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CONVERGENCE AND ALMOST SURE PROPERTIES IN HARDY
SPACES OF DIRICHLET SERIES

FREDERIC BAYART

ABSTRACT. Given a frequency A, we study general Dirichlet series ane” %, First, we
give a new condition on A which ensures that a somewhere convergent Dirichlet series
defining a bounded holomorphic function in the right half-plane converges uniformly in
this half-plane, improving classical results of Bohr and Landau. Then, following recent
works of Defant and Schoolmann, we investigate Hardy spaces of these Dirichlet series.
We get general results on almost sure convergence which have an harmonic analysis
flavour. Nevertheless, we also exhibit examples showing that it seems hard to get general
results on these spaces as spaces of holomorphic functions.

1. INTRODUCTION

1.1. A-Dirichlet series and their convergence. A general Dirichlet series is a series
> ane % where (a,) C CN, s € Cand A = (),) is an increasing sequence of nonnegative
real numbers tending to +oo, called a frequency. We shall denote by D(\) the space of
all formal A\-Dirichlet series. The two most natural examples are (\,) = (n) which gives
rise to power series and (A, ) = (logn), the case of ordinary Dirichlet series. A proeminent
problem at the beginning of the twentieth century was the study of the convergence of
these series, starting from the following theorem of Bohr [5] on ordinary Dirichlet series: let
D =", ayn~* be a somewhere convergent ordinary Dirichlet series having a holomorphic
and bounded extension to the half-plane Cy. Then D converges uniformly on each half-
place C. for all ¢ > 0. Here, Cy means the right half-plane [Res > 6].

An important effort was done to extend this result to general frequencies. Two suffi-
cient conditions were isolated firstly by Bohr [5] and then by Landau [19]. Following the
terminology of [21], we say that a frequency satisfies (BC) provided

(BC) 3 >0, 3C >0, Vne N, Apy1 — Ap > Ce P,
A frequency X satisfies (LC) provided
(LC) ¥6>0,3C >0, Vn €N, Ayt — Ap > Ce @ .

Of course, (BC) is a stronger condition than (LC), and Landau has shown that any
frequency satisfying (LC) verifies Bohr’s theorem: all Dirichlet series D = Y a,e *»*
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belonging to DEXt()), the space of somewhere convergent \-Dirichlet series which allow a
holomorphic and bounded extension to Cy, converge uniformly to C,, for all £ > 0.
This problem was studied again recently in [7] and [21] in connection with Banach spaces
of Dirichlet series and quantitative estimates. Define by Dy () the subspace of DZY())
of Dirichet series which converge on Cy (in general, Do (\) can be a proper subspace
of DEE(N) if A does not satisfy Bohr’s theorem) and define Sy : DEF(A) — Doo(N),
foo ane s — Ziv ane~?* the N-th partial sum operator. In [21], a thorough study
of the norm of Sy is done (the case of ordinary Dirichlet series was settled in [1]), leading
to consequences on the existence of a Montel’s theorem in DX*()) or on the completeness
of Do ().
Our first main result is an extension of the results of [5, 19, 21]: we provide a new class
of frequencies, that we will call (NC) (see Definition 2.2) such that Bohr’s theorem, and
all its consequences, are true. Like (BC) or (LC), this class of frequencies quantifies how
fast A goes to 400 and how close its terms are, but in a less demanding way since (NC) is
strictly weaker than (LC).
Our method of proof also differs from that of [21]. In [21], the estimation of ||Sx|| is based
on Riesz means of A-Dirichlet polynomials: recall that for a sequence of complex numbers
(cn) and for k > 0, the finite sum

R;\’k(;cn) =S (1 - ?)kcn

An<T

is called the first (A, k)-Riesz mean of ) ¢, of length 2 > 0. I. Schoolmann uses approx-
imation of D by Ry™(D) for a suitable choice of k to deduce its result on ||Sy||. Our
alternate approach is based on mollifiers and on a formula of convolution due to Saksman
for ordinary Dirichlet series.

1.2. Hardy spaces of A\-Dirichlet series: Banach spaces and harmonic analysis.
Our second approach deals with Hardy spaces of Dirichlet series. For ordinary Dirichlet
series, they have been introduced and studied in [15] (see also [1]) and this has caused an
important renew of interest for this subject. The general case has been introduced and
investigated very recently in [10, 12, 11]. For p € [1,400), the Hardy space H,(\) may be
defined as follows: given a A-Dirichlet polynomial D = Zgzl ane %, define its Hp-norm
by

T
Dl = tim /_T \D(it)|Pdt.
Then H,(A) is the completion of the set of A-Dirichlet polynomials for this norm. However,
this internal description is often not sufficient to get the main properties of H,(\) and we
need a group approach. Let G be a compact abelian group and let 5 : (R,+) — G be
a continuous homomorphism with dense range. Then we say that (G, ) is a A-Dirichlet
group provided, for all n € N, there exists hy, € G such that hy, 0B = e~ The space
H)G), p € [1,+00] is then defined as the subspace of LP(G) of functions f such that



GENERAL DIRICHLET SERIES 3
supp(f) € {hy, : n € N}. Now define the Bohr map B by
. A
B: Hy(G) — D(A)
Fe > fhy)e e

and set H,(\) = B(H,)(G)) with ||Bf||, := || f],- Then it has been shown in [10] that

e given a frequency A, there always exists a A-Dirichlet group (G, B);
e the Hardy space H,(A) does not depend on the choosen A-Dirichlet group;
e when p # 400, it coincides with #,()) defined internally.

Our second aim in this paper is solve some of the problems on the spaces #H,(\) raised
in [9] and to exhibit new properties of them. In particular, we investigate properties of
Hp(A) coming from functional analysis and harmonic analysis.

As an example, let us discuss a famous therorem of Helson [17] which ensures, in our
terminology, that if A satisfies (BC) and D =) ane~ % belongs to Ha (), then for almost
all homomorphisms w : (R,+) — T, the Dirichlet series Y, a,w()\,)e”*"* converges on
Cp. This has been extended to the Hardy spaces H,((logn)) for p > 1 by Bayart in
[1] and this result is at the heart of many further investigations on these spaces (e.g.
composition operators, Volterra operators). Therefore, it is a challenge to put it in the
general framework of H,(\) or, equivalenty - via the Bohr transform - of H;S\(G)- When A
satisfies (BC), this has been done in [12], adding moreover the maximal inequality.

Theorem A (Defant-Schoolmann). Let A satisfy (BC), let (G, 3) be a A-Dirichlet group.
For every u > 0, there exists a constant C' := C(u, \) such that, for all 1 < p < 400 and
forall f € H;‘(G),

N
(1) supsup |3~ f(a,)e” ", ||| < CI7
oZu n=1 P

In particular, for every u > 0, ZIFOO f(h)\n)e_“’\”hAn converges almost everywhere on G.

When A satisfies (LC), the almost everywhere statement is known to be true, as well as
the maximal inequality for p > 1 with a constant now depending on p. When p = 1,
it is valid if we replace the L;(G)-norm by the weak L;(G)-norm. We shall prove that
inequality (1) remains true even on the weaker assumption that A satisfies (NC), even for
p = 1, and with a constant independent of p. Our approach, which seems less technical
than that of [12], is based again on a version of Saksman’s convolution formula and on a
Carleson-Hunt type maximal inequality of independent interest.

1.3. H,(A\) as a Banach space of holomorphic functions. The results announced in
the previous section indicate that the spaces H,(\) seem to behave well if we look at their
almost sure properties. The classical case H,((logn)) was also investigated as a Banach
space of holomorphic function. Even in that case, it is a nontrivial problem to determine
the optimal half-plane of convergence of elements in H,(\), namely to compute

oy, = inf{oc € R: o.(D) <o forall D € H,(\)}
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where, for a Dirichlet series D € D()\), o.(D) := inf{oc € R: D converges on C,}. This
has been settled in [1], using that o, ((10gn)) = 1/2 (easy by the Cauchy-Schwarz inequal-
ity) and that 7,(Y, ane™%) = > ane e~ maps H,((logn)) into H,((logn)) for
all p,q € [1,400) and all ¢ > 0. The argument is based on multiplicativity (namely on
the fact that the natural A-Dirichlet group for (logn) is the infinite polytorus T°°) and on
a hypercontractive estimate for the Poisson kernel acting on the Hardy spaces HP(T) of
the disk.

We will show that there is no hope to get such a result for general frequencies A even
if they satisfy (BC). For instance, if we will be able to prove that for all frequencies
03,00 < 2034,(n), we will nevertheless point out that, even if we assume (BC), this is
optimal and in particulat that we may have oy, ()) > o31,(1). We will also exhibit a
sequence A\, which still satisfies (BC), such that 7, maps boundedly Ha(A) into Hor(A) if
and only if 0 > (k — 1)/2k. In particular, it seems very hard to compute oy, () in the
general case and the behaviour of 7,()\) as a space of holomorphic function seems more
difficult to predict if we assume only growth and separation conditions on A.

1.4. Notations. Throughout this work, we shall use the following notations. For A a
frequency and D € D()), the abscissa of absolute convergence of D and the abscissa of
uniform convergence of D are defined by

04(D) :=inf{oc € R: D converges absolutely on C,}
ou(D) :=inf{oc € R: D converges uniformly on C,}.

We set
log N
L(X) := limsup o8
Notoo AN
= sup 04(D) —0c(D).

DeD(N)
Given (G, ) a A-Dirichlet group we shall denote by Poly(G) the set of polynomials with
spectrum in A, namely finite sums > ;_, axhy, with A\, € G for each k = 1,...,n. We

shall also use the following result: for all f : G — C measurable, for almost all w € G,
the function f, := f(wpB(:)) : R — C is measurable. If additionally f € L (G), then for
almost all w € G, f, € Loo(R) with ||fulloo < || f]loo- Moreover, if f € Li(G), then f,, is

locally integrable for almost all w € G, and for g € L1 (R), the convolution
g* 1ult) = [ 1Bl =)o)y
is almost everywhere defined on R and measurable (see [10, Lemma 3.11]).

2. PRELIMINARIES

2.1. A new class of frequencies. We introduce our new condition, more general than
(LC), under which most of our results will be satisfied. We first reformulate (LC).

Lemma 2.1. A frequency X satisfies (LC) if and only if there exists C' > 0 such that, for

all 6 >0, for alln € N,
)\n+1+>\n O\
1 —— | < (e,
©8 <)\n+1_An> = e
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Proof. Assume first that A\ satisfies (LC) and let § > 0. Then there exists C' > 0 such

that, for all n € N, A\pp1 — Ay > Ce*e7 . Let n € N and set &, = A\, + C’e*ejA Since
the function = — (z + \,)/(x — Ap) is decreasmg on (Ap,+00), one gets

)\n+1 + )\n < én + /\n
)\n+1 - )\n - En - )\n
5>\n 6/\n
<ct <2)\n + Ce ¢? ) ec?

SAn

< (e
The converse implication is easier and left to the reader. [l

The main idea to introduce (NC) is to allow to compare the position of A, with A, for
some m > n and not only with A,1.

Definition 2.2. We say that a frequency A satisfies (NC) if, for all 6 > 0, there exists
C > 0 such that, for all n > 1, there exists m > n such that

(NC) log <i\mti\n> + (m —n) < Cen,

Condition (NC) provides a nontrivial extension of (LC).

n2
Example 2.3. Let A be defined by A\onyp = n? + ke ¢ for k = 0,...,2" — 1. Then
L(\) = +o00, A satisfies (NC) and A is not the finite union of frequencies satisfying (LC).

Proof. Let § >0, n € N, k € {0,...,2" — 1}, then provided n is large enough

log (M> + (2" = 2" — k) <log (2(n + 1)) + 2"
)\2n+1 - )\2n+[€

S Ce6n2

S Ce(s)\zn+k

for some C' > 0. Moreover, if A was the finite union of A, ..., AP, each M satisfying (LC),
then at least one of the A/, say A!, will contain an infinite number of consecutive terms
A= Aonig, A1 = Aonggy with 1 <K —k <pand k, k' € {0,...,2" — 1}. For these m,

)\1 AL
log <+1+> > e — logp > Cerm/?

1 1
>‘m+1 )‘m

contradicting that A! satisfies (LC). O

2.2. Saksman’s vertical convolution formula. Saksman’s vertical convolution for-
mula was introduced to express weighted sums of ordinary Dirichlet series using an integral.
It says essentially that if D =) a,n™* is an ordinary Dirichlet series and v is in L' with
1/3 compactly supported, then

Zanw logn)n /Derzt (t)dt
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with a sense that has to be made precise. It was used in [4] for Dirichlet series in H; and
in [20] for Dirichlet series in Hoo. We shall extend it to general Dirichlet series and we
will use it as a much more flexible substitute of Perron’s formula.

Theorem 2.4. Let ¢p € LY(R) be such that 1[1 is compactly supported and let A be a
frequency with (G, B) an associated A-Dirichlet group.

(a) Let D =" ane *n* € DEYN) with bounded and holomorphic extension to Cy denoted
by f. Then for all s € C with Re(s) > 0

+oo R \
ant( Ay )e " = s+1 dt.
n§:1 ¥(An) /Rf( + it)(t)dt

(b) Let f =3, anhy, € HNG). Then for almost allw € G,

400 .
;anw)\n)hxn(@ —/wa(t)wu)dt.

In the sequel, for D = Y ane™** € DEY(N), respectively for f = 3 a,hy, in H)NG),
and for ¢ € L*(R) compactly supported, we shall denote

Proof. (a) Observe first that the equality is true provided D is a Dirichlet polynomial and
that the two members of the equality define an analytic function on Cy. Assume first
that L(\) < +o00. Then 04(D) < 400 and for s > o,(D), the formula is true just by
exchanging the sum and the integral. We conclude by analytic continuation.

When L(\) = +o0, the proof is more difficult. We use (see [14, Theorem 41 p. 53] or
[18, Theorem 22]) that there exist a half-plane Cy, # > 0, and a sequence of A-Dirichlet
polynomials D; = E:{i’i ale=*% such that (aZ'L) tends to a, as j tends to +oo for any n
and (D;) converges uniformly to f on Cy. Since each D; is a Dirichlet polynomial, we
know that for all s € Cy and all j € N,

+o0
S @) = / D; (s + it)b(1)dt.
n=1 R

Letting j to 400 in the previous inequality for a fixed s € Cy, since the sum on the left
handside is finite (JJ has compact support), and by uniform convergence, we get the result
on Cy. We conclude again by analytic continuation.

(b) When f € Poly(G), the equality follows immediately by interverting a finite sum and



GENERAL DIRICHLET SERIES 7

an integral, and the definition of the objects that come into play:

Ry (f)(w / > e e, ()
-/ 5 anla, (3(0) ()00

— / foltyb(t)dt
R

(here the equality is valid for all w € G). Let now f € H{(G). Then

| [ 1getetonae < sl

Therefore, for almost all w € G, the function ¢ — f,(t)1(¢) belongs to L1(R) and the
operator Sy : H{NG) — L1(G,Li(R)), f + [w — fo(-)¥(-)] is continuous. If (f,) is a
sequence in Poly(G) tending to f € H{(G), then there exists a sequence (ng) such that,
for a.e. w € G,

Sy (far) (W) = Sy (f)(w) in L1 (R)
Ry (fur)(w) = Ry (f)(w)

(recall that the sum defining Ry, is finite). Since Ry(fn,)(w) = [z Sy (fn,)(w) for all k and
all w € G, we get the conclusion by taking the limit. O

Remark 2.5. The statement of Theorem 2.4 remains true provided v is not compactly
supported but still satisfies Y, |¥(Ap)| < +00.

Remark 2.6. To obtain Theorem 2.4, in both cases, we use the density of polynomials
for a suitable topology. In H{(G), this is trivial which is not the case in DX, ()\). More
specifically we intend to use Theorem 2.4 to obtain results that do not seem easily reachable
using Riesz means. Therefore it is intesting to obtain a proof of Theorem 2.4 that do not
use Riesz means. This is the case if we use [18, Theorem 22]. We thank A. Defant and I.

Schoolmann for pointing out to me this reference.

Remark 2.7. Part (b) of the vertical convolution formula is more precised than the
statement established and used in [4]. The equivalent statement in this context would be

that, for all f € HMNG),

~+00 R
n hy = T, d
;a (), /R L F(t)dt

where T; : HNG) — HNG), f v~ f(B(t)-) is an onto isometry of H{(G) and the right
handside denotes a vector-valued integral in H(G). We will need a pointwise statement
in order to obtain maximal inequalities.

2.3. Riesz means and Saksman’s vertical convolution formula. We now show how
the results on (A, k)-Riesz means will follow from our results coming from Saksman’s
vertical convolution formula. This is a consequence of the following easy proposition.

Proposition 2.8. Let a > 0. Then there exists an L'(R)-function v such that, for all
teR, Y(z)=(1—|z|)* provided |z| < 1, ¥(x) =0 otherwise.
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Proof. Define u(x) = (1 — |#[)*1(_y 1)(x). Then u is piecewise C', its derivative u'(z) =
fa(l — |z])* 11 1y(x) belongs to L'(R) and thus we know that, for all ¢ # 0, a(t) =
Z%z?(t) Now, it is easy to see that u’ belongs to L'*¢(R) N L!(R) for some ¢ > 0. Hence,
u belongs to L4(R) for some ¢ < 4+00. In particular, by Hélder’s inequality, @ belongs to
L', so that we may apply the inverse Fourier transform to get the statement. O

In the sequel, for A a frequency, a > 0, (G, ) a A-Dirichlet group and N > 0, we shall use
the following notations:

R = X T (1-5) .
An<N

A\
R])‘\;a(D) = Z an <1 - N> e s
An<N

where f € H}G) and D = 3 ane ** € D(A). Many of the results of [21, 12, 11]
are based on a detailed study of these operators R?‘\}a. We shall extend them via the
convolution formula to other operators Iy, allowing better results with a different choice

of 1.

3. BOHR’S THEOREM UNDER (NC)

3.1. The case of DEX*()). In his study of Bohr’s theorem [21], I. Schoolmann used that,
for all D = 3 ane ** € DXY(N) with extension f, the sequence of its Riesz means of

k
RED)= > an (1 - A”) e
X

An<zx

order k

converge uniformly to f on each halfplane C., for all € > 0, as x — 4+0c0. We now show
that we may replace the function 1 such that ¢ (t) = (1 — [¢[)*1_; 3j(t) by any function
L'-function 1 such that zﬂ has compact support.

Lemma 3.1. Let \ be a frequency, let 1) € L'(R) be such that 7,2 has compact support and
let D=3 ane ** € DEYN) with extension f. Then

17 (D)l o0 < 1111 flloo-

Moreover, if [z ¢ = 1,denoting by Yn(-) = NY(N-), the sequence of A-Dirichlet polyno-
mials (Ry, (D)) converges uniformly to f on each half-plane C., for all € > 0.

Proof. The inequality follows immediately from Theorem 2.4. The statement on uniform
convergence follows as well from this formula and from standard results on mollifiers,
provided we know that f is uniformly continuous on C.. Again, this can be deduced from
the fact that on this half-plane, f is the uniform limit of A-Dirichlet polynomials, which
are themselves uniformly continuous. O

We shall now apply this to a suitable choice of ¥ in order to get good estimates of the
norm of the projection Sy.
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Theorem 3.2. Let A be a frequency. There exists C > 0 such that, for all M > N > 1,

)+(M—N—1)).

Av + AN

HSNH'Dggt()\)—YDoo(A) <C (log <)\M — AN

Proof. We set h = w Let u be the function equal to 1 on [—Anx,An], to 0 on
R\(=Aar, Aar), and which is affine on (—Aps, Ay) and on (Ayx, Aps). The function u may
be written

1
U= 1 Ay—hAy+h] % <2h1{h,hl> :
This formula allows us to compute the Fourier transform of w which is equal to

sin((Av + h)t) sin(ht)

u(t) =2 " o
which is an L! function. Moreover
. T gin(( Ay + h)t sin(ht
Hu||1<4/ ((]i ))‘x fft)‘dt
0
. (An+th
+oo | sin (Nix> .
< 4/ R sin(x) Iz
0 X

X

< Clog (ANh—i_h) +4 = C'log <§\\M+:\\N> +4
M — AN

1 sin(’\Nhjx> +oo 1
<o it [ L
0 1 x

where we have used well-known estimates of the L!-norm of the sinus cardinal function.
We then applied Lemma 3.1 to ¢ € L! defined by ¢ = u. By the Fourier inverse formula,
A+ A
< (Clog [ 28 ) 4+ 4) [ e
AM — AN
(o)

M-1

Z anqz}\(kn)e_kns

n=1

We get the conclusion by writing

N M-1 M-1
Z ane S = Z antp(Ay)e s — Z anth(N,)e s
n=1 n=1 n=N-+1
and by using that |an| < || f||s (see [21, Corollary 3.9]) and ||9]|s < 1. O

From the Bohr-Cahen formula to compute the abscissa of uniform convergence of a A-

)

Dirichlet series,
—Anit

N
log (SupteR (Zn:1 ane
ou(D) < limsup
N AN

we get the following corollary.

Corollary 3.3. Let A\ be a frequency satisfying (NC). Then X satisfies Bohr’s theorem.
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Let us now compare Theorem 3.2 with the results of [21]. There it is shown that, for all
N >1 and all k£ € (0,1],

C AN+1 1k
S ext < — N\ .
15N Ipest (3 +Pac ) < <)\N+1 - /\N>

AN+1
AN41-AN

The right hand side is optimal for k£ = ( ) which implies that
log

AN+1
ex’ < ]. -~ < .
1SN I gt () Do (n) < C'log <)\N+1 = )\N)

Hence, we get the case M = N + 1 of Theorem 3.2.

3.2. The case of H(A). So far, we have defined three spaces which are candidates for
being the Hy-space of A-Dirichlet series: Doo(A), DEY(N), and Hoo(A). We know that we
always have the canonical inclusion Deo(\) C DEH(N) C Hoo(A) (see [11, Theorem 2.17])
and that, when X satisfies Bohr’s theorem, the three spaces are equal. Observe also that
Hoo(A) is the only space that is always complete.

Thus, Theorem 3.2 does not always provide an answer for estimating the norm of Sy as
an operator on Hoo(A). Fortunately, the proof extends easily using the second (and easiest
part) of Theorem 2.4.

Theorem 3.4. Let A be a frequency. There exists C > 0 such that, for all M > N > 1,

Av + AN
158 ey < € (1o (522 ) 4 (1 = v - ).

Proof. We do the proof in HX(G). Let f = ., ayhy, € HA(G). We pick the same
function v and observe, that for almost all w € G,

—+o00
Zan{p\( h)\n / ‘fw Zt |dt
n=1
v+ A
< (Clog [ 2525 ) +4) [ flloo
AM — AN
and we conclude as above. O

4. MAXIMAL INEQUALITIES IN HI;\(G)

4.1. Helson’s theorem under (NC). In this section, we prove the following theorem,
which improves the main result of [12] and answers an open question of [9].

Theorem 4.1. Let A satisfy (NC), let (G,3) be a A-Dirichlet group. For every u > 0,
there exists a constant C := C(u, \) such that, for all1 < p < +o0 and for all f € H;,‘(G),

Z f(ha,)e 7 hy,

In particular, for every u > 0, Zfoo f(hAn)e_“’\"hAn converges almost everywhere on G.

<Ol flp-

p

sup sup
o>u N
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Let us explain the strategy for the proof. When p > 1, the almost everywhere convergence
is known to hold without any assumption on A. This is a consequence of the Carleson-
Hunt type result proved in [12]: for all frequencies A, for all (G, 8) a A-Dirichlet group,
for all p € (1,400), there exists C(p) > 0 such that for all f € H[’,\(G),

) ( /| S%plsnf(W)lpdw> " <o,

~

where Sy, (f) = > p_; f(ha,)hy, is the partial sum operator (the constant C'(p) does not
even depend on A). We shall prove a variant of (2) under (NC), namely

1/p
3) ( / Sglpe_&"\Snf(w)lde> <Ll

valid for all p > 1, all § > 0 and all f € H)(G), with a constant C(X,§) independent of p.
The proof of (3) will be done for p = 1 and for p = +00 and will be finished by interpo-
lation. Unfortunately, it is in general false that [H,, (G), H; (G)]g = H;,, (G) (see [3]) and
we will use an auxiliary operator defined on the whole L;(G).

We begin by establishing several lemmas. First, we shall prove that we may require
additional properties on a sequence satisfying (NC).

Lemma 4.2. Let A be a frequency satisfying (NC). Then there exists a frequency N such
that X\ € X and, for all § > 0, there exists C > 0 such that, for all n € N, there ewists
m > n with

(4) log(\, 4+ M) < Cedn
(5) —log(Ap, —Ap) < CeP
(6) m—-n < Cen.
Proof. We construct inductively X as follows. We set A} = A;. Assume that the sequence
A’ has been built until step n, namely that we have constructed A, ..., ) with A\l = A,.
If Adpr1 < A + 1, then we set /\;n 41 = Ant1 and kpqq = Ky + 1 Otherwise, we include
as many terms Ap ... 7)‘2:,1“ as necessary so that, for all j = k, +1,...,kp11 — 1,

1/2 < )\; 1 )\; <1 and )‘;an = A\pt+1. Namely, we add terms in the sequence A when
there is a gap greater than 1 between two successive terms, and the difference between
two consecutive terms of \’ is now less than 1.

Let us show that the sequence )\ satisfies the above conclusion. Let A be any term of
the sequence X. If X/, does not belong to A, then we have just to consider m = n + 1.
Otherwise, if X/, = i for some k < n, there exists [ > k such that

AN+ Ak S\
1 < k

(7) og ()\l — )\k> Ce
I —k

CePe

IN

Set m = n + (I — k) and observe that we have

log(X,, + \.) < log (ce‘% + QA;) < C'edn,
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If there is no gap between Ay and \;, then X\, = \; and (7) implies
—log(X,, — X)) = —log(\ — ) < CeP = Cen,
If there is a gap between A\, and \;, then A/, — A}, > 1/2, and (5) holds trivially. O
In the sequel, when we will pick a frequency A satisfying (NC), we will in fact assume that
it satisfies the stronger properties given by Lemma 4.2.
For a > 0 and h > 0, we shall denote by ), j, the function defined by
un(t) = sin((at+ h)t) " sin}iizt).

The estimation of the L'-norm of 1a,n Was a crucial point in order to apply Saksman’s
convolution formula during the proof of Theorem 3.2. In order to obtain our maximal

estimates, we will need a similar inequality allowing now a and h to vary.

Lemma 4.3. Let a : R — (0,+00) and h : R — (0,4+00) be two measurable functions.
Assume that there exists k > 0 such that a(t) + h(t) < k and h(t) > k= for all t € R.
Then

/]R ‘¢a(t)7h(t) (t)‘ dt <4+ 4logk.
Proof. It suffices to observe that
e when 0 < [t| < k7L, then
Yageyne ()] < la(t) + h(t)] x 1 < k.

e when k=1 < |t| < K, then

1 1
< — =
o O < < 1=y
e when [t| > &, then
1 _ =
Yo O] < 75 <

O

We now fix a frequency A satisfying (NC) and § > 0. Let C' > 0 and m : N — N be such
that m(n) > n for all n € N and (4), (5), (6) are satisfied for m = m(n). For n € N, we
shall denote by hp = () — An)/2 and by ¢, the function ¢, = ¥y, p,. Let us recall
that Ry, is defined on H{}MNG) by

(8) Ry, (f) =Y F(ha)én(Me)ha,.-

k
By the vertical convolution formula, we also know that Ry, is given by, for a.e. w € G,
) Ro, (1)) = [ £80)0n (00

Now the right hand side of the previous equality is well-defined for all functions in L;(G).
Thus we will think at Ry, as the operator on Lq(G) defined by (9), keeping in mind that
it also verifies (8) for f € H{(G). In this context, we shall prove the following maximal
inequality on Ry, :
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Lemma 4.4. For all 6 > 0, there exists C > 0 such that, for all p € [1,+00], for all
N €N, for all f € L,(G),

1/p
</ sup |R¢nf(W)|de) < CN| £l
G

n<N
Proof. We start with the case p = 1. It is enough to prove it for f € C(G). Define
n:G—{l,...,N}, w+— n(w) by

n(w) = inf{l €e{l,...,N}: |Ry f(w)| = SER|R¢nf(w)|}

The function n is measurable and

/G sup | Ry, (1)) deo = /G Ry, (/)(w)]dw

n<N
< /R/G|f(wﬁ(t))| Ay oo () [ dedt.

In the inner integral we do the change of variables w’ = wf(t) so that

/
s B (0 < [ [, s (Ot
< LI [ 1000t (B

We now use Lemma 4.3 together with (4) and (5). This yields

/ sup Ry, (f)(w)|dw < C / F@)ePV ! = eV 1.
G G

n<N

We then do the case p = +o00. Let f € Loo(G). Then

sup sup Ry, f(w)| = sup Sup/ |f(wB(O))] -+ [¥x,,h, ()] dE
weGn<N n<N weG

< sup [[¥a, b 1211 f[loo
n<N
< CEMW| floo

We then conclude by interpolation. O

We deduce from the above work a weighted Carleson-Hunt maximal inequality for H{ (G)-
functions, which seems interesting for itself when p = 1 (for p € (1,400), an unweighted
Carleson-Hunt inequality is true, the point here is that the constant does not depend on
p). This statement was inspired by [2] where a similar result in the (much easier) case
of Hy(T) was essential to do a multifractal analysis of the divergence of Fourier series of
functions of Hy(T).
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Theorem 4.5. Let A\ satisfying (NC). For all § > 0 there exists C > 0 such that, for all
N eN, forallp>1, forall f € H;‘(G),

1/p
</ sup ]Snf(w)\pdw> < CePMw,
G

n<N

Proof. We argue as in the proof of Theorem 3.2, namely we write for a fixed n € N,

[Snf ()] < [Rg,, f(w)] +m(n) = n < Ry f(w)] + Ce.

Therefore,
sup |Syf(w)] < sup Ry, (f)(w)] + Ce™
n<N n<N
and we conclude by taking the L,(G)-norm. O

We are now ready for the proof of Theorem 4.1.

Proof of Theorem 4.1. We first proceed with the case p € [1,4+00). We may assume that
f € Poly(G). Let § = u/3. For 0 > u, using Lemma 3.4 of [12], we have

N p n p
> Fha ey, | < Clu)? sup e 3" F(hy, ha,
n=1 nsN k=1
Hence,
N p N p
supsup |y f(ha,)e "Ry, | < Cu)P sup e 202 Zf (hx, )b,
o>u N | 7 n=1

For w € GG, we define

= sup
N

l
n(w) = inf {l >0: [e 20N Z f(hAn)hAn
n=1

which is measurable. For k > 0, we set

Ap={n: M elkk+1)}, Gy ={w e G: n(w) € A},

p

N o~
D flha,)e by, | dw.

n=1

I(U):/supsup
G

o>u N




GENERAL DIRICHLET SERIES 15

We can write

N p
Z/ sup |e 2 Zf/\(h)\n)h)\n dw
k>0 Gk n=1
N p
< C(u)f / sup €722 " by, )y, | dw
N p
Z/ ~20Pk qup Zf(hAn)hAn dw
k>0 Gk Nedw |2
< Clu, NP Y e 2PketP D) g e
k>0

< Cu, VPIFII5-

As for the proof of Lemma 4.4, the proof is easier for p = co and is left to the reader.
O

If we analyze the previous proof carefully, we observe that we have obtained the following
(slightly stronger) variant of Theorem 4.5.

Corollary 4.6. Let \ satisfying (NC). For all § > 0, there exists C' > 0 such that, for all
p>1, forall f € H;‘(G),
p 1/p
@) <Ol

(Low

When ) satisfies (BC), it is possible to improve this inequality.

SN f(w)

oA

Proposition 4.7. Let X satisfy (BC). For all o > 1, there exists C' > 1 such that, for all
p>1, foradl f € Hg‘(G),
P 1/p
@) < @il

Snf(w)
</G S‘sz‘ A

Proof. We just sketch the proof. If A satisfies (BC), then we know that there exists C' > 0
such that, for all n € N, log(An+1 — A\n) = —CA,,. Adding terms if necessary, we can also
assume that log(A,+1 + A\n) < C\,. Arguing exactly as in the proof of Theorem 4.5, we
can prove the existence of C' > 0 such that, for all f € H;‘(G), for all n € N,

/ sup |Sp f(w)Pdw < N
G

n<N

Let now a > 1, fix f € Poly(G) and define, for w € G,

n(w) :inf{l >0:

Ay ={n: X\, €28, 28 1)
Gr={w: n(w) € Ai}.
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SNf
SNf )
—Z/Gk NeAk
<Y gk / sup  [Sw f(w)lPdw
k

G Ay <2k+1

Then
SNf

dw

<C Z prkoz2p(k+1) Hng
k

O

Question 4.8. We know that A satisfies Bohr’s theorem if and only if for all 6 > 0, there
exists C > 0 such that, for all f € HX(G), for all N > 1,

< e || flloo-
Loo(G)

(10) Zf ) B (w)

k=1

sup
n<N

We have shown that if A satisfies (NC), then it satisfies the previous inequality. To prove
that Helson’s theorem is satisfied (and even to prove that the relevant mazimal inequality
holds true), it is sufficient to prove that, for all § > 0, there exists C > 0 such that, for
all f € HNG), for all N > 1,

< C f]1
Li(G)
Again we have shown that if A satisfies (NC), then (11) is true. It seems natural to ask
whether (11) always follows from (10) or, equivalently, if any frequency X satifying Bohr’s
theorem also satisfies Helson’s theorem. Inequalities in Hi(\) have already been deduced
for their vector-valued counterpart in Hoo(A) in [10]. At first glance, it seems that this
argument cannot be applied here.

(11)

sup
n<N

Z ']/t\(h)\k>h)\k (w)
k=1

4.2. Failure of Helson’s theorem for p = 1. Since for p > 1, for any frequency A, for
any (G, 8) a A-Dirichlet group, for any g € H)(G), the series SFS f(hy, )y, converges
almost everywhere on G (this follows from the Carleson-Hunt theorem of [12]), it is natural
to ask whether Theorem 4.1 remains true without any assumption on A. We show that

this is not the case.

Theorem 4.9. There exists a frequency A, a A-Dirichlet group (G, B) and f € H}NG)
such that, for all w > 0, the series Z -1 f(hkn) ~wAnhy - diverges almost everywhere on
G.

As we might guess, the proof will use the results of Kolmogorov on a.e. divergent Fourier
series in L1 (T) (see for instance [22]).

Lemma 4.10. Let A,6 > 0. There ezists P € Hi(T) a polynomial and E C T measurable
such that
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o [Pl <06
e mp(E)>1—¢ (here, my denotes the Lebesgue measure on T).
e for all z € E, there exists n(z) € N such that [S,,)P(2)| > A.

Proof. By induction on j > 1, we construct a sequence of holomorphic polynomials (P;)
with deg(P;) = d;, two sequences of positive real numbers () and (¢;) and a sequence
E;) of measurable subsets of T such that the following properties are true for each j:

d) the real numbers 27, p1, ..., 1, €1,...,¢€; are Q-independent

n;(2)
Z Pj(k)e ki k| > jeti,
k=0

Let us proceed with the construction. We choose for y; any real number such that p; >
pj—1 + dj—1€j—1 and the real numbers 27, 1, ..., pj,€1,...,€;-1 are independent over Q
(when j = 1, we simply choose u1 > 27 with (27, p1) independent over Q). We then apply
Lemma 4.10 with A = (j + 1)e/# and § = 277 to get a polynomial P; with degree d; and
a subset E; C T satisfying (a) and (b). Since the functions (u, z) — > ;_, J/D\j(k)e_“kazk,
for 0 < n < dj, converge uniformly on [0,j] x T to (u,z) — S,P(z) as ¢ — 0, we may
choose ¢; a sufficiently small positive real number such that (d) and (e) are satisfied.
Define now A = {uj +ke; : 7> 1, 0 <k < d;}, G = H;’ZOT T2 endowed with the
canonical product structure and define 8 : (R,4+) — G, t — ((e‘it”j,e_”af))j. By (d)
and Kronecker’s theorem, the homomorphism S has dense range. Moreover, let A\, € A.
Then A, = p; + kej for some j > 1 and some 0 < k < d;. Write an element w € G as
[T,5% (wy, ;) and define hy, (w) = wjz;?. Then

hy, © B(t) = e_it(/ij-‘rk‘aj) _ e_i>\nt

so that (G, ) is a A\-Dirichlet group. Now, define

dj
Fi(w) = wiPi(z) =Y Pi(k)hy, ke, ().
k=0

We get HfjHHl)\(G) = || Pj|| g, (r) so that the series f =3, f; converges in HMNG). Let us
also define

Fj={weG: z € Ej;}.
Then mq(F;) = mr(E;) > 1—277 (here, m¢ denotes the Haar measure on ). Thus, if we
set = (1,51 Uj>j, F» then mg(F) = 1. Pick now w € F. We may find j as large as we
want such that w € Fj. The construction of P; ensures that there exists 0 < n;(z;) < d;
such that, for all u € [0, j],

ni(z)

S B 2
k=0
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Setting N, resp. M, such that Ay = p;—1 + dj_1€j-1, resp. Ay = pj + nj(zj)e;, the
previous inequality translates into

M
> flha,)e " by, (w)] > .

n=N-+1

This easily yields the a.e. divergence of 31> F(hy, )e " Anhy O

4.3. Maximal inequalities for mollifiers. Since (S, f) does not necessarily converge
pointwise or even in norm for all functions in H{\(G), Defant and Schoolmann looked in [11]
for a substitute by changing the summation method. They succeeded by choosing Riesz
means. Precisely they showed (see [11, Theorem 2.1]), through a maximal inequality, that
for all frequencies A, for all f € H}(G), for all a > 0, the sequence (R?‘\;a( f)(w)) converges
to f(w) for almost all w € G. We extend this to a large class of mollifiers.

Theorem 4.11. Let A be a frequency, (G, ) a A-Dirichlet group. Let ¢ € Li(R) be a
continuous function (except at a finite number of points) such that 1 has compact support

and there exists a nonincreasing function g € L1(0,4+00) such that |1 (x)| < g(|z|) for all
x € R. For N > 1, define ¥vn(-) =¢(-/N). Then

Rmax,w(f) ‘= sup ’R¢N (f)‘
N

defines a bounded sublinear operator from H{MG) into Ly oo(G). Moreover, if [¢ =1,
then for all f € HYNG), Ry (f)(w) converges for almost every w € G to f(w).

Proof. Again, the key point is the vertical convolution formula. Indeed, we know that for
a.e. w € G,

Ry (f)(w) = fux1n(0).
For those w, using [13, Theorem 2.1.10 and Remark 2.1.11],

sup Ry (f)(w)] < sup | fuul *x ¥ (0)
< 2[|g|[1 M f (w)

where M (f)(w) = suppsg 5= fTT | fw(t)|dt is the appropriate Hardy-Littlewood maximal
operator. Since M maps Hi(G) into Lj(G) by [11, Theorem 2.10], we can conclude
about the first assertion of the theorem. The result on a.e. convergence is then a standard
corollary of it, using that it is clearly true for polynomials since @Z(O) =1. O

Remark 4.12. We can replace the assumption that v is compactly supported by the
assumption that, for all N > 1, Y |¢(A,/N)| < +oo.

This last theorem covers many examples. For instance, for all 0 < a < b, we may choose
the function 1 € L1(R) such that ¢» =1 on [—a,a], ¥ = 0 on (—oo, —b) U (b, +00) and
is affine on (—b, —a) and on (a,b). As already observed during the proof of Theorem 3.2,
the function ¢ is given by

sin (252a) sin (55%)

2

¥(x) = Cla,b)

X
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which clearly satisfies the assumptions of Theorem 4.11. This is also the case for ¥(x) =
e~17l or y(z) = e, provided the frequency A satisfies > |1Z(/\n/N)| < 4oo forall N > 1.
To show that our result covers Theorem 2.1 of [11], we also have to show that for o > 0
the function ¢ € L1 (R) that satisfies

P(t) = (1= [¢)" 11,1 (2)
verifies the assumptions of Theorem 4.11. Let x > 0. We already have observed that
1 o
v(@) = —F (+a(l - |t]) ") (2).

Fix 8 > 0 such that |f(a —1)| < 1 and let = > 1. Then

2 1 ,
vl < 2 [ <1—t>a—1emdt'
z |Jo
200 | 1 :
< 704 / uaflefzuxdu )
z |Jo

We split the integral into two parts. First,

-8

T
/ ua—le—zuxdu
0

< —gmoB,

1
o

Second, integrating by parts,

1 1 1
1 - 1 —uzl a—1 o .
u 16 T g, — . [uoa 16 zux] s + : u 2e W 1,
) 1T z % 2B

! a—1 —iuxd <C 1 1
afﬁ“ € U= ;+x1+(a71)6 :

Our choice of § guarantees that there is § > 0 and C' > 0 such that, for x > 1,

so that

C

This shows that the assumptions of Theorem 4.11 are satisfied with

C
g x) = II,'1+67
max(||¢[le, C), x € [0,1).

z>1

Remark 4.13. Lemma 4.4 and Theorem 4.11 are of course very close. The latter one is
true for all frequencies A, but we start from a fixed function 1 and it does not cover fully
the case p = 1. Lemma 4.4 adapts at each step the L!-function to the frequency A and to
the function f. The price to pay is that we lose some factor e>*~ and that we cannot use
general results on the Hardy-Littlewood maximal function.
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5. HORIZONTAL TRANSLATIONS

In this section, we investigate the boundedness from H,(\) into H4(A), for ¢ > p, of the
horizontal translation map T, (3", ane %) = > ane 7*me~*. We are interested in
this map to determine the exact value of

oy, = inf{oc € R: o.(D) <o for all D € Hy(A)}

since it is easy to prove, using the Cauchy-Schwarz inequality, that o,y = L(X)/2.
Recall that, when A = (logn), o3, (») = 1/2 for all p € [1,+00). In the general case, it is
always possible to majorize oy, () if we know oy, (y).

Proposition 5.1. Let A be a frequency. Then oy, (\) < 203,(x)-
Proof. Let € > 0. It is sufficient to prove that, for all f = Zj aje~** belonging to H1(\),
for all o > 204;,(\) + €= L(\) +¢,

+o0
Z lajle 7 < +o0.

j=1
Let J > 1 be such that, for all j > J, log(j)/A; < L(A) +¢. Then
400 o )
D lajle™7 < (7= DS+ 3 Iflhe” o < oo
J Jj=J
by our assumption on o. [l

It turns out that, even if we put strong growth and separation conditions on A, we cannot
go further.

Theorem 5.2. There exists a frequency X satisfying (BC) such that oqy,(\) = 2094, (1) and
OHy(N) = 0.

Proof. For n > 2, let §, € (27"~1,27"] such that (27, n,d,) are Z-independent. We set
Aongk =n+ ko, forn>1, k=0,...,2" — 1.
It is easy to check that L()\) = log(2) so that oy,(n) = (log2)/2. Moreover, it is also easy
to check that A satisfies (BC). Indeed, for n > 2 and k =0,...,2" — 2,
1

Aon gyl — Aongp = Op > 52—71 > Ce~ (108D A2n

and similarly
Agn+1 — Agn41_q > 27" > CC_(logz)/\Qn+1—1.

Pick now any o > o3, (n). By the principle of uniform boundedness, there exists Cp > 0
such that, for all D =}, aje~** belonging to Hy(A), for all N > 2,

N
(12) > aje N < GollD
=2
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Let n > 2 and choose D = Z;{;Bl e *2"+x%, Then
2n—1
(13> Z e—)\2n+k0' > 2n€—o(n+1) > Ole(logQ—a)n‘
k=0
On the other hand, set N = {n + kd, : k > 0} and observe that, using the internal
description of the norm of Hj,

Dl 0y = 1Dl34; ()
We shall compute [|Dl|4;, () using Fourier analysis. Indeed, since (2m,n,d,) are Z-
independent, the map 8 : R — T2, ¢ — (e~"*" e ") has dense range, so that (T2, 3) is
a \-Dirichlet group. Therefore,

2" —1

E Z1 25

k=0

by the classical estimate of the norm of the Dirichlet kernel. Hence, (12), (13) and (14)
imply that, for all o > oy, (n), 0 > log(2). This yields oy, (x) = 2094, ()- O

dz1dze < Con

(14) 1Dy = /
’]1‘2

In view of the previous results, it seems natural to study how arithmetical properties of
the frequency A can influence the values of o for which T, : H,(A) = Hq(A), p < ¢, is
bounded. We concentrate on the case p = 2 and ¢ = 2k, k£ > 1, because we can compute
the norms using the coefficients. We define Ax X as {\;+ A : [,k > 0} and A = XAk -x )
(with k factors).

Definition 5.3. Let A be a frequency and k > 1. Write A** = (y;) where the sequence
(147) is increasing. We set

1 ) Ay e Ay =
A\ ) = limsup og (card {(ni1,...,nk) : Ay + -+ Ap, ,ul})‘

I—+00 2

Proposition 5.4. Let A be a frequency and k > 1. Then for o > A(\ k), T, maps
boundedly Ha(\) into Hax(N).

Proof. We shall prove a slightly stronger statement : if ¢ > 0 is such that there exists
C > 0 such that for any p > 0,

e 2 card{(ny,...,nk) : Any + -+ A, = p} < C,

then T, maps boundedly Ha()\) into Hok(N). Indeed, let D = " a,e** belonging to
Ha(N). We write T,(D)* = >, b, where
by, = Z py - ape” M7
Anl“l"‘l’)\nk:,ul

We just need to prove that the sequence (b,,) is square summable, namely that for all
square summable sequences (cy, ), > _; by, ¢y, is convergent, namely that

> I :
anl e anke ( ny "k) c>\n1+“‘+>\nk 1S Convel“gent.
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By the Cauchy-Schwarz inequality, since (a,,) is square summable, it is sufficient to prove
that
Z e 2An 0 672/\%0’C>\n1+---+>\nk ‘2 < +00.
ni,...,Nk

Rewriting this

Z || Pe 27 card{(n1, . .., ng) : Any + -+ Any, = i} < +00
!

this follows from the assumption. [l

Corollary 5.5. Let A be a frequency, k > 1 and o > (k—1)L(\)/2. Then T, maps Ha(N)
into Hap(X).

Proof. Let € > 0. There exists N > 1 such that, for all n > N, log(n)/A, < L(\) +¢. Let
p € (A and nq,...,ng be such that Ay, +--- + An, = p. Then each A, is smaller than
p so that either n; < N or n; < exp(u(L(A) +¢)). Since the knowledge of ni,...,ng_1
determines the value of n;, we have

card {(n1, ..., k) ¢ Apy + 4+ Anp = p} < N¥lexp (k= 1)u(L(X) +¢)).

Taking the logarithm and letting p to 400, we find A(\ k) < w, hence the

k—1)L(\)
2

inequality A(\, k) < ( since ¢ is arbitrary. O

Corollary 5.6. Let A be a frequency such that L(\) = 0. Then T, maps boundedly Ha(\)
into Hq(X) for all ¢ > 2.

Question 5.7. Let p > 2 and let X be a frequency. Does T,, maps Ha(X\) into Hy(\) as
soon as o > EL=DLX ¢

1 ;
Example 5.8. Let A = (logn). Then for all k > 1, A(\, k) = 0.

Proof. We first observe that (A\*)* = \. Pick now logn € A\. We want to know the cardinal

number of {(n1,...,nk) € N: ny X -+ x ng, = n}. Decompose n into a product of prime
®).. -pffT(k) with a;(1)+- - +a;(r) = ay,
1 <j <r. Hence, (a;(1),---a;(r)) is a weak composition of «; into k parts which can be

done in (O”,j _kl_ 1) ways. In total, there are

(031

numbers, n = p{* - - - p@ . Then each ny writes p;"

T (it k—1 r .
< .
H< k-1 ) < [T(oi +)
=1 ey

ways to write n as a product of k factors. Thus,
iz1 k1 itk

=0.
n=[T/_, p; *—+o0 23 i, aqlog(pi)

O

We finish this section by exhibiting a frequency A satisfying (BC) and such that, for all
k > 1, T, maps Ha(\) into Haop()) if and only if o > A(\, k) = %21, We begin with two
combinatorial lemmas.
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Lemma 5.9. Let b,c >0, let n € N and let A\j; =b+ jc, j > 0. For all k € N, there exist
Yk € (0,1] and &}, > 0 such that, for all n > 2%, for all £ € [(k — vi)n, (k + v%)n] N Ny,

card{(jl,...,jk) € {O,...,Qn}k: Ny + N, = k;b+€c} > §pnFh

Proof. We define the sequences () and (6;) by 7% = 2=%*~1 and §; = 1, 6pp1 = 0k - Yer1-
We proceed by induction over k. The case k = 1 is trivial. Assume that the result has
been proved for k and let us prove it for k + 1. Let n > 2**1. Choose j,41 any integer in
[(1 —Y%+1)n, (1 + Yet1)n] and £ € [(k + 1 — yg41)n, (K + 1 4+ ~Yk41)n] N Ng. Then

(15) Ajy T Ny = (k4+1b+le <= Ny + -+ Nj, =kb+ (£ — jrq1)c

Now,

16— Jry1 — kn| < 29k1n = 3en
so that there exist at least §xn*~! choices of (j1, ..., jx) such that (15) is true, j., 1 being

fixed. Now, there are 2|vy,+1n]| + 1 choices of ji11 and since 17 —1 > y5411/2 because
Vg1 > 2, we get the result. ([

Lemma 5.10. Let (b,) and (c,) be two sequences of positive real numbers such that the
sequences (by,...,bn,c1,...,cN) are Z-independent for all N > 1, 2n + 1 < exp(by)
and nc, < 1 for each n € N. Define a sequence (An) by Ap2ij = by + jem, m > 1,
7=0,....2m. Then for all k > 0 there exists C > 0 such that, for all p > 0,

k-1
card{(nl,...,nk)eNk: )\n1+...+/\nkzﬂ} < Cjexp <(),u>

k
Proof. If pu can be written p1 = A, + - + Ay, for some sequence (n1,...,ny), it can be
uniquely written
(16) p = aiby + Brce + -+ by, + Bicy,

with 1 <I<krm<rm<---<r,oq>1l,a1+--+ao =kand 0 < f; <2q;r;. We will
first estimate card {(nl, coomg) ENFLONL A, = ,u} by a quantity depending on
k, 1, a;, r; and B;. In view of the definition of the sequence A and of (16), we are reduced

to estimate the number of 2k-tuples (mq, ..., mg, j1,...,jx) such that for all s =1,... k,
0<js<2mgand, foralli=1,...,1[,
e there are a; elements in myq, ..., my which are equal to 7;;
o if $;(1),...,¢i(c;) are the indices of these elements, then
(17) Jou(1) + 0+ Jgi(as) = Bi-
We first choose the values of my, ..., my. We choose the a; indices in {1,...,k} such that

the corresponding m; are equal to ;. We then do the same for the as elements equal to
ro and so on until k£ — 1 (the remaining m; are fixed and equal to ;). Thus the number of

choices for m1,...,my is equal to
<k> (k—al) (k—(a1+---+al_2)>
X X e X .
aq a2 al—1
Because | < k and a3 + --- + o = k, this number can be bounded from above by
some number depending only on k. The integers my,..., m; having been fixed, we now

choose the integers ji,...,ji. For each i € {1,...,1}, (17) implies that there are at most
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(2r; + 1)%~! choices for the values of Jéi(1)s -+ > Jes(ay): indeed, each jg, () belongs to
{0,...,2r;} and the last one is fixed when we know the values of the first a; — 1 ones).
Finally, we have found that

!
card{(nl,...,nk) eNF: pu= Ay +"‘+)‘nk} < CkH(QTi + 1)t
i=1

l
< Cjexp (Z(ai — 1)bri>

i=1
whre the last inequality follows from the assumption 2n + 1 < exp(b,,) for all n € N. Now
we have 22:1 a;by, < p and

! l
kZZb Z by, = p — Zﬁzcrz
i=1 i=1
l
> u— 2204,;7‘1'% > u— 27{727&0”
i=1 i=1

> p—2k°

since nc, <1 and [ < k. This implies that

hence the result. O

Theorem 5.11. There exists a frequency (A ) satisfying (BC) such that for all k > 1, T,
maps Ha(N) into Horp(N) if and only if o > E2L = A\ k).

Proof. Let (by,) and (¢,) be two sequences of positive real numbers such that

e for all n > 1, log(2n + 1) < b, < log(2n + 2);

o foralln > 1, (byt1 —bn)/8n < ¢ < (bpt1 — by)/4n;

e for all N > 1, the sequences (b1,...,bn,c1,...,cn) are Z-independent.
We then define A by Ap2y; = by + jom, m > 1, 5 = 0,...,2m. We may argue as in
the proof of Theorem 5.2 to show that the frequency A satisfies (BC). Using Proposition
5.4 (look at the first sentence of the proof) and Lemma 5.10, we get easily that T, maps
Ha () into Hog(A) for o > E-L and also that A(\, k) < &L
Conversely, assume that T, maps Ha(\) into Hog(A) (boundedness is automatic by the
closed graph theorem). Let us consider D™ = Z?Zo e M2+ for m > 1, so that
| DUy = /2m + 1. Write A** as the increasing sequence (1) and observe that

(T, D[m] Za e~HIT o= s

where a,, = card {(jl, . Jk) €40,.. .,2m}k sy =kbp + (1 + - —|—jk)cm}. Lemma
5.9 tells us that, for m sufficiently large, there is at least yxm terms of the sequence (1)
so that a,, > 8xm*~ 1. Furthermore, for those y,

w < k(by, + 2mey,) < klogm + Ayg.
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In particular,
log ay, N (k — 1)logm + log oy,

2 2(]{5 logm + Ak)
which shows that A(\ k) > kT;l Furthermore,

1/2k
[T DV, = (T, DDV > o (26D 27k

> C’kmfk+%_‘7.
Therefore, the boundedness of T, from Hy(\) into Hak(\) implies that
mamE T < Com 1
for all sufficiently large m, which itself yields ¢ > ’2—;1 (Il
Question 5.12. Let p > 2. Is it true that, for the previous sequence (\,), Ty maps Ha(A)
into Hp(A) if and only if o > % ?
6. OTHER RESULTS

6.1. Norm of the projection in #;()). In [10], Defant and Schoolmann have shown, us-
ing a vector-valued argument, that for all frequencies A and for all N > 1, [|Sn {12, (3)—p, () <
SN 300 ()= Hoo (1) We provide a different approach to estimate ||Sx |7, (\)—, (), inspired
by [6].

Proposition 6.1. Let \ be a frequency. The, for all N > 1, ||SN|#n,—n, < Clog(An)
where

N —Ans
|2y ane
N —Ans
| e

Proof. We work in H{\(G) where (G, ) is a A-Dirichlet group. Let g € L1(G). Then, for

€ (0,1),
[ =/|grffs\gﬁli
(o) ()

where we have applied Holder’s inequality for (1 +¢)/e and 1+ . Applying this to Sy f,
where f € H}NG), we get

2. a1,...,ay €C

Ay = sup

1Sx 1l < ISn F13 IISNfll“E-

We now use a result of Helson [16], saying that

A
ISn e < 217l

where the constant A is absolute. Therefore, assuming || f||1 = 1, after some simplifica-

tions, we get
A 2e
I sl < (2 ) exn (
€ 1-—

8 IOg(AN)> :
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We conclude by choosing € = 1/log(Ax). O

Corollary 6.2. There exists C > 0 such that, for all frequency A, ||SN |3, ()= () <
C'log(N).

Proof. We get immediately that Ay < v/N by using the Cauchy-Schwarz inequality and
the fact that |a,| < ||D]|; for all D = SN q,e=?ns. -

This last corollary has an interest provided we are unable to prove that [|Sn (|7 (\)=H. (V)
is less than C'log(N). The best known estimation on |[Sn |2 (3)—#.(x) 1S given by The-
orem 3.4 and indeed it provides worst estimations for some sequences A. Indeed, pick the
sequence A defined in Example 2.3. Let N = 2" for some n and pick M > N. Then, if

M < 2"F1 then
A A 1
log [ 2M AN 5 L o2
AM — AN 2
whereas, if M > 2"t then
M—-N-1>2"-1.

A variant of Proposition 6.1 was already used in the classical case A\ = (logn) to prove

that ||Sn||#—w, < C’lolgolg%. A precise solution to the problem on how large can be Ay

in this case can be found in [8].
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