where reduced models are obtained as effective descriptions.

The “almost bosonic” limit o — 0 is studied in [24] 42], in the joint limit of the particle
number N — oo, ~ N~! which turns out to be the relevant one for the non-trivial
statistics to have an effect at leading order [I4] [I3]. Here we study an “almost fermionic
limit” o — 1 in dependence with the particle number. The relevant scaling in dependence
of N leads to a problem resembling the usual mean-field /semi-classical limit for interacting

fermions [37), 211 6, [4], 19] 23].

Our starting point is a gas of anyonic particles evolving in R? subjected to a magnetic
field

B, = curlA,
and a trapping external potential

V(z) — oo
|z| =00

To model anyonic behavior we introduce the statistical gauge vector potential felt by particle
j due to the influence of all the other particles

(z; — xp)
Alr)) =) 05 (1.1)
— |z — @y
J#k
The associated magnetic field is
curlA(z;) =27 Z d(xj — ). (1.2)
k#j

The statistics parameter is denoted by «, corresponding to a statistical phase /™14 under
a continuous simple interchange of two particles. In this so-called “magnetic gauge pic-
ture”, 2D anyons are thus described as fermions, each of them carrying an Aharonov-Bohm
magnetic flux of strength a. Instead of looking at the ground state of an non-interacting
Hamiltonian acting on anyonic wave-functions we thus study the following Hamiltonian

N
Hy = ((-ihV; + Ac(x;) + aA(z;))* + V(z;)) acting on L2, (R*). (1.3)
j=1
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Note that in the above we view the anyons statistics parameter o counting from the fermionic
representation of anyons. The limit v — 0 for (L3]) is then formally equivalent to o — 1 in
the bosonic representation alluded to above [24] [42].

We are interested in a joint limit N — oo, &« — 0 in which the problem would simplify
but still display signatures of anyonic behavior, i.e. a non-trivial dependence on «. Since
we perturb around fermions, the Pauli principle implies that the kinetic energy grows faster
than N. This behavior is encoded in the Lieb-Thirring inequality [41} [40] which, for any
N-particle normalized antisymmetric wave function ¥y with support in a bounded domain
QN gives

N
S [ vz clopint (1.4)
j=179%

where d is the dimension of the physical space. Because of this rapid growth of the kinetic
energy, the natural mean-field limit [6l [7, 21] for fermions involves a scaling h ~ N —1/d,
Here with d = 2 we get a kinetic energy proportional to N2 and thus, in expectation value
—iV; ~ N 172 Tnvestigating the N-dependence of each term of (L3) we thus expect for any
Uy € L? (R?N)

(U, HyU ~CN<hN1/2 )2
N, HyVy) =~ C1 +aN) + CoN

where the terms in parenthesis accounts for kinetic energy, including the influence of (I.TJ),
and the second term is the energy in the external potential V. To obtain a non trivial limit
when o — 0, a natural choice is to take

h=— and o= — (1.5)

5 € R a constant allowing us to keep a track of the anyonic behavior. We shall consider the
limit
lim EWV)
N—oco N
with

E(N) := inf{(\I'N,HN\IIN>,\IIN S Lgsym(RQN),/ W% = 1} ) (1.6)
]RQN

Such an approach combines two limits (see also Remark [[L21 below), the semi-classical A — 0
and the quasi-fermionic a — 0.

1.2. Extended anyons: energy convergence. The Hamiltonian (3] is actually too
singular. Consequently we introduce a length R over which the magnetic flux attached to
our particles is smeared. In our approach, R — 0 will make us recover the point-like anyons
point of view. This “extended anyons” model is discussed in [48, [62] [10]. Anyons arising
as quasi-particles in condensed-matter systems are not point-like objects. The radius R
then corresponds to their size of the quasi-particle, i.e. a length-scale below which the
quasi-particle description breaks down.

We introduce the 2D Coulomb potential generated by a unit charge smeared over the
disc of radius R

wgr(x) = (log| . | * xr) (x), with the convention wy = log]| . | (1.7)



4 T.GIRARDOT AND N.ROUGERIE

and yr(x) a positive smooth function of unit mass

1 : /7% |z| <1
= — — d :1 = - 1.
XR R2X<R> an /RQX > X(@) {0 2| > 2. (18)

We take x to be smooth, positive and decreasing between 1 and 2. We will recover the
magnetic field (I2) (in a distributional sense) in the limit R — 0 by defining

Af(zy) = Viwg(z; — ). (1.9)
Kt
We henceforth work with the regularized Hamiltonian of N anyons of radius R
al 2
HE =% <(p3A +aAR(z)))? + V(xj)) (1.10)
j=1
denoting
pit = —ihV; + Ac(z;)). (1.11)
It is essentially self-adjoint on LZ . (R*Y) (see [52, Theorem X.17] and [3]). The bottom
of its spectrum then exists for any fixed R > 0, we denote it
ER(N) =info (HE). (1.12)

Under our assumptions H ]@ will actually have compact resolvent, so the above is an eigen-
value. However, this operator does not have a unique limit as R — 0 and the Hamiltonian
at R = 0 is not essentially self-adjoint, see for instance [46, 15 16l (1 ©]. Nevertheless, in
the joint limit R — 0 and N — oo we recover a unique well-defined (non-linear) model. It
is convenient to expand ([I0) and treat summands separately

N

HE = Z ((p;&)2 + V(z;)) “Kinetic and potential terms”
j=1

+ Z (pf‘ V4twgr(zy —ar) + Viwg(z; — ap) -p?) “Mixed two-body term”

7k
+a? Z V4iwg(z; —a1) - Viwg(x; — x;) “Three-body term”

J#RAL

2
+ a? Z ‘VLU)R(.%']‘ —x)| “Singular two-body term”. (1.13)
7k

The fourth term of the above, being N times smaller than the others in the regime (L3]), will
easily be estimated. Further heuristics will only involve the mixed two-body term and the
three-body term. These being of the same order, we expect (as in other types of mean-field
limits, see e.g. [57] and references therein) that, for large N, particles behave independently,
and thus

ZVJ‘wR(xj —Tp) A /R2 Vle(xj —y)p(y)dy = V4iwpg * p(z;)
ik
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where p is the density of particles. Therefore, it is convenient to define, given a one-body
density p normalized in L!(R?)

Alp] = Vtwg * p and AB[p] = V4iwg * p.
Natural mean-field functionals associated with (LI3]) are then

a 1 2 1
&) = 5 T [0 +aap)* o] + 5 [ Vi (ende (114)
af 1 A 2 1
£0) = 5 T [(of + ahloa) o] + 7 [ Ve an)de, (1.15)
where the argument is a trace-class operator
ve&' (L*(R?),0<y<1,Try=1 (1.16)

Similar Hartree-like functionals were obtained in the almost-bosonic limit [24] [42]. Here we
simplify things one step further by considering a semi-classical analogue

1
Evia[m] = 5 / Ip+ Ac(z) + ﬁA[p](m)|2 m(z, p)dzdp + / V(x)pm(z)dz (1.17)
(2m)" Jr2xR? R2
with m(x,p) a positive measure on the phase-space R* of positions/momenta and
1
m(T) = ——= m(x, p)dp. 1.18
pm(e) = oz [ mG iy (1.13)

Our convention is that m satisfies the mass constraint
// m(z, p)dedp = (2r)? (1.19)
R2 xR2
and the semi-classical Pauli principle

‘0 <m(z,p) <1 ae. ‘ (1.20)

The latter is imposed at the classical level by the requirement that a classical state (z,p)
cannot be occupied by more than one fermion. By the Bathtub principle [35, Theorem 1.14]
we can perform the minimization in p explicitly (this parallels the considerations in [21]).
We find minimizers of the form

mp(w,p) = 1(Ip+ Ac(z) + BA[p] ()] < dmp(a) )

where p minimizes the Thomas-Fermi energy

Errlp] = Evialm,) = 271/2 P (z)dx + /2 V(z)p(z)dz. (1.21)
R R
We define the minimum of the Thomas-Fermi functional
eTp = inf {5Tp[p] :0< pe LMR?HN LQ(RQ),/ p= 1}. (1.22)
]R2

Our first purpose is to obtain the above as the limit of the true many-body energy. We
shall prove this under the following assumptions

Assumption 1.1 (External Potentials).
The external potentials entering (LIQ) satisfy

o A, € L*(R?) N W2>(R?)
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o [A > € Whe(R?) N L2(R?)
and, for some s > 1 and ¢,C,c,C",c",C" >0
o V(z)>clz|* - C
o |VV(2)| <zt + '
. |AV($)| S c”|x|8_2 —i—C”

Theorem 1.1 (Convergence of the ground state energy).
We consider N extended anyons of radius R = N~ in an external potential V. Under
Assumption (1)) and setting

0<n<
=7

we have, in the parameter regime (L)

ER(N)
y
11m N

N—oo

= €TF

where the many-anyon ground state energy E®(N) and the Thomas-Fermi energy are defined
in (LI2) and (L22), respectively.

The study of the regime (L5 resembles the usual Thomas-Fermi limit for a large fermionic
system [37), 21], [61], 34], but with important new aspects:

e The effective interaction comprises a three-body term, and a two-body term (see
Equation (LI3])) which mixes position and momentum variables.

e The limit problem (I7) comprises an effective self-consistent magnetic field A [p].

e One should deal with the limit R — 0, @ — 0 and 7~ — 0 at the same time as
N — oo.

Regarding the last point, we make the

Remark 1.2 (Scaling of parameters).
Extracting a multiplicative factor NV from the energy, the parameter regime (LL5]) we consider
is equivalent to 5

h=1 and « Vi (1.23)
provided we replace the external potential V(x) by NV (z) and a similar replacement for
the external vector potential A.. The scaling (L.23]) better highlights the quasi-fermionic
character of the limit we take. We however find it preferable technically to work with (L3,
where the semi-classical aspect is more apparent.

Regarding the scaling of R, it would be highly desirable (and challenging) to be able to
deal with a dilute regime 1 > 1/2 where the radius of the magnetic flux is much smaller
than the typical inter-particle distance. We could probably relax our constraint n < 1/4 to
1 < 1/2 if we assume a Lieb-Thirring inequality for extended anyons of the form

N
<wN, > (o +aA ()’ %v> > Cor [ pul@)Pda

j=1
for any fermionic wave-function Wy with one-particle density py,. In the above we would
need a C, g uniformly bounded from below when N — oco,a¢ — 0 and R > N—1/2_ Such
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an inequality is made very plausible by the results of [30] on the homogeneous extended
anyon gas and the known Lieb-Thirring inequalities for point-like anyons [44] [45] [46] [47].
We plan to return to this matter in the future. o

The limit ground state energy err does not reveal any anyonic behavior, i.e. it does
not depend on «. This is however deceptive, for the behavior of the system’s ground state
does depend on « and shows the influence of the non-trivial statistics. This will become
apparent when we state the second part of our result, the convergence of ground states. It
is expressed in terms of Husimi functions, constructed using coherent states. We discuss
this next.

1.3. Squeezed coherent states. Letl
1 z|?
fle) = zem T (1.24)

For every (z,p) in the phase space R? x R? we define the squeezed coherent state
1 Y—T\ ;iry
Fpp(y) = —f< >elh. (1.25)
o Vie™ \ Vhs

It has the property of being localized on a scale v/h; in space and y/h, in momentum, these

two scales being related by
= /g . (1.26)

The usual coherent state [2I), Section 2.1] is the particular case v/h, = /hy, = Vh. Any
such state saturates Heisenberg’s uncertainty principle, and is thus as classical as a quantum
state can be. Indeed, for the two observables z; and p; = —i0,, evaluated in this state we
get

h
Ag Ay = B where A, = <Fx,p,a2Fx,p> — <Fm7p,an,p>2.

In our proofs we will take h, < h, — 0, which is convenient because our Hamiltonian is
singular in z but not in p.
We define the A-Fourier tranform

1 s
Fil](p) = ﬁ/ww(m)el?dm (1.27)

and denote ) ,
By () = Foo() = =z e (1.28)

Its Fourier transform (see the calculation in Appendix [C])

1 _lni?

G, (p) = FulFn,)(p) = —==e 7 (1.29)

Vo

makes apparent the localization in momentum space we just claimed.
To F, , we associate the orthogonal projector P, ,

Py p = [Fyp){(Frpl- (1.30)
Then we have the well-known

1We make the standard choice that f is a gaussian but any radial L? function could be used instead.
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Lemma 1.3 (Resolution of the identity on L? (R?)).

We have .
W /]R2 /l\%Q vap dxdp == ]]-LQ(RQ)' (131)
The proof is recalled in Appendix [C] see also [35, Theorem 12.8].
(k)

1.4. Convergence of Husimi functions. The Husimi function my (x1,p15 -z, Dr) 28]
12l [60] describes how many particles are distributed in the k semi-classical boxes of size
Vhy % /Iy, centered at its arguments (x1,p1), ..., (Tg, pr). A wave function ¥y being given

we define

k
f N!
mSIJJ)V(ﬂprl, e Ty PR) = m <\Ile®Pl‘j,pj ® ]lNk\I/N> ’ (1.32)
! e
Alternatively,
2
L N!
mSIIJ)\/(xhpla s 7wk7pk) - m /l\%?(Nk) <Fx17p1 ®...® F$Ic,pk’ \IIN(’ Z)>L2(R2k) @

or, in terms of fermionic annihilation and creation operators (see (22 below)

k * *
m) (@1, p1ee ) = (Un, @ (Fay ) -0 (Fapp) @ (Foy ) - @ (Foy ) U

where a and a* satisfy the canonical anticommutation relations [59, [26]

a*(f)a(g) +a(g)a™(f) = (9, f)
a*(f)a*(g) +a*(g)a*(f) = 0.
(k)

We will also use the k-particle density matrices of Wy, i.e. the operator Yy with integral
kernel

k / / N
7\(1;12,(9517-7$k§$17-,$k) = <k> /Q(N Y Un(z1,2n)UN (2], T, Thgts - TN )ATpqr ... doy.
R2(N—

(1.33)
We can also express the Husimi function in terms of the k-particle density matrices of above

k
k k
msyl)v(xl,pl, oo @k, pr) = kI T ®ij,pﬂ\(1,1)v : (1.34)
=1

These objects are furthermore related to the density marginals in space and in momentum,
respectively defined as

N
pfﬁ(wl,---,xk): (k:)/ (O (21, o) P deggs - day (1.35)
R2(N—k)
N
t5) (o1, opi) = (k:) / \FalUN](p1.- - pn) P dprsr - - dpw. (1.36)
R2(N—k)

We can now express the convergence of states corresponding to Theorem (L) using the
above objects. The minimizer of the Vlasov energy (LI7) is

myre(p,z) =1 (|p+ Ac() + BA[p"T)(2)|* < 4mp™" (2)) . (1.37)
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Its marginals in space and momentum are respectively given by

1
p () = yo (ATF — V(z)), (1.38)
where \TF is a Lagrange multiplier ensuring normalization, and
TF/ \ _
)= - Lt1p 4 Ac @)+ BALTF) () < pTF ()} 92 (1.39)

We will prove the

Theorem 1.4 (Convergence of states).
Let {Un} c L2, (R2V) = QN L2(R2) be any L2-normalized sequence such that

asym asym
(Un, HyUy) = BR(N) + o(N)

in the limit h = 1/v/N, a = 8/N, N — co. For any choice of hy, hy, — 0, related by (L20]),
and under Assumption [L1], the Husimi functions of Wy converge to those of the Viasov
minimizer

N k
m&/I)V(xhpla v 7xk7pk) — HmpTF(pjaxj)

j=1

weakly as measure for all k > 1, i.e.
(k) ®k
—
/R% m\I,N(;Sk - (mpTF) Ok

for any bounded continous function ¢y € Cy (R4k).
Consequently we also have the convergence of the k-particles marginals in position and
momentum

N —1 L k
(k> FORCT R § P

J=1

M7 k
(k,) tSpJ)\,(ph--wpk)_)HtTF(xj)

J=1
weakly as measures.

The convergence of Wigner functions follows from the Husimi functions convergence, see
[21l Theorem 2.1]. The result above does not depend on the choice of function f used
to construct the coherent states [2I, Lemma 2.8]. Likewise, the result is the same with
any choice of scaling of h,, h, — 0 as long as ([L20]) is satisfied. In our proof of energy
convergence it will however be convenient to make a particular choice, and in particular use
squeezed coherent states, f, < fy,.

Recall that the semi-classical Thomas-Fermi energy does not depend on «, but the Vlasov
minimizer does. Anyonic features are retained e.g. in the limiting object’s momentum

distribution (39).
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1.5. Outline and Sketch of the proof. Our general strategy is inspired by works on
mean-field limits for interacting fermions [37) B8 [39] 22 32}, [61], in particular by the method
of [2I]. Several improvements are required to handle the singularity of the anyonic Hamil-
tonian that emerges in the limit R — 0. In particular

e we replace the use of the Hewitt-Savage theorem by that of its’ quantitative version,
the Diaconis-Freedman theorem.
e we implement the Pauli principle quantitatively at the semi-classical level.

To obtain an energy upper bound (Section ) we use a Slater determinant as trial state,
leading by Wick’s theorem to a Hartree-Fock-like energy. We then discard exchange terms
to get to the simpler Hartree energy (ILI4]). Finally, a suitable choice of the trial state’s
one-body density matrix v allows to take the semi-classical limit and establish an upper
bound in terms of the Vlasov energy (LL17).

For the correponding lower bound we first express (Section B]) the energy semi-classically,
in terms of the Husimi functions. The remainder terms are shown to be negligible when N —
oo. The use of squeezed coherent states with h, < h;, takes into account the singularities
of the Hamiltonian, more severe in position than in momentum space.

Section M contains the main novelties compared to [2I]. There we tackle the mean-
field limit of the semi-classical functional expressed in terms of Husimi functions. We use
the Diaconis-Freedman theorem [I7] to express the latter as statistical superpositions of
factorized measures, with a quantitatively controled error. We then estimate quantitatively
the probability for the Diaconis-Freedman measure to violate the Pauli-principle (L20).
This leads to the sought-after energy lower bound and completes the proof of Theorem .11
The convergence of states Theorem [[4] follows as a corollary.

Acknowledgments. Funding from the European Research Council (ERC) under the Eu-
ropean Union’s Horizon 2020 Research and Innovation Programme (Grant agreement COR-
FRONMAT No 758620) is gratefully acknowledged.

2. ENERGY UPPER BOUND

In this section we derive an upper bound to the ground state energy (LIZ)). We first
introduce a Hartree-Fock trial state and apply Wick’s theorem to calculate its energy. We
next discard lower contributions (exchange terms) to obtain a regularized (R > 0) Hartree
energy in Lemma 24 and use Lemma to send the regularization to 0. We conclude
by using a particular sequence of semi-classical states, which will make the Hartree energy
converge to the Thomas-Fermi one. All in all this will prove the

Proposition 2.1 (Energy upper bound).
Under Assumption [, setting R = N~" with n < 1/2, we have

EE(N

lim sup < erp. (2.1)

N—oo

2.1. Hartree-Fock trial state. We recall the definition of creation and annihlation op-
erators of a one-body state f € L?(R?) (for more details about second quantization see
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159, [26])

a(f) Y (~1)* £,y @ ... @ forny = VN N> (- 1B (f, fo)) fo@) @ - ® foay
TEXN oeX N

() 3 (1T £y @8 oy = = (1 [y © . @ fansn):
anZN (1) (N) N +1 OEEZNH (1) (N+1)

(2.2)

Sums are over the permutation group and sgn(o) is the signature of a permutation. Let now
{Yj}j=1.N € L?(R?) be an orthonormal family. We use it to construct a Slater determinant
3L (also called Hartree-Fock state)

N
U (21, .., an) = \/% det (¢5(z;)) = UGZE:N 1)sen(e 1;[ (2.3)

Denoting a;. = al(v;) and a; = a(v);) we have:

t _ /@SL ot @SL\ _ <
<ajak>SL = <\I’N ,ajak\IfN > = k-

Hence the associated 1-particle reduced density matrix (L33]) and density are
1
Yo = N Tros [[€RF) (23] Z [5) (Wil, oy =D [l (2.4)
J

with Tre_,y the partial trace. Replacing the last formula in (I.34]) gives us the 1-particle

reduced Husimi measure
N
\I,Spr:§‘¢ja ‘
J=1

We will use Wick’s theorem, see [50, Corollary IV.6] or [59].

Theorem 2.2 (Corollary of Wick’s theorem).
Let aq, e ,agn be creation or annihilation operators. We have that

<a§ .. aﬁ2n>sL - Z(_l)sgn(a) ﬁ <ai(2j—1)aﬁ(2j)>SL
o J=

where the sum is over all pairings, i.e. permutations of the 2n indices such that o(2j —1) <
min {o(2j),0(25 + 1)} for all j.

We evaluate
(U HYOUR) = (HR g,

term by term as in (LI3). Until the end of this section (-) means (-)g;. We will use the
following notation (recall (.IT]))
2

Wi = (05)" + V() (2.5)

Wik = pit - Viwg(a; — xp) + Viwg(r; — o) - pit (2.6)

Wike = V¢ wn(e — 2x) - V¢wn(e; — ) 2.7)



12 T.GIRARDOT AND N.ROUGERIE
Recalling the definition of the Hartree energy functional
1 2 1
XN =+ Tr (o + aAp,]) "] + < / V()py (x)dz
N N R2
we have the following

Lemma 2.3 (Hartree-Fock energy).
With U5 as above and v the associated one-particle density matriz (Z4) we have

<HJ@>SL = Ngfa%f[’)’] —aTr (WiUpy ® )

2
+a? [ [Vt - 22)] (b0 (e2) = (o, a) ) doday
R

—a’ /R6 Wias [Pv($1)|7(352,353)|2 + Pw($2)|7($1,$3)|2 + py(x3)|7(x1,x2)|2 dzdzedzs

+ o? /6 Wia3 [2%(7(361, x9)y (22, x3)Y (X3, xl))] dridzedas. (2.8)
R
In the first line we have denoted by Uiy the exchange operator

(Ur29) (w1, 2) = Y(x2, 1). (2.9)
Proof. By definition

N
<Z(p3°‘)2 + V(wj)> =T [((p*)* +V) 1]

j=1

For the two- and three-body terms we express higher density matrices of WS using Wick’s
theorem. To this end, let (¢j)j € L*(R?) be an orthonormal basis, and a;, a} the associated
annihilation and creation operators.

Two-body terms. We have

<ala;a€ay> = 0ay08c — Oaclpy
where ¢;; is the Kronecker delta. It follows that

2
’Y\(I/S)L =7y -Ui2y®~ (2.10)

with the exchange operator defined as in ([29]). Using [59, Lemma 7.12] we have
S Wik= > (Yo ® i, Wiz v, @) ahalaca,
jik a7ﬁ7’y76

and thus

<Z Wj,k> =Tr [(pA.AR[p,Y] + AR[pV].pA) 7] — Tr (Wi2Uay ® ) . (2.11)
7k
Similarly we obtain

<§j(viw3<x1 —wk>\2> -/,

J7#k

Vle(;cl — x2)‘2 (pv(:cl)pfy(xﬂ — |’Y($1,x2)|2)dx1d$2-

(2.12)
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Three-body term. Using [59, Lemma 7.12] again we write

Z ijl = Z <¢a ® ¢B b2y 1/)7, W123 T;Z)z-: b2y ¢C ® ¢17> aLaEajryanaCae-
JF#k# a,B8,7,0,6,¢
Applying Wick’s theorem (2.2)) we obtain
<a2a}sa3anacae> = 0ac0p¢0yn + Oacdpndye + dandpedn¢ — dacdpndn¢ = Oacdpedyn — dandpcdae
and we deduce the expression
'7\(1,35)L = (1 4 UroUas + UgzUra — Urg — Urs — Usg) 7y @ Yy ® 7y (2.13)

for the 3-body density matrix of the Slater determinant, where the exchange operators Uj;
are natural extensions of (2.9]) to the three-particles space. Gathering the above expressions
yields

< Z ijl> = /RG Wias [ﬂw(ﬂh)m(ﬂh)m@s)]d$1d$2dﬂ?3

et
+ /6 Wia3 [2%<7($1,332)7($2,$3)7($3,$1)>]d$1d$2d$3 (2.14)
R
- /R6 Wias [ﬂw($1)|7($2,333)|2 + py(@2) [y (w1, 23)[* + poy(@s)|y (w1, 22)|* | dwrdaadas.
(2.15)
]

We now want to discard the exchange terms and the singular two-body terms to reduce
the above expression to the Hartree functional.

Lemma 2.4 (From Hartree-Fock to Hartree).
Recalling the notation (LII), assume that

Tr (]p*|*y) < CN.

Then o
ER(N) < Ne¥[y + T (2.16)
Proof. We recall the bound
C
vt H <= 2.17
wr <% (217)

Tr~y :/ p(x)dx :/ Y(z,z)de = N
R? R?

for the density matrix (2.4)) of a Slater determinant. It follows that

J.

Next we use Cauchy-Schwarz to obtain

2

N
<(C—.
- R

Viwg(e — 962)‘2 <pv(9€1)/7w(9€2) - \7(9617962)!2)@01(1902 3

2
|[Wig + Wo| <e¢ (|p‘f‘|2 + |p§‘|2) + E|Vle(w1 — x9)|?
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and hence, since both sides commute with Ujs,

Ce C 2
la Tr (WiaUroy ®7)] < = Tr (Ip™]*7) + —/ ‘Vle(ﬂﬁ - 902)‘ (21, z2) Pdady
N Ne R4

where we used that
Tr (IpfPUr2y @ 7) = Tr (p**) -
Optimizing over & gives

la Tr (W1i2U12y ® )| <

< % (/RQ py(x)dx> (/R4 !v(w,y)!2dﬂcdy> < c%j

and we obtain a similar bound on the last term of (28] noticing that

(@1, ma)y (e, w3)y(ws, w1)| < Y [y(@r, ma)iby (w3)] | (w2, w3) 0 (1)
j

=1 Q)

Next, using (2.1I7)) again,

/6 nggpy(xl)\'y(mg, 1‘3) ’2(1.%'1(1.%'2(1.%'3
R

< 3 S e @) [s(as) + 5 3 by, ) sl
; J

1 1
=3 Iy (z1, 22) | py(23) + 3 (22, 23) [ py (1)

We now want to take R — 0 in (ZI6) and show that £& can be replaced by .

Lemma 2.5 (Convergence of the regularized energy).
The functional £ (LI4) converges pointwise to £ (LI5) as R — 0. More precisely, for
any fermionic one-particle density matriz vy with

Tryy =N
and associated density pn we have
EX ] — Eaf[w]( < CRE [yn]*2. (2.18)

Proof. In terms of
5= N~lyy and 5= N"lp,,,

we have the expression

&l =T (2 + 5Alp)*7) + [ V5 (2.19)

and similarly for £, which is the case R = 0. The Lieb-Thirring inequality [36, Theorem
4.3] yields

T (0" + BARA)F) = C | 7
RQ

and
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while the weak Young inequality (see e.g. similar estimates in [24, Appendix A], [42]
Appendix A] or Appendix [Al below) gives

T (|Anlfl7) = [ 1ArFp<C [ 7.
RQ RQ
Hence a use of the Cauchy-Schwarz inequality implies
2
€] > CTr ((pA) 7) :

We now expand the two energies of (Z.19) and begin by estimating the squared terms using
the Holder and Yound inequalities

2 ~ 2 2
|(|a%@I” - A7) 7|, < ||A%E]" - AP, 17
< (Vg = Vo) # fll o | (Vwr + Vo) + 7ll o 17] 2
< Vg = Vuoll s Vg + Vool s 713 < CRES [yy)2

as per the above estimates, and bounds on Vwpg following from [24, Lemma 2.1]. As for
the mixed term

Tr [(A%[7] — A[p) p*7] < HPAﬁ ‘

(AR[7] - A7) V3|

&2 (CR

< CE" {12 | ARG — ALl 171

]

< CEM [ | (Ve = Vuo) * fll o 7]}

< C&™ {12 |[Vuwg — Vuol s 713

< CRe™ [{1*?
where ||[W||er = Tt [|W|p]% is the Schatten norm [58 Chapter 2] and where we used Young’s
inequality. -

Inserting (2I8) in (Z4]) we get
E(N) f c
< a - .
N <€+ CR+ s (2.20)

for a sequence vy with uniformly bounded Hartree energy. The last step consists in using
constructing such a sequence vy, whose energy will behave semi-classicaly.

2.2. Semi-classical upper bound for the Hartree energy. We use [2I, Lemma 3.2],
whose statement we reproduce for the convenience of the reader.

Lemma 2.6 (Semi-classical limit of the Hartree energy).
Let p > 0 be a fized function in C°(R2) with support in the square Cp = (—r/2,7/2)* such
that p > 0 and fCr p=1. Let A € L*(C,) be a magnetic vector potential. If we define

v = 1((-ihY + A%, — drp(x) <0) (2.21)

where ((—ihV + A)%T is the magnetic Dirichlet Laplacian in the cube and h = 1/v/N we
have

lim N ' Tr <(—ihV +A)? WN) = 27T/ p(x)?da (2.22)

N—ro0 R2
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and

lim N~ ! Tryy :/ p(x)dz with Py —p (2.23)
N—o00 R2 N

and weakly-* in L>®(R?), strongly in L*(R?) and L?*(R?). Furthermore, the same prop-
erties stay true if we replace yny by Yn the projection onto the N lowest eigenvectors of

(—ihV + A)%r —4mp(z).

The convergences we claim for N~ Py are stronger than in the statement of |21, Lemma 3.2].
They easily follow from the proof therein.
We are now able to complete the proof of Proposition 2.1l We take
. 2
- 11( (—ihV + Ac + A, — 4mp™ () < o) (2.24)

and vy the associated rank-/N projector, as in the above lemma. Therefore we know by the

above theorem that
Pin TF
/=
N p

weakly-* in L>°(R?), strongly in L'(R?) and L?(R?). We have that (the definition of the
weak L? space is recalled in Appendix [A] below)
Viwy = Vtlog|z| € L (C) N L2Y(R?).
We deduce that
aAlpz,] — BA[p""]
strongly in L>°(R?), by the weak Young inequality [35, Chapter 4]. We thus have

w Tr [(pA + ﬂA[pTF])Q%V] + % /R2 V(2)psy (z)dx +on(1). (2.25)

We now use ([2:22]) to take the limit of the trace and ([Z:23]) to take the limit of the potential
term (V € L{ (R?) by assumption).

loc

Combining with the bounds from Lemmas and [2.4] we finally obtain

£ in] =

ER(N) _ ot c
< &2 -
N <& [’)/N]—i-CR-i-RQN
< 271/ prp(z)de +/ V(z)prr(x)dz + on(1)
R2 R2

=erp +on(1)

provided R = N7"7 with 0 < n < %, completing the proof of Proposition 211

3. ENERGY LOWER BOUND: SEMI-CLASSICAL LIMIT

In this section we first derive some useful a priori bounds and properties of the Husimi
functions. Next we express our energy in terms of the latter and obtain a classical energy
approximation on the phase space, plus some errors terms that we show to be negligible.
We will use this expression in Section [ to construct our lower bound.
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3.1. A priori estimates.

Lemma 3.1 (Kinetic energy bound).
Let ¥y € Lasym (RQN) be a fermionic wave-function such that

(U, HRW ) < ON.

Then
al C
7j=1
and
1
/ ANl
r2 \ N R
Moreover

/ V(x)pgj)v(x)dx < CN.
R2

17

(3.3)

Proof. We expand the Hamiltonian and use the Cauchy-Schwarz inequality for operators to

get

)
I
WE

<.
Il
—

((1 —267h (p}'-")2 +(1- 25)042]Af]2 + V(xj))

E

<.
Il
—

I
] =

(502 + V(as)) - 72|

1

<.
Il

choosing § = 4. Thus we have

Tr [((pA)2 n v) w};)} < CON + Ta? <\I'N, f: |Af|2qu>
j=1

(1)

where ~y,’ is the 1-particle reduced density matrix
NTroon [[Un) (PN -

We estimate the second term of the above using [24] Lemma 2.1]:

N
CN3
<xIJN,Z|Af|2\1/N> <

J=1

Recalling that o = N~ we get

Now we use that )
h
| — 1AV + Ae|2 > _EA - |Ae|2

2
((p?) + 041)3A . Af + aAf.pf + 042]Af]2 + V(xj)>
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and that #2 = N1 to obtain

P e

recalling that V' > 0. But |A.|? € L>°(R?), we thus deduce ([B.1I]). We obtain (3.2)) by using
the Lieb-Thirring inequality [40] [41]

Tr{ A7§V >C/ ,0¢N )>2dx

combined with (B.1J).
Finally (33]) is a straightforward consequence of the positivity of the full kinetic energy
(first term in (L3])). O

3.2. Properties of the phase space measures. The following connects the space and
momentum densities (L33]) and (L36]) with the Husimi function and is extracted from [21],
Lemma 2.4]. The generalization to squeezed states we use does not change the properties
of the phase space measures.

Lemma 3.2 (Densities and fermionic semi-classical measures).

Let Fy,, G, be defined as in (L28) and ([L29) (recall that b = \/hy\/hy). Let Uy €

L2, (R2NY) be any normalized fermionic wave function. We have

asym
! () dps...dpy, = k12l jo 3.4
(27{_)2k B2k m\I/N(‘Thpla .. 'Tk:,pk;) Pp1...AdPpg = p\I/ (| | ) ( : )
and
1 k k)
(27T)2k /I;Qk mEI/])V (xlapla .- xk7pk)d$1 dxk == k'h2kt( (’Gﬁp‘ ) . (35)

The proof is similar to considerations from [2I]. We recall it in Appendix [C] for com-
pleteness.

Lemma 3.3 (Properties of the phase space measures).

Let Uy € Lgsym(RQN) be a normalized fermionic wave function. For every 1 <k < N the

function m$ defined in (L32) is symmetric and satisfies

0< mgﬂ])v <1 ae. on R¥, (3.6)
In addition
L[ ® ey pr, ez pr)da . dpg = NN — 1) (N — k + )R — 1
(2m)26 Jpar Wy
(3.7)
when N tends to infinity and

1 k b
W /1\34 msp])v(xbply axk‘apk‘)dxkdpk‘ = h2(N —k + 1)mEI/N1)('I1’p1, "'axk‘—17pk;—1)’

We refer to [2I, Lemma 2.2] for the proof.
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3.3. Semi-classical energy. We now define a semi-classical analogue of the original energy
functional, given in terms of Husimi functions. We denote dz;; = da;dz; and x;; = (24, z;):

1
Eg [m@v] = /R4 (]p + Ae(m)]2 + V(wl)) mfl,lj)v (z,p)dadp

(2m)?
23 1 (2)
+ (@) /RS(Pl + Ac(z1)) - Vowr(z1 — z2)my (212, p12)dzi2dpre
3 I 1 ®)
+ V>wr(xz1 — x2) - V>wg(z1 — x3)my’ (2123, p123)dri2sdpios.

(2m)8 JRi2 N
(3.9)

Our aim is to show that it correctly captures the leading order of the full quantum energy.

Proposition 3.4 (Semi-classical energy functional).
Pick some € > 0 and set

Vhe = N7V24 \Jh, = N2 (3.9)

Pick a sequence Yy of fermionic wave-functions such that

(Un, H§Uy) < CN. (3.10)
Under Assumption [L1 we have
Uy, HRU
W > (1—on(1)) ER [m@] — ON#=2 _oNTel _oNTZ= (3.11)

We first derive an exact expression, whose extra unwanted terms will be estimated below.

Lemma 3.5 (Semi-classical energy with errors).
Let Uy be a fermionic wave-function satisfying the bound BIQ), with (.) the corresponding
expectation values:

N
<Z<p?+aAR<xj>>2+v<xj>> > Nef [mf)]

j=1
N
+2aR <Z > (vin — Viwg | Fy, | % |Fr, 12) (z; — 1) - (—ihvj)> (3.12)
=1 k#j
N
+ 2« <ZZAe(xj) -V4wg(z; — ap)
=1 kj
- Ac(z; —u) - (Viwg = [Fy, [*) (2 — 25 — u)|F(u)|2du> (3.13)
R
N
+ a? Z <VLwR(xj —xp) - Viwg(z; — 2) — / <Vle * ‘Fﬁx’2) (xj —xp —u)
R2

-(Vle * | Fp, \2> (xj — x — u)|Fp, (u)]Qdu> (3.14)
+ Erry + Erry (3.15)
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with
N
Err; = 2R <Z(Ae — A, x| Fy, B (xy) - (—ihvj)> (3.16)
j=1
N
+ <Z(|Ae|2 — A By, P) () +V = V IFhIIQ)(ij)> (3.17)
j=1
and

N
Erry = o” <Z > [Viwn(z; - xk>|2> — Ny /R VI ()Pdy. (3.18)

=1 k#j

Proof. We expand the whole energy as in (L.I0) and express each term using Husimi’s
function (IL32)). We begin with calculations involving the p variable. Using (L36]) and (3.3])
we can write, for the purely kinetic term,

N
<wN, 3 -rA w>= /R PPt (p)dp

j=1

1 1 .
~nhe /RR mYy) (z,p)lpPdadp + /RR t5) (0)|Gn, (@ — p)P(Ipf* — lal*)dpdg
1 1 .
=G oo e PPz = [ A 011G, 0~ ) )

~2( [ pty wap)- (| plGn(p)Pdp).
(Loronn)-(/, )

We now use that Gp,(—p) = Gy, (p) which makes |Gy, (p)[* an even function (recall that
G}, is the Fourier tranform of Fj,, (L28)) to discard the last term of the above. On the
other hand, using (L.36]) we find

1
[ 806~ Ppda = N [ 161, ) PPy
R2 xR2 R

= — e r e dpdxdz
(27Th)2 \/]RG h:L‘ V hx f V h$ b

N}:LQ ip-(u—v)
_ N / V)V (v)e V7 dpdudo = —Nh, / V£ (y)dy,
(2wh)” Jrs R2

thus concluding that

N
1
v R2A | oy ) = ) 2dadp — / 2dy.
<N, > i N> (27Th)2/RQXE2mf,q,N(:v,p)lpl dadp — N1y, RQIVf(y)I dy

J=1
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For the magnetic cross term (B.I6) we use ([C2) to obtain, for any u € L?(R?),

1
27Th

/ Ad(a): / PIFF ot (p) P dpdz = / A / P o(y)(y) V[Fr 0u](y)dydz.

/ P Ac()| (u, Fyp) [Pdadp = / b A FlFoul(p) Ppd
R2 xRR? R2x

Then since F, ¢ and |u|? are real we obtain
1
S0 -A F, dxzd h A ( F _
(@i /RQWP (@] (u, Frp) PPdadp = / / |Fn, (y — 2)°S [@(y) Vau(y)] dyda

—h / (Ac(z) * B 2)(y) - S [u(y) Vu(y)] dy.
]RQ

Combining the spectral decomposition of the one-particle reduced density matrix with the
above we get

hi@WA(m»: : /p'Adm(l) A iV]A — A |F, ) (x)) - (-ihV;)
j=1 o (27h)? Jra ey e e * [Fh, j i) ) -

J=1

Now for the mixed two-body term (B.12]):

1 1

M EN(N = 1) (27h)? /R4 o m$) (21,22, p1,p2) <P1 - Viwg(r - 902)) dz1dzadpidps
X

[ [ T R = ) [(Fay gy © Prain (VU 0) a daradprady
R2(N-2) JR4 xR4
ih _
— [ [ T unten = w2 [ (9 = Vo) (B0 e o1 B0, 20
R2(N-2) R4 R8
N (21, 22, Y) Faoy,0(y2) Fins 0 (22))5@2 — 22)0(y1 — 21)dw12dy12d2z12dy
and since —3 (u — 1) = J[u], we get

2
M =— h/ / Vle(ml — xg)’Fﬁx (yl — Z’l)’Q‘Fﬁx (yg — .%'2)‘2 . %[ﬁval\I}N} dmlgdylgdy
R2(N 2) R4 xR4

:/2(1\7 » /4 ((Vle *x ‘Fﬁx‘z) * ’FﬁxP) (.%'1 — 1‘2)%[ — ithI\I/NTN] dxldxgdy
R - R

and conclude

N
Y Y <;0j - Viwg(z) - $k)> = ﬁ /11@4 . (p1 - V4wpg(z1 - 562)) dmiy),
x R4

=1 k#j

N
+R <Z Z (Vle — V4w * |F, |2 * |th|2> (zj — 1) - (—ihvj)> )

J=1 k#j
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For the terms which do not involve the variable p we only discuss the three-body term (3.14)),
the others being treated in the same way. We apply Lemma (B.2])

1 3
L /6 6W123(361,362,363)m5p])v(901,]91,--,3637p3)d36123dp123
RO xR

®3
Z/ W123(331,€'32,553)P\p (|F |) dw123
R6 xR6

= - VLwR(u —v4y1—Y2) - VLwR(u —w+y —y3)

P (w0, w) | By, * (y1) [ Fr, * () |, | (y3)dynzsdudvdu
:/ <VLwR * |th|2 > (v—u—yp)- (VLwR * |th|2 ) (w—u—yy)|Fp, (y1)|2p$§’) dudvdwdy;
R6 N
and then

i Z Z <Vle(xj — ap,)V+iwp(z; — xl)> = ﬁ /R12 (VLwR . Vle> deIi)V

=1 ks«éj 1#k
+ Z <V wr(z; — o)) - VLwR(mj —x) — / <VLwR * ‘Fﬁx’2) (xj —xp —u)
pE——y R?
-(vaR | By 2 (5 — 21— w) [ B, () Pl
]

We now show that all errors in (3.15]) are smaller than the classical energy £¢. This will
conclude the proof of Proposition B4l The following lemma will deal with all convolutions
involved in the estimates.

Lemma 3.6 (Convolution terms).
For any function W on L (RQ), consider the n-fold convoluted product of W with |F,|?.

W sy |Fp, | = W | Fy, | % |[Fi, |2 % .o% | F, |2
We have the estimate
W s |y |2 = W | o < Crig |AW || 1 - (3.19)

Proof. For any x,y < RQ there exists some z € RQ such that
Yy
2

W (2= Vhey) = W)~ VEYW () -y + 2 {y, HessW (2)y)

and hence

h

‘W ! /]R2 (w _ \/EZ/) eyIQdy‘

< Chg [ AW || oo

1 lvl?
W =W s B P, = ‘W(m)——/R Wi g dy‘
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using the radial symmetry of y > e~ to discard the term of order vVhy. It follows that
for any n > 2

HW *n ‘th’2 - WHLoo < Cphy ”AWHLOO
because

AW s 1 1B P = [(AW) 01 1B P < C AW e

Pl
O

Proof of Proposition [34). Let Wx be a sequence of fermionic wave functions such that
(Un, HRUN) = O(N).
We will systematically use the bounds (3.2) and (B.1])

CN2 N CN2
||p'yNH%2(R2) < F and <\I/N, (Z_Aj) \IIN> < 72

=1

to deal with our error terms. Recall that the main term in the energy (B.13) is of order N.
Estimate of ([3.I0). We have
|Tr ((Ae = Acx [F, ) - (=ihV) yv) | < [(=1AV) Nl [[(Ae = A+ [Fn, ) vAN] |2
< h/Tr(=A)yN H(Ae — A |th|2)\/p"{NHL2(]R2)
N 2 1/2
< Chﬁ HAe - Ae * ’Fﬁx‘ HLOO(]R2) Hp’YN”Ll(RQ)

CN
< 2
- R

where ||[W||lgr = Tr [|W|p]% is the Schatten p-norm. We used (B.1]) to bound the kinetic

term and we now use Lemma to deduce

1Ae — Ac* |y, || oo 2

CNhy,

T ((Ae = Ac | By, - (<10V) )| < =

[AA] o < CONTT2, (3.20)

Estimate of ([BI7). We have
(1A = [Acl®  [Fh, [*) oy || 11 g2y < 1Al = 1Ael * 1 F P o g2y 109 1 1 2y
< ON [[Acl? = |Ac * P 2] o
< CN'ig || AJAcP|| oo g2y < ON* (3.21)

where we used Cauchy-Schwarz’s inequality and the estimate (3.19). For the second term
of (BI7) we use Assumption [[I]and Lemma [3.6] to write

|(V =V« |th|2) p(x)HLl < Chy, /]12{2 |AV (z)| p(z)dx
< Chy /R2 <|x|872 + 1) p(x)dx

< Chx/ (2]’ + 1) plz) < CN% (3.22)
RQ
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by using Young’s inequality
s—2 . 2
S S

the choice (39) and the a priori bound Z3)).
Estimate of (B.I8). We have

N
C
a? <ZZ ’Vle(.%'j — xk)]2> < 7 < CON?

=1 k#j

7,1872 S

and
[ 195)Pdy < N
R2
recalling that f is a fixed function and the choice (B9).
Estimate of ([B.12):

4o

Te [(VEwn = VEiwp | B2+ B, ) - (<6058 |

< Ca||(=ihV)yn|e

1/2
Ll

(Vhwr = Vhwr « | By 2 By ) /7

< Cang 2]

‘(vin = Vg |F [P« [ By, ) HLOO

< car (viw _ vt F, 2% |F, |2 323
< Can || (V4w — 9w x B, i (3.29

.-
where we used ([3.2]). We then use Lemma [3.6] and the estimate (B.2)) to get

hh

4o 7

< O N4nt+2e-1/2

Tr {(Vle — Viwg * |y, |? * |th|2) . (—ith)%(\?)} ‘ <CN
Estimate of ([BI3]). We denote

I=A.(2;)-V+iwg(z;—op)— Ae(xj—u)-(vleﬂth |2)(xj—xk—u)|th (u)?du. (3.24)

R2
Then
1aTr [K9] < Calo@| 1Al |[THwr — VEwn « B 2 B |
< CaN?h, AvinHLw
Ny
< CR3 < CN3t2 (3.25)

where we used ([3.2) and ([B.6]) combined with the estimate (B.2).
Estimate of (3.14]). We denote

IT = Whas(z1, 22, x3)

— /2 (VLwR * ’Fﬁx’2> (x1 —xg — u) - <Vle * ’Fﬁx‘2) (z1 — 23 — u)|Fy, (u)*du.  (3.26)
R
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Then
3 CNo?
60’ Tr [Lfy](v)] < 7 H <Vle — V4iwg  |Fp, | + ’Fﬁx‘2) p,(ﬁ\z‘ .
CNa?
< == o], |V wr = T B 2 1B |
N3h
< Co?—= AvleH
R Loe
CNh,
< SONTTE (3.27)
where we used [24] Lemma 2.1] and (8.I9) combined with (B.2]) to bound the last norm.
Collecting all the previous estimates leads to the result. O

4. ENERGY LOWER BOUND: MEAN-FIELD LIMIT

This section is dedicated to a lower bound on (LG). We have reduced the problem
to a classical one in the previous section. We now perform a mean-field approximation
of the classical energy ([B.8]), showing that its infimum is (asymptotically) attained by a
factorized Husimi function. The crucial point is to keep track of the semi-classical Pauli
principle (L20]).

We first recall the Diaconis-Freedman theorem. We use it to rewrite many-particle prob-
ability measures as statistical superpositions of factorized ones. We then estimate quanti-
tatively the probability for the measures in the superposition to violate the Pauli principle.
This is the main novelty compared to the approach of [21]. We finally prove the convergence
of the energy and states, Theorems [[.T] and [T.4]

4.1. The Diaconis-Freedman measure. For Zy € R*" a set of points in the phase
space, we define the associated empirical measure

N
1
Emp,, = N Z6zi' (4.1)
1=1

The following originates in [17].

Theorem 4.1 (Diaconis-Freedman).
Let un € Psym(R4N) the set of symmetric probability measures over R*Y. Define the
probability measure P, over P(R%)

Pyy(o) = 50:EszN dpn(z1,...,2N8) (4.2)

R4AN

and set
AN 1= / P®NdPuN (p)
P(R4)

with assocated marginals

O A ) (4.3)
pEP(RY)
Then an( D
(n) _ ~(n) < 2mn =
HMN PNy = N (4.4)
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foo

with Cy () the set of continuous bounded functions on ).
Moreover, if the sequence (,u(l))N is tight, there exists a subsequence and a unique prob-
ability measure P € P ((P(R*)) such that (up to extraction)

in total variation norm

ey = sup
$€CHRY), 9] oo <1

PMN -~ P
and, for any fized n € N*
i [ mapg) (4.5)
pEP(Q)

The measure P obtained in the limit is that appearing in the Hewitt-Savage theorem [27].
See [56, B4, Theorems 2.1 and 2.2] for proofs and references. We will use the following
consequence of the Diaconis-Freedman construction.

Lemma 4.2 (First marginals of the Diaconis-Freedman measure).
Let py € Psym(R‘W ) and the associated Diaconis-Freedman approximation iy be given by
the previous theorem. Using the notation X; = (z;,p;) we have

ﬁg\lf)(xhpl) = Mg\lz)(th) (4.6)
~ N -1 1
Mg\%) (21, p1,22,p2) = THE\?) (X1, X2) + Nug\lf) (X1)5($1,p1):($2,p2) (4.7)
~ N(N —1)(N —2
00, X, x5) = IV, 000, x5 x)

N -1

i e ) iy (X1, X3)0x,—x, + 1y (Xa, X1)0x,—x, + 1y (X3, Xo)0x,-x,
1

+ m/&) (X1)0x1=X>0x,=X3 (4.8)

Proof. One can find ([@6) and (@7) in [54, Remark 2.3]. It follows from [56, 54, Equation
2.16] that

N
N ®

—N -1
pn(Z2) Y N Nox_p dZ = /R L HN(Z) | N > 0 (oy)) 4z
vel'n J=1

v = |

R4N

(4.9)

where Z, is the 4N-uple (T,(1), Po(1)s - To(N)s Po(N) = (Zo(1), Zon ), (2i = (xi,pi)) and
I'y the set of maps from {1, ..., N} to itself (which allows repeated indices). We look at the
n-th marginal

Xn
N
7 (x ) = 7) | N1 . A 4.1
fiy (Xn) /R‘“V un(Z2) j;dszj dz. (4.10)
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In particular

N
i @p) =N un(2) (Y6, | 42
j=1

R4AN

N N
/jg\%) (xlapla 1'2,]72) = N_2 MN(Z) Z 5Zj:X1 Z 5Zj:X2 dz
p j=1

R4AN

N N N
ﬁg\?;)(XhXQ,X?,) = N3 pn(Z) E 0z=x, E 0z;=X> E :5ZFX3 dz.
j=1 j=1 j=1

R4AN

Expanding the n-th tensor power yields ﬁ%) in terms of the marginals of p by an explicit

calculation. m

We now apply the above constructions to the probability measure

()

m T1,P1, .-, TN,
my = \PN(]\}!(];T;—L)QNN o) (4.11)
to obtain an approximation of the marginals (cf Lemma [33))
(k) mgﬁ])v(ml,pl, coes Thoy Dk)
MmN (4.12)

N(N=1)..(N —k+1)(2rh)2

We use the notation Wig and Wiag respectively defined in (2.6) and (27 to denote the two
and the three body operators. In the former case, this is with a slight abuse of notation:
we replace p® by the classical vector p; + A.(x) in the phase space.

Lemma 4.3 (Energy in terms of the Diaconis-Freedman measure).
Let my € Psym(R™Y) be as in (@II). Let PR € P(P(R')) be the associated Diacomis-
Freedman measure, as in Theorem [{.1 Evaluating each term of BII) gives

1 (1) _
e fo AP V@)t pdzap = [ (A v @) ute R )

R4
(4.13)
1 ) // ®2 1 pDF ¢
— Wisa m 12, p12)dx1adpio = Wie du=°d P () —
@) Jas 12 f7\1,N( 12, p12)d12dp12 S — 12 N (1) NR?
(4.14)
L (3) / / ®3 1 pDF ¢
— d = dp=°dP — .
(2)° /Rw Vs dmjan = foo, HEP(RY) Wias AN () =
(4.15)

Proof. To apply the Diaconis-Freedman theorem (£ to the measures mgf;)\I,N, 1 =1,2,3

they have to be normalized as in (£I1Z)). We then use the measure m%) instead of mgf)\I,N in
our expressions, keeping track of the adequate normalization factors. Denoting Z; = (z;, p;)

and recalling
@2rR)*N(N = 1)..(N — k + D)mly) = m{)



28 T.GIRARDOT AND N.ROUGERIE

we calculate

(@1, p1)daidpr = / / P2z, pr)daedp dPRY (1)
R* J ueP(RY)

and
1 Ay gl 2)
2 /RS(M ) - Vowr(@yr — @2)myy (21, Z2)dZ1dZ;
= N(N - 1)h4/ (p) - Viwg (e — 22)m$ (21, Z2)A 214 2y
= N2h4/ / V4iwr(zy — 20)dp®2dPRY (1)
RS JpeP( R4
~ NR /R (1) Vwp(an — e2)miy) (X1)02,- 2,421 2. (4.16)
Moreover
VLwR(xl — 1‘2) . VLwR(xl — mg)mg\?;)(Zl, ZQ, Zg)ledZQdZ;g
R12
N i / / Viwg(z — xa) - Viwg(er — x3)dp® Py ()
(N = 1)(N —=2) Jgz Juepmry)
1
- Wias (mﬁ)(zh Z3)07,—=2, + m%)(zz, Z1)0zy=25 + mﬁ)(Zs, Z2)5ZS=ZI)
(N —2) Jpiz
(4.17)
— ! / legm(l)(zl)éz =7 (52 = (4.18)
(N =1)(N —2) Jpe N T
We will discard the error terms in (£I6]) ([@I7) and (£I]]) using [24] Lemma 2.1]
vl < 77
Lo
and the kinetic energy bound ([BII). The latter, combined with equation ([B.3]) gives
C
/ PPy, (.p) < o (4.19)

Applying the Cauchy-Schwarz inequality to the two particles term we obtain

(P2 - V4iwg(z) — 22)m\Y (21)62,22,d21dZ,

VL

CllAdlr= | 1 2 g i "
< ~NR + N /RS (1 — $2)‘ mgv)CSZl:szZle2 /R‘l |p|2dm§\,)
C

< —.
~ NR?
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As for the three-particles term we have

! 2) C
N = <
] T B
. ) o
N2 /]R12 Wias (mN (Z1)521:22522:23> < Tl

O

4.2. Quantitative semi-classical Pauli principle. Lemma (€3] allows to write the en-
ergy as an integral of &Y over P(R*) plus some negligible error terms. Assuming R = N "
for some n < 1/4, we get from Proposition B4l and the above lemma:

(U, HRO N)
N 2 /7>(R4>5§ [Py (1) = on (1) (4.20)
where
R R 2
&l = [ |Ip+ Aco) + BAT @) pap)dadp + [ Vi@poys  @a2)
with
p(x) = /]R2 w(x, p)dp. (4.22)
Note that

&l [ﬁ} = R,

defined in (I7)). However, P]I\),F only charges empirical measures which do not satisfy the
Pauli principle (36]). To circumvent this issue we divide the phase-space

Unmen QO = R? (4.23)

in hyperrectangles labeled (€,,,)men. We take them to have side-length [, in the space
coordinates and [, in the momentum coordinates, ensuring that

272
Q| = 1212 = NP. (4.24)

The parameter 8 > 0 and the lengths [,, [, will be chosen in the sequel.

If each Q,, contains less than (1 + ¢)(27)~2|,,| points (for some small £) our measure
will approximately satisfy the Pauli principle. We thus have to estimate the probability for
a box to have the right density of points. This is the purpose of the following lemmas. We
denote for a given measure p:

P, () = /Q dp. (4.25)

Theorem 4.4 (Probability of violating the Pauli principle in a phase-space box).
Let my be as in (@EII) and PRY the associated Diaconis-Freedman measure. Recall the

tiling [@23) and assume ([A24) with 8 < 1. For any

1-p
) -~
0<d<—5
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we have, for constant Cs > 0,c5 > 0, that

1
Ppor ({EmpzN, /Q Empy, > ((2+)€)’Qm‘}> < Cge—csV’ In(l+e) (4.26)

Note that the condition § < 1 means l%lf) > N~ Since the average interparticle distance
1/4

in phase-space is N~ /%, our hyperrectangles typically contain a large number of particles.
We start the proof of the above theorem with the

Lemma 4.5 (Expansion of the Diaconis-Freedman measure).

Let
v = [ WENAPR )
P(R4)

be associated to [@II) as in Theorem [, and T?LX;) the associated marginals. For any
Q C R* we have

n

k

with S(n, k) the Stirling number of the second kind, the number of ways to partition a set
of n objects into k non-empty subsets.

We refer to [8] for combinatorial definitions and estimates.

Proof of Lemma[f-3. The measure fiy constructed from a pn € Psym(R*Y) in Theorem A1]
satisfies (4.9). Hence

7 = N~ Z > / . Z2)oxy=z,dZ (4.28)

k=1~el,,

with I'y, ; the set of ordered samples of n indices amongst N (allowing repetitions) with
exactly k distinct indices. Integrating on each side of (A28 and using the symmetry of
(recall Lemma B.3)])

) = ®) < 1
NN = NN — 1) (N — k+ 1)
we obtain
=) o pen \FnkHQ!k
o v < —1)..(N—k+1)

Now we calculate the cardinal ]Pnk] For a given k, choose k indices among N (without
order) to, next, be distributed in n boxes. The first step gives us

N!

(N —k)k!

choices. For each of these choices we have to distribute n balls in k boxes (boxes can be
empty) which corresponds to the number of surjections from {1,2,...,n} to {1,2,...,k},
M(n, k) (with k <n). Then

N!

Cpil = ——
[Tkl (N — k)Ik!

M(n, k)
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with [8, Theorem 1.17]
M(n, k) = k!S(n, k)
and S(n, k) is the Stirling number of the second kind [§, Lemma 1.16]. Thus
N!

Tpp] =

S(n, k).
O

We now need a rough control of the sum appearing in (L27]) when the set 2 is not too
small.

Lemma 4.6 (Control of the sum).
Take |Q,| = N=8 with B < 1. Choose some

1-5
) _ =
0<d<—5

and define
n= LN‘SJ
the integer part of N°. We have that

(k—n)
(2wh)**

for some exponent &' > 0 depending only on 0.

Proof. We recall Stirling’s formula

N\ N\Y

CiVN <;> < N!'< CyVN <;> (4.29)

and a bound for the Stirling number of the second kind from [53](see also [49] 33])
S(n,k) < C (Z) j (k). (4.30)
Inserting these bounds we have that
Q| F=) S (n, k) n
27T2"N_"’ o — < C, | ———=ex k

with
fa(k logk + (8 —1)10gN+210g(27T)> +nlogn — klogk — (n — k) log(n — k)

2logk +1logn + (8 — 1)log N + 2log(27) — log(n — k)> + klogn —nlogk

—k
log k +logn + (8 — 1) log N + 2log(27) — log(n — k:)) + klog <1 + nT>

ol
al
il
ol

logk +logn + (8 —1)log N + 2log(27) + 1 — log(n — k:)>,
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using log(1 + z) < x. Since k < n ~ N° we find that the leading order of the above is
F5(k) < (n— k) (26 + B — 1) log N < 0

under our assumptions. Hence we find

an |Qm| n,k) - n
< -
(2m) Z < C; K —F)

which yields the result. O

Now we can complete the

Proof of Theorem [{.4} We call

1+e¢
r= {EmpZN,/ Emp, > %]Qm\} (4.31)
o (2m)
the set of all empirical measure violating the Pauli principle in €2, by a finite amount. We
have, using (43]) that, for any n < N,

14¢e)" n . o
L+ef 221 | [P por (I') S/ </ p% >dP}3F(p) :/ me
(277) pel’ m ()™

Next, using Lemma 5] we obtain

Q,,| k- n>s k
PPIBF(F)S(l—F&) 27‘( 2n Z| | ’I’L )

Choosing n as in Lemma and inserting the latter result we deduce
6/

(1+¢)

and the result follows. O

Bope (I) < O < O eV 0+

4.3. Averaging the Diaconis-Freedman measure. We divide R* into hyperrectangles
Q= Uy X Qi
as in ([A23]). We set
[l = [, [y | = 1202 = N (1.32)
for some 0 < B < 1 to be fixed later. We know from Theorem [.4] that the probability for

one such hyperrectangle to violate the Pauli principle is exponentially small. This means
that the contribution to (£.20]) of empirical measures

1 N
= Z@j
j=1

with Zn = (21,...,2j) € ' (see ([&31])) will be negligible (by the union bound), provided
the number of hyperrectangles is not too large. The next steps of our proof are thus
e to reduce estimates to the contribution of a finite set of phase-space.
e in the latter set, to average empirical measures to replace p in (£20) by true Pauli-
principle abiding measures (in the sense of (L20))).
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As for the first step, let L > 0 be a number of the form
L=nN"f (4.33)
for some n € N and define the hypercube
Sy =[-L,L*

of side 2L centered at the origin. This way the number of €2,,-hyperrectangles contained
within Sy, is 24n*. We first discard the energetic contribution of S§.

Lemma 4.7 (Reduction to the energy in the phase-space hypercube 57 ).
Let 0 > 0 and p a probability measure satisfying

/R4 (Ipl* + V(@) du(z,p) < D. (4.34)
Its energy can be bounded from below as
812 (1 0) [ (o + 9AR s+ V) L utep) O D (439
R4 oR?inf (L4, L?s)
where
AR [ty = [ |V wr(e = p)1s, (rp)duv) = AR [pa,,,]
and

pA =p+ Ac(z).

The parameter o will tend to 0 at the very end of the proof (after we take N — oo, L —
o0, R — 0 while ensuring R®inf(L*, L%) — o).

Proof. First, the positivity of the integrand gives
EF nl > /5 (Ip™ + A% [u]* + V) dpu(a, p)
L
Then we split A [] into a contribution from S;, and one from its complement,
A [u] = AT g, p] + AT [Lse pi]
obtaining

(0™ + AP (s, ] + AR [ 1])” = (0™ + AR [1g,0])° + [AF [1g; ]|
+2(p™ + A [, p]) - AT [ ] -

Next we use that ab < % + ‘TTbQ to deduce

2 (p™ + A" [Ls,u]) - A" [Lsgp] > —o (p* + A" [Ls,p]) - é AT [Lsg ]|
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But
/SL AR [Lg; ] [* (@) dpa(, p) < [|AR [y ][
-

2
VJ‘U)RH
Loo

< |[1ss o]}

C 2
= R? H]ISEMHLI
where we used Young’s inequality combined with [24] Lemma 2.1]. The measure p satisfies

([#34) so, using Assumption [[T],

Tge dedp € ————=
[ sintepady < s

which concludes the proof. ]

We now turn to the averaging procedure turning empirical measures based on configura-
tions from I' (recall ([@31])) into bounded measures satisfying the Pauli principle (L20]):

Definition 4.8 (Averaging map).
Let p be a positive measure on the phase-space hypercube Sy, = [—L,L]4. We associate to
it its local average with respect to the grid ([A23):

16n*

Ave [ Z]IQ / Q—ml (4.36)

with the associated position-space density (recall that Qy = Qpy X Qi)

16n*

PAvelu] = /AVG dp— Z ]lsz/ |Qm | (437)

Note that Ave [u] lives on Sy, by definition. We next quantify the energetic cost of the
above procedure:

Theorem 4.9 (Averaging the empirical measure).
Assume < 1 in (EZ24) as well as

l, <R, l,<1nthe limit N — oo. (4.38)
Let Zn = (z1,p1,...,oN,pN) with Emp, € T'¢,
(1+4¢)
I'. = <{Empy, ,3Q, C SL such that Empy,, > 2 )2 |, | (4.39)
Qm
Assume that [&34) holds for p = Empy . Then, for any o >0,

CD?

5§[EmpZN] >(1—0)(1-o0n(1)) 5‘1; [Ave [EmpZNH —on(1)— o REmf (L7, 15"

(4.40)
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Proof. In this proof we denote
fr = Empy
for brevity. We first use Lemma 7] to write
D2
oR?inf(L4, L?9)
and now estimate |Eff[1g, pu] — EF [Ave [M]H We expand &fY (Z21)) and proceed term by
term. Recall from (£33)) that

8 (1 > (1 - 0)Ef [Ls,n] - C

244

SL——U Q

We first calculate

/SL (™) + V(2)) d(u — Ave[u]) = /SL ((pA)2 + V(x)) Empy, dzdp

1 16n ( )
_NT;/WL |Qm| dxdp szzlézxpdxdp

We denote
Gy ={i,zi € S.}
Gy ={i,zi € S7}
and let m(i) be the label of the box 2, particle z; is in. This way

Z/ 52:1 (xp)dxdp— Z 5m m(1)

€GN

and

/SL ((pA)2 +V(z)) d(p — Ave [Empy, |) =5 Z < p, ‘v x,))

€GN
A2
(r*)" +V(x)
_ W TP qrdp.

By the mean value theorem applied in each 2, there exists a point z; = (Z;,p;) € Qi)
such that )
A
P + V(m) AN2 _
/ PR V@) gy — (58 4 v
Q

m(i) |Qm(z) |
and we have, using Assumption [Tl to control the variations of A.,

/S (V)2 + V() d(Ave [Bmpz ] — )| < = 37 [0 — G2 + Viw) — V()|
L zeGN

m (i)

Z < sup Lolp| + 1y sup |VV(3:)|> + Cl,
eGn

Z:(x7p)egm(i) z:(mvp)eﬂm(i)

ZIQ ZIQ

Z <Nl sup  |p| + Npule  sup \VV(w)\>+Clm
mCS

z2=(z,p)EQm z2=(x,p)Em
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where we denote

Ny i=t{z € ZN N Qp} < O] (4.41)
Since our assumptions imply that for any €, C S,
Ny < O] (4.42)

we may recognize Riemann sums and use Assumption [[T] again to deduce

[ @7+ V) atave [Emz, ] - )

L

<, [ ldvelp) + €l [ ol taave ] + 1,

e / Ipl2dAve [1] + Cl, / VdAve ] + Cl, + Cl, (4.43)
R4 R4
using Young’s inequality
el < i 1rs + 1
S S

We next treat the two body operator Wi defined in (2.6) (understanding now p as a
momentum variable rather than an operator) in the same way. We set

dz = dz1dxs, dp = dpidps.

By the mean-value theorem, for each (z;,p;) € Qy,(;) there exists some 2; = (Zi, i) € Qi)
such that

Wiz d <Ave [EmpZN]®2 - (]lSL,u)(X)Q) = / Wia [,u®2 — Ave [EmpZN}@)Z} dzdp
RS SL XSL

= % Z Z [(Pi + Ac(z:)) .VJ-wR(mi,xj) — (pi + Ae())) -Vle(fufj)].
o (4.44)

Expanding the functions around the points z; of the sum there exists a ¢; € {2,,,(;) such that
‘VLU)R(%‘) — VYiwr()| < Jvwg(a) - (zi — T;)
with Jy,, the Jacobian matrix of Vwg. We denote
W = d>wg (4.45)

where 0, is the radial derivative explicitly calculated in (B.8). We then use (B.I) and
estimate

Wiz d (AV@ [EmPZN]®2 - (]lSLIU’)®2>

]RS
C
Sz 2 O LNaNg  sup[p| (W — )]

QmCSL Q,CSL Z2mEQm,2¢€8

C
i 2 S NaNely  sw [ Vhwg (o, o) (4.46)
QmCSL QqCSL 2m €Qm,zqE80
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where we used that A, and its derivatives are in L™ by assumption and use the convention
zi = (x4, pi) systematically. We denote

Wi(zy — z2) = sup {{W(y1 — y2)|, y1 € Qo (1), Y2 € U, (22)}

Wa(x1 — x2) = sup {|VLwR(y1 —y2),y1 € Dy (1), Y2 € Qi (562)}
P(p1) = sup {|p|,p € Qm, (p)}

with Qp,, (z) C R? and Oy, (p) C R? the square of our grid ([@32) that z belongs to
(respectively €, (p) the square p belongs to). Hence

'/RS Wi d (AV@ [EmPZN]®2 - (]lSLN)®2>

< Cla:/ . P(p1)Wi(x1 — 2)Ave[p] (21, p1)Avelp] (2, pa)dz1dzadpidps
R
+Cly [ Watar — a)avell(ar.pr) Avelp 2, pa) o daadprdps = 1+ 1
R

Recognizing a Riemann sum similarly as in ([£43]) yields, using the properties of W (see (B.3),
1 1

1< 0L [ nlAvel(en) [ (FTun(er — 22+ 2l eai<r ) pavep (o2)doadardpy
R4 r2 \ 1 R

L
< % Il [ IplAvelul(e. p)dadp

I, 1/2
< O sl (| 19PAvelsl o pac

where we also used the weak Young and the Cauchy-Schwarz inequality. Similarly, since
Vwgr € L2’w7

I < Clp \/\/R4 ’va(xl - 1‘2)’ pAve[p](xl)pAve[M(mg)dxlde < Clp HpAve[,u]HLQ :

We next turn to the three-body term (2.7)

III :=

Wiasd ((]lSLIU’)(X)S — Ave [EmPZN]®3>'
R12

with
W123 = VJ'U)R (xl — 562) VJ'ZUR (:Cl — $3) .

We denote (with W as in (4.45]))

G(z1, 22, 23) = |W (1 — 22)| |[Viwg(z1 — xg)‘ + ‘vin(xl — 2o)| W (1 — z3)]

G(z1,m2,73) = sup {G(y1,92,¥3), Y1 € U, (21), Y2 € U, (72), Y3 € Qi (v3)}
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and observe that G gives a pointwise upper bound to gradients of Wis3 in any variable.
Hence, arguing as above

M<Cly [ G(x1,2,23) pavelu] (T1) PAvel) (T2) pavel) (23)da1daadas
R

<ol HPAvemHLz

where we used the weak Young inequality twice. Collecting the previous inequalities we
conclude

L] > (1 - )&l [Avelu]] - C(l, +1,)

Uy 1/2
— 0% onl (HpAwMHLg ([ Paseet) )

D2
C .
oR?inf(L4, L)

= Cly [lpavepill 2 =

D2
oR?inf(L4, L?s)’

> (1 - o)l [Avelul] — ow(1) — ox (1) [ IpPdAvelu] - €

inserting our assumptions on the various parameters involved 12 = N —fte <« R? and
l; = N~¢. We have also used the fact that, since

1
Ave[u] < te

<S5 (4.47)

the bathtub principle [35] Theorem 1.14] implies that

/ ipPdAvelu] > C: ||pavepall’-

Finally, arguing as in Appendix [A] below (using ([£4T) again),

8 [Avelu / [pl*dAvelu] = C [lpavep]”

and we can absorb an error term in the main term to obtain

2
-C - D .
oR?inf(L4, L?9)

2
EF ] > (1= ) (1 = on())EF [Ave[u]] = on (1) = on (1) || pavesa |
A last use of the bathtub principle gives

£ [Avelul] > C || pavera||” -

Thus the proof is concluded by absorbing one last error term in the main expression. [
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4.4. Convergence of the energy. Going back to our lower bound ([@20]), assuming R =
N=70 <n < 1/4, we have

ER(N) (¥, H{¥n)
N N

> [ EBdPRE () - on()
P(R4)

> [ EPWAER 60— on() (1.48)
where
&l = [, (1o + AR @ +Via)) di, (4.49)
T is as in ([@31),
== {ueP®) [ (P + V) o) < 75},

and we have used the positivity of the integrand to go to the second line of ([£48]). We next
pick I, 1, to enforce

b <R, <1, BI=N7

for some 8 < 1. This is certainly compatible with our other requirements, since R > N~1/4
by assumption. We can then use Theorem [£.9] to deduce
E"(N) R DF 7
N2 (=) —on() [ &l vl aPRE () —ox(1) O g
(4.50)
Next, denote, for some v > 0
0, = {,u € P(RY) such that / n< ’y} (4.51)
St

the set of measures whose mass lie mostly in Sy, and note that, as per Lemmas[A.3] and [A.4],
£8 [Avelu]] > (1 — CR)(1 — 26)(1 — 7)er

for any p € I'¢ N ©,,. Clearly, if we set

T

I — 4.52
“R2inf(L2, L%) (452)

v

with a suitable ¢ > 0 we have that

—
—

0, CE;,.
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Hence, with this choice,
ER(N
B> a-om-200 =)0 - o)1 —ox(ers [ aPRE ()~ ow()

renz,

_ Cr?

o RS inf(L?, L?9)
> (1= 2¢)(1 = 7)(1 = a)(1 —on(D))err (1 —Ppf (Te) — BT (E9))
_ Cr?

oROinf (L2, L?s)’

(4.53)

with a self-explanatory notation for Pai. There remains to estimate the probability of the
“bad events” in the last inequality. First, there is a § > 0 such that

1+e
oS, () = P25, (Usies, {Buwzy, [ B, > © 5o })

Qp B (277)2
16n*
1+¢)
< PPF <{Em / Em >( Q })
_kzl " e Jo, TP = (277)2| g
< C5LANBeeaN’ In(l+e) (4.54)

We used the union bound, the bound on the probability of violating the Pauli principle in
a single box from Theorem [£.4] and the relation (4.33]).
On the other hand, using Markov’s inequality, (3.1), Lemma [3.21 and (£.6]) we find

P < et [ ([ P+ V) duten) ) apBE G

P(R1)
R [ (P V(@) A ap)

R4
<cr (4.55)

There remains to insert ([A54]) and ([A55) in ([453]). We can now set L = N* with k > 0 a
suitably large, fixed number and 7 = N* with #’ a suitably small, fixed number. This makes
all errors depending on N negligible because, crucially, [I54]) contains an exponentially
small term in N. In particular, recalling [@52]), v — 0 with such a choice of a parameters.
Hence we can pass to the limit in (53], first letting N, R~ L — oo with the previously
specified scalings, and finally let €, — 0, obtaining the energy lower bound claimed in [L.T],
matching the upper bound from Section 2l

4.5. Convergence of states. We turn to the proof of Theorem[[.4l Coming back to (Z.50)
and inserting the previous choice of parameters we have that

> (1=o)(1-ox() [ o 120 (Y [Ave ] APRE (1) —ox(D(1+7"). (456)
It follows from (56) and results of Appendix [A] that mg\lf) is tight. Applying the last part
of Theorem .I] we thus obtain that the Diaconis-Freedman measure Pﬂgg weakly converges
to a probability measure P € P(P(R*)) (this is the Hewitt-Savage measure). It follows
from Theorem 4] (or [2I) Theorem 2.6]) that P is concentrated on probability measures
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satisfying u < (2m)~2. Combining with Lemma B3] and (ZI2]) we have that, for any fixed

k>0
L / ok
dP
(27‘(’)2k m\PN Njoo P(RY) H (M)

weakly as measures. We now identify the limit measure P to conclude the proof of Theo-

rem [I.4]

To this aim it is convenient to write the integral above as

[tz oy [Ave [ a0 = [ ey [AvefudQn(e (457
P(RT) P(R)

with
AQn[n] = 1=, (1) re ()APR" (). (4.58)
We will see &y [Ave [u]] as a lower semi-continuous function on the space (P (R?),d}")
4y’ (p,v) = sup

where
[ on— [ oaw
lllpip<1|/R* R*

is the Monge-Kantorovitch-Wasserstein distance, known to metrize the weak convergence of
measures [64, Theorem 6.9] (and we use Kantorovitch-Rubinstein duality [64, Remark 6.5]).
We have

Lemma 4.10 (Limit of Ave).
Let i € P(RY). In the d\V metric,

16n*

Ave [ Z]lg / m (4.59)

when N — oo and L — oo.

Proof. We pick a function ¢, ||V¢||;«~ < 1 and denote

¢(z,p)
alg),, = dzdp
o |ml
its average over a box €2,,,. We have that, for any r € Q,,,
|6(2) = alg],,| < CLIVE| o (4.60)
where | = max(l,, 1)) is the largest dimension of the box €,,. We thus have
16n*
d(x)dAve[u Z/ du = Z/ pdp + on(1)
R —
where the on(1) is uniform in ||Vé||;~ by (@60). O

It follows that, if we take a sequence u, — © when N — oo,
& (Ave [pn] ) < di (Ave (], 1) + di (pn, 1) < on(1).
Hence, combining with Lemma (A]), we deduce
liminf &y [Ave [1]] = &v 4] (4.61)

N—oo, p/—p
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We turn to the convergence of Qu defined in ([4.58]). For any continous bounded function
® € Cy(P(R*)) over probability measures,

— 0
N—oo

/ () (AQn (1) — APPF (1)
P(R%)

by ([@54) and ([@55). Hence, applying Theorem [L.1] we have that
Q N— P

as measures over P(R*), where P is the limit of the Diaconis-Freedman measure. Combining
with (£6I) we may apply the improved Fatou Lemma of [20, Theorem 1.1] to (LE5T),
obtaining

limn /P o &7 el Q) 2 /P o & AP

Combining with ([@356]) and letting o — 0 after N — oo we conclude
et > / Ev [u] AP ().
P(R*)

Recall that P is concentrated on probability measures satisfying p < (27)~2 and that eF
is the infimum of £y [u] over those. Hence P must be concentrated on the unique minimizer
of &y [u], and this concludes the proof.

APPENDIX A. PROPERTIES OF THE VLASOV FUNCTIONAL

In this appendix we etablish some of the fundamental properties of the functional £y and
some useful bounds on the vector potential Af[p] associated to a measure p.

Lemma A.1 (Lower semicontinuity of &y).
Let (pin)n>0 be a sequence of positive measures on R* satisfying

Oéuné(%)d, / pn < C
R4
with C independent of N. If u, converges to p as measures we have
lim inf &y (] > Ev [1] . (A1)
n—oo

Proof. We recall that the marginal in p of u, is

pn(z) = /R2 (2, p)dp. (A.2)

It follows from applying the bathtub principle [35, Theorem 1.14] in the p variable that

v linl 2 €8 lpul =27 [ R@do+ [ V(o).
R2 R2
Hence we may assume that ||py,|| ;2 is uniformly bounded and that p,, — p weakly in L? (]RQ).
We then deduce from the weak Young inequality [35, Chapter 4] that
|A%lpu)pall s < C| Vw0

2
vlw( <c.
2w

2 2
_<Clnll3
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We recall that the weak LP(R?) space is the set of functions

w2 _ {f | Leb <{x eR?:|f(z) > A}) = (%)p}

with the associated norm
J 1/2
| fll w2 = sup A Leb <x e R |f(z)] > )\>
A>0
where Leb is the Lebesgue measure. We expand the energy
2
Ev 1] = /R (™) 280" - Alpa] + B2A%py] + V) (e, p)dadp  (A3)

and use that ab < % + % to get
1
2(p™) - Alpal = —alp* — = |A[p]f?
and hence

&v [pn] +C HA2 [on] p”HLl 2 C/]R4 (|pA|2 + V) dpin.

Thus (i) is tight and, up to extraction, converges strongly in L! (R4). In order to obtain
the convergence of A%[p,]u, we write

Pr (1) pn(@2) in (23, p3) — p(21)p(32) (@3, P3) = (Pn(21) — p(21)) (Pn(@2) — p(22)) pin (23, 3)
+ (pn(z1) — p(21)) p(@2) pin (23, P3)
+ p(1) (pn(22) — p(22)) pin (23, P3)
= p(z1)p(@2) (pn(@3,p3) — (w3, p3)) (A.4)
and treat each resulting term separately. The first term yields
2

2
L fe——
V=w  (pp p)HL

Vlw‘

HAZ[pn - P],unHLl < ||:unHL1 - <llpn— PH%?

L2w

using that ||p,||r1 < C and the weak Young inequality. For the second term of (A4

2
|Alon = ALl < 1AL [0 < (o = )| < ollge llon = ol 2 || 7|,
and for the last one
2 2 1 2
HA [p](ﬂn _M)HLl S Hﬂn - :U'HLl HA [p]HLoo S H,U'n _MHLl V w‘ 2w HpHL2

For the cross term of ([(A3), p.A [py] i, We observe that

VLw‘

[Alp = palllze < llo = pallrs Lo

so A[p,] converges strongly in L?. We have || (pA)2 pnllzr < C so p™ u, converges weakly in
L? and by weak-strong convergence we deduce that the cross term converges. We conclude
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using Fatou’s lemma for V' and the kinetic term

timint [ [p-+ Ao p)dodp > [ lp+ Aue)Pite,p)dodp
R4 R4

lim inf /R2 V(z)pn(z)dx > /R2 V(z)p(z)de.

n—oo

Lemma A.2 (Existence of minimizers).
There exists a minimizer for the problem

et = 1nf{ Vil |0 < p < (@2m)7 | R4,u:1}.

Proof. We consider a minimizing sequence (uy,),, converging to a candidate minimizer fi.
By Lemma (AJ)) we have
eTF = inf &y [Mn] > &y [Moo] .
n—oo

We also found during the previous proof that (1), must be tight, hence
/ Poo = 1.
]R4

Lemma A.3 (Convergence to & when R — 0).
For any measure p < (271)_2 such that fR4 u < C we have that

|EF ] — £V )] < CR (E0[u] + EF (1))
where
el = [ + BAR ] ()" + Via)an
Proof.
€80 — Q1| = ||| (0™ + BAR [ (2)) Va2 — | (0™ + BAC (1] (@) Vil
<[ + BAT [u] (@) Vil 2 — | (0™ + BA® (1] (2)) V| ]
(&R 12 + & [(0)7?)

< [|(A™ () = A fu)) ll o (&8 12 + v [1?)

where we have used the triangle inequality. Moreover we have that

(Vun = ) ] .

| AR - Ao < o0

<Ilpllx

< lollzz | V- wr = v

2w
by the weak Young inequality and because

/RQ </R2 %X(U)du - / B(0,R) |~’15| (v )du> dr= /B(O 2R) de =R
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Using that the minimizer in p

W™ = (2m) 21 (I + Alpll < /4mp)

is explicit we have

vl > Enelp) =27 |

2
R2p (m)dx—i—/ V(z)p(z)dex

R2

and the minimization problem is now formulated in terms of

pla) = [ )

This gives
Eviu] > Cpll2

and concludes the proof. O

Lemma A.4 (Dependence on the upper perturbed constraint).
The infimum of & does not depend on € nor v at first order

[n=1-a}za-20-em

iﬁ{amuosMs

Proof. We calculate the infimum with the Bathtub principle [35, Theorem 1.14]. This
infimum is achieved for

p=pl" = 2m) 72 (L+e)l (]p™ + BAJ)]* < s(x))
where s(z) = f‘—j_g because
[ i oy =po) = [ (141 (16 + FAL| < 5(0) dp = (1 + )so).
R2 R2

So, evaluating the energy

amﬂzﬁmb%/
]R2

(1) Vi),
dx%—/R2 d

(1+¢)? (1+¢)
(A.5)
but we can see that
Errplpl = Exrlp] (1 - 2¢) (A.6)
where Etp[p] is given in (L2I]). O

APPENDIX B. BOUNDS FOR A"

Lemma B.1 (Bounds linked to A%).
All second-order directional derivatives of the function

wR(ul,ug) : R2 — R2
are bounded in absolute value by the radial derivative:

|0u, 0w, wr(T)| < C |8§wR(u)| (B.1)
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for any (i,7) € {1,2}%. We also have the estimates

o], < & 2
frien,.. <& =
oo, < & n

Hv <Vle(u)>z s %, (B.5)

Hv (VEwn(w) V4 wr(w)) HLOO < %. (B.6)

Proof. Recall that
wr(z) = (log| . [ *xr) (z)
with xp defined as in (L8). We call u; and ug the two components of the vector @ and u

its norm. Using Newton’s theorem [35, Theorem 9.7] we write

U —+o00
wg(u) = /]12{2 log |t — ¥|xgr(v)dv = 27 log(u)/o Xgr(r)rdr + 27T/ rlog(r)xr(r)dr

hence

1

Oywr(u) = —/ Xr(v)dv
U JB(0,u)

1

O2wr(u) = —3 50 )XR(v)dv + 27xRr(u) (B.7)
1

PBwp(u) = 3 /B(O )XR(v)dv + CXRT(U) + Cor(u) (B.8)

where ¢r(u) = dyxr(u) is bounded with compact support. We observe that regardless of
whether u is smaller or greater than 2R we have

C C
|Oywr(u)] < = and |0jwg(u)| < 7 (B.9)
and get (B.3). Moreover
V4iwpg(ug,ug) = V3iwg(u) = Mﬁl. (B.10)

u

We compute the two derivatives of the second component of (B.I0)

Uy Ouwr Ul u? C

%J;(%w}z)‘ = . + EauwR - $auw3 < 2 0w xr()dv + Cxg(u) (B.11)
u ULU UL C

s (20u0m)| = [0, wnl) + 2 oRun()] < 55 [ oy RO+ CXR(W).

(B.12)
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We do the same with the first component of V*wg and get (BI)). If we differentiate once
again we get

Xleu) r(u)

C
o (own)| | < 15 [ xw(wido
B(0,u)

which is also the case for the other component and derivative. We deduce

C’
|avtun],. < 7
We can also compute
C
[avtun],. <

which gives (B4). To get (B.E) we combine (B.9) and (B.I2). For the third inequality (B.6])

we expand a little bit our first expression

Oywr(u)dywr(v)
uv

V4iwp (). Viwg(v) = (urvr + ugv)

so the first component of the gradient is

Oywr(u)0ywr(v) N ﬂau [8uwR(u)8va(v)

Ouy V3wp(u). Viwg(v) = vy

:| (ulvl + UQUQ).
uv uv

Now

2

HV <Vle(u).VLwR(v)> H = Z <81Vlw3(u).VLwR(v))

LOO

2
T=u1,u2,v1,V2

The rest of the proof consists of the computation of the above term using basic inequalities.

O
APPENDIX C. COMPUTATIONS FOR SQUEEZED COHERENT STATES
We give for completeness three proofs that we skipped in the main text.
Proof of Lemma [1.3
For any u € L?(R?),
= 27T7ifh [Fi, (- = 2)u()] (p) = 20h (Fi [F, (- — )] Fa [u(-)]) (p) (C.1)

- /R G, (k ~ D) Flul(R)e T dk = 220y [C, (-~ p)Fill] (@), (C2)
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It follows that

1 1 )
(2mh)? /Rz/ (W, Paptp) dwdp = (27h)? /]R2 2 | (Fep,u) |"dadp
([ 1A= auO 0P ap) ac

Y
[ (-

| hz||L2(R2)||u||L2(R2) = ||u||%2(R2)-

Fourier transform of F.
We need to calculate the Fourier Transform of the Gaussian

2 2 ; 2
1 VA 1 g 11
th(p):—%h (/e ? Vhpdu) = —G3(p)
R

with

but we also have

which gives the result.

Proof of Lemma[3Z We use (C.2) and write for every fixed y € R2N—F)

<Fx1,p1(') Qe @ Fyyp (), U (s z)>L2(R2k)

=(27h)*" Fiy [Fay,0(-) @ oo @ oy 0()UN (-, 2)] (D1, ooes PR
:(27Th)2kfﬁ [GO,pl(') X...Q G07pk(')fﬁ [\I/N] (-, Z)] (1‘1, veey .%'k)

Next we sum over the p;’s using (L32]):

1 k
(27T)2k 2% mslll)\f(xl’pl’"'7xk7pk)dp1"'dpk

e (3 dpr...d F, F, v "4
(2m)% (k)/R b pk/MMK i () © o ® Fay (), U (- 2)) | d2

N
= <k> /R2k dpr.--dpi /]R2(Nk) |Fi [y 0() @ oo @ Fyp 0 ()UN (-, 2)] (p1, -oer i) d2

N
=k! <k> / |Fh, (y1 — 1) Fo, (e — 26) O N (y)) dy..dyn
R2k

—k:‘h% * (| F, | ) (1, ..., Tk)
which gives (BZI) The proof of (B3] is similar.
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