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ABOUT THE USE OF ENTROPY PRODUCTION FOR THE LANDAU-FERMI-DIRAC
EQUATION

R. ALONSO, V. BAGLAND, L. DESVILLETTES, AND B. LODS

ABSTRACT. In this paper, we present new estimates for the entropy dissipation of the Landau-
Fermi-Dirac equation (with hard or moderately soft potentials) in terms of a weighted relative
Fisher information adapted to this equation. Such estimates are used for studying the large time
behaviour of the equation, as well as for providing new a priori estimates (in the soft potential
case). An important feature of such estimates is that they are uniform with respect to the quantum
parameter. Consequently, the same estimations are recovered for the classical limit, that is the
Landau equation.

Keywords: Landau-Fermi-Dirac equation, Landau equation, Quantum kinetic models, Entropy,

Fisher Information.

1. INTRODUCTION

Entropy production estimates have been significantly used in recent years for the study of
partial differential equations. Such estimates arise in many contexts for different purposes:

e Entropy estimates contribute to new a priori estimates. This is the case in the kinetic
theory of gases where the famous H-Theorem of Boltzmann is the cornerstone in many
studies on the topic and one of the essential bricks in the construction of D1 PERNA-LIONS
renormalized solutions [26]. That entropy yields new natural a priori estimates is also
well-understood in the study of other equations, and the Boltzmann entropy [ f log f
appeared in this context in the fundamental work [32] on parabolic equations. We refer
the reader to [27] for an overview of entropy methods for diffusive equations.

e Entropy production estimates also arise naturally in the study of long time behaviour of
solutions to evolution problems. Indeed, entropy acts in this case as a natural Lyapunov
functional which brings the system towards its equilibrium state (which is a minimizer
of the entropy) through some LaSalle’s invariance principle. In this context, functional
inequalities linking the entropy to the entropy production are a fundamental tool to
quantify the rate of convergence. In the study of kinetic theory, this has been understood
since the celebrated Cercignani’s conjecture for Boltzmann equation [16, 36, 22] and the
pioneering works [10, 11]. Such ideas have been applied efficiently also in various other
frameworks, for the study of reaction-diffusion systems [21], parabolic equations [14],
coagulation and fragmentation processes [1, 9] and in various problems in mathematical
biology [33, 31], just to mention a few.

In the kinetic framework, entropy and entropy production have been thoroughly studied
for the Boltzmann equation [36, 25] as well as for the Landau equation. This latter equation

arises in the modelling of plasma and can also be derived from the Boltzmann equation in the
1
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so-called grazing collision limit. For this model, the equivalent of Cercignani’s conjecture was
proven to hold first in the special case of the so-called Maxwell molecules in [24], together with
weaker versions of the functional inequality linking the entropy to its entropy production for hard
potentials. This kind of functional inequalities has been then extended to cover the physically
relevant case of Coulomb interactions in [13] using techniques from [18].

In a recent contribution [3], the entropy method has been applied to the study of the long
time behaviour of solutions to the Landau-Fermi-Dirac equation with hard potentials. Some non
optimal functional inequalities linking the entropy production to the associated entropy have
been obtained therein which, when combined with a careful spectral analysis, yield an optimal
(exponential) rate of convergence to equilibrium. It is the purpose of this paper to provide a
systematic study of the entropy and entropy production functional for the spatially homogeneous
Landau-Fermi-Dirac equation, extending the results obtained in [3] and complementing them
with a study of the soft potentials case. The results of the present contribution in that context will
then be applied to the long-time behaviour of solutions to the Landau-Fermi-Dirac equation with
moderately soft potentials in the forthcoming work [5].

1.1. The model. The Landau-Fermi-Dirac (LFD) equation models the time evolution of a particle
gas satisfying Pauli’s exclusion principle in the Landau’s grazing limit regime and reads, in the
homogeneous setting, as

0uf(t,0) = Qe(f)(t,v),  (tw) € (0,00) xR®,  f(0) = fun, (11)

where the collision operator is given by a modification of the Landau operator which includes
Pauli’s exclusion principle:

QM) = Vo | W(w=v)T(w—v){f.(1=ef)VS - f(1 - f)V .} du..

R3
We use here the standard shorthand f = f(¢,v) and f. = f(¢, vs). The matrix-valued function
z — II(2) denotes the orthogonal projection on (Rz)*,
ZiZj .
Hij(z):&j—ﬁ, 1<Z,j<3,

and ¥(z) = |2|?T7 is the kinetic potential. The choice W(z) = |z|?>T7 corresponds to inverse
power law potentials. We point out that the Pauli exclusion principle implies that a solution to
(1.1) must satisfy the a priori bound

0< f(to)<e™!, (1.2)
where the quantum parameter
_ (2mh)?
=35
depends on the reduced Planck constant # ~ 1.054 X 10~3*m?kg s~1 the mass m, and the

statistical weight 3 of the particles species, see [17, Chapter 17]. Recall that the statistical weight
is the number of independent quantum states in which the particle can have the same internal

>0

energy. For example, for electrons, 8 = 2 corresponding to the two possible electron spin values.
In the case of electrons m =~ 9.1 x 1031 kg, and therefore, £ ~ 1.93 x 10719 <« 1. The parameter
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e encapsulates the quantum effects of the model, the case € = 0 corresponding to the classical
Landau equation as studied in [24].

The above equation shares many properties with the classical Landau equation, corresponding
to non quantum particles:

of =Q(f) =Vo [ Ww—v)w—v){ V)= [Vf, b do,  (3)

RS
which corresponds to the case € = 0. As mentioned earlier, Eq. (1.3) is a fundamental model of
kinetic theory for plasmas and received considerable attention in the past decades, cf. for example
(23, 24, 13, 12].

Up to our knowledge, the mathematical study of (1.1) has been restricted to the case of hard
potentials (or Maxwell molecules) only, i.e. for v € [0, 1]. We refer to [3, 7] for a discussion of the
model, its physical relevance and the properties of the solutions for v € [0, 1]. We point out here
that the study of the Cauchy problem for (1.1) has been performed in [7], and the careful study of
the steady states is given in [8]. In a recent contribution [3], three of the authors of the present
paper discussed both the regularity and the long time asymptotics of the solution to (1.1). The
analysis of (1.1) for moderately soft potentials, corresponding to —2 < v < 0, has been initiated
by the authors of the present paper in [5].

1.2. The role of entropy. In the classical context (corresponding to € = 0), the Boltzmann
entropy

1(f) = [ f1o fao

is a Lyapunov functional for (1.3), i.e.

d
&H(f(t)) <0 for t >0,

if f(t) is a suitable solution to (1.3). Moreover, given any constant u € R3, under the constraints
[ iwa=o [ f@p-ufaw<ser,  f>o (149
R3 RS
the functional H (f) reaches its unique minimum if f is the Maxwellian distribution

4 |U—U|2) 3
M) = ————exp|———, v e R
) (27TE)% p( 2E

for which the above constraints are satisfied with equality sign. Of course, such a Maxwellian
distribution is the only solution to

satisfying (1.4) with equality sign.
In the quantum case, for € > 0, one introduces the Fermi-Dirac entropy:

S(1) = =7 [ [ef10n(e) + (1= etog(1 — ep)] av. (19
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ie. Sc(f) = —e Y (H(e f) + H(1 — ef)), well-defined for any 0 < f < € !. One can then
show that —Sc(f) is a Lyapunov function for (1.1), i.e.

d
— S SLf(1) = ~Ze(f(1) <0
for any suitable solution to (1.1). For € > 0, the entropy production associated to the above

Landau-Fermi-Dirac operator is defined as

1
P:(g9) = / V(v — vy)Belg](v, vi)dvdu, U(z) = |22, (1.6)
2 Jr3xRs
for any smooth function 0 < g < ™!, with
Vg Vg.
Eelgl(v,ve) =TIV — v4) (g« (1 — €94) Vg — g(1 — eg)Vg. < - >
elal(v.0) = 1w = 1) (02(1 — £9:)V0 (1 = £0)) (S ps = 0
Vg V. 2
=gg«(1 —e9)(1 — eg4 Hv—v*< — ) >0.
( . | ) g(1—eg) g:.(1—eg)

(1.7)

In contrast to what happens in the classical case, here the steady solutions to (1.1) satisfying (1.4)
are of two different kinds: first, Q. (M) = 0 if M. is the following Fermi-Dirac statistics:

ae exp(—be|v — ul?) M,
= = 1.8
Me(v) 1+ eacexp(—belv —ul?) 1+eM,’ (18)

where the parameters ac, be are semi-explicit and tuned so that M, satisfies (1.4) with equality
sign. Second, the distribution

Fe (U) - eillB(u,R) (U)v (1.9)

1
3
where B(u, R) is the open ball in R? centered at u with explicit radius R := <?SQQ€> , also

satisfies Q¢ (F:) = 0 and (1.4) (for € small enough), where |S?| is the volume of the unit sphere.
Such a degenerate stationary state, referred to as saturated Fermi-Dirac distribution, can occur for
very cold gases, where an explicit condition on the gas temperature can be found. Notice that,
under the additional constraints:

0< f<e™, ‘{UGR3;O<f(U)<€71}‘7EO,

the Fermi-Dirac statistics is the unique stationary state (see [8]). It is also a minimizer of the
functional —S,(f).

The coexistence of these two kinds of steady solutions has important consequences on the long
time behaviour of solutions to (1.1). Indeed, as long as finite energy solutions are not saturated,
only the Fermi-Dirac statistics (1.8) are possible limit points for the solution to (1.1); yet, if the
initial datum happens to be very close to the degenerate state (1.9), one expects the convergence
to be slowed down by such equilibrium regimes. To illustrate this, let us summarize some of the
results of our contribution [3] dealing with v € (0, 1].

Theorem 1.1. Consider 0 < v < 1 and0 < fy € L; (R3) with Sy = max{?’% + 2,4 —~}
satisfying (1.11), and let f = f(t,v) be a weak solution to (1.1) as constructed in [7]. Then,
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(1) limy_yo0 || f(t) — Me HL% = 0 where M. is the Fermi-Dirac statistics with same mass, energy
and momentum as fo.

(2) If moreover f € L(R3) for k large enough (explicit), then there exists et € (0,1) such that
foranye € (0,€),

1) — Mellyy < Coxp(-Aet),  VE20, (1.10)
where A¢ > 0 is explicit, and C' > 0.

Here above and in all the sequel,
Ly(R?) := {f € L'(R?) ; my(f) < oo},
L) = {75 1112 = [ 1F@PWPa <o}, seR
R
with
1
mi(f)i= [ @ @de, ()= (b seR

The optimal convergence given in (1.10) is based upon a careful spectral analysis of the
linearized Landau-Fermi-Dirac operator around M., and A\ > 0 is its spectral gap. The condition
on the quantum parameter € € (0, et) is interpreted as a non-saturation condition of the dynamics
(and not as a smallness condition). Indeed, if we call g5, the limiting quantum parameter that
saturates the initial data, the results in [3] are valid in the range 0 < et < cegy for some explicit
universal ¢ < 1. Although convergence to Fermi-Dirac statistics still happens up to et < egy, it
is an open problem to prove such convergence with explicit rates.

The main scope of the present paper is to provide a direct approach to the trend to equilibrium

for the evolution of the Landau-Fermi-Dirac dynamic where the convergence is obtained in terms
of the relative entropy only. This requires sharp functional estimates.

Let us introduce the relative Fermi-Dirac entropy defined, for any nonnegative f, g € Li(IR?)
with0 < f<eland0 < g <e ! by

He(flg) = =Se(f) + Se(9)-

The definition is similar to the usual Boltzmann relative entropy

Ho(flo) = H(P) ~Hip) = [ Plogfao= | gloggd.

defined for nonnegative f, g € L'(R?) with [ps f(v)dv = [gs g(v)dv, and used in particular in
the study of (1.3).

1.3. Main results. Before stating the main results of the present contribution, we introduce the
baseline class of functions to which the initial distribution fi, is associated to:

Definition 1.2. Fixeo > 0 and a nonnegative fi,, € L3(R3) satisfying

0< [|finlloo = 5" < 0 and S0 := Sey(fin) > 0, |H(fin)| < 0. (1.11)
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Foranye € [0,&0], we say that f € Ve(fin) if f € L3(R3) satisfies 0 < f < e},

1 1 Oin
/3 f(v) v dv = \ fin(v) v dv =: OinUin ,  (L12)
K ‘UP R ”U|2 30inEBin + Qin‘uin‘2

and Se(f) = Se(fin)-

Remark 1.3. The definition above can be naturally extended to cover the case € = 0. Of course for
this case we also assume €9 = 0 and replace (1.11) simply with

fin € Ly(R%),  [H(fw)| < o0,

and we say that f € Yo(fm) if f € LI(R3) is nonnegative and satisfies (1.12) together with

Up to replacing f with
3
~ E?
flo)=—""2f (\/ Einv + Uin) ., wveR3
m
there is no loss in generality in assuming
oin = Ein =1, uin = 0. (1.13)

This assumption will be made in all the sequel and M, will always denote the Fermi-Dirac
statistics corresponding to this normalization. Solutions to the Landau-Fermi-Dirac (also called
LFD) equation constructed in [7] are known to belong (for all ¢t > 0) to the class Ve ( fin) if the
initial datum fi, satisfies conditions (1.11)-(1.12). This is the reason why we focus on the study
of the entropy production functional Z.(g) for functions g belonging to such a class. More
specifically, fi, will always be assumed to satisfy (1.11)-(1.12).

The analysis developed in this manuscript allows us to revisit the contribution of [3], devoted
to hard potentials, and to improve it in several aspects. More precisely, we provide a new entropy-
entropy production estimate based on works of the third author which allows to strengthen and
simplify several results given in [3]. Namely, we prove the following inequality.

Theorem 1.4. Assume that g belongs to the class Ve ( fin) together with the normalization (1.13)
and assume moreover that there exists kg > 0 such that

inf (1 —eg(v)) > Ko. (1.14)

vER3
Then fory = 0,

12¢2 5 9
Te(0) > 2A(0) | be — e max((lg]%, M%) | HetolMe),
0
where A(g) > 0 is given by
1 el
~—— = 510— max(1, B,) max (1,m21,(9)) -#(g), (1.15)

Ag) Ko
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with
S(g) = sup (UW/ g(w)|w —v\_'y<w>2dw7
vERS3 R3
and
1 . St . .
B, = min inf T o2y d — = min - 2du.
B, i) oest /Rg Ty T ) g(v)dv, e T3 /R L 9()vi dv

Recall that M and b ‘were introduced in (1.8).

The condition (1.14) is needed here to rule out the possibility that g be too close to the
degenerate state (1.9). We already point out that solutions f(¢,v) to LFD equation (1.1) satisfy
(1.14) as soon as t > 0. We refer to [5, 3] for the proof of this fact in the range v € (—2,0] and
v € (0, 1] respectively, under some conditions on &€ < &gy¢. In fact, K is uniform w.r.t. time when
t>to > 0.

It is noteworthy to observe that Theorem 1.4 is valid in the classical case e = O with g € Vo (fin)
(as described in Remark 1.3). In this case, assumption (1.14) is clearly satisfied and by = % This
yields the following novel version of the results in [24], which can be seen as a variant of
Cercignani’s conjecture for the Landau equation with true hard potentials (this result could
alternatively be obtained using the logarithmic Sobolev inequality of Gross [27, Chapter 2] and
Proposition 4 extracted from [20]):

Corollary 1.5. Assume that g € Yo(fin) together with the normalization (1.13). The Landau
entropy production

1
Pol9) = 5 /RG v = 072 gg. [T(v — v.) (V1og g — Vlog g.)|* dudv,
satisfies, for v = 0,
g9(v) 3 o[
> = Ll
i) > o) [ o(w)log Eba0 Moo) = ) F e (<1

where \(g) > 0 is given by (1.15).

For suitable solutions to Landau equation one deduces then the following corollary, which
improves the entropic convergence obtained in [24]:

Corollary 1.6. Lety € [0,1]. Consider 0 < fin € L}, 5(R?), with§ > 0, satisfying (1.11) in the
casee = 0 = g together with the normalization (1.12)~(1.13). Let f = f(t,v) be a weak solution
to the Landau equation (1.3) as constructed in [23)]. Then, for any ty > 0, there exists some explicit
> 0 such that

Ho(F(DIM) < Holfinl M) exp (—pu(t —t0)), ¥t > o,

Proof. We give here a sketch of the proof which illustrates the interest of deriving functional
inequalities like those of Theorem 1.4. If f(¢, ) is a solution to (1.3) as constructed in [23], then

S HF(OIM) = ~Z(f(1)), V>0
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so that, according to Corollary 1.5, we deduce that

SHATOIM) < -AFOH(FOIM), Ve >0,

One can then prove easily (see Section 4 for details) that, for any to > 0,
i >
EAS(0) 2 4> 0,

from which the conclusion follows by a simple application of Gronwall Lemma and the fact that

Ho(f(to)|M) < Ho(fin|M). O

The above line of reasoning can be still implemented for the LFD equation and an important
consequence of Theorem 1.4 is the following improvement of the convergence result stated in
Theorem 1.1.

Theorem 1.7. Lety € (0,1]. Consider 0 < fin € L;’Y (R3), with s, = max {377 +2,4 —~},
satisfying (1.11) together with the normalization (1.12)~(1.13). Let f = f(t,v) be a weak solution to
the LFD equation as constructed in [7] . Then, for anyty > 0, there exists e’ € (0,¢&¢) and pu > 0
(depending only on ty and H ( fin)), such that

He(f(1)Me) < He(fin|Me) exp (—p(t — o)), Ve € (0, ET)> t > 1.
It is worth noticing that the convergence here is an entropic convergence which, of course,

implies a convergence in L3 thanks to the following Csiszar-Kullback inequality for Fermi-Dirac
relative entropy obtained in [30, Theorem 3]:

If = Mel2: < 2He(fIMe), (1.16)
forall0 < f < éwith
1 1
/ f(v) v dv=1 0
R3 ‘1}’2 3

As mentioned earlier, we aim to provide a systematic study of the entropy production which in
particular applies also to the study of soft potentials. For such soft potentials, the entropy estimate
provides some fundamental a priori estimate on solutions to (1.1). We refer the reader to the
recent contribution [20] where this question is described in detail for solutions to the Landau
equation (1.3) for Coulomb interactions. In this context, our main result can be formulated as
follows:

Theorem 1.8. Let0 < fi, € L3(IR?) be fixed, and satisfy (1.11) together with the normalization
(1.12)—=(1.13). Assume thaty < 0 and € € (0,&q]. Then, there exists a positive constant Co(7y)
depending only on H ( fin) and on ~y such that

/R3 ’v\/g(T)r (v)¥dv < Co(y) (1 + Ze(g)) , Ve € (0, e0], Vg € Ve(fin)-

A similar result is known to hold for Landau equation (i.e. € = 0), and is a consequence of
more general functional inequalities for the entropy production %, see [18, 19]. In the quantum
case, the situation is very similar, and Theorem 1.8 is a consequence of a more general functional
inequality (see Proposition 2.2).
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1.4. Organization of the paper. In Section 2, we present the two main functional inequalities
satisfied by the entropy production Z.. In particular the complete proof of Theorem 1.8 is
presented. The method is inspired by the results of [18, 20]. In Section 3, the links of the
functional inequalities obtained in Section 2 and the relative entropy H(f|M.) are described.
We give the full proof of Theorem 1.4 which is valid for hard (and Maxwell molecules) potentials
~ = 0. We briefly explain how such estimates can be used to the study of the LFD equation (1.1)
for soft potentials v < 0, anticipating the results obtained in [5]. We finally apply Theorem 1.4 to
the long time behaviour and get Theorem 1.7, extending the results of [3], in Section 4.

Acknowledgments. R. Alonso gratefully acknowledges the support from Conselho Nacional
de Desenvolvimento Cientifico e Tecnologico (CNPq), grant Bolsa de Produtividade em Pesquisa
(303325/2019-4). BL gratefully acknowledges the financial support from the Italian Ministry of
Education, University and Research (MIUR), “Dipartimenti di Eccellenza” grant 2018-2022 as well
as the support from the de Castro Statistics Initiative, Collegio Carlo Alberto (Torino).

2. TwoO KINDS OF FUNCTIONAL INEQUALITIES FOR ENTROPY PRODUCTION

We provide in this section the two main functional inequalities associated to the entropy
production Z( f). Before doing so, we recall the following result, see [3, Lemma 2.3 & 2.4].

Lemma 2.1. Let0 < fi, € Li(R3) be fixed and bounded satisfying (1.11). Then, foranye € (0, &¢),
the following holds:
(1) For any f € YVe(fin), it holds that
inf / F(1—ef)dv > n(fm) >0, (2.1)
[v|<R(fin)

0<e<eg

for some R( fin) > 0 and n( fin) depending only on H ( fin) but not one.
(2) Foranyd > O there existsn,. () > 0 depending only on H ( fin) such that forany f € Ve(fin),
and any measurable set A C R3,

Al<n(6) = [ f0-enav<s (22)

2.1. Entropy dissipation aiming to regularity. We now aim to provide a control of the reg-
ularity of the solution f(¢) to (1.1) by the entropy production in the spirit of [18, 19]. We first
observe that we can easily adapt the computations of [19, Theorem 2] (which actually work also
in the case v > 0) and prove the following functional inequality where, for any s € R and any
function f = f(v) and x = x(r) (r = 0), we set

Gs(x, f) = /R x (30]?) f(v)(v)*do.

Proposition 2.2 (Functional inequality). Let g = g(v), M = M(v) > 0 and ¢ = ¢(r) be
given nonnegative functions with0 < g < 1. Write

F=g(l-eg), h =logg — log(1l — €g). (2.3)
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Then, foranyy € Rand anyi,j =1,2,3,i # j,

Bows(FF [ F@)10h(o) o)

< 36 Gal, F)* (gzu,FM) [w%(qs,g) n 8g§<|¢>/r,g>] 27,0, M)@e@),

where

F,6:M) = sup M) [ (3huf’) Plw)w)o - w|du,

veER3

1 W; wy
Agij(F) = Det (/R3¢(§w2) F(w) ( w; W} w0 ) dw) .

w;  W;wy wj

and

One deduces then our main result in this context (Theorem 1.8) in this way:

Proof of Theorem 1.8. Remember that v < 0. Let us fix € € (0,&¢] and g € Ve(fin). Notice then
that

f()(W)2dv = o1 (1 + 3Ey,) = 4,
R3
under assumptions (1.12)—(1.13). We apply Proposition 2.2 with
M(v) = (1—eg(o))(v),  ¢(r)=(1+2n)i.

One has
Ga(6.F) = [ )" iF (v <4
Go(1, P M) = [ (0)(1 = eglo) Pglo)dv < 4,
2 2 2
(o0 = ([ o) <7
and

6.0 = ([ @+ 0ene) < ([ o) <

by Cauchy-Schwarz inequality. Moreover, there is some explicit C; > 0 such that,
v — w77 < Cyv) (w) ™7, Yo, w € R,
so that
Jy(¢, M) < Cysup(1 — e g(v)){v)” /RS (w)VF (w)(w)*(v) 7 (w) " duw,
resulting in

T.(6, M) < C, / F(w)(w)2dw < 4C,.
R3
Finally,

A 2 _ 0ig(v)[? _
/11&3 F(v)|0;h(v)|” M(v)dv —/ — == (v)’dv = 4/11{3

rs  g(v)

aﬂ/g(u)(2 (v)dv.
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Therefore, with such a choice of ¢ and M, we get (for all i # j)

Agij(F)? /
]R3

It remains to find a lower bound for Ay ; ;(F'). One can write
[1,1] [1,wi] [[wja 1]
Agij(F) =Det | [wi, 1] [wi,wi] - [wi,wi] ]
[wj, 1] [wiswil - [wy, w)]

where [, -] denotes the inner product on L?(R?, ¢(3| - |?) Fdw). Thus, Ay ; ;(F) is the determi-
nant of a Gram matrix and as such,

Gl-\/g(v)r (w)¥dv < 9-4° (12 + 292 + 207%(9))- (2.4)

Boas(F)5 > it [0 (3uf) Plw) oy + oy + 0wy dus
ogc R3

since the right-hand side is less than any eigenvalue of the matrix. Recall that we picked ¢(z) =
(1 + 22)7/% For any o = (01, 09, 03) € S%, one has, for all 7 > 0, R > 0,

/]R3 ¢ (%’w\z) F(w) |o1 4+ o2 w; + 03 wj‘de
ol
Z 7'2 /B <w> 2 F(w)1{|01+02 wi+0o3 u)j|>~,-}dw
R

ol
= 7'2(1 + R2)4 /B F(w)l{\al—&—zfg w;+03 wﬂ}’r}dw

R
= 7-2(1 +R2)% </ F(w)dw _/ F(w)1{|01+02w¢+03w]’|<r}dw>7
B Bnr

where B = {w € R?; |w| < R}. Thus
Boag(P)} = P+ BE [ glw)(1 - e glw)du
Br

- T2(1 + RQ)% sup / g(w)(l - Eg(w))]-{\al—&-crz w;+o3 wj|<7-}dw- (2-5)
o€eS? Br

With the notations of Lemma 2.1, let now consider § > 0, to be fixed later. Arguing as in [19, p.
141], we can find 7 = 7g 5 > 0 small enough such that

|Arps NBr| <nu(6) Vo €7,

where, for any o € S?, we introduced the set A, = {|o1 + o9 w; + 03 wj| < 7}. Then, thanks
to Lemma 2.1 (2),

a
4

=

Boig(F)} > rh(1+ B [ glw)(t - egtu))du — 7501 + BT

Br

Selecting R = R(fin) given by Lemma 2.1 (1), and using the quantity 7( fin) > 0 appearing in

this lemma,
v
4

Dgij(F)3 > Ta(s.s(L+ R(fin)*) T (n(fin) — 6).
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We pick then § = $7(fin), and get that Ay ; ;(F) is bounded below by some strictly positive
constant depending only on H ( fiy ). We conclude then thanks to (2.4). O

Remark 2.3. Whenever —3 < 7y < 0, for an initial datum fi,, satisfying assumptions (1.11) and
(1.12), any suitable solution f(t,-) to Landau-Fermi-Dirac equation (as constructed for instance in
(5] in the case —2 < v < 0) will then satisfy

/t:2dt/RS vv\/m2

Since

(v)7dv < Cy(7) /t2 1+ 2:(f(t)))dt, 0<t <ty.

t1

S ®) = ~Ze(4(0),

one deduces then that

/: dt/R3 v, ()

Notice that a different proof of such inequalities is obtained in [5] for —2 < v < 0.

Using the Sobolev embedding ||ul| s < ||Vul 2 withu = (v)7/2\/f(t,-). The above regularity
estimate translates easily into an estimate for the weighted norm ||(-)7 f (¢, -)|| 3. It is also possible
to deduce (for some p > 1) LY LY bounds for the solution to (1.1) (see [5] for details).

X
2

2 ~
\/f(t,v))‘ dU<CO(]_+t2*t1), V0 < t1 < to.

2.2. Entropy dissipation aiming to long-time behaviour. We will consider in all this Section
a function fj, satisfying (1.11)—(1.12) and (1.13) and a function g belonging to the class Ve (fin),
e € (0,&p] (or g € Vo(fin) in the case e = 0 = &y, see Remark 1.3).

Without loss of generality (it amounts to the use of a rotation of R?), we also assume that

/ g(v)vivjdv =0, N (2.6)
R3
Noticing that, for any z,y € R3,
1 1
JePI=)y,y) = 2Pl — (200 = 5 D leas — 2wl = 5 ) 1w — il
i,J 1#]
we have, with z = v — v, and y = Vi — V,,

1
Pe(g) = 1 Z /R3><]R3 FF,|lv—w|” ‘qij(v,w)]2 dvdw, (2.7)
1)

where F' = g(1 — e g) and
gij (v, w) = (v = w); (O5h(v) = jh(w)) — (v = w); (Fih(v) — h(w)).
Notice that
q(v,w) = (v —w) x (Vh(v) — Vh(w)).
We have clearly
ij(v,w) = [v x Vh(v)];; — vi0jh(w) + v;0;h(w)

— w;0;h(v) + w;O;h(v) + [w x Vh(w)]z.j. (2.8)
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Integrating ¢;;(v, w) against g(w) and using (1.12), one has
Ni;j == N;;j(v) = /qij(v,w)g(w) dw = [v x Vh] 0= v;0jh(v) — v;0;h(v), (2.9)

while, integrating ¢;;(v, w) against g(w)w;, one obtains

M;j = Mij(’U) = /qij(v, w) g(w) w; dw = —a; th(v) + Kv; — Ly, (2.10)
where
1
aj == / g(v) v? dv; K=K, = / log(1 — e g(v)) dv;
R3 € JRr3
1

Lj:=Ljc= / log(1 —eg(v))vjdv. (2.11)

€ JRr3

Remark 2.4. Notice that, under the additional assumption that inf, (1 — eg(v)) > ko (see (1.14)
hereafter),

[, 1ox(1 — egtopldv < [ (1= eg(w)log(1 — eg(v))dv < £5.(9) < .

which makes K well-defined. Moreover, K < 0 with lime_,o K¢ = fng g(v)dv = —1. One
actually can check that

K(g) = / w;0;h(w)g(w)dw, Vi=1,2,3.
R3
In particular, since VMg (v) = —2bev Mc(v)(1 — eMe(v)), one has
K := K(M.) = —2b. [ Mc(v)v?dv=—2b.  Vi=1,2,3,
R3

since the energy of M. is equal to 3 and, because of radial symmetry, the directional energies all
coincide.

Remark 2.5. Finally, notice that
/3 ¢ij (v, w)g(w)wjdw = a;0;h(v) — Kv; + L; = —Mj;. (2.12)
R’
We begin with the following basic observation:

Lemma 2.6. Besides the above assumption, we assume that g satisfies (1.14) for some ko > 0. Then,
forany~y € R and anyi # j,

ﬁo/ | Mij2g(v)(v)Ydv < 412 (9) Zc(g),
and
%/MMAg o)dv < 410 (9) Ze(g),

where, for any s > 0,

ISYS)( := sup (v / lv —w|7g(w)|w|*dw.
veR3
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Proof. From Cauchy-Schwarz inequality, we infer that

Mo < (oo Patwilo = wraw) ([ o= wlgtwpuan)

so that

/RS g(v)|Mi;*(v)7dv < sup <<v>“f /Rs lv— w|_'yg(w)wi2dw>

vER3
x / 1453 (0, ) v — w["g(v)g(w)dvduw.
R3 xR3

The last integral is bounded from above by 4k 2P, (g) according to (1.14), whereas the first
integral is obviously bounded by I,(yz) (9), whence the result. The proof for N;; is identical. [

Remark 2.7. Notice that, for v > 0, Iss) (9) < oo as soon asv — |v|°g(v) is smooth enough
=7 < max(1,2777 Y (v) T (w) 7 for any v,w € R3, one

whereas for v < 0, using that |[v — w
sees that
Igs) < max(1,277 ) ms_(9), s > 0.

Notice that (2.10) can be written as

1 M;; L;
8jh(v)—va:K<'—1>vj— ]——7,

aj

so that

Lo ) — Ko, 2 < K2
3 J J

1
1 —
a;

and integrating against g(v)(v)?, we obtain

5 [, losne) = Koge) oo

1
1— =
a;

< K2

2 2 2
[, stwrioravs [ Méjg<v><v>7dv+f;§ [ s, @

which holds for any 1 < ¢ # j < 3, and any v € R. We need to estimate the various terms in the
right-hand side of this expression. We begin with the following:

Lemma 2.8. With the above notations, for any v € R, we have

2 2 2 2 2 2 2
k2o L e d [ % / M, My My M|
ai 9 Ay ’ Ajy R3 a,z a? a% a?

x g(v) (V)0 dy,  (2.14)

where, for{ = 1,2, 3,

inf / (o1v¢ — 02)? g(v) (V) 'dv  ify <0,
Ag;y := ¢ oeS! JR3

Tay ify=>0.

(2.15)
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Proof. Using (2.10) for ¢, j, k all distinct, we see that

11 M;; My,
<_>Ww—%ﬁ=”—m- (2.16)
a; Gk a; Qg

Taking the square of (2.16) and integrating against g(v)(v)™*(79) we get

2
/ (Kvj — L;)? g(0) (o)™ 0 dy
R3

2 min 2 min
<5 / MZg(v) ()™ 004y + = / MZg(v) ()™ 00y, (2.17)
a; JRr3 CLk R3
One observes then easily, by a homogeneity argument, that if v < 0, then

[0 = L g)teyde > (124 1) it [ (o0 - 02 gle) (o) do,
R3 R3

oeSt

whereas, using (1.12), we have
[0 = 1) glo)do = (o K2+ 1) >
]R3

since 0 < a; < 3. This shows that

2 2

Lo =

/ (Kvj — Lj)? g(v) (o)™ 0o > (K2 + L2) A;,,,  Vj=1,23, 7E€R,
R3

so that (2.17) reads

2
Aij

2

1 1

1 .
K2 L2 < = M2 mln('y,O)d
o B < [ Mg O

1 ‘
+2/ M%g(v)(v)mm(%o)dv. (2.18)
ap JR3

Remembering that a; + as + a3 = 3, which can be rewritten (for ¢, j, k all distinct)

1 i (1 1 1 1
1_:%<_)+%<_> (2.19)
a; 3 \a; a 3 \ar a;
we get first that
1?2 1 2 1 1
K?1—-—| <= |a?K?*|— - = K ———| |,
a; 9\ "/ a;  a ag - a;
whereas (2.18) implies
1 12 a? [ M2 Mzk_ .
272 & J ik J min(+y,0)
a: K <2 + v){v dv, 2.20
e e M - LG @20
and )
1 1 a? MG M, -
T I I = o] PO
ap  a; i Jrs | @ ap |
which result in (2.14). O

We also get the following lemma:
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3
Lemma 2.9. For anyy € R, we set Ay = max (1, > and

InlngAg,,y
B! = inf / o1 = a90; | g(0) () FTO 0o i £ (2.21)
g
One has, for all distinct i, j, k € {1,2,3}

L? 2

; ; 4Bz] </ N mln('Yv )d’U
a; a3

M2 M?Z M?Z2 O MP i
24, 3 a;k + a% + agl + QQZJ g9(v)(v) 00qu |
RS | 9 j j i

Proof. One observes that, inserting (2.10) in (2.9), we get

L, L; M;; M;; 1 1
“vj— v, =Ny + - L+ ( - > Kwvv;.
a; a; a; a; a; a4
Integrating the square of this identity against g(v)(v)™"(7:0)=2 we obtain
1 Li L; ’ —2+4min(v,0
1[0 e KR

< [ N2g()(n)mn0-2-2qy 4 /
RS

1 1 ? 2 2, 2/, \min(y—2,—2)
+(——— | K g(v)v; vy (v)™ dv.
R3

073 aj

M2 M2 )
( 2 v? + a?v?) g(v)(v)™r(1=2=2) 4y

Clearly, by a homogeneity argument, the left-hand-side is bigger than

2
1 & + I;ZQ B!
4 a? a? LA

whereas, using the bound v? (v)™"(7=272) < 1 and the fact that

[ st 0du < [ gofao =3,
R3 :

R.S
we obtain the bound

L2 L2 — min(vy—2,—
1 (; + ;) B < | Nigv)(v)™0=>"2)dy
J

M2 M2 . 1 1\?
+f ( o+ §Z>g<v><v>mm<%°>dv+3f<2 (5-2)
R3 a; ay a; Qaj

i J
M2 M2 )
( >+ ;Z>g<v><v>mm<%°>dv

< [ Moo

R3 R3 a; a;
6 M2 M?Z .
g i = PO
ky JR3 i j
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where we used (2.20) to estimate the last term. We obtain the desired result using the definition
of A,. O

Remark 2.10. Arguing exactly as in [13, Proof of Proposition 5, Estimate of S, p. 395-396], one
can prove easily that, when

[ s hozslav< . 5 <o, 222)

there exist co > 0 depending on H and c; > 0 such that

Bigl = ¢ exp (—clH) .

In the same way, fory < 0, and any o € S,

/ g(v)|o1ve — 02|2<v>7dv > <R>7/ g(v)do, R >0,
R3 Cr

where Cr := {v € R3, |v| < R, |o1vy — 02| > 1}. Then,

Ay 2 (R)Y | 1 —/ g(v)dv — sup / g(v)dv
[v|>R oeSt J|orvp—o2|<1, |v|<R

> (R) <; _ /|v|<Rg(v)dv> . VR>,

since f|v|>Rg(v)dv < R f|v|>Rg(v)\v]2dv < %. Now, arguing exactly as in [6, Proposition
A.1], under (2.22), there exists C(H) > 0 depending only on H such that

Ary = C(H).

Remark 2.11. Recall (see [3, Proof of Lemma 2.4]) that, if g € Ve( fin) and satisfy the normalization
conditions (1.12)—(1.13) then

H(g) < H(fin) + oin= H(fim) +1,

where we recall that H(g) = [g3 9(v) log g(v)dv. Reminding also from [6, Lemma A.1] that there
is some constant co > 0 such that

3
[ s@ogg(u)ldv < H(g) + eaBy, = Hlg) +
R
we see that, for g € Ve(fin), (2.22) is met with H depending only on H ( fi).
We have all in hands to prove the functional inequality.

Proposition 2.12. Let g satisfy (1.12)—(1.13) and (1.14), and v € R. Then, the following estimate
holds:

Fg)i= [

Vg(v) 2
g(v)(1 —eg(v)) — Kv| g(v){v)"dv

e5 Ay
< 170 " max(1, By) max (1, ma4(9)) #(9) Ze(g), (2.23)
0
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3

min; a;’

— L, B.. — 3 =
where B, = max;; B;;, A, = max (1, Ty Ajﬁ)’ e, =

I(9) = s;l]é)g(vﬂ /]R3 g(w)|w — v\_7<w>2dw,

1
and we recall that K = - / log(1 — eg)dv, where A; ., is defined in (2.15), a; is defined in (2.11),
3

R
and B;; is defined in (2.21).

Proof. We fix j € {1, 2, 3} and estimate the terms in (2.13) using the previous Lemmas. For a fixed
1 # j, we denote for simplicity S, S2, S3 the first, second and third term on the right-hand-side
of (2.13). One deduces first from (2.14) that

4A M2 M3 ME M? ,
S1< G mais (o) [ [ F o g | (o) (o)™,

2 2 2 2
3 a; a; ag a;

where we used that a7 < 9 and Ai,w < %A7 for any k € {1,2,3}. According to Lemma 2.6, one

obtains then
64 e% A,

Tﬁ%m%f—v(g)]’g) (9)Ze(9)-

1 X

Moreover, still using Lemma 2.6,
4e?
82 < 53 1P (9)Z:9).
0

One also has from Lemma 2.9
2 min(+y,0) v A'Y 2 min(+y,0)
Sz < 4B;j m~(g) » Nig(v)(v) “dv 4+ —g  max . M3.g(v)(v) Pdv |,

which, from Lemma 2.6 gives

16 8e2 A
S5 < 2 Biymy(9) (ISO) (9) + '7971%2)(9)) Pe(9)

Combining these estimates, summing up over j = 1,2, 3 and using that 1 < A,, 1 < e, while
0 2
I§ )(g) + I§ )(9> = .7,(g), we get

/]1&3 |Vh(v) — KU|2g(v)<v>7dv < .Z/Rs |9;h(v) — va‘zg(v)@)'ydv < 9(S1+ 52+ 53)

64 4 5 8
<0 %0 g ()2 {52 Aymaral) 4 16 mas By ol ma(er .5 4,) |

e? 64 4
<9A, R—% max(1, B,) max(1,may~y) Z(9) [27 + 9 + 16} Pe(9)

which yields the desired estimate. g
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3. LINK WITH THE RELATIVE ENTROPY

The results of the previous section presented several functional inequalities for the entropy
production 7, and some weighted Fisher information. Since applications are oriented more to
the study of the long-time behaviour of the solution to (1.1), it is more relevant to link the entropy
production to the Fermi-Dirac relative entropy rather than the Fisher information. Proposition
2.12 is a first step in this direction since the entropy production Z,(g) controls some quantity
F®(g) (see (2.23)), which has to be interpreted as a weighted relative Fisher information for
h = log g — log(1 — €g). To be able to get tractable estimates for the evolution of the relative
entropy He(g |Me), a comparison of such relative Fisher information to H¢ (g | M¢) is needed.
We face two difficulties:

i) First, because of the parameter K, the Fermi-Dirac statistics is not making the weigthed Fisher
information vanish. The relative Fisher information which can be related to the Fermi-Dirac
entropy is, for function g satisfying (1.12),

7 (g) = /R Vh(v) + 2bev]” g(v) (v)™ D do, 3.1)

since it is the one which vanishes for ¢ = M, given by (1.8).

ii) Second, we need an additional general functional inequality which allows to link the relative
Fisher information to the relative entropy. In the classical framework, such a link is well-
known and is given by the logarithmic Sobolev inequality [27, Chapter 2].

3.1. The hard potential (and Maxwell molecules) case. In this paragraph, we assume vy > 0.
We still consider here functions g in the class Ve ( fin) as in Section 2.2. In this case, the weighted
relative Fisher information () in (2.23) can be bounded from below by FO je.

FOg) > FO9) = [ [Vhv) - Ko g(o)d
and inequality (2.23) reads :
[, 1900 = Kol o)) v < FD ) <37 (0) 7o), 62)
where A\~1(g) is given by (1.15), since A, =3e, when~y > 0. Now,
FO(g) = / Vhg(v)dv — QK/ (gVh) - vdv + K? / glv|2dv,
R3 R3 R3

where we recall that & is given by (2.3). Using this with the identity gVh = —%V log(1 — eg)
and the fact that the energy of g is 3, gives

/ Vh(v) — Kv|? g(v)dv = / Vh[g(v)dv — 3K2.
R3 R3
With the notation (3.1), the same considerations give

7(g) = /R% IVh|2g(v)dv + 122 + 4b, /Rs gVh - vdv

:/ |Vh|?g(v)dv + 12be (be + K).
R3
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Taking this into account, inequality (3.2) reads

3o ([ 1hPg(o)an - 352) < ),

or equivalently
M) 73 (g) = 3A(g) (K + 2be)* < Ze(g). (33)

It is known from general results in [14] that 70 (g) controls the relative entropy He(g| M)
(see [15, Eq. (3.21)]). Precisely,

7(g) > 2beHe(gIMe). (3.9
We therefore need to compare (K + 2be) with Z¢(g).

Lemma 3.1. Ifg € Ve(fin) satisfies (1.12)—(1.13) and (1.14) and M. is the associated Fermi-Dirac
statistics,

2e
| K+ 2be| < e max([|glloo, [[Melloo)llg — Me|lL1-
0

Proof. One has

1
K +2b. = e/ [log(l —eg) —log(l —eM¢) +e(g — M¢)]dv
R3

1

— 2 [ (g - cleMe(wp) do,

€ JRr3

where we introduced the function {(x) = log(1 — =) + x, > 0. Observe that

((z) = /0 (f__tt)z.dt, Vz >0,

C(ex) — ((ey) = €2 <— /033 (1:U__Ett)2dt+/0y (1y__€i)2dt> .

Assuming that min(1 — ez, 1 — ey) > Ko and, say, © > y, one gets

so that

1 Vv -y rox—t
- — = —dt ——dt
2 o) el =e | [ g+ M i
T4y
Se€ 2 |1E*y|’
ko
so that
€
K2 < 5 [ 9= Ml (g+ Moo,
Ry JR3
which gives the result. g

We deduce from the above the full proof of our main result:

Proof of Theorem 1.4. Combining (3.3) and (3.4) with the previous Lemma, we get

12
De(9) = 2A(g) beHe(gIMe) — g€2>\(g)\|g — M |7 max(lg]lZ. [|Me][3),
0

which gives the result thanks to Czizar-Kullback inequality (1.16). 0
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A crucial point for the long time behaviour of solutions to Landau-Fermi-Dirac equation is
that ||g||~o is independent of € (in the large time), so that we can take e sufficiently small for the
coefficient in the theorem to be positive.

3.2. The soft-potential case. The case v < 0 is difficult due to the weight (-)7 in F(?)(g). In
particular, no functional inequality in the spirit of (3.4) seems available in this case. In order to
exploit the entropy production Z.(g) to deduce results about the long time behaviour of solutions
to (1.1), a possible route is to adapt the strategy initiated in [35] which consists in looking for
an interpolation estimate between the entropy dissipation associated to v < 0 and v > 0. More
specifically, denoting the entropy production associated to the potential ¥(z) = |z|5*2 by 7% (9),

1

28(g) = / [v — v, T2 B [g] (v, vs ) dvdo,
2 Jr3yRr3

with E¢[g] defined by (1.7), a use of Hélder’s inequality implies that, for 0 < g < e~! with
Se(g) < oo,

D) < (%V)(g))ﬁ (955)(9)) T, ¥y <0<s,

Using Theorem 1.4 for 7 = 0, one sees that

Dg) = Aelg) He(gIMe)

for some function \¢(g) which can be chosen to be positive under a smallness assumption on
e > 0 provided that ||g||cc < C < &~! for some positive constant independent of &.
Assuming such inequality, we deduce that

70(9) 2 2el9)' 7 (2(9)) T HelgM)'TE, v <0<

In the application to the equation, it is possible to prove that C' depends only on mass, energy,
and initial entropy of g. Thus, there exists an explicit €, > 0 and Ay > 0 such that

inf{j\s(g) i 19llee S C}F = Ao >0, Ve € (0,&4].

Therefore, to bound from below @e(ﬂ’) (g9) by some power of Hc(g|Mc), it suffices to provide an
upper bound for 7% (g), hopefully independent of e.
It is not difficult to check that

9s/2

77 (9) < 87— msia(9) / (P Vyglde,  s>o. (3.5)
R

Therefore, establishing an upper bound for @és) (g) is equivalent to establish an upper bound for
the weighted Fisher information [, (v)**2?|V,/g lzdv.

This approach is adopted successfully for the solution to (1.1) in our contribution [5] for moderate
soft potentials v € (—2,0). We refer to [5, Section 6] for more details, but we can already point
out that several major technical difficulties arise when trying to follow this approach:
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(1) First, one needs to obtain a control of the various terms in Theorem 1.4, i.e. regularity
estimates, moment estimates and related issues. All these quantities depend of course on
the time ¢, but the a priori estimates turn out to grow moderately with time.

(2) Second and more difficult, one needs to show that the solution f(¢,v) to (1.1) satisfies
the lower bound (1.14). Such bounds are derived thanks to a new approach based on a
suitable level set approach inspired by De Giorgi’s method for parabolic equation and
introduced in [2] for the study of Boltzmann equation.

(3) Finally, because of the upper bound (3.5), some upper bound for the Fisher information
with weights has to be established for solution to (1.1). This can be done by adapting to the
Landau-Fermi-Dirac case the recent approach of [4], introduced for both the Boltzmann
and Landau equation.

4. APPLICATION TO THE LONG TIME BEHAVIOUR OF SOLUTIONS FOR HARD POTENTIALS

In all this Section, we consider hard potentials. We aim here to complement the results obtained
in [3] regarding the long time behaviour of the solutions to (1.1) in that case. We recall that
in reference [3] exponential convergence to equilibrium has been obtained for v € (0, 1] by
combining a non-optimal functional inequality for Z.(f(t)) together with a careful spectral
analysis of the linearized equation. Based on the results of the previous section, we prove that
exponential convergence can be deduced directly thanks to the entropy production appearing
in Theorem 1.4 which is an analogue of a proof of Cercignani’s conjecture, refer to [22], for the
Landau-Fermi-Dirac equation.

4.1. Reminders of known estimates. We recall that the following results were obtained in [3,
Theorem 3.1].

Proposition 4.1. Consider) < v < 1and0 < fi, € L;W (R3), with $y = max {377 +2,4— 7},
satisfying (1.11) together with the normalization (1.12)~(1.13). Let f = f(t,v) be a weak solution to
the LFD equation.

(i) Then, for any s > 0

T
/ / IV £(t,v)|?(v)*T7 dvdt < 400, VT >ty >0.
to R3

(ii) There exists some positive constant Cy, depending on H ( fin), s and to, but not on e, such that
/w (f(t,v) + f2(t,v)) (v)*dv < Cyy Vs>0,t>t)>0. (4.1)
Moreover, if
L, (70.0)+ £2(0.0)) (o) o < o0,
then ty = 0 is a valid choice in the estimate (4.1) with a constant depending on such initial quantity.

We also recall the following pointwise estimates, taken from [3, Corollary 3.7].
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Proposition 4.2. Consider 0 < fi, € Li7 (R3) satisfying (1.11) together with the normalization
(1.12)«(1.13) and 7y € (0, 1]. Then, for any solution f(t) = fc(t) to (1.1), it holds

sup || f(H)]lo < Cty,  Vio > 0.
t>to

The constant C_'to only depends on H ( fin) and ty.

Consequently, for any ty > 0 and kg € (0, 1), there exists €, > 0 depending only on kg, ty and
H( fin), such that

iang (1—e f(t,v)) = Fo, Ve € (0,e), t > to. (4.2)
(IS

4.2. Long time behaviour. We first observe that for any g € Ve(fin), the quantity A(g) is

bounded below by a strictly positive constant depending only on m2-(g) and ||g/|| 2, This is
o

a consequence of the two following lemmas.

Lemma4.3. Lety € [0, 1]. Foranyg € ye(fm)ngﬂ (R3) satisfying the normalization conditions
(1.12)—~(1.13), it holds that

73(9) < & (14 maiq(9) + lglz, ) (43)

for some c,, > 0 depending only on .

Proof. For all v € R, we split the integration in (v)7 [ps g(w)|v — w|~7 (w)?dw according to the

regions {|v — w| < %} and
{o—wiz i ={v-w>5; el <ol —w > =1}

to get

W [ ol —ui <o [ gt i du

-
+23 / g(w)|v — w| ™ (w)? dw + (U)V/ 0] g(w) <|U|> (w)? dw
RS {lo—wl>13L: pl>1) 2
<2 [ gl —wl wdw+ 23 [ gl - ul 7w
R3 R3

+ QSV/RBg(w)(w>2dw.

=4

Each of the first two integrals can be bounded by [; g(w)|v — w|~7 (w)*Tdw since v > 0.
Therefore, using the rough estimate 27 + 22 < 2! we end up with

(o) / g(w)lo — w7 (w)dw < 23742 4 27+ / g(w) Jo — w|™ ()27 dw
RS

[v—w|>1

+ 27+ /| - g(w) v — w|™7 (w)*™ dw.
v—w|<
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Asa consequence,

X —
F5(g) <222 Hmapa(9)) + 27 g0 (- 7<) | e

and the result follows from Young’s convolution inequality since f‘v‘ <1 |v]727dv < oo for
v€(0,3). 0
We now have the equivalent of the bounds in Remarks 2.10 and 2.11 for y € [0, 1].

Lemma 4.4. Lety € [0,1]. For any g € Ve(fin) N L*(R3), it holds that

1 ..
—— := min inf
B’y i#j oeS! Jr3

2
(7 Vj 1 1 / 2

01— —o2—| g(v)dv, — =min - g(v)v; dv (4.9)
(v) (v) (v) ey i 3 Jrs ()

are bounded below by a strictly positive constant depending only on ||g|| 72.

Proof. We observe first that

2
dv,

Vi

(v)

1 > min E / g(v)
e,y i 3 R3
so that it is sufficient to bound below BLW
Then for all 7 > 0 and o € S!, with the notations of Lemma 2.1 (1),

J.

V; (o
01— J

2
o] 90 [y s

V; (%

> 72 / g(v)dv —/ 1 v v g(v)dv
{ [v|<R(fin) [v|<R(fin) {‘”lmf‘”’ﬁ@}
01— — 09—

CRRCI } /}

This last quantity is bounded below by a strictly positive constant, uniformly with respect to o
and ¢ # j, when 7 is small enough. g

B(0, R(fim)) N {v € R3,

> 7 {n(fin) — llgll 2

In that case, Theorem 1.4 can be improved as following:

Corollary 4.5. Assume that~y € [0,1] and g € Ve(fin) N L3, (R®) satisfies the normalization
conditions (1.12)—(1.13). Then, there exists a positive constant Cy|g] > 0 depending only on ko and
some (upper bounds on) ma~(g) and ||g||L§+ , such that

vy

12¢?
-@e(g) = CO{Q} be — 7max(||g||go, ||ME||go) He(g|Me)'

0

Proof. The proof is a simple application of Theorem 1.4 once we notice that, thanks to the two
previous Lemmas, it is possible to bound A(g) from below by a positive constant depending on
ko, [lgllzz,  and mai4(g). m

We now are in a position to give a direct proof of the exponential decay of the relative entropy
drastically improving [3, Theorem 6.10].
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Proof of Theorem 1.7. The proof is a simple combination of Corollary 4.5 together with Propo-
sitions 4.1 and 4.2. Namely, for ¢, > 0 and 59 > 0, the solution f(¢) to (1.1) satisfies the
lower bound (4.2) for any ¢ > ty and any € € (0, €,). Moreover, according to Proposition 4.1,
SUPysy, Mot~ (f(t)) < Cyy and supyy, || £(2)]] 13, S C},- Consequently, with the notations of
Corollary 4.5, one has

inf Co[f(t)] =:v > 0.

t>to

)
Now, using again Proposition 4.2, sup,~,, || f(t) < Cy,. Moreover, according to [3, Lemma

3
A.1], we know that be > % foranye < € = (187)2 and there is a universal numerical

constant ¢y > 0 such that sup.¢ (g z) [ Melloo < co', one can choose el € (0,%) such that, say,

1 12¢? - 1
g - ?émax (CEO,C%) > E, Ve € (O,ET)
Setting now p := 1—161/, one deduces from Corollary (4.5) that

De(f(t) =2 pH(f(H)|Me) V> to.
Recall now that 4
—He(f(t)IMe) = —Z:(f(t)),  Vt=0,

dt
so that we deduce after integration that

He(f(t)Me) < He(f(to)IMe) exp (—p(t —to)), V= to,
and the result follows since He (fi)|Me) < He(fin|Me). O
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