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Abstract—A mismatched filter that minimizes the

phase code sidelobe level in the presence of Doppler

shifts is presented. Taking into account the Doppler

shift is essential, as for non-robust to Doppler shift

phase codes, the sidelobe level may increase dramat-

ically. The proposed filter is obtained as the solution

of an optimization problem that is based on the use

of the mean Integrated Sidelobe level over a given

Doppler interval. Its cost function can be simply ex-

pressed as the product between the zero-Doppler cost

function and the generating matrix of the Discrete

Prolate Spheroidal Sequences. Comparison with known

filters from the literature, for di�erent filter lengths

and Doppler interval ranges, shows that the proposed

solution provides improved results in terms of mean

Integrated Sidelobe Ratio over the considered Doppler

interval.

Index Terms—Mismatched Filter, Optimal, Side-

lobes, Doppler, Continuous, Integrated Sidelobe Ratio.

I. Introduction

In radar applications, target detection is usually performed
via a matched filter (MF) processing that aims at maxi-
mizing the target signal-to-noise ratio (SNR) [1], [2]. This
MF processing unfortunately tends to create potentially
strong sidelobes in the presence of strong targets that may
hide the main lobe of a weaker one, thus preventing its
detection [3]. In order to mitigate potential these sidelobes,
the matched filter can be replaced by a di�erent filter, opti-
mized with respect to the sidelobe level and not to the SNR
anymore. Such a filter is denoted as a mismatched filter,
since it does not use the transmitted signal for compression
[3]. An extensive literature has already been devoted to the
subject of mismatched filter optimization [4]–[8].

For classical linear phase steering vectors, encountered
in applications such as spectral analysis or phase anal-
ysis, and chirp signals, mismatched filtering is usually
performed using a weighting window [9], which provides
interesting performance depending on its type, at the cost
of a mainlobe enlargement. For other types of codes, mis-
matched filtering is usually expressed as an optimization
problem defined under one or more constraints. The choice
of the cost function and the associated constraints is very
wide as this filtering is used in several domains such as

passive radars, SAR, MIMO radars. Most papers consider
the Peak-to-Sidelobe Ratio criterion and the Integrate
Sidelobe Ratio criterion [6]–[8], [10], [11], mainly in the
zero-Doppler case. A few papers examine the Doppler shift
case [4]–[6]. Additional constraints can be also added in
such optimization programs in order to control various
features such as the loss-in-processing gain or the mainlobe
shape [4].

In a synthetic aperture radar framework [2], [12]–[14],
low sidelobes are essential so that the contrast of the
generated image can be as good as possible to avoid its
degradation by strong scatterers. Notably, it should be
noticed that Doppler shift occurs on such situations due to
the airborne radar platform motion leading to an increase
of the sidelobe level. Hence the need to minimize it, by
taking into consideration the intra-pulse Doppler e�ect.
This e�ect is mainly observed for non-chirp signals as
linear frequency modulated pulses are robust to intra-
pulse Doppler e�ect. In addition, for shared spectrum or
combined radar and communication systems, chirp signals
are not suitable and one may use other signals instead.
In such cases, phase codes can be used, but they are
generally non-robust to Doppler shifts. Notably, their side-
lobes dramatically increase for high Doppler frequencies,
which results in a poor image contrast. Consequently, in
this article, we are interested in minimizing the Integrated
Sidelobe Ratio (ISLR) of these codes over a given range of
Doppler shifts, instead of the PSLR, which compares the
main lobe with the higher sidelobe.

To do so, the proposed cost function is defined as the
mean ISLR over a given Doppler shift interval. It can be
analytically computed and expressed as a combination of
the zero-Doppler cost function and the generating ma-
trix of the Discrete Prolate Spheroidal Sequences, that
facilitates its computation. This quadratic cost function
is proven to be convex. Using classical constraints over
the output energy and the loss-in-processing gain [4], the
resulting program is quadratic convex with linear and
quadratic convex constraints. It can thus be easily solved
using a convex solver such as CVX [15] and thus, provides
a solution of the problem which is a robust optimal filter.

Performance results, obtained for two di�erent kinds of



phase codes and two di�erent filter lengths, show that the
proposed solution provides an improved ISLR over the
considered Doppler interval.

This article is divided in 3 sections. Section II provides
the mismatched filter mathematical background. More
precisely, in subsection II-A, a general formulation of the
mismatched filter is presented and in II-B the formulation
using ISLR criterion. Section III is dedicated to the deriva-
tion of the proposed mismatched filter using a Doppler
interval for intra-pulse Doppler e�ect. Finally, section IV
presents the simulation framework and the comparative
results on the proposed mismatched filter.

II. Mathematical Formulation

This section provides some general information about
the mismatched filter formulation and the optimization
criterion for the cost function definition.

A. Mismatched Filter Formulation

Let s be the complex transmitted signal vector of length
N ,

s =
#
s1 s2 . . . sN

$T

,

where .T is the transpose operator.
In the presence of a moving source or target, the received
signal is subject to a Doppler shift fd. Thus, the ith

component of the received signal r can be expressed as:

rfd
i

= sie
2jfifdti , ’i œ J1, NK, (1)

where ti = iTs, with Ts the sampling time, such that the
pulse duration is Tp = NTs.
At reception, the signal is processed using a mismatched
filter in order to perform target detection. The length K
of the mismatched filter q œ CK can be equal to or greater
than the length of the signal (K Ø N).
The output signal can be expressed as

y(fd) = �ú(fd)q, (2)

where .ú is the complex conjugate,

q =
#
q1 q2 . . . qK

$T

, with K Ø N

and where �(fd) is a correlation matrix of size (K + N ≠
1) ◊ K, defined by
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S
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Clearly, the classical matched filter is simply obtained by
choosing q = s, when fd = 0. As already mentioned for
a mismatched filter, q is chosen in such a way that it
minimizes the sidelobe response instead of maximizing the
SNR. This paper is focused on the ISLR criterion defined
in the next subsection.

B. Integrated Sidelobe Ratio

Two main criteria exist in the literature when con-
sidering the sidelobe level obtained at the output of a
given filter, the Peak-to-Sidelobe Ratio (PSLR) and the
Integrated Sidelobe Ratio (ISLR). The latter one is defined
as the ratio between the energy of all sidelobes with respect
to the energy of the main lobe [16].
It is expressed as

ISLR (y) = 10 log10

⁄
a

≠Œ
|y(·)|2d· +

⁄ Œ

b

|y(·)|2d·

⁄
b

a

|y(·)|2d·

,

(3)
where y is the output signal and the interval [a, b] bounds
the main lobe.

On the contrary, the PSLR criterion, widely considered
in the literature [4]–[8], evaluates the di�erence between
the main lobe level and the highest sidelobe level [16].
The motivation for choosing here the ISLR criterion flows
from its great importance in SAR applications. Di�erent
scatterers may be spread all over the imaging zone, whose
contributions create sidelobes that are summed up in
neighbouring resolution cells. Therefore, this can not only
provide potentially poor image quality but also prevent
weak target detection. Besides, in such applications, hav-
ing slightly higher sidelobes next to the main lobe is
less inconvenient than having sidelobes that are spread
along both range and azimuth directions and consequently
pollute the output image.

In our framework, the ISLR criterion is thus used in
order to define the cost function of the optimization prob-



lem. Considering the sampled signal, the ISLR definition
can be cast as

ISLR (y) = 10 log10

Q

cca

ÿ

kœ�SL

|yk|2

ÿ

kœ�ML

|yk|2

R

ddb , (4)

where �SL and �ML respectively define the sidelobe and
mainlobe sample sets. In the particular case where the
sampling frequency fs = 1/Ts is chosen such that fs = B
with B the signal bandwidth, then the mainlobe set �ML

is reduced to one single sample representing the signal
energy. In that case, since this signal energy is generally
constrained in the mismatched filter optimization pro-
gram, the ISLR criterion can be simply defined as :

ISLR (y) = 10 log10
ÿ

kœ�SL

|yk|2. (5)

We will use this definition in the following.

III. Minimization Problem for Doppler-Robust

Optimal Mismatched Filter

To our knowledge, few articles in the literature have
addressed the problem of optimizing the mismatched filter
with respect to the sidelobe level when facing an un-
known Doppler shift [4]–[6]. In these papers, the problem
is generally solved in the PSLR sense and with only a
small discrete set of Doppler shifts constraining the output
result.

In [17], the authors propose a framework for obtaining
robust filters when facing unknown parameters which take
values within a given resolution cell. In the current paper,
an extension of this approach is proposed in a di�erent
framework, that takes into consideration the intrapulse
Doppler on a predefined interval.

A. Proposed Minimization Problem

The aim is thus to obtain the optimal filter with respect
to the average ISLR over all possible Doppler shifts within
a given interval.
This minimization problem can be expressed as:

min
q

Efd

!
||Fy(fd)||22

"

s.t. sHq = sHs
qHq Æ 10

—
10 sHs

(6)

where F is a diagonal matrix of ones except for the indices
that correspond to the position of the main lobe, where
the value is zero and — is a positive constant in dB that
expresses the loss-in-processing gain. This value represents
the maximum tolerated loss for the resulting filter [4].

The first constraint allows to discard the trivial null
solution and is convex because of its linearity. The second
one enables to constraint the loss-in-processing gain and
is also convex as it is a positive semi-definite quadratic
constraint. Globally, the optimization problem is thus

convex, as the 2-norm is convex, with convex constraints.
As a consequence, any local optimum of the optimization
problem is necessarily a global optimum.

B. Computations of the Cost Function

As mentioned, the expression (6) aims at optimizing the
mismatched filter over an interval of Doppler values. Let
us consider here that the Doppler frequency is uniformly
distributed over the interval

� =
5
≠ Ÿ

Tp

,
Ÿ

Tp

6
,

with Ÿ œ Rú
+.

For example, Ÿ = 1
2 corresponds to the ≠3dB lobe

width of the main lobe and Ÿ = 1 is the interval that
corresponds to the full main lobe, or in other words up to
the first null on each side. Note that this problem could
straightforwardly be adapted to cope with non-symmetric
intervals.
By injecting the compressed signal expression (2) into
(6) and by noting that FHF = F, we obtain under the
assumption of a uniform distribution of the Doppler shifts
fd that:

Efd

!
||Fy(fd)||22

"
= Tp

2Ÿ

⁄

�
||Fy(fd)||22dfd

Ã qH

1 ⁄

�
�T (fd)F�ú(fd)dfd

2
q. (7)

Let M(fd) = �T (fd)F�ú(fd) and M� =
s

� M(fd)dfd .
Then,

Efd

!
||Fy(fd)||22

"
Ã qHM�q
= ||M

1
2
�q||22. (8)

Now, the aim is to provide an explicit expression for M�.
First, let us compute the matrix M(fd). An element of
the correlation matrix � can be expressed as :

�µ,‹(fd) = sN+‹≠µej2fifdtN+‹≠µ , (9)

where µ œ J1, K + N ≠ 1K and ‹ œ J1, KK and assuming
that sk = 0 if k Æ 0 or k > N .
Using (9), the (k, l) element of M, with k, l œ J1, KK, is
expressed as:

Mk,l(fd) = Mk,l(0)e
2jfi
N fdTp(l≠k), (10)

where M(0) = �H(0)F�(0), which is close to the auto-
correlation of the received signal for the zero-Doppler
frequency and only depends on the transmitted signal s.
It follows that,

(M�)k,l =
⁄

�
Mk,l(fd)dfd

= Mk,l(0)
⁄ Ÿ

Tp

≠ Ÿ
Tp

e
2jfi
N fdTp(l≠k)dfd

= 2Ÿ

Tp

Mk,l(0) sinc
!2fi

N
Ÿ(l ≠ k)

"
. (11)



Equation (11) provides the final expression of the (k, l)
entry of matrix M�. It can be noted that this matrix is
similar to the matrix whose eigenvectors are the Discrete
Prolate Spheroidal Sequences (DPSS) [18], which are used
in signal processing and communications applications. In-
deed the (k, l) component of the DPSS generating matrix
is expressed as:

Pk,l(›) =
⁄

›

≠›

e(2jfi(l≠k)f)df = 2› sinc
!
2fi(l ≠ k)›

"
,

where k, l œ J1, KK.
Finally, the M� matrix can be written in matrix form as

M� = N

Tp

M(0) § P( Ÿ

N
), (12)

where § corresponds to the element-wise multiplication.
M� thus corresponds to the element-wise multiplication of
the zero-Doppler cost function and the Slepian generating
matrix. It depends on the considered Doppler interval
through the variable Ÿ and on the signal characteristics,
through the pulse duration Tp, the signal length N and its
auto-correlation.

By injecting (12) in (8), the final form of the cost
function is obtained in order to be minimized. By solving
the problem (6), an optimal solution qú can be found.

Note that if the second constraint on the loss-in-
processing gain is removed from problem (6), then the op-
timization problem can be analytically solved [4]. Indeed,
the solution can be obtained by applying the Lagrange
multipliers method and it is expressed as:

qú
analytic(s, M�) = (sHs) M≠1

� s
sH M≠1

� s
. (13)

This analytic solution provides a sidelobe level bound for
the given pulse over the whole Doppler interval in the sense
that it provides the optimal mean ISLR, whatever the loss-
in-processing gain.

IV. Simulation and Results

This section is dedicated to the simulation framework
study and some performance results.

A. Simulation Framework

The optimal mismatched filter is coded using the Matlab
toolbox CVX: Matlab Software for Disciplined Convex

Programming [15]. It allows to solve e�ciently the convex
quadratic problem with respect to the chosen linear and
quadratic constraints.

Two waveforms are considered in this paper, the Maxi-
mum Length (ML) Sequence [19] and the Gold sequences
[20]. Both are phase-coded waveforms and they are not as
robust to Doppler shift as chirp waveforms. In particular,
it has been shown that for such codes, a mismatched filter
optimized considering only the zero-Doppler case may lead
to a dramatic increase of the sidelobe level for non-zero
Doppler shifts [4].

Parameter Value
Bandwidth B 5.11 MHz
Pulse duration Tp 10≠4 s
Signal length N 511 = (29 ≠ 1)
Sampling 1

B
Phase code {ML ,Gold}
Filter length (# q) {N, 3N}
Doppler interval width Ÿ { 1

2 , 1, 2}
Allowed loss in processing gain — 1 dB

Table I: Parameters used for the simulations.

For both waveforms, four filters are tested and compared
to each other. The classical matched filter maximizes the
signal-to-noise ratio, but it is not e�cient in terms of side-
lobe level [1], [2] and it is denoted by ’MF’. The second one
is denoted by ’MMF0’, it minimizes the sidelobe level for
the zero-Doppler value only and corresponds to a classical
mismatched filter as proposed for instance in [4]. The third
one is the proposed filter that takes into consideration
any possible Doppler shifts in the interval � in order to
reduce the sidelobes and it is denoted by ’MMF’. Finally,
the fourth filter corresponds to the optimal solution when
the loss-in-processing gain constraint has been discarded,
which is provided by (13). It is denoted by ’MMFanalytic’.

For each mismatched filter, two filter lengths are con-
sidered. The ones indicated by an index ·N , correspond to
the use of a filter with length equal to the signal length
and the others, indicated by an index ·3N , correspond to
a filter length equal to 3N .

Table I provides the values of the simulation parameters
that were used for the implementation and the comparison
of the results.

B. Performance

The following subsection presents illustrations of the
performance obtained for di�erent Doppler intervals and
filter lengths.

Figures 1 and 2 illustrate the Integrated Sidelobe Ratio
obtained for the considered filters, optimized for Gold code
and ML code respectively, with respect to a given Doppler
interval. Each Doppler interval depends on Ÿ: the smaller
Ÿ is, the narrower the interval is going to be. Performance
is provided in terms of the ISLR measured for a given
Doppler shift. In Table II, the mean ISLR results over
each Doppler interval are presented, which thus directly
corresponds to the cost function in (6).

As expected for a given filter length, the MMF0 fil-
ters provide the best ISLR performance at zero-Doppler
shifts. However, the sidelobe level provided by these filters
rapidly increases when increasing the Doppler shift. For
this filter, it is also important to remark that the per-
formance does not depend on the Doppler interval width,
since it is optimized for the zero-Doppler shift only.

On the contrary, the MMF solution provides larger side-
lobes than MMF0 at the neighborhood of zero-Doppler,
but lower ones at higher Doppler shifts. The averaged



ISLR on the whole considered Doppler interval is then the
best, as can be seen from Table II. Here, the Doppler in-
terval definition plays a crucial role on the performance, as
it impacts the mean ISLR value obtained by the di�erent
filters.

The MMFanalytic solution presents the same behavior
as the MMF, but generally better due to the removal of
the loss-in-processing gain constraint.

As for the classical MF filter, it generally provides the
worst ISLR but it may provide a mean ISLR better than
the MMF0 solution for large Doppler intervals (see Table
II).

Let us now consider the impact of the filter length.
For all mismatched filter solutions, considering a longer
filter, for instance in our case 3N instead of N , provides
improved performance. However the gain tends to decrease
with the width of the Doppler interval. For a large interval,
performance provided by both N and 3N lengths are
almost identical and the performance provided by the
MMFanalytic are also similar to those of the MMF. This
remark combined with table III leads to the conclusion
that relaxing the constraint on the loss-in-processing gain
in that case will not improve the performance.

More precisely, for ML sequence, the optimal solution
already verifies the second constraint of the optimization
problem for any Doppler interval and filter length, as it
is greater than ≠1 dB , and thus it is identical with its
analytic solution, shown also in Table III. The optimal
solution of the Gold pulse attains the boundary of the
second constraint as the loss-in-processing gain of the
analytic solution is less than ≠1 dB. However the interval
length plays a crucial role, since the optimal solution tends
to the analytic one while increasing it, as well as their loss-
in-processing gains provided in table III.

Finally, one can remark that better ISLR performance
is provided by the ML sequence compared to the Gold one,
which is expected since the sidelobe level of the ML code is
theoretically smaller than that of the Gold one. Globally
speaking, regardless of the choice of the code, the best
results are provided by using the 3N -length MMF filter
as indicated in Table II.

V. Conclusion

The current paper proposed an optimal mismatched filter
derived from a sidelobe level minimization problem for
a given phase code over a specific Doppler interval. The
cost function of the problem was defined with respect to
the ISLR criterion. It was shown that it can be expressed
as the term-by-term multiplication of the cost function
in 0 and the generating matrix of the Discrete Prolate
Spheroidal Sequences. The implementation results showed
that, among several tested filters, the mismatched filter
introduced in this paper provides in average the best
energy over the considered Doppler interval, especially for
long filters, as shown in table II.
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Figure 1: Intergrated Sidelobe Ratio illustrations for Gold sequence in dB for di�erent Doppler intervals.
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Figure 2: Integrated Sidelobe Ratio illustrations for Maximum Length sequence in dB for di�erent Doppler intervals.

fig Pulse Ÿ MF MMFN MMF0N MMF3N MMF03N MMFaú
N MMFaú

3N

1a Gold 0.5 -0.078 -2.92 -2.832 -3.576 -3.229 -3.593 -4.713
1b Gold 1 0.018 -1.768 -1.37 -1.951 -0.968 -1.996 -2.243
1c Gold 2 -0.01 -0.959 -0.18 -1.023 0.117 -1.003 -1.079
2a ML 0.5 -3.573 -4.689 -4.54 -5.415 -4.649 -4.689 -5.415
2b ML 1 -2.209 -2.531 -2.057 -2.665 -1.209 -2.531 -2.665
2c ML 2 -1.099 -1.183 -0.525 -1.21 0.046 -1.183 -1.21

Table II: Energy integral in dB over the whole Doppler interval defined by Ÿ for every filter.
ú MMFa{·} corresponds to MMFanalytic{·}

fig Pulse Ÿ MMFN MMFaú
N MMF3N MMFaú

3N

1a Gold 0.5 -1 -2.894 -1 -3.727
1b Gold 1 -1 -2.195 -1 -2.414
1c Gold 2 -1 -1.615 -1 -1.692
2a ML 0.5 -0.391 -0.391 -0.564 -0.564
2b ML 1 -0.194 -0.194 -0.274 -0.274
2c ML 2 -0.069 -0.069 -0.092 -0.092

Table III: Loss-in-processing gain of the optimal
and analytic solution in dB for di�erent
Doppler intervals and filter lengths.
ú MMFa{·} corresponds to MMFanalytic{·}
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