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Non-autonomous maximal regularity under Besov
regularity in time

Mahdi Achache *

Abstract

We consider the maximal regularity problem for the non-autonomous
Cauchy problems

' (t) + A(t)u(t) = f(t) t-a.e., u(0) = up. (0.1)

In this case, the time dependent operators A(t) are associated with
a family of sesquilinear forms. We prove maximal LP-regularity re-
sults with p < 2 under minimal regularity assumptions on the forms.
Our main assumption is that (A(t)).ep,r] are piecewise in the Besov

1
space Bp 2 with respect to the variable t. This regularity assumption
is optimal and our result is the most general one.

Keywords: Besov space, maximal regularity, mon-autonomous evo-
lution equations, sesquilinear forms.

Mathematics Subject Classification (2010): 35K90, 35K45, 47D06.

1 Introduction

The present paper deals with maximal LP-regularity for non-autonomous
evolution equations in the setting of Hilbert spaces. Before explaining our
results, we introduce some notations and assumptions.

Let (H,(-,-),| - ||) be a Hilbert space over R or C. We consider V, another
Hilbert space, which is densely and continuously embedded into H. We
denote by V' the (anti-) dual space of V, so that

V‘—)dH “—d VI.

Let us called (,) the duality V-V and noting that (¢, v) = (¢,v) if ¢, v € H.
We consider a family of sesquilinear forms

a:[0,7]xVYxV—=C

such that
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e [H1]: D(a(t)) =V (constant form domain),
e [H2]: |a(t,u,v)| < M||u|ly|lv|y (uniform boundedness),
e [H3]: Re a(t,u,u) + v|ul|* > d6|jul|} (Yu € V) for some § > 0.

To each form a(t) we can associate two operators A(t) and A(t) on ‘H and
V', respectively. Recall that u € H is in the domain D(A(t)) if there exists
h € H such that for all v € V: a(t,u,v) = (h,v). We then set A(t)u :=
h. The operator A(t) is a bounded operator from V into V' such that
A(t)u = a(t,u,-). The operator A(t) is the part of A(t) on H. It is a
classical fact that —A(t) and —A(t) are both generators of holomorphic
semigroups (e~"4®),5¢ and (e7"A®)), 55 on H and V', respectively. The
semigroup e "4(®) is the restriction of e "A® to H. In addition, e "A®
induces a holomorphic semigroup on V (see, e.g. Ouhabaz [26, Chapter 1]).
We consider the non-homogeneous Cauchy problem

W)+ Al)u(t) = f(t) tae,  u(0) = up. (P)

The notion of maximal LP-regularity for the above problem is defined as
follows

Definition 1.1. We say that the Cauchy problem (P) (or the family (A(t)):ejo,1))
has mazimal LP-reqularity in a Banach space E if for every f € LP(0,7; F),
there exists a unique u € WYP(0,7; E) with u(t) € D(A(t)) for a.e. t € [0,7]
and u is a solution of (P) in the LP-sense.

The maximal regularity of an evolution equation on a Banach space F
depends on the operators involved in the equation, the space E and the
initial data ug. The initial data has to be in appropriate space. In the au-
tonomous case, i.e. A(t) = A(0) for all ¢ € [0, 7], maximal LP-regularity is
well understood and its is also known that ug has to be in the real interpo-
lation space (E, D(A(0)));_1 ,, see .

The maximal regularity is \I/)ery useful for the study of quasilinear partial
differential equations as it allows the application of powerful linearization
techniques (see example).

A very famous and well-known result of J.L.Lions (see [?] (XVIII Chap-
ter 3, p. 513)) states that the non-autonomous Cauchy problem (P) is well-
posed with maximal L?-regularity in V', i.e. for every f € L%(0,7;)’) and
up € H, there exists a unique v € H(0,7;V") N L2(0,7;V) — C([0,7]; H)
that solves (P). In this result, only measurability of ¢ — a(¢,.,.) respected
to the time variable is required. Nevertheless, in applications to bound-
ary valued problems this is not sufficient. One is more interested in max-
imal LP-regularity in H rather than in ', i.e. in solutions which belong
to WLP(0,7;H) rather than in W1?(0,7;)’). Lions himself proved maxi-
mal L?regularity in # if the form a(t,.,.) is symmetric for all ¢ € [0, 7]



and t — a(t,u,v) € CY([0,7]) for all u,v € V (see [?]). Using a differ-

ent approach, maximal LP-regularity was established in [25], assuming that

t — a(t,u,v) € C%([0,7]) for all u,v € V, for some a > 3. This result was

further improved in [18], where the Holder condition is replaced by a weaker

"Dini" condition for a(.,.,.).

For maximal L?—regularity, this result was improved to the fractional Sobolev
regularity t — A(t) € H%‘*'a([(), T, L(V,V')) for a > 1 (see [15]). The proof
is surprisingly elementary and based on the Lax-Milgram lemma. Further-

more, it is proved in [3] that maximal L2-regularity holds if t — A(t) €

H: ([0,7]; £(V, V")) (with some integrability conditions). Fackler [16] on the

other hand was able to construct a symmetric non-autonomous form that

is a-Holder continuous for every a < % but does not have the maximal L2-

regularity in H. Fackler [?], generalized the result in [15] for any p € (1, 00)

by assuming fractional Sobolev regularity. In fact, he proved that maximal

LP-regularity is satisfied if

(i) A() € H2T(0,7;L(V, V")) for p < 2

(i) A() € W2teP(0,7; L(V, V")) for p > 2.
For more details and progresses on maximal regularity, we refer to the recent
papers in [3] or [?].
The main purposes of the present paper is to extend the results in [?] for the
case p < 2 by assuming less regularity as much possible. Our main result
shows that for forms satisfying the uniform Kato square root property and
if t — A(t) is piecewise in the Besov space B§’2(O,T;£(V, Vi),v € [0,1],
then maximal LP-regularity in # is satisfied. Here, V, = [H,V)], is the in-
terpolation space between H and V. The initial data wug is arbitrary in the
interpolation space (H, D(A(0))); 1 .
The structure of paper is organized aps follows: in the second Section we work
with the autonomous first order Cauchy problem and prove some prepara-
tory results. After that, we prove maximal LP-regularity in Section 3 and
discuss the optimality in Section 4, while the section 5 is an appendix.
Notation. We denote by L(FE, F) (or L(E)) the space of bounded linear op-
erators from E to F' (from E to E). The spaces LP(a, b; E) and WP (a,b; E)
denote respectively the Lebesgue and Sobolev spaces of function on (a,b)
with values in E. Recall that the norms of H and V are denoted by || - || and
Il - [[v. The scalar product of H is (-, ).
Finally, we denote by C, C’ or c... all inessential constants. Their values
may change from line to line.

2 Main results

In this section we state explicitly our main results. We start by recalling
the definition of vector-valued Besov spaces.



Definition 2.1. Let X be a Banach space, let p,q € [1,00], and o € (0,1),
A Bochner measurable function f :[0,7] — X, is in the homogeneous Besov
space B&P(0,7; X) if

a dl
p
1Mooy = [ | 1O = £~ DI a0 G < .
A function f € LP(0,7; X) is in the Besov space BP(0,7; X) if
e 0y = 1710 ) + 1 <

We shall say that f is piecewise in Bg’p(O, 7; X)) is there exists 0 =ty < t1 <
.. < tn, = T such that the restriction of f to each sub-interval (t;,t;y1) is in
Bg’p(ti, ti+1; X)

We shall need the following property.

Given ¢ > 0, there exists 79 =0 < 71 < ... < 7, = 7 such that

(2.1)

sup
te(mi—1,7:)

i [A®) = AB)IZ
/ £Ws) ds < e
Ti—1

|t = sl

Note that this assumption is satisfied in many cases. Suppose for exam-
ple that v = 1,¢t — a(t, u,v) is C* for some a > 0 in the sense that

a(t,u,v) — a(s,u,0)] < Mt = sflully o]y (2.2)
for some positive constant M and all u,v € V. Then clearly
IA®) = A(s)ll vy < Mt — 5]

and this implies (2.1). More generally, if w; denotes the modulus of conti-
nuity of A(.) on the interval (7;_1,7;) then (2.1) is satisfied if

Ti
/ wit)® ) e (2.3)
Ti—1 r
For the case 7 < 1 the assumption (2.1) is satisfied if
la(t, u,v) — a(s,u,v)| < Kysllullyl|vlly,,u,v € V, Kt s > 0.
Note that if (2.1) holds with v = 0 then
Ti
sup [ AW — AG) By ds <=
tE(Tifl,Ti) Ti—1

In particular this holds if

IA®) = A(s)ll v, < Mo

for some positive constant My and all ¢, s € [0, 7]. In that case A(t) — A(s)
defines a bounded operator from V to H. This implies in particular that the
operators A(t) have the same domain D(A(t)) = D(A(0)).

The following is our main result.



X
Theorem 2.2. Suppose that A is piecewise in By ’Q(O,T;E(V,V,’Y)), (2.1)
and the uniform Kato square property (3.2) are satisfied. Then for all ug €
(R V)aq-1y, = (H,D(A(0))) 11y, with p <2 and f € LP(0,7;H) there
p’’ P

7p’

2
exists a unique u € W2P(0, T; H)ﬂLﬁ (0,7;V) be the solution to the Cauchy
problem

u'(t) + A(t)u(t) = f(t) t —a.e., u(0) = ug. (2.4)

Moreover, there exists a positive constant C independent of ug and f such
that

A zr o) + lullwrrorag < Cllluollev,, 1, + 1 leorm | -
1)

(2.5)

Remark 2.3. - Applying the fixed point argument, one can easily ex-

tend this result to a more general equation

u'(t) + A(t)u(t) + P(t)u(t) = f(t) t — a.e., u(0) = uo,
here P(t) € L(V,H) such that || P(t)||zcv) < C.

- We refer to the next section for the definition of the uniform Kato
square Toot property and for few more details on such property.

In the next result we prove continuity of the solution to (2.4) as a function
with values in (H, V)Q(l_ 1y p where we work with the same assumptions as
P J.

in Theorem 2.2.

Theorem 2.4. Assume that (3.2) and t — A(t) € C([0,7],L(V,V})) for
some 8 € [0,1] or t — A(t) € C*([0,7],L(V,V)),e > 0. Then we have the
following embedding M R(p, H) — C’([O, 7], (H, )2(1_7 ).

Next we prove that maximal regularity holds without requiring any reg-
ularity in time for the operators (or the forms). More precisely we have

Proposition 2.5. Suppose [H1]-[H3]. Suppose that (3.2) and (2.1) holds for
v = 0. Then (2.4) has mazimal LP -regularity in H for allug € (H,V)y_1),,-
P 2.

In addition, there exists a positive constant C independent of ug and f such
that

+ 11 fll e 0,730
(2.6)

IAC) ) zr @) + lullwreorag < C |lluollev,, o,
B



3 Preparatory lemmas

In this section we prove several estimates which will play an important role
in the proof of the main results. We emphasize that one of the important
points here is to prove estimates with constants which are independent of ¢.

Before we start let us point out that we may assume without loss of
generality that assumption [H3] is satisfied with v = 0, that is the forms
are coercive with constant § > 0 independent of ¢. The reason is that the
maximal regularity of (P) is equivalent to the same property for

V' (t) + (A(t) + v)v(t) = g(t), v(0) = uo. (3.1)

This can be seen by observing that for g(t) := f(t)e™"*, then v(t) = u(t)e "
and clearly v € WHP(0,7;H) if and only if uw € WP (0,7;H) (and obviously
fe LP0,7;H) if and only if g € LP(0,7;H)).

When [H3] holds with v = 0 then clearly the operators A(t) are invertible
on H.

The next lemma point out that the constants involved in the estimates of
the resolvents and the semigroups are uniform with respect to t.

Lemma 3.1. For any t € [0,7], the operators —A(t ) and —A(t) genemte
strongly continuous analytic semigroups of angle v = T — arctcm( ) on H
and V', respectively. In addition, there exist constants 09,0/3,9,0&’/5 inde-
pendent of t, such that

-+ A@) vy < 1fg>\\ for all\ € X, _g with fired 8 < ~. Here,
Y =H,V orV.

- O+ AD) N eaupvy) < " |’1_g,/\62w 0,8 €[0,1].

C
%7)‘ € ZTI’—Q)B € [O> 1]

- [+ A®) e < o

- [[A(t)%e (0,00), @ € [0,1].

5- He—rA xHVB 5”33”,7‘ € (0,00)7.73 cH.

All of the previous estimates holds for the adjoint operator A(t)*.
Following [3][Definition 3.4], we introduce the following definition

Definition 3.2. We say that (A(t)).ec(o,r satisfies the uniform Kato square
root property if D(A(t)%) =V for allt € [0,7] and there are c1,ct > 0 such
that for allv ey

allvly < [A@®)z0] < eMlolly. (3.2)



The uniform Kato square root property is obviously satisfied for symmet-
ric forms. It is also satisfied for uniformly elliptic operators (not necessarily
symmetric)

d
A(t) == Onlaw(t,z)0)
k=1

on L?(R%) since ||Vul|2 is equivalent to HA(t)%’LLHQ with constants depending
only on the dimension and the ellipticity constants, see [8].

In the next lemma we show that (3.2) implies that A(t)*% is an isomorphism
from V to H and .A(t)% is an isomorphism from H to V'

Lemma 3.3. Assume that (3.2). Then for allt € [0, 7] we claim that

(1)- D(A®)*2) =V and

) 1 M
vy < A 20| < —|lv[lv,v € V.
& C1

(2)- D(A(t)?) = D(A(t)*7) = H and

(t
Sl <A@ Rolbr < Holl0 € %,
alloll < A®) vl < cHjoll,v € H.
Proof. Assume that (3.2) and let z € D(A(t)*),t € [0, 7]. Using (3.2) we get
2l < $Re (A()%z, A1) 50)
< qu 3zl AW ]
< S alv A Hal.

The density of D(A(£)*) in D(A(t)*2) gives

c! o1
lzlly < 5 1) 2]l

-

for all 2 € D(A(t)*2). Then D(A(t)*2) < V.
Now, since D(A(t)%) — V. It follows that A(t)"2 € L(H,V) and

1

<
1A4® ey < ——

Let z € H and write A(¢ )% A(t)A(t)_%a:. We obtain

1 St 1 M
[A@)2z]ly < A coopn [A®) " 22lly < M|JA@) 2] 2m)llzl] < —lz]-
C1



The boundedness of norm implies A(t)% € L(H,V') and by duality we have
A(t)*2 € L(V,H). Then V C D(A(t)*2) and we get for all 2 € V
[A@) 2zl < [[A®)" 2| cov 20 l2llv

M
< —llzfly-
1

This shows (1) and by duality we have (2). O
The following lemma shows that D(A(t)%) = [H,V]z for all t € [0,7]
and p > 2 with equivalent norms. ’

Lemma 3.4. Assume that (3.2). For allt € [0,7],p > 2 we get
1
Allzllpevy, < IA@)Pz] < Mlalpoy),
p P

where ¢}, ' > 0 are independent of t.

Proof. Let t € [0, 7]. The reiteration theorem for the real method [29][1.10.3,
Theorem 2] or property of power of positive operator [22][Theorem 4.3.11]

shows that D(A(t)*) = [H, D(A(t)]a = [H, D(A(t)%)]2a, for all a € [0, 3].
Since D(A(t)%) =V,

N|=

D(A(t)7) = [H, D(A(t)

)2 =[H,V]

)

2 2
P P

with constants of injection independent of . O

Lemma 3.5. Suppose that (3.2). Let p > 2 and g € Lﬁ(O,oo;’H). We
have

*l > —SA(t) <
AW [ e A gy dsl < Clall ey

Proof. Since D(A(t)%) =V, then D(A(t)*%) =V and
w1
Allzllpy, < NAG) 2] < Hallpuy, -
P p

Then if [°e 54" g(s)ds € [H, V]2,

1 oo_s —s
Ay [ e A0y (s) s < | / A0 g(3) dsl -

Let us define the operator (Rg) := [5° e=*4(!)"g(s) ds. It easy to see that R €
L(LY(0,00;H),H) and by [3][Lemma 4.1] we get that R € L(L*(0,00;H), V).
Since [L1(0, 00;H), L*(0,00; H)]o = Lﬁ(o,oo;?‘-{), for all a € [0, 1], so for
a= % one has [L1(0,00;H), L?(0, 00; H)]o = Lﬁ(O,oo;’H).



Now we use an interpolation argument to obtain that R € E(LP%1 (0,00;H), [H,V]z2)).
Therefore ’

*1 e~ S e~ S
AW [ e A0 gy dsl < el [T e A0 gts) dsllpgy < Cllgl e

O]

In the next proposition we show a LP—estimate for A(t) with constant
independent of t. Here we assume the uniform Kato square root property.
LP—estimates are an important tool in harmonic analysis and we will use
them at several places in the proofs of maximal regularity.

Proposition 3.6. For all x € H,p > 2 we have
o0 1
| 1Az ds < CJa.
0
Here, C' > 0 is independent of t.

Proof. We set f(s) = A(t)%e*SA(t)x, where s € (0,00),2 € H and t € [0, 7].
Then for all g € LPpTl(O, oo; H),

[T gts)dsi =1 [ Aw@pe A, g(s)) dsf
— |(@, A(t)"F / e=* AW g(5) ds)|

w1
<A@ w2 70l | Ryl Vg
D

< Clizllliol, z2r o soy

Therefore f € LP(0,00; H) and we claim the proof. O

Lemma 3.7. Assume that (3.2). Let 0 < s <r < 71 and g € L*(r,s;V").
We have

| [ e 94 gty dtl] < Cllgllzngopm.



Proof. Let 0 <r <s<7and g€ L?r,s;V),z €H. We have
| [ e 94 gty ar)

= swp ([ e g1y dt )
z€H,|z||=1 s

= s | [ (AR AO a (o) i

z€H,||z||=1

< sw (| / As)be A0 g2 ar)

- zeH,|e|=1

NI

w1
X ||.A(5) QQHLQ(S,T;V/)
w1
< CIAG) 2 o llgll Lo s, e
< C'gll 2y

Where in the first inequality we have used the Cauchy-Schwarz inequality
and Lemma 3.3, Proposition 3.6 in the second one. O

For 0 <t < 7,p € (1,2] define the operator

L0 = [ MO0y dr, f € 170,7:0)

Proposition 3.8. Let f € LP(0,7;H). Assume that (2.1) and (3.2). Then
2p
Ly € L(LP(0,7;H); L2#(0,75V)) and L1(f)(t) € (H,V)yq_1y, for all t €
p k)
[0, 7].

Proof. By [3] [Lemma 4.1] we get that Ly € L(L?(0,7;H); L>(0,7;V)).
Now we prove Li € L(L'(0,7;H); L?(0,7;V)). Indeed, let g € L?(0,7;V)

we obtain

(LA Drmpeszorin = [ [ €O f(6),g(0) dsat
- /07<f<s>, / LA (1) di) ds
Write
/ST eI g (t) dt = / (A" (1) — DA g (4] g
+ / " AG) g (1) dt = I1(s) + To(s).

Choose a contour I' in the positive half-plane and write by the holomorphic
functional calculus for the sectorial operators A*(¢), A*(s)

e—t.A*(t)_e—t.A*(S) o 1Ae—t)\()\I_A*(t))—l(A*(t))_A*(S)> ()\I—A*(S))_l d)\

2

10



By taking the norm in H we have by Lemma 3.1
[[em 4O — et @] g (1))
<0 [T et AL - A (0) e
0

X I =A™ ()™Ml 2oy dIMA®) = A*(8) v, v g (@) v
< 01/0 (A2 e eI IAJA* (£)) = A% (5)| v, v 19 () v

Since,
o
[T et gy =
0 | cosy|t2
we obtain
CUeA® () A(s)* JA*(t) = A" (s)ll v, v
[[e7(=A0" — em =4 ()| < © SEOYD g (2) o
(t—s)?
The Cauchy-Schwarz inequality gives
A = A ()2, v\
In@l<e( [ e O PNV CE)

In light of Lemma 3.7 we get

12(8) 1| < CligllL2(s,mn- (3-4)

Combining (3.3) and (3.4) we have

T [l A*(t) — A* ()1 2
I e s an < o( [} T ) 1)l

Therefore

TIIA(t)—A(s)H%(V,m %
/ (t—s)" dt) Y

XAl 91l 20,0 -

[(L1(f), )LQ(OTV)XL2(OT y/)\ <O s%p](
se|0,7
Then Ly € L(LY(0,7;H); L?(0,7;V)), and so by interpolation we obtain
Ly € L([LY0,7;H), L*(0, 7; H)]a; [L2(0,7; V), L2(0, 7 V))]a)

with a € [0,1].
We know that

[L%(0,7;V), L®(0,7; V)] = LTa (0, 7; V)
[LI(O,T; H), LQ(O, TiH)|la = L

11



see [12] [Theorem 2.2.6]. Therefore for a = 2[%1] we have

Ly € £(LP(0,7:H); L25(0,75V)).
Note that from [3][Lemma 4.1] we get that for all ¢ € [0,7], Li(.)(t) €
L(L2(0,7;H); V). Now let f € L(0,7;H),t € [0,7]. We have
t
L1 (f) @)l S/O e DA £ 1.f () dr
< CHfHLl(O,T;H)'

Hence, L1(.)(t) € L(L'(0,7;H);H) and so by interpolation one has Ly (.)(t) €
L(LP(0,73H); (H,V)g(1-1),). Therefore Li(f)(t) € (H,V)yq_1,, for all
p’’ p/?
te[0,7]. O
For f € LP(0,7;H),p € (1,00) and for almost every ¢t € [0, 7| we define
the operator L by

LU0 = A [ A0 5(s)ds.

Note that in the autonomous case (i.e. A(t) = A(0),t € [0,7]) L is called
the maximal regularity operator.

It is proved in [18] that L is bounded on LP(0,7;H) for all p € (1,00)
provided ¢ — a(t,.,.) is C° for some € > 0 (or similarly, ¢ — A(t) is C°
on [0,7] with values in £(V,V’)). The proof for the case p = 2 is based on
vector-valued pseudo-differential operators.

Lemma 3.9. Assume that
e For p < 2 the conditions (2.1) and (3.2) holds.
e Forp>2 twalt,.,.) is Ce>0.

Then L is bounded on LP(0,7;H).

Proof. For the case p < 2 we refer to [3][Proposition 4.2], and in the case of
p > 2 the result follows by [18] [Lemma 2.6]. O

4 Key estimates

In this section we state and prove some other estimates we will need in the
proof of the main result.

Lemma 4.1. Let o =0 < 1 < .... < T, = T be a subdivision of [0, 7] and
2
v E Lﬁ(Ti,l,Ti;V),p < 2,i=1,...,n. We define the operator Q(,_, -,y by

(Qery_y,r)V)(t) = /:_1 e~ =AM (A(L) — A(s))v(s) ds,

12



where t € [r,_1,7i]. Assume that A(.) satisfies the condition (2.1). Then
2
Qr,1m) € E(prp(n_l,n; V)) and we have

,C > 0.

/ IA®) = Az 14
ds}

1Q(r1,m)l <C s [t — s|7

E(LQ p(TZ 17TZ7V)) tE[’Ti_hTi]

Moreover for € small enough in the condition (2.1) we get

< 1.
||QC(Ti_1’Ti) ”E(L% (Ti—1,7i5V))
In addition,
(Q(Tifl,Ti)’U)(t) € (H7V)2(1—%)7p)t S [Tifla’r’i]'

Proof. By [3] [Proposition 4.5] we have Q,_, ) € L(L*(7i-1,7:;V)) for
all i = 1,....,n. Now we prove Q, , ) € L(L 2(1;_1,7;V)). Indeed, let
v € L*(1i_1,7; V), w € L?(1;_1,7;;V"). We obtain

|<Q (ri1m) ¥ w>L2(n 1,783 V)X L2 (15— 1,7;V")
=17 [ (O — Als)ols) i) ds
Ti—1 JTi—1
=1 [ O - Al)els), Ay he T A () ds i
Tt (s
<[] e E A0 A ~ AG ey
Ti—1JTi—1
*; ,@ * KL
< Ju(s) V] A(t) dem 340 AG )l dods
A~ As) o,
<[ / 2 o)y
Ti—1 Y Ti—1 8)2
(e .
JrOs A(t) but) | dsdt

no AW —A(s)H ;
S(/ﬁ 1~/rz' 1 (tis) - H ( )H%det)

T t s N 1
x (/ / J A e T A0 Aty uw(t)|ds dt)
Ti—1 Y Ti—1

o JA®) = A IZ ) .
<o ke sw [ [ OO 4] ol AT F w20
tE[’Ti_hTi] 1 ‘t 8|
et = [A(t) — A(S)H%(V V1)
<) Ko— sup / = ds| vl 20wy [lwll 220007 -
) Ko swe [ P ] [0l 20, -y lwll L2 (0,7v7)

Where in (i) we have used Fubini’s theorem, Lemma 3.6 and Lemma 3.3 in

(ii).
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Therefore Q(r, , ) € L(L*(1i-1,7;V)) and by interpolation Q(, , ) €
L([L*(Ti-1,75;V)), L®(15-1, 733 V)]a) for all o € [0,1]. Hence, for a = 2[E=1]

P
we get Q(r,_,.7,) € E(L%(Ti_l,ﬁ;v», with

2
i LA = A ds}% O >0
[t —s|v 7 '

HQ(TFLTZ‘)H (L27P <C sup /7—

L(L2-P (Ti—lﬂ—i;v)) tE[Ti_l,Ti] i—1

Next we prove
2
Qs ry0)(t) € (M, V)oa_1) 0t € [Timr, il v € L2770 (131, 733 V).

Indeed, for v € L>(7;-1,7;; V) one has by [3][(4.11)] that (Q(,,_, -, v)(t) € V
and

1
2
2 L Per——

AR = A Zw
||(Q(n_17n)”)(t)||v < C[/ L(V’Vw)

Ti—1 ’t - 3’7

t e [7’1;1,7'2'],0 > 0.

Similarly we have for v € L*(ri_1,7:;V) that (Q, ,v)(t) € H and

so by interpolation (Q(r,_, )v)(t) € (H,V)yq_1),,t € [0,7] for all v €
p ’.

2p_
L2=v(7;_1,7; V). Moreover, we have for t € [1,_1, 4]

v |lA®) - A(S)H%(v,v;)

|t —s[7

1
ds|* o] 2 .
L2=P (15_1,7;V)

(4.1)

O

”(Q(nfl,n)v)(t)H(H,V)ﬂl_%),p < C[/T

i—1

Lemma 4.2. Assume that (2.1). Then for allug € (H,V)y(y_1,,, withp < 2
P 2.

we have 2p
P )

where (Tug)(t) = e 4 Oug for t € [0, 7).

Remark 4.3. Ifr € (0,7) and (Tug)(t) = e~ 4Oy for t € [r, 7], we get
2

Tug € Lﬁ(r, 73 V).

Proof. Noting that, since the semigroup (e_TA(t))TZO is uniformly bounded
in V we get that T € L(V; L>°(0,7;V)). We write

(Tup)(t) = [e W — et Ay 4 4Oy := (T1ug) () + (Touo)(t).
Let now ug € H. We get by Lemma 3.6

[TatolEao iy = [ e Ol e
1 T
< = [ 1Ak Oy
C1 JO
K

2
< — luoll*.
1

14



This gives that Ty € £(H; L%(0,7;V)). Write by the holomorphic functional
calculus for the sectorial operators A(t), A(0)

o—tAW) _ —tA() _ 1/ e = A1) (A1) — A(s) ) (AT = A(0)) " dA.

2mi
By taking the norm in V we have by Lemma 3.1

[ [ —tA(t) _ —tA(O)} wolly

<0 [T et NI - A0) ey

0 v

< I = AO) ™ 2wy dINIAD) ~ A vy ol
<01 [ NE e e N A AG) = AG) ey ol

Since,
0 | cosy|t2
we obtain
A(t)) — A(s
[[e7tA® — et A0yl < CH ( ))( ())H VY )|| ol|-
t—s

Hence, T € L(H; L*(0,7;V)) and

(1) = A2 pr)
(t—s)

| A
[TiuollEz 0y < € [ dsluo]|2

Therefore, T € L(H; L?*(0,7;V)) and so by interpolation one has
2
p 9.

This finishes the proof. O
We now prove the uniqueness of solution.

Proposition 4.4. Assume that t — a(t) is measurable and let [a,b] C
[0,7],p € (1,00) and f € LP(a,b;V),uq, € V. If u € WP(a,b;V') N
LP(a,b; V) solve

u'(t) + At)u(t) = f(t) (t € (a,b)), u(a) = uq, (4.2)

then this solution is unique.

15



Proof. Let [a,b] C [0,7],p € (1,00) and f € LP(a,b;V'),u, € V'. Assume
that there exists two solution uj,us to (4.16). Set w = u; — uz. Obviously,
w satisfies

w'(t) + At)w(t) =0 (t € (a,b)), w(a) =0, (4.3)

and by Lions’ theorem we have w = 0. This gives u; = wug. Hence, u is
unique. O

The next proposition shows that in many cases it is sufficient to show
maximal LP—regularity for initial value zero. This is well-known in the
autonomous case.

Proposition 4.5. Assume that the Cauchy problem
W () + A(tu(t) = £(£) (t € [0,7]), w(0) =0. (4.4)

has mazimal LP—regularity for p € (1,00) and arbitrary T > 0. Then for all
ug € (H, D(A(0)));_1, the Cauchy problem
p7

u'(t) + A(t)u(t) = f(t) (t € [0,7]), u(0) = uo. (4.5)
has mazimal LP—regularity. Moreover, u(t) € (’H,D(A(t)))lf%’p for all

t € [0,7] and there exists a positive constant C such that

||u||W1’p(O,T;'H) + HA(')UHLP(O,T;’H) -+ sup Hu(t)H(H,D(A(t)))

te(0,7] =

P

B=

< C[HfHLP(O,T;’H) + lluoll 4, p(a00))), 4 p]-
1,

Proof. Assume that (4.4) has maximal LP—regularity. We set B(t) = A(0)
fort € [0, 7] and B(t) = A(t—7) for ¢t € [1,27] and g(t) = v'(t)+A(0)v(t),t €
[0,7],9(t) = f(t — 7) for t € [r,27], where v(t) = ¢(t)e~ "Dy, $(0) =
0,¢(t) = 1 such that ¢ € C'([0,7]) (we can take ¢(t) = ). By the char-
acterization of real interpolation spaces via the trace method we obtain

v € WHP(0,7;H) N LP(0, 7; D(A(0))) and

[v" + A0)vl Lo 0,7y < Clluolle,p(a)),

P

Sl

Remark that v(7) = ug,v(0) = 0and g € LP(0,27;H). Let z € WHP(0,27; H)
be the unique solution to

J(t) + B(t)z(t) = g(t) (t € [0,27]), 2(0) = 0. (4.6)

The uniqueness of solutions in the autonomous case imply z = v on [0, 7]
and so z(7) = up. Now we set u(t) = z(t + 7),t € [0, 7]. Therefore u is the

16



unique solution to (4.5) and we obtain

lullw e, + 1A ull Lo 0,r20)
< [zllwrr,2rm) + 1B()2lLr(0,2r30)
< C”g||LP(O,2T;7-L)

< C[I ooy + 10 + AO)llrori0)

< O lso.r0 + luoll g peacn, , |
i

Now let t € [0, 7] and set g(s) = u/(s) + A(s)u(s),s € [0,t] and g(s) =0,s €
[t,27]. We put C(s) = A(s),t € [0,t] and C(s) = A(t), s € [t,27]. Let z be
the solution to

Z'(s) + C(s)z(s) = g(s) (s € ]0,27]), 2(0) = up. (4.7)

By the uniqueness of solution we get that z(s) = wu(s) on [0,¢]. Hence,
z(t) = u(t). Since 2 € WIP(¢,2r;H) N LP(t,27; D(A(t))) we have by [4]
[Theorem IIT 4.10.2] that z € C([t, 7]; (H, D(A(t)));_1 ,). Therefore, z(t) =

u(t) € (1, D(A(1))),_1,, Moreover, ’

1, < C[Hz”wl,p(o,zT;H) + HC(-)Z”LP(O,QT;H)}

7P:|

This finishes the proof. O

1wl (2,Dcaq))

=

< C[HfHLP(O,T;’H) + [luoll (2, 0(A(0)))

1—

Sl

Proposition 4.6. Let f € LP(0,7;H),p € (1,2] and assume that the as-
sumptions (3.2), (2.1) holds. Then there exists a unique u be the solu-

tion of the Cauchy problem (2.4) such that u € L%(O,T;V). Moreover,
u(t) € (1, V)1, for all t € [0,7].
P 2.

Proof. Let 0 < s <t <7 <7 and u; be the solution to (2.4) in [0, 71]. Set
v(s) = e~ (=940, (5). We remark that v(t) = uy(t),v(0) = e 4By (0) = 0
and

o'(s) = e IO (A®R) — A(s))ur(s) + e £ (s).
Since v(t) = v(0) + [3 v'(s) ds, we have
u(t) = /Ot e~ DA (A(t) — A(s))ur(s) ds + /Ot e =AM £(s) ds
= (Qeo,ryua)(t) + L1 (£)(1). (4.8)
Due to Lemma 4.2 and Proposition 3.8 we get that L;i(f) is bounded in

L%(O,T;V). Moreover Lq(f)(t) € (’H,V)2(171)p for all t € [0, 7]. In order
p 9.
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to continue we wish to take the inverse I — Qg ). It follows from Lemma

4.1 that Q.7 is bounded in L%(O,n; V) and

n JA®) = A Zwyry 1k
/ 1 LV,VL) dt} 2 '
0

HQ(O,T1)H 2p S C sup ‘t — 3‘7

L(L2=P (0,11;V)) s€[0,71]

Using (2.1), let € > 0 and choose 71 such that

/7‘1 HA(t) - A(S)H%(V,V,’Y)
sup
0

1
TP dt}2<5<1.

86[077—1}

Hence, [|Qo,)ll < e < 1landsol—Qgqg is invertible in

LT 0n)
2
Lﬁ(O,Tl;V). Therefore, uy = (I — Qo)) *(L1)(f) and we obtain that
2
uy € Lﬁ(O,Tl;V) and

< H)- 4.
ol o < Ol (49)

Moreover, from (4.8) we have for ¢ € [0, ]

lex® vy, < 1@0mu)loww,,_y,, + IEDNlew,, ),
<Clllutl o W s
< C'N fllLr0,m5m0)- (4.10)

Where in the second inequality we used Proposition 3.8, Lemma 4.1 and
(4.9) in the last one. Let 71 < 75 < 7 and ugy be the solution of

uhy(t) + At ua(t) = f(t) (t € (11,72)), ua(r1) = ui(1). (4.11)

For 71 < s <t < T, we set v(s) = e~ (=AM, (s). We remark that v(t) =
ug(t),v(my) = e~ =AMy (7)) and

v/ (s) = e AW (A(L) — A(s))ug(s) + e~ AW £(5).

Since v(t) = v(m1) + th1 v'(s) ds, we have

¢ t
ug(t) = e~ =AM (1) —i—/ e DA (A(t) — A(s))ua(s) ds +/ e~ =AW £ (5) ds
T1 T1

= (Tu(r1))(t) + (Q(ry,m)u2) () + L1 (L7 7)) () (4.12)
Thanks to Lemma 4.2 and Proposition 3.8, we obtain that Twu(m), L1(f)

2
are bounded in L7 (11,7; V). Now repeat the same strategy. We choose 5
such that

m [A®) — A2
HQ(TLTz)HL 2p_ <C sup |:/ W)

1
dt] ‘<1
(L2=P (11,m23V)) s€[r1,m2] "Y1 |t - 5|’y
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2
Hence, I — Q(r, r,) is invertible in Lﬁ(Tl,TQ;V). Therefore, us(t) = (I —

Q(rym)) H(Tu(1) + L1(f))(t) and we obtain that uy € L%(Tl,TQ;V). In
addition,

<C(||T +||L
ol g <C(Tur)l g AL
< C(lm)loew,, ), + 1 s mm)- (413)
Combining (4.10) and (4.13) we get
< O fll e (omcrs)- 4.14
||U2|!L;Tpp(n772; = I f 1l 2e (0,72570) (4.14)

Moreover, from (4.12), (4.13) and Proposition 3.8, Lemma 4.1 we have for
all t € [11, ]

lu2 @l #v), 1),
< (Tu(m) (@)l 3,v)

+ fJuall 2

L7 (

< Cllu(r)ll ) ]
T1,72;3

< CHfHLP(O,Tg;H)' (415)

+1(Qr myu2) Dl 2,0) + 1D Ol e,y

2(1-$)p 201-5).p 2(1-$).p

oy T 17l

2(1—%),10

Now repeat the same strategy. We use (2.1) and we work on [r;_1,7;] we
search u; be solution to

wi(t) + A(t)u(t) = f(t) (t € (rie1, 7)), wi(ric1) = w1 (1) (4.16)

and argue exactly as before. We obtain (4.14) and (4.15) on each sub-
intervals [7;_1, 7;]. Now we set v = u; in [1;,_1, 7;]. Hence by using Proposition
4.4, u is the unique solution to (2.4). This implies (4.14) and (4.15) on [0, 7]
for arbitrary 7 > 0 and finishes the proof. O

5 Proof of the main results

After the auxiliary results of the last two sections we are now ready to give
the proofs of the main results of this paper. Note that we may assume
without loss of generality hat [H3] holds with = 0, see the beginning of
Section 3.

Proof of Theorem 2.2. First we consider the case ug = 0. Indeed, let f €
LP(0,7;H) and t € (0,7). Then by Proposition 4.6 there exists a unique
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u € L%(O, 7; V) be the solution to (2.4). We have from (4.12)
t

Alt)u(t) = A(t) / e~ U=DAD(A®4) — A(s))u(s) ds
0

+A®) /O L (=AW £(5) ds
= (Su)(t) + (Lf)(®). (5.1)

Due to Lemma 3.9 we obtain that L € L(LP(0,7;H)).

2
Next we prove that S € E(Lﬁ(O,T;V),LP(O,T;H)). Indeed, take g €
LP(0,7;H) where p/ = p%l is the conjugate of p. Then

sup |(Su, g>LP(0,T;H) x LP' (0,77H) |
19007 0.0 =1
= s ([T [ e S0 A0 - A)u(s), A7 e T g(0)
9l Lo (0, 20) =1
1 (=)
/ 1A = AG ey I lA@ e T A0 s
IIQHL,, (07H)—1
_(t=s)
< JA(H)7 e~ 7AW ()Hdsdt
JA() me
< su / / lu(s) v
19l o 0. H)—l — szt 2
+d o)
<A e~ T AW g (1)) ds
||"4 ||pvv/ 1
<0, swp 1// = 2 us) |4, ds dr)”

19007 0,070

([ [ 1Ay e ()desdt)

==

1
< G / m—i-l/ A() = A = DIl It = DI, de dl)”
x sup gl e (0.7:20)
||gHLp/(O,T;H):
S , , dl
< C(/o @(/ IA®) — At = DIz dt)? 7) ||UHL2 B (0,7;)

= CJJA(. )H [l

2(0,mL00,V0)) L7 5 (0,7V)
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2
This gives that S € £(Lﬁ(0,7; V), LP(0,7;H)). Then from (5.1) we have

HA(‘)uHLp(O,T;'H) < ”‘guHLp(O,T;H) + HLfHLP(O,T;H)

<O|llull | 2
L2=p(0,m5V)

< C,Hf”LP(O,T;H)'

Since v’ = f — A(.)u we get that u € WP(0, 7;H). O

+ ||f||LP(O,T;H)]

Proof of Theorem 2.4. Let w € MR(p,H) and set f = u' + A(.)u. One has

2
f € LP(0,7;H) and by Proposition 4.6 we get that u € Lﬁ(O,T; V), u(t) €
(H,V)Q(l_;)p for all t € [0,7]. For 0 < s <1<t <7 we set
)

v(l) = e*(t*l)A(t)u(l).

We remark that v(t) = u(t), v(s) = e~ (=) AMqy(s ) /(1) = e~ (=DAD (A(t) —
AD)u(l) + e~ DA £(1). Since v(t) = () [t ()dlweget

u(t) — u(s) = [e*@*s)f‘(t)u(s) - u(s)} + / (DA [A(t) — A(D)]u(l) dl

+f DA () 8
— W (t5) + (Qugy)(®) + (Lr(Lonn (D)
We see easily that
W(t,s) =[e=0=940Ou(s) - o=y )
+ [ 94y (5) — u(s)].

Choose a contour I' in the positive half-plane and write by the holomorphic
functional calculus for the sectorial operators A(t), A(s)

~(1=AM0_~(t=9A(s) _ L / e NAT—A() ™ (A1) ~A(s) ) (AT A(s)) " d.
2wt Jr
By taking the norm in (H,V)y;_1), we have
p?
H[ —(t—s) 6_(t_S)A(5)}“(S)H(H,V)Q(l,;)m
t—s)| cosy||A 1
<c / =N OT = AW ey e,y )
1

XN =AD" vy, sy, HAIAD) = AS)llewpluls)low,, o),

o —2348 _(t—s)|cos
<@ Cl/o (L+ )~z F el aNLA®) = A cpwp lus) g, o, -

1),
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Where in (z) we used

C
p— _1 31
(AT — A(s)) ||L((’H7V)2(17%)VP;V)§ T
- C
1AL = AE)THILWVs- (-, V)aa-1),) € ————5-
g (L+ AP 2

Therefore for 5 < 1 we have

|[em @O @A u(s)ll ey, < CLAD=AE) ey llul) o,

)21-1).p -4’
(5.2)
For 8 =1 we obtain
I {ef(tfs)A(t) _ 6,(,;78)%‘(5)} U(S)H(H,V)Q(l_;) )
1),
IA®) — A(s)ll e
< O T T g,y >0 (5.3)
By (5.2) we obtain
IAD ~ Ay 3
QuomWie,,_y,, <O [ g s Il g
(5.4)

In light of Lemma 3.8 we have

CIA® = A By 3
I L Ny, <[ g ds) 1]l
(5.5)

Combining (5.2), (5.3) and (5.4), (5.5) we have

lut) = w() vy, < CAG e ey + 1 [l

2(1
FIAOews ey 1w, y,, +lul 2 ]

(t—5)A(s)

+ e u(s) = u(s)llav)

_1y,"
2(1-5)p

Here, ag =0 for § <1 and a; =¢,¢ > 0.

Observe that e~ (=9)4() is strongly continuous on (%, V)s1-1),- There-
D 2

fore [u(t) — u(s)ll(z,v)

(H’V)2(17%)7p)‘

a1y, 0 as t — s (u is right continuous in
P P

Now for 0 <t <1< s <7, weset v(l) = e =040 y(]). We remark that
v(t) = u(t),v(s) = e~ 5=DAWy(s) and

V(1) = —e TOAOLA®E) — AD)Ju(l) + IO ) — 24(0Du ().
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Hence,
u(t) — u(s) = [~ (s) — DA
+ [em (DA y(5) — u(s)]
+ / T =DAD A8y — AD)]u(l) dl

- / e~ =DAW [ (1) = 2A(1)u ()] d. (5.6)
t
We use the same argument and we proceed similarly as the proof of the

right continuous to get ||u(t) — U(S)H(H,V)2(1 L, 0as s — t (uis left
“1yp

continuous in (H,V)y_1y ). O
p J.

The following proposition gives a characterization of the trace space
Tr(p, H).

Proposition 5.1. Assume the same hypothesis of Theorem 2.4 we get

Tr(p,H) = (H, V)g(l,l) p» With equivalent norms.
p 9.

Proof. First we prove the injection (Hav)2(1—l),p — Tr(p,H). Indeed, let
ug € (H,V)y1_1,, then by Theorem 2.4 there exists u € M R(p, H) be the
p 2.

unique solution to v’ + A(.)u = 0 such that u(0) = wug. Hence, ug € Tr(p, H)
and by (2.5) we get

luollrrpy < lullavrrpa) < CHUOH(H,V)MJM
1),

and so the first injection holds.
For the second injection "<=" let us take uy € Tr(p,H). Then there exists
u € MR(p,H) such that u(0) = ug. Since by Theorem 2.4

u € C([O7 T]; (Ha V)Z(l—%),p)v
we have u(0) = ug € (%, V)y(;_1) ,- One has
)

lwollaey,, 1, < WHllulloqor:am,, 1, ,) v € MA@, H),u(0) = uo}
P p”

< Cinf{||ullsrrep) - w € MR(p,H), u(0) = up}

= HUUHTT(;D,H)'

Therefore Tr(p, H) < (H,V)y_1y,,-
P 2.
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6 Applications

This section is devoted to some applications of the results given in the pre-
vious sections. We give examples illustrating the theory without seeking for
generality. Here we study the maximal LP-regularity for p < 2.

— Elliptic operators on R".

Let H = L?(R") and V = H*(R") and define the sesquilinear forms

a(t,u,v) = Z / cr(t, 2)Opudv dx, u,v € V.
ki—1"R"
We define the operator P(t) € L(V,H) by P(t)u = >77_; b;(t)0;u, where
ueVandte|0,T]

We assume that the matrix C(t,z) = (cxi(t, z))i1<k,i<n satisfies the usual
1

ellipticity condition. Next we assume that C' € B2 ’Q(O,T;L"O((C”Q)) and

bj € LP(0,7; L°(R™)) where j € {1,...,n}. We note that

IA®) = A(s)ll ey < MIIC(E ) = Cs, )l oo en2)

1
for some constant M’. This implies that A € By ’2(O, T L(V, V).
We are now allowed to apply Theorem 2.2. We obtain maximal LP-regularity
and apriori estimate for the parabolic problem

{ u'(t) + A u(t) + P(t)u(t) = f(t)
u(0) = 0.

That is, for every f € LP(0,7; L?(R™)) there is a unique solution
w e WHP(0,7; L*(R™)) N LP(0, 7; H' (R™)).

— Schrodinger operators with time-dependent potentials.

Let 0 <my € Llloc(R”) and m : [0,7] x R” — R be a measurable function

for which there exist positive constants aq,as and M such that for a.e. x
and all t € [0, 7]
armp(z) < m(t,x) < agmp(x).

We define the form
a(t,u,v) = / VuVudz + [ m(t,z)uvdx,
n Rn

with domain

V={uecHR"): /Rn mo(x)|ul? de < oo}

24



It is clear that V is a Hilbert space for the norm ||u||y given by
fulf = [ VuPdo+ [ mo(@)uf da.

In addition, a is V-bounded and coercive. Its associated operator on L?(R")
is formally given by

A(t) = —A+mi(t,.)

with domain
D(A(t) ={ue Vst —Au+m(t, )uc L*(R™)}.

1
Next we assume that ¢t — m(t,.)mo(.)~! € B? ’2(0,7'; L>*(R™)), with p < 2.
We have

IA®) = A(s)l vy
= sup ‘a(t,u,’t)) - CI(S,’U,,’U)|

ullv=1,llvllv=1

< sup /\m<t,:v>—m<s,x>||u\|v\dw

Jully=L,]lelly=1

—m(s,.))mg * ()|| oo (rn su mo(x)|u||lv|de
<lm(t ) = mlss g Ollmery swp [ mofa)fuleld
< [[(mt,.) = m(s, ))mg " (| oo (ro)-

1

Then we get A € Bﬁ’Q(O, 5 LV, V).

Given f € LP(0,7;L*(R")), we apply Theorem 2.2 and obtain a unique
solution u € WHP(0,7; L2(R™)) N LP(0,7; V) of the evolution equation

{ W (t) — Au(t) + m(t, Ju(t) = f(t) ae.
u(0) = 0.

— Robin boundary conditions.
Let © be a bounded domain of R? with Lipschitz boundary 9Q. We denote
by Tr the classical trace operator. Let 8 : [0, 7] x 9Q — [0,00) be bounded
and such that
e dl
L[ 180 = 8~ L)l a0 F <00 (61)

for some a > i. In particular, 5(.,x) € Bg"Q.
We define the forms

a(t, u,v) /Vqudx—i—/ u)Tr(v) do,
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for all u,v € V:= H(Q).
Formally, the associated operator A(t) is (minus) the Laplacian with the
time dependent Robin boundary condition given by

a—:fb + B(t,.)u =0 on 0N.

Here % denotes the normal derivative.
Note that for any € > 0

la(t;u,v) —a(s;u,v)
.y / s, )] Te(u) T (v) do|

< 116(t,) - B, >||Loomuuum+5(m|| ke

where we used the fat that the trace operator is bounded from H %"'E(Q)
into Lg(0€). The forms considered here are symmetric and therefore the
uniform Kato square root property can be checked easily. Now assumption
(6.1) allows us to apply Theorem 2.2 with v = 2a = 3 + ¢ and obtain
maximal LP-regularity for the corresponding evolution equation with initial

1— 1
data ug € (LQ(Q),Hl(Q))Q(lfl)p B, 2073)2 (©2). The forms considered
P 9.
here are symmetric and therefore the uniform Kato square root property
can be checked easily.
Maximal LP-regularity for time dependent Robin boundary condition with
B(.,z) € C* for some o > ; was previously proved in [6] and [24]. In the

latter reference maximal LP-regularity for all p € (1, 00) is proved.
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