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Direct Numerical Simulation of polydisperse
evaporating sprays in 3D jet configuration using

Euler-Euler and Euler-Lagrange formalisms

By L. Fréret†, O. Thomine‡, F. Laurent¶, J. Réveillon‖ AND M. Massot¶

The use of robust and accurate Eulerian/Eulerian formulations in the modeling of
reactive two-phase flow would be a major step forward in the framework of turbulent
combustion modeling with massively parallel supercomputers. In the present contribu-
tion we rely on the recent developments conducted in the framework of homogeneous
isotropic turbulence (Fréret et al. 2010; Fréret et al. 2012) using the Eulerian multi-fluid
model (MF) in the context of Direct Numerical Simulation (DNS) to capture all stages
of turbulent spray combustion for polydisperse sprays, and set up a 3D free jet configu-
ration, thus reaching the next step of turbulent shear flows. The robustness and accuracy
of the model and related numerical methods are evaluated and assessed on two configu-
rations with non-evaporating and evaporating spray injection. With MF, we obtain the
same level of accuracy as a baseline solution obtained with Lagrangian droplet tracking
for rather similar computational time on a few hundred processors. This study yields a
solid premise for the future 3D reacting configurations.

1. Introduction

Spray combustion modeling is a fundamental stage in the design of combustion cham-
bers that relies on accurate computational tools to rapidly design and develop high effi-
ciency, low emission engines. Once the atomization processes have lead to a polydisperse
spray carried by a turbulent gaseous flow field, many different time and space charac-
teristic scales, especially during evaporation and combustion, have to be modeled and
resolved. Thus, such two-phase flow models need dedicated models and numerical meth-
ods in order to characterize correctly complex industrial flows in CFD solvers. In such
configurations, the gas, which is a continuum, is best represented by a Eulerian descrip-
tion. However, in the framework of disperse flows, particles or droplets can be modeled
either by discrete particle simulations or by a statistical approach through a Williams-
Boltzmann equation. The latter model can be discretized either through a Lagrangian
or a Eulerian description (de Chaisemartin 2009; Fréret et al. 2012). Both descriptions
are now well established and they have proven their efficiency in multi-phase flow simu-
lations. Lagrangian methods combine an efficient modeling of the polydisperse phase as
well as an easiness of implementation. Nevertheless, in the framework of 3D simulations,
with unsteady configurations and polydisperse sprays, massively parallel computations
require the use of complex and costly dynamic partitioning methods, to ensure a good
load balancing between the different parallel processes (see Garcia 2009) and lead to
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346 Fréret et al.

Gas Phase

Dispersed Phase

Eulerian NS formulation
Velocity U

Species Y Species Y

Lagrangian solver
Eulerian multifluid 

solver

O
n
e
-W
a
y

O
n
e
-W
a
y

Two-Way Two-Way

[Muses3d][Asphodele]

[Asphodele]

Comparisons

L E

s s

Figure 1. Sketch of the coupling between Eulerian and Lagrangian codes. Muses3d is a Eulerian
solver for the dispersed phase while Asphodele is a Lagrangian solver for the dispersed phase
and a Eulerian solver for the gas phase.

difficulties in order to reach some level of convergence and a limited level of noise with
reasonable computational cost. Hence, Eulerian methods provide a very interesting alter-
native to Lagrangian methods, since they can easily take advantage of massively parallel
computations with a high level of efficiency as proven in Fréret et al. (2010); Fréret
et al. (2012). Eulerian methods however require special attention in terms of modeling,
mathematical structure and dedicated numerical methods in order to properly control
numerical diffusion (Massot et al. 2009; de Chaisemartin et al. 2009; Fréret et al. 2012).

In the present contribution, we will focus on the DNS of polydisperse sprays in turbu-
lent flow field with sufficiently small inertia so that a monokinetic assumption introduced
in Laurent & Massot (2001) remains valid (for a discussion about droplet trajectory
crossing, we refer to Kah et al. (2010); Vié et al. (2012); Doisneau et al. (2012)). Recent
results initiated during the Summer Program 2010 (Fréret et al. 2010; Fréret et al. 2012)
in the framework of homogeneous isotropic turbulence have shown the potential of such
methods in order to reproduce accurately and efficiently the propagation of a flame in
a polydisperse evaporating spray compared to an Eulerian-Lagrangian (EL) approach.
The objective of the present work is to investigate the extension of such a comparison
in the framework of turbulent shear flows and to carry out the first exhaustive compar-
isons between Eulerian-Lagrangian (EL) and Eulerian-Eulerian (EE) formulations of a
turbulent 3D round jet with non-evaporating and evaporating polydisperse sprays.

2. Two-phase flow simulations

2.1. Gas and disperse phase models and numerical methods

We study the coupling of the Navier-Stokes-Fourier equations under the Low-Mach num-
ber limit with, on the one side, a set of discrete particles for the EL model, and on the
other side, with the MF derived from the Williams-Boltzmann equation (Massot et al.
2009; Fréret et al. 2012). The EL spray description requires the resolution of a large
number of ODEs, which is governing the dynamics of the spray in physical and phase
space, whereas the MF requires the resolution of several sets of conservation equations
using finite volume methods on structured grids. One of the key issues of our study re-
lies on the fact that we will compare both approaches by coupling each of them with
the same gaseous flow field resolved in time in order to properly assess the methods
and their ability to resolve the details of the dynamics. We thus use a one-way coupling
as far as momentum and heat transfers are concerned. In order to capture evaporation
and mass transfer and potentially saturation effects, we use a two-way coupling in terms
of mass transfer, with the proper assumption in order not to impact the gaseous flow
field. Indeed, the evaporated fuel is not added as a mass source term in the gaseous
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equations, but is stored in two passive scalars, one for each description of the spray,
that are transported by the flow. Consequently, two sets of species mass fractions are
resolved and transported by a single gaseous flow field, each of them being coupled to
the Lagrangian/Eulerian spray resolution. The Lagrangian gaseous fuel mass fraction is
obtained through a projection of the droplet evaporation over the neighbor cells of the
gaseous mesh. The gaseous flow field is resolved using the Asphodele code developed at
CORIA in the group of J. Reveillon. This code also resolves the Lagrangian description
of the spray and it is coupled to the Muses3d code developed at EM2C Lab in the group
of M. Massot in order to solve the MF. The strategy is summarized in Fig 1.

More specifically, the evolution of the air/vapor mixture is governed by a convec-
tion/diffusion equation with source terms coupled with either Lagrangian and Eulerian
descriptions of the evaporating spray. The following relation applies for any species s,
which stands for either the fuel (f), the oxidizer (o) or the burnt gases (b):

∂Y α
s

∂t
+

∂Y α
s ui

∂xi

= D
∂2Y α

s

∂x2
i

+ δ(s − f)ḋα
f + ε̇α

s , (2.1)

where D is the species common diffusion coefficient and the velocity components ui are
obtained from the classical Navier-Stokes-Fourier equations in the Low Mach number
limit (see Thomine 2011 for details in equations and numerical methods).

Two strictly independent sets of species equations are solved: Y L
s that are coupled with

the Lagrangian description of the spray and, on the other hand, Y E
s that are coupled

with the MF solver (see Fig 1). Only the velocity field evolution is common to both the
mass fraction sets. Coupling each of the two dispersed phase solvers (Lagrangian and
Eulerian) to the same gaseous phase dynamics is achieved through the mass source term
ḋL

f and ḋE
f , respectively, with corrections ε̇α

s = −Y α
s ḋα

f for each species involved in the
description of the mixture. The correction allow to guarantee that the velocity field is
not affected by the evaporation process and still remains the same for both methods. It
guarantees that the sum of mass fractions remains equal to one at constant density.

As mentioned in the introduction, a discrete Lagrangian approach is adopted to follow
the spray evolution within the gaseous oxidizer. By denoting ak, vk and xk the diameter,
the velocity and position vectors of every droplet k, respectively, the following relations:

dxk

dt
= vk, (2.2)

dvk

dt
=

(u (xk, t) − vk)

β
(v)
k

, (2.3)
da2

k

dt
= −

a2
k

β
(a)
k

, (2.4)

are used to track the droplets throughout the computational domain. The vector u rep-
resents the gas velocity at the droplet position xk. The right hand side term of equa-

tion (2.3) stands for a drag force applied to the droplet where β
(v)
k is a dynamic relax-

ation time β
(v)
k = τpa

2
k/a2

0. The diameter of the droplet k is ak and a0 is the initial
diameter of any droplet of the initially monodisperse spray. The initial characteristic
kinetic time of the considered droplets is denoted by τp. The unitary stoichiometric ra-
tio leads to a global mass ratio of fuel of about 20%. The coefficient B is introduced

in the expression of the evaporation rate through the evaporation time β
(a)
k defined by

β
(a)
k = Aa2

k/ln (1 + B). The coupling term ḋL(n)

f affects the mixture fraction evolution

owing to a distribution of the Lagrangian mass on the nth node of the Eulerian grid. One

may write ḋL(n)

f = −ρd

π

4

1

V

∑

k
α

(n)
k a3

k/β
(a)
k , where α

(n)
k is the distribution coefficient of

the kth droplet source term on the nth node. Considering all the nodes affected by the

kth droplet, it is necessary to have
∑

n α
(n)
k = 1 to conserve mass during the EL coupling.
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The values of α
(n)
k are chosen as the regressive normalized distances between the droplets

and all surrounding nodes.
For the Eulerian description of the spray, MF is used. It has been assessed for small and

moderate Stokes numbers and can be derived from a kinetic level of description based on
the monokinetic velocity distribution assumption conditioned on size (de Chaisemartin
2009). The droplet size phase space is then discretized into size intervals called sections
and a system of conservation laws for each section [Sk, Sk+1[ is solved:
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where mk is the mass concentration of droplets, v
k and hk are the average velocity and

enthalpy in the kth section, Cp,l is the liquid heat capacity, E
(k)
1 are exchange terms

between successive sections and E
(k)
2 are exchange terms with the gaseous phase. The

average external force and heat exchange term are F
k and Ek

d . The mass coupling with

the carrier phase is done through ḋE
f =

∑NS

k=1 mkE
(k)
2 , where NS is the total number

of sections. A Strang splitting algorithm separates transport in physical space from the
evolution in phase space. The numerical schemes involve a very low level of numerical
diffusion and are able to deal with singularities and stiffness (de Chaisemartin 2009).

2.2. DNS Configuration and parallel capability

The gas flow is computed with the low Mach dilatable solver available in Asphodele.
The jet is destabilized with turbulence injection through a Klein’s method with 10%
of fluctuations (Klein et al. 2003). The coflow is preheated at 750K while fresh gases
temperature is injected at 298.15K. The coflow injection velocity is 0.5m/s and the
jet injection velocity is 5m/s. We define the Reynolds number based on the geometry
by Re0 = (U0x0)/ν∞, where U0 is the injection velocity, and x0 is the jet width. A
Reynolds number of 1000 is considered in the presented simulations, that corresponds
to a jet width x0 = 0.315cm, an injection velocity U0 = 5m/s for a typical kinematic
viscosity ν∞ = 1.6 × 10−5m2/s. Finally, we take d0 = x0/584, where d0 is the diameter
corresponding to the typical droplet surface S0 and leads to a Stokes number of 2.7 based
on the jet width and injection velocity. The complete domain of the simulation has the
dimension 10x0 × 4x0 × 4x0, but due to the symmetries, we only compute one quarter of
the whole domain: 10x0 × 2x0 × 2x0 = 3.15 cm× 0.63 cm× 0.63cm, with 300× 60× 60
grid points for the gas flow. A refined grid of 450 × 90 × 90 grid points is used for the
Eulerian spray simulation. Indeed, as a CFL equal to one is used for the MF part, we
obtain a time step similar to the one used in the Lagrangian part by taking a lower space
discretization (a CFL of 0.4 is used for the gas phase). Concerning the Eulerian phase
space discretization, ten sections are used to describe the evaporation process within MF,
while only one is used in the non-evaporating case. The number of Lagrangian droplets
is determined such as the liquid mass volume fraction at the jet injection is 0.2. The
results are presented at time t = 32 ms, when the jet has already gone five times across
the computational domain.

The gas vorticity field is presented in figure 2. Four planes that will be used to com-
pare the methods are shown: at x = 5 mm near the injection entrance, x = 10 mm and
x = 20 mm in the middle of the computational domain and x = 30 mm near the free jet
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Figure 2. Iso-contour of the gas vorticity field at time t = 32 ms. The four cut planes used for
the statistics are represented at x = 5, x = 10, x = 20 and x = 30 mm from left to right.

exit. The flow is in a laminar regime at the entrance and becomes turbulent far from it.
This allows to validate the Eulerian approach in different regimes.
Monodisperse particles are injected in a jet core with a initial velocity U0 in the first

direction, u = (U0, 0, 0). The fact that a monodisperse spray is considered initially un-
derlines the quality of the results. Such an initial Dirac delta function in phase space is
one of the most difficult cases to deal with using the MF model for two reasons. First,
the discretization in size phase space for the MF leads to a size interval with constant
density of the NDF as a function of radius, thus introducing a difference as early as
the injection point compared to the Lagrangian injection at a single size. Besides, since
polydispersion arises through the coupling of turbulence and evaporation, capturing the
proper evaporation dynamics in phase space is similar to solving an advection equation
with Dirac delta function initial solution using a finite volume method with coarse dis-
cretization. Thus such a case is revealing the intrinsic potential of the MF. Since we aim
at validating the Eulerian models through comparisons to a Lagrangian simulation, we
restrict ourselves to one-way coupling. We take this Lagrangian simulation as a reference
solution for the liquid phase. The two codes have been optimized on parallel architec-
ture, and the Eulerian solver Muses3d reaches an efficiency of one up to 512 cores on
the Certainty cluster of the Center for Turbulence Research. Results presented here were
obtained by using 270 cores, 30 in x-direction and 3 in y- and z-directions. The Euler-
Euler simulation with ten sections takes around 12 hours while 9 hours were needed for
the Euler-Lagrange simulation to reach the time t = 32 ms in the evaporating case. The
Euler-Euler description is then a little more time consuming than the Euler-Lagrange;
however, as detailed in de Chaisemartin et al. (2009), comparing the computational cost
of the two solutions is not an easy task. The Lagrangian solution in still not converged
and possesses a high level of noise. Reducing the noise in the Lagrangian simulation
would require to increase the number of samples, whereas, as we will refine the grid, the
parallel ability of the Eulerian simulation will improve compared to the Lagrangian one.
Besides, two-way coupling would require additional computational cost in the Lagrangian
formalism compared to the Eulerian one.
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Figure 3. Qualitative comparison of the liquid mass obtained with the MF model (top) and
the Lagrangian one (bottom) at time t = 32 ms. The liquid phase stoichiometric iso-contour
0.0625 is represented.
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Figure 4. Comparison of the liquid mass obtained with the MF model (top) and the Lagrangian
one (bottom) at time t = 32 ms for x = 5 mm, x = 10 mm, x = 20 mm and x = 30 mm from
left to right.

3. Results and discussion

The objective is to carry out qualitative but also quantitative comparisons between
both Lagrangian and Eulerian formulations. Because of its intrinsic properties, the results
from the Lagrangian solver are considered as a reference, even if we have not yet reached a
converged solution in terms of noise. The MF solver is able to capture the spray dispersion
and segregation as well as a correct evaluation of the fuel vapor topology.

3.1. Spray dispersion and segregation

For the non-evaporating case we use only one section for the MF monodispersed spray
simulation. We have about 1 500 000 Lagrangian particles in the computational domain at
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Figure 5. Mean mass time evolution along the flow in the sectional plane x = 5 mm (top
left), x = 10 mm (top right), x = 20 mm (bottom left) and x = 30 mm (bottom right).
The Lagrangian description is represented by a continuous line and the MF is represented by a
dashed line.

the considered time t = 32 ms. In figure 3 we present two snapshots of the Eulerian (top)
and Lagrangian (bottom) iso-contour of the liquid mass volume fraction. The iso-contour
value 0.0625 has been chosen since it corresponds to the n-heptane stoichiometry. This
first qualitative comparison shows a very good agreement between the two approaches
all along the jet. Due to the noise induced by the Lagrangian formalism, the iso-contour
of droplets density shows some ligaments, which are not visible with the MF method.
We also provide in figure 4 comparisons between MF (top) and the reference Lagrangian
description (bottom) in the four planes all along the flow at x = 5 mm, x = 10 mm,
x = 20 mm and x = 30 mm from left to right. These detailed comparisons show a very
good agreement since the jet core is very well reproduced as well as external recirculations
between both approaches. Finally we complete this study with a quantitative comparison
of the time evolution of the linear liquid mass in figure 5. In the same four planes along
the x-direction, we plot the evolution of the Lagrangian (solid line) versus the Eulerian
(symbols) mean liquid mass in the planes per unit of x length. The very good agreement
all along the flow between MF and the Lagrangian description assess the capacity of the
MF method to simulate such a complex flow with a monodisperse non-evaporating spray.
The MF method is thus able to simulate the dynamics of a spray where droplet crossings
are limited, the model remaining therefore in its validity domain.

3.2. Spray evaporation

The free jet is also assessed with an evaporating spray. An IAT law is considered, the
temperature T has been utilized through the following expression of the mass transfer
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Figure 6. Qualitative comparison of the fuel mass fraction obtained with the MF model (top)
and the Lagrangian one (bottom) at time t = 32 ms. The stoichiometric iso-contour 0.0625 is
represented.
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Figure 7. Comparison of the fuel mass fraction obtained with the MF model (top) and the
Lagrangian one (bottom) at time t = 32 ms for x = 5 mm, x = 10 mm, x = 20 mm and
x = 30 mm from left to right.

number

B =
T − T0

Tb − T0

(

exp

(

A a2
0

τv

)

− 1

)

, (3.1)

where A is a constant depending on liquid and gas properties (Reveillon & Demoulin
2007) and Tb = Ta(Yb = 1) the burnt gases temperature. B is introduced in the ex-

pression of the evaporation rate through the evaporation time β
(a)
k defined by β

(a)
k =

Aa2
k/ln (1 + B). In order to describe correctly the evaporation process, the MF simula-

tions are performed with ten sections. The liquid mass volume fraction is still equal to 0.2
as in the previous non-evaporating case but due to evaporation process, about 700 000
Lagrangian particles are present in the domain at the considered time t = 32 ms. We
have compared the size conditioned dynamics of various droplet size intervals and ob-
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Figure 8. Mean fuel mass fraction time evolution along the flow in the sectional planes
x = 5 mm (top left), x = 10 mm (top right), x = 20 mm (bottom left) and x = 30 mm

(bottom right). The Lagrangian description is represented by a continuous line and the MF is
represented by symbols.

tained results similar to what has been shown in the non-evaporating case in figure 3. As
already described in previous studies, MF is able to capture size-conditioned dynamics of
droplets of various sizes. It is then essential to evaluate the ability of the Eulerian model
to predict the evaporation process as a whole. Because our interest is in combustion ap-
plications, a key quantity is the gaseous fuel mass fraction. We thus present comparisons
between this gaseous fuel mass fraction, obtained from the Lagrangian and MF descrip-
tions of the spray. Once again the gaseous flow field is the same in both cases. In figure 6,
we plot the iso-contour 0.0625 of the fuel mass fraction obtained thanks to MF model
(top) and the Lagrangian model (bottom) at time t = 32 ms. One can see the very good
agreement of both descriptions for spray evaporation. This is a promising result for our
ongoing work on combustion simulation since this stoichiometric iso-contour represents
the potential location for a propagating flame. In the four planes defined along the x-axis,
we present in figure 7 a Eulerian (top) and Lagrangian (bottom) comparison of the fuel
mass fraction at time t = 32 ms. After five domain crossings, the level of comparison is
excellent. Finally, we provide the time evolution of the linear fuel mass fraction averaged
in the previous planes per unit x length in figure 8. The Lagrangian results are plotted
using a solid line while Eulerian ones are presented using symbols. This comparison un-
derlines the efficiency of the MF in describing polydisperse evaporating sprays. Such a
level of comparison allows us to consider the reacting case as a natural perspective of the
present work.
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