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Introduction

Euler totient function φ is the function defined on the positive natural numbers N * in the following way: if n ∈ N * , then we have :

φ(n) = x ∈ N * : 1 ≤ x ≤ n , gcd(x, n) = 1 .
Clearly φ(p) = p -1, for any prime number p and, more generally, if α ∈ N * , then φ(p α ) = p αp α-1 . This follows from the fact that the only numbers which are not coprime with p α are multiples of p and there are p α-1 such multiples x with 1 ≤ x ≤ p α .

It is well-known that φ is multiplicative, i.e., if m and n are coprime, then φ(mn) = φ(m)φ(n). If n ≥ 3 and the prime decomposition of n is n = p α1 1 . . . p αs s , then from what we have seen

φ(n) = s i=1 (p αi i -p αi-1 ) = n s i=1 (1 - 1 p i ).
. The following property is simple but very useful in this paper. Proposition 1. If p, m ∈ N * , with p prime, and

n = pm, then φ(n) = (p -1)φ(m), if gcd(p, m) = 1, and 
φ(n) = pφ(m), if gcd(p, m) = 1.
Proof. If gcd(p, m) = 1, then we have

φ(n) = φ(p)φ(m) = (p -1)φ(m).
Now suppose that gcd(p, m) = 1. We may write m = p α m ′ , with α ≥ 1 and gcd(p, m ′ ) = 1. Thus

φ(n) = φ(p α+1 )φ(m ′ ) = p α (p -1)φ(m ′ ). However φ(m) = p α-1 (p -1)φ(m ′ ) and so φ(n) = pφ(m) . 2 Calcul the sum n k=1 p|k φ(k)
Let x be a real number , then ⌊x⌋ is defined to be the unique integer n satisfying n ≤ x < n + 1.This integer ⌊x⌋ is called the floor of x. Then we have rhis results : Corollary 2. Let m be an integer, and let x be a real number. Then, m ≤ x holds if and only if m ≤ ⌊x⌋ holds.

Proof. Recall that ⌊x⌋ is the unique integer n satisfying n ≤ x < n + 1. Thus, ⌊x⌋ is an integer satisfying ⌊x⌋ ≤ x < ⌊x⌋ + 1 . If m ≤ x holds, then m ≤ ⌊x⌋ holds . Conversely, if m ≤ ⌊x⌋ holds, then m ≤ x (because m ≤ ⌊x⌋ ≤ x). Combining these two implications, we conclude that m ≤ x holds if and only if m ≤ ⌊x⌋ holds. Corollary 2 is thus proven.

Proposition 3. Let x ∈ R and m ∈ N * . Then , ⌊x⌋ m = x m .
Proof. By the definition of ⌊x⌋, that x m is the unique integer n satisfying n ≤ x m < n + 1.Thus, x m is an integer satisfying x m ≤ x m < x m + 1 . But m ∈ N * and thus m ≥ 1 > 0 . Hence, we can multiply the inequality x m ≤ x m by m. We thus obtain m x m ≤ x. But the Corollary 2 (applied to m x m instead of m) shows that m x m ≤ x holds if and only m x m ≤ ⌊x⌋ holds (since m x m is an integer). Thus, m x m ≤ ⌊x⌋ holds (since m x m ≤ x holds ).Dividing this inequality by m, we obtain x m ≤ ⌊x⌋ m . We can now divide the inequality ⌊x⌋ ≤ x by m (since m > 0).We thus obtain

⌊x⌋ m ≤ x m . Hence , ⌊x⌋ m ≤ x m < x m + 1.So we have x m ≤ ⌊x⌋ m < x m + 1.In other words, x m is an integer n satisfying n ≤ ⌊x⌋ m < n + 1.But ⌊x⌋ m is the unique integer n satisfying n ≤ ⌊x⌋ m < n + 1 (because this is how ⌊x⌋ m is defined).Hence, if n is any integer satisfying n ≤ ⌊x⌋ m < n + 1, then n = ⌊x⌋ m .
We can apply this to n = x m (since 

∀k ∈ N * , f o • • • of k times (n) = n p k (1) 
Proof. we prove by induction on k that , then When k = 1, it is clear that f

(n) = n p . Assume that f o • • • of k times (n) = n p k . Then we have : f o • • • of k+1 times (n) = f o f o • • • of k times (n) = f n p k p
We let x = n p k to substitute into proposition 3, then We will find :

f o • • • of k+1 times (n) = n p k+1
Now after we give some property useful in this paper ,then , let n be a positive integer ,and put :Ψ(n) = So for p = 2 , we have : ∆(2n, 2) = Ψ(n) + ∆(n, 2).

xm

  is an integer n satisfying n ≤ x m < n + 1), and thus obtain ⌊x⌋ m = x m .Proposition 3 is proven . Proposition 4. Let n a positive integer and p a number prime, put f (n) = n p , Then we have :

  for every prime number p we put :Υ(n, p) = n k=1 (k,p)=1 φ(k) and ∆(n, p) = n k=1 p|k φ(k)Remark 6. For every prime number p we have :∆(pn, p) p -1 = Ψ(n) + ∆(n, p).

Then we have : Ψ(n) = Υ(n, p) + ∆(n, p) (2) Theorem 5. For every positive integer n ≥ 2, and a prime number p , we have :

Proof. we have :

From the proposition 1 , we have 

In the equality 4, Substituting n by n p , and by using the proposition 4 we have :

Now , Substituting this ∆ n p , p into 4 we find that:

In the same way if we repeat this operation up to an integer α such that n p α ≤ 1 finds this equality :