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Abstract

We present a new approach for gluing tours over certain tight, 3-edge cuts. Gluing over
3-edge cuts has been used in algorithms for finding Hamilton cycles in special graph classes
and in proving bounds for 2-edge-connected subgraph problem, but not much was known
in this direction for gluing connected multigraphs. We apply this approach to the traveling
salesman problem (TSP) in the case when the objective function of the subtour elimination
relaxation is minimized by a 8-cyclic point: z. € {0,0,1 — 0,1}, where the support graph is
subcubic and each vertex is incident to at least one edge with z-value 1. Such points are
sufficient to resolve TSP in general. For these points, we construct a convex combination of
tours in which we can reduce the usage of edges with z-value 1 from the % of Christofides
algorithm to % — 1% while keeping the usage of edges with fractional z-value the same as
Christofides algorithm. A direct consequence of this result is for the Uniform Cover Problem
for TSP: In the case when the objective function of the subtour elimination relaxation is
minimized by a %—umform point: z, € {0, %}, we give a %—approximation algorithm for TSP.
For such points, this lands us halfway between the approximation ratios of % of Christofides

algorithm and % implied by the famous “four-thirds conjecture”.

1 Introduction

In the TRAVELING SALESPERSON PROBLEM (TSP) we are given an integer n > 3 as the
number of vertices and a non-negative cost vector ¢ defined on the edges of the complete graph
K,=V,={1,....n},E, = ({1"‘2""})). We wish to find the minimum cost Hamilton cycle
in the graph K,, with respect to costs ¢. This problem is NP-hard and it is even NP-hard to
approximate within any constant factor [WS11]. A natural assumption is that the cost vector ¢

is metric: ¢;; + cjp > ci for 4, j, k € V;,. This special case of TSP is called metric TSP. Metric

* A preliminary version of these results was published in the Proceedings of the 27th Annual European Symposium
on Algorithms (ESA) 2019 [HNT9].
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TSP is NP-hard [GJ90]. In fact, metric TSP is APX-hard and NP-hard to approximate with a
ratio better than 220/219 [PV06]. Since we never deal with non-metric TSP in this paper, we
henceforth refer to metric TSP by TSP.

The following linear programming relaxation for the TSP is known as the subtour elimination

relaxation.

min{cz : Z xiy; =2 for i €V, Z z;; > 2 for ) CU C Vy, x€[0,1]5}.
JEVR\{i} ieU,j¢U

We let SEP(K,) denote the feasible region of this linear programming relaxation. Since vector
¢ is metric, any spanning, connected Eulerian multi-subgraph of K,, (henceforth a tour of K,,)
can be used to find a Hamilton cycle of K, of no greater costH We define TSP(K,,) to be the
convex hull of incidence vectors of tours of K,,. The integrality gap of the subtour elimination
relaxation for the TSP i

min cx
g(TSP) = max —e€TSPUK) EF (L1)
n>3,c€RY ) MiNyegpp(K,,) CT

By the characterization of the integrality gap by Goemans [Goe95] (see also [CV04]), g(TSP)

can also be defined as
g(TSP) = min{a: a-x € TSP(K,,) : n>3, v € SEP(K,)}. (1.2)

It is well-known that g(TSP) > 3. Based on the definition of g(TSP) in , we can
interpret this lower bound as follows: for any € > 0, there is a point x such that z € SEP(K,)
and (3 — €)z ¢ TSP(K,,). As for upper bounds, a polyhedral analysis of the classical algorithm
of Christofides proves g(TSP) < %, as well as providing a %—approximation algorithm for the

TSP [Chr76l, (Wol80).

Theorem 1.1 (Polyhedral proof of Christofides algorithm [Chr76, Wol80]). If x € SEP(K,),
then %x € TSP(K,).

After more than four decades, there is no result that shows for all x € SEP(K),), the vector
(3 — €)z € TSP(K,) for some constant e > 0. Motivated by the lower bound of 3 on g(TSP),

the following has been conjectured and is wide open.
Conjecture 1 (The four-thirds conjecture). If 2 € SEP(K,), then 3z € TSP(K,).

Despite the lack of progress towards resolution of Conjecture [1] there has been great success
in providing new bounds on g(TSP) for special cases in the past decade [OSSI1I, MST6l [SV14].

Next we present two equivalent formulations of Conjecture [1f that are relevant for our results.

'For a graph G = (V,,, E), we define a tour of G to be a tour of K, that uses only edges in E. Notice that the
incidence vector for such a tour lives in R?.
*We use RZ, to denote {z € R?,z; >0 for i € {1,...,p},z # 0}.
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1.1 Fundamental Classes for TSP

One approach to the four-thirds conjecture is to consider fundamental classes for TSP. Funda-
mental classes of points were introduced by Carr and Ravi |[CR98] and further developed by
Boyd and Carr [BCII] and Carr and Vempala [CV04]. A set of vectors X is a fundamental class
for TSP if (i) for every z € X we have z € SEP(K,,) and (ii) proving « - x € TSP(K,,) for all
x € X implies g(TSP) < a.

1.1.1 Cyclic Points

For x € SEP(K,), we define G, = (V,,, E;) to be the subgraph of K,, whose edge set corresponds
to the support of = (i.e., B, = {e : x. > O})E] The set of cyclic points form a fundamental class

for TSP with a very simple structure.

Definition 1. A point x is called a 6-cyclic point for some 0 < 0 < % if:
e Vector x is in SEP(K,) N {0,0,1 —0,1}Fn,
e The support graph of x, G, = (Vy, E;), is subcubic.
e For each v € V,, there is at least one edge e € 6(v) with z, = 1.

Observe that for a #-cyclic point = we have: (i) the set of 1-edges in G,, W, = {e: z. =1},
forms vertex-disjoint paths of G, (ii) the fractional edges in G,, H, = {e : z. < 1}, form
vertex-disjoint cycles of G. It is easy to see that if 6 < % all the cycles in H, have even length
since x € SEP(K,,). Conjecture |1 can be restated as follows.

Conjecture 2. Let x € RE" be a 0-cyclic point. We have %x € TSP(K,).
Similarly, Theorem [I.1] can also be restated as follows.
Theorem 1.2. Let x € R be a f-cyclic point. We have 3z € TSP(K,,).

The main result of this paper is to show that we can save on the 1-edges of #-cyclic points.

Theorem 1.3. Let & € RF" be a §-cyclic point. Define vector y as follows: yo = 3 — % for

e €Wy, ye = %xe fore e Hy and y. =0 fore ¢ E,. Theny € TSP(K,).

In fact a bound on g(TSP) restricted to %—cyclic points would also provide a bound on g(TSP)
when restricted to all half-integral points of the subtour elimination relaxation [CV04], a special
case that has received some attention [CR98, BS19, [KKO20], and was highlighted in a recent
conjecture of Schalekamp, Williamson and van Zuylen stating that the maximum on g(TSP)
is achieved for half-integral points of the subtour elimination polytope [SWvZ13]. For %—Cyclic

points Theorem [I.3] implies the following.

3We sometimes abuse notation and treat z as a vector in R+,



Corollary 1.4. Let x be a %—cyclic point. Define vector y as follows: y. = % — 2—10 foree Wy,
Ye = % foree Hy, and y. =0 fore ¢ E,. Then y € TSP(K,,).

Theorem gives an improved bound for recently studied special case of uniform points,

which form another fundamental class for TSP.

1.1.2 Uniform Points

A point @ € SEP(K,) is a Z-uniform point if x. is a multiple of 2 for some k € Z>3. It is clear
that g(TSP) < « if and only if for all k € Z>3 and all Z-uniform points z we have a-z € TSP(K,,).
Therefore, 2-uniform points form a fundamental class for TSP. We can restate the four-thirds

conjecture as follows.
Conjecture 3. For any integer k > 3 and %—uniform point x € RE» we have %x € TSP(K,).

Sebd et al. considered a weakening of Conjecture [3[in the case when k = 3 [SBS14]. For a
%—uniform point = € RE» we have %a: € TSP(K,,) by Theorem Thus, they asked if there is
constant € > 0 such that the vector (3 —€) -z € TSP(Ky). Of course, the four-thirds conjecture

itself implies that the value of € is at least %.
Conjecture 4. If x € RF» is a %—um’form point, then %az € TSP(K,).

One application of Theorem is to show that the value of € is at least 1—12, which brings us

“halfway” towards resolving Conjecture [

Theorem 1.5. Let x € R be a %-regular point. Then %az € TSP(K,,). If G, is Hamiltonian,
then 8z € TSP(K,,).

The following observation was first made by Carr and Vempala [CV04].

Proposition 1.6. Let k € Z>3. We have a-x € TSP(K,,) for all %—uniform points = if an only

if for all k-edge-connected k-regular multigraphs G = (V, E), the point o - (% “xXF) can be written

as a convex combination of tours of G.

Now consider approximating TSP on %—uniform points: if for any 4-edge-connected 4-regular

graph G the vector « - (% xEG))

dominates a convex combination of incidence vectors of tours
of G, then g(TSP) restricted to half integral instances in at most «.

For graph G = (V, E), acut U C V is properif |U| > 2 and |V \ U| > 2. If we assume that
the 4-regular 4-edge-connected graph G does not contain proper 4-edge cuts, then the following

theorem is relevant.

Theorem 1.7. Let G = (V, E) be a 4-edge-connected 4-reqular graph G with even number of

3 1 1 E(G))

vertices and no proper 4-edge cuts. Then the vector (5 — 55) - (5 - X dominates a convex

combination of incidence vectors of tours of G.



Theorem could serve as the base case if we could glue over proper 4-edge cuts of G.
However, the gluing arguments we present for f-cyclic points can not easily be extended to this

case due to the increased complexity of the distribution of patterns over 4-edge cuts.

1.2 Previous Work on Fundamental Points

Fundamental points were introduced in a series of papers for the TSP [CR9§| and for the minimum
cost 2-edge-connected multigraph problem (2ECM) [CR98, BC11l [CV04]. Let 2ECM(K,,) be
the convex hull of incidence vectors of 2-edge-connected multigraphs of K,,. Clearly, TSP(K,,) C
2ECM(Ky,).

Consider a %—cyclic point z € RF». If H, is a collection of 3-cycles, then Boyd and Carr
showed 3z € TSP(K,) [BCII] and Boyd and Legault showed 2z € 2ECM(K,,) [BL15]. Boyd
and Sebd presented a polynomial time algorithm proving that if H, is a collection of 4-cycles,
then Y2 € TSP(K,) [BS19]. For the same class, we gave an efficient algorithm proving
92 € 2ECM(K,,) [HN18]. Recently, Karlin, Klein and Oveis Gharan showed that for any 3-cyclic
point 2 € RF» we have (3 —e)z € TSP(K,) for some constant e > 0 [KKO20]. The interest in 3-
cyclic points stems in part from the aforementioned conjecture that the maximum value of g(TSP)
is achieved for instances of the TSP where the optimal solution to min{cz : = € SEP(K,)} is
%—cyclic [SWvZ13]. In fact, in each of the classes above there is a family of instances that achieves
the largest known lower bound on g(TSP) and the integrality gap of the subtour elimination
relaxation for 2ECM [CR98| [ABE06, BC11l, BS19].

Now we review the results on uniform points. Let 2 € RF" be a %—uniform point. Carr and
Ravi showed if k = 4, then %1‘ € 2ECM(K,,) [CR98]. Boyd and Legault showed that if k = 3,
then Sz € 2ECM(K,,) [BLI5]. Legault later improved the factor ¢ to % |[Legl7]. Haddadan,
Newman and Ravi proved that for & = 3, we have %:c € TSP(K,) [HNR19]. Boyd and Sebd
showed that if G, is additionally Hamiltonian, then 2z € TSP(K,) [BS19]. Finally, the recent
result of Karlin et al. also implies that if k = 4, then (2 — €)z € TSP(K,,) for some constant

e > 0 [KKO20).

1.3 Gluing Convex Combinations Over 3-edge Cuts

A key part of our proof of Theorem is gluing solutions over certain 3-edge cuts, thereby
reducing to instances without such cuts, which are easier to solve. This approach of gluing
solutions over 3-edge cuts, and thereby reducing to a problem on graphs without proper 3-
edge cuts was first introduced by Cornuéjols, Naddef and Pulleyblank [CNPS&5]. For a graph
G = (V,E), let U C V and denote by GU the graph obtained by contracting U (i.e., identifying
all vertices in U to a single vertex and removing the resulting loops). Cornuéjols et al. defined a

class of 3-edge-connected graphs A as fully reducible if

e If G € A has a proper 3-edge cut U, then both GV and GU are in A.



e The minimum cost Hamilton cycle of G can be found in polynomial time for the graphs in

A that do not have a proper 3-edge cut.

Cornuéjols showed that TSP can be solved in polynomial time for fully reducible graphs [CNP8&5].
An example of such a fully reducible class are the Halin graphs [CNP&3].

For many fully reducible classes A, they showed that for G € A, if G does not have a proper
3-edge cut, then the convex hull of incidence vectors of Hamilton cycles of G coincides with a
system of linear inequalities with polynomial separation [CNP85|. For example, they show if
G = (V, E) does not contain any disjoint cycles, then Pg = {z € [0,1]F : 2(6(v)) =2 forv € V'}
is the convex hull of incidence vectors of Hamilton cycles of G. Let us describe this result in
more detail. Suppose for any graph G with no proper 3-edge cuts that does not contain any
disjoint cycles, we have TSP(G) = Pg. Now consider a graph G = (V, E) with no disjoint cycles
that has a 3-edge cut U. In the graph GV, we say the vertex corresponding to the contracted
set U is a pseudovertex. Suppose that the graphs GV and GU contain no proper 3-edge cuts
and suppose we can write y restricted to the edge set of each graph as a convex combination of
Hamilton cycles of the respective graph. Let us consider the patterns around the pseudovertices;
if the edges adjacent to the pseudovertices are {a, b, c} then each vertex can be adjacent to two
edges in a Hamilton cycle and therefore, there are only three possible patterns around a vertex:
{{a,b},{a,c}, {b,c}}. Moreover, since each pattern appears the same percentage of time (in the
respective convex combinations) for each pseudovertex, tours with corresponding patterns can
be glued over the 3-edge cut. In this case, the gluing procedure is quite straightforward. This
reduction has also proven quite useful for the minimum cost 2-edge-connected subgraph problem
(2EC) [CR98| BL15l Legl7).

In contrast, it appears such a reduction is not known for TSP tours. Indeed, gluing proofs
cannot be easily extended to tours for several reasons: (1) As just shown, they are often used
for gluing subgraphs (no doubled edges). In TSP, we must allow edges to be doubled, so there
are too many possible patterns around a vertex. For example, if we allow each possible pattern
corresponding to an even degree, there are 13 possible patterns. (2) Gluing tours over a 3-edge
cut might result in disconnected Eulerian multigraphs. Finally, (3) many of the algorithms based

on gluing are not proven to run in polynomial time [CR9S8|, BL15, Leg17].

1.4 Owur Approach

The main technical contribution of this paper is to show that for a carefully chosen set of tours,
we can design a gluing procedure over critical cuts, which, roughly speaking are proper 3-edge
cuts that are tight: the x-values of the three edges crossing the cut sum to 2. As we will see, a
tour generated via a polyhedral version of Christofides algorithm on a #-cyclic point can have
eight (rather than 13) possible patterns around a vertex. While this is still alot, we identify
certain conditions for the convex combination, under which controlling the frequency of a single

one of these patterns allows us to control the frequency of the other seven. Moreover, we show



the frequency of one of the patterns (around an arbitrary vertex v) depends on the fraction of
times in the convex combination of connectors that vertex v is a leaf. Thus, we can fix a critical
cut U C V,, in GG, and find a convex combination of tours for GxU. Then we can find a set of
tours for Gg such that the distribution of patterns around the pseudovertex corresponding to
U matches that of the pseudovertex corresponding to U in GmU , which enables us to glue over
critical cuts.

Applying this gluing procedure, we can reduce an instance of TSP on a #-cyclic point to
base-case instances, which contain no critical cuts. On a high level, our proof of Theorem
for such instances is based on Christofides algorithm: We show that a 6-cyclic point x can be
written as a convex combination of connected, spanning subgraphs of G, with no doubled edges
(henceforth a connector of G,) with certain properties and then we show that the vector z, where
Ze = %6 for e € H, and z, = % — % for e € W,, can be written as a convex combination of
subgraphs, each of which can be used for parity correction of a connector (henceforth a parity
corrector). Tight cuts are generally difficult to handle using an approach based on Christofides
algorithm, since (% — €)x is insufficient for parity correction of a tight cut if it is crossed by an
odd number of edges in the connector. However, in our base-case instances, there are only two
types of tight 3-edge cuts. The first type of cut is a degenerate tight cut. These cuts are easy to
handle and we defer their formal definition to Section The second type of cut is a verter cut,
which we show are also easy to handle. In particular, the parity of vertex cuts can be addressed
with a key tool used by Boyd and Seb6 [BS19] called rainbow v-trees (see Theorem . Using
this in combination with a decomposition of the 1-edges into few induced matchings, which have

some additional required properties, we can prove Theorem for the base case.

1.5 Organization

In Section [2, we introduce notation and some definitions relevant to cut structure in cyclic points.
We also review some well-known polyhedral tools. In Section [3| we present our main ideas and
tools for gluing tours over critical cuts of G, thereby reducing to TSP on base cases that only
contain certain types of tight cuts. We then show in Section [4] that we are able to handle these
remaining tight cuts via an approach similar—on a high-level—to Christofides algorithm. For
our gluing approach to work, we need to choose the connectors to have certain properties and to
save on the 1-edges, we need to show that a vector with less than half on each 1-edge belongs to
the O-join polytope. Both of these key technical ingredients can be found in Section [d] Sections
and [4] contain a complete proof of Theorem [1.3] In Section 5| we present an application of
Theorem to approximating TSP on %—uniform points. We also give an algorithm for TSP on
%—uniform points under certain assumptions. Finally, in Section |§|, we make some concluding

remarks and present some problems for future research.



2 Notation and Tools

Let G = (V, E) be a graph. For a subset U C V of vertices, let 0g(U) = {uv € E:u e U,v ¢ U}.
(We use 6(U) = 0¢(U) when the graph G is clear from the context.) Let E[U] = {uv € E:u €
UwveU}.

A multi-subset (henceforth multiset for brevity) of edges of E is a set that can contain
multiple copies of edges in E. A multi-subgraph (henceforth multigraph for brevity) of G is the
graph on vertex set V' whose edge set is a multiset of E (i.e., a multigraph can contain multiple
copies of an edge). We sometimes consider a multigraph F' of G to be a multiset of edges of G.

The incidence vector of multigraph F of G, denoted by x*" is a vector in R where x!" is the
multiplicity of e in F. Let ' and F’ be two multigraphs of G, then '+ F’ is the multigraph that
contains y£ 4+ Xfl copies of edge e for e € E. If e is an edge in F', then F' — e is the multigraph
F—e — \F _yie}. For a vector z € R¥ and a multigraph F of G, we
denote >, ze - XL by z(F). We use §p(U) to refer to the multiset of edges in F that have
exactly one endpoint in U. The degree of a vertex v € V in F' is the number of edges in F' that

with incidence vector y

are incident on v.

2.1 Cuts in Cyclic Points

Let x be a O-cyclic point with support graph G, = (V,,, E;). The graph G, contains three types
of tight cuts, by which we mean a cut U C V,, such that z(6(U)) = 2. A wvertex cut is a cut
U = {u}. Notice that for all u € V,, z(6(u)) = 2. The second type of cut is a critical cut.

Definition 2. A proper cut U C V,, in Gy is called a critical cut if |6(U)| = 3 and 6(U) contains
exactly one edge e with x. = 1. Moreover, for each pair of edges in 6(U), their endpoints in U
(and in V' \ U) are distinct.

We refer to the third type of cut as a degenerate tight cut.

Definition 3. A proper cut U C V,, in G is called a degenerate tight cut if |§(U)| =3, |U| > 3
and |V \ U| > 3 and the two fractional edges in §(U) share an endpoint in either U or V \ U.

For a degenerate tight cut U, let 6(U) = {e, f, g}, such that f and g are the fractional edges
that share an endpoint v. Let e, be the unique 1-edge incident on v. Observe that {e,e,} forms
a 2-edge cut in G,.

Let x be a f-cyclic point and U C V,, be a cut in G,. Also, let U = V,, \ U. We can obtain
6-cyclic point 2V by contracting set U in G to a single vertex. (Respectively, we can obtain a
f-cyclic point v by contracting set U in G to a single vertex.) We let v;; denote the vertex

corresponding to set U in GwU (respectively, vy corresponds to U in Gg)

Observation 2.1. Let U C V,, be a minimal critical cut in G, (i.e., for S C U, the cut defined

by S is not critical in Gy). Then, GY does not contain any critical cuts.



Proof. Suppose for contradiction that there is S C V(GY) that is a critical cut of GY. We can
assume that v ¢ S. Moreover, S C U. This is a contradiction to minimality of U since S

constitutes a critical cut in G, as well. ]

Observation 2.2. Suppose that G, has k critical cuts. Let U be a critical cut of Gx. The

number of critical cuts in GY is at most k — 1.

Proof. Clearly, U is not a critical cut of GY. We show that there is correspondence between the
critical cuts of GY and G,. This implies that G¥ can have at most k — 1 critical cuts. If S is
a critical cut of G¥ we can assume without loss of generality that v € S. Hence, S is also a
critical cut of G. O

2.2 Polyhedral Basics

Let G = (V, E) and let x be a vector in R”. Consider a collection of multigraphs F of G. We
say A = {A\p}rer are convex multipliers for F if 3 . Ap = 1 and Ap > 0 for F' € F. We
say {\, F} is a convex combination for x if A = {A\r}recr are the convex multipliers for F and
T = perAr. Wesay x can be written as convexr combination of multigraphs in F if can find
such F and X in polynomial time in the size of . Here by the size of x we refer to |E| (i.e., the

number of edges in the support of x).

2.2.1 The v-Tree Polytope and Rainbow v-Trees

Let G = (V,E) be a graph. For a vertex v € V, a v-tree is a subgraph F' of G such that
|[F'No(v)] =2 and F'\ §(v) induces a spanning tree of V' \ {v}. Denote by v-TREE(G) the convex
hull of incidence vectors of v-trees of G. The v-TREE(G) is characterized by the following linear

inequalities.

v-TREE(G) ={z € [0, 1]7 : 2(6(v)) = 2,
z(E[U]) <|U|—1forall ) cU CV\ {v}, z(E) =|V|}. (2.1)

Observation 2.3. We have SEP(K,,) C v-TREE(K,,) for all v € K,.

Observation 2.4. Let © € SEP(K,,) be such G5 is 3-edge-connected and cubic. Let C be any
2-factor in G,. Define vector y to have y, = % foreeC,ye=1 foree E,\{C} and y. =0
otherwise. Then y € SEP(K,,) C v-TREE(K,,).

Proof. Take ) C U C V,,. It U = {v} for some v € V,,, then z(§(U) =2 as CN(v) = 2.

If |6(U)| > 4, then clearly z(6(U)) > 2. Otherwise, |§(U)| = 3. Since at most two edges in
d(U) belong to C, there is at least one edge e € §(U) with x. = 1. Hence, x(6(U)) > 2. Therefore,
x € SEP(K,,). We have x € v-TREE(K,) by Observation O



It can be deduced from the discussion above that a vector x in the subtour elimination
relaxation can be written as a convex combination of v-trees for any vertex v in G,. In fact, the

v-trees in this convex combination can satisfy some additional properties.

Definition 4. Let G = (V, E) and v be a vertex of G. Let P be a collection of disjoint subsets
of E. A P-rainbow v-tree, namely T, is a v-tree of G such that |T N P| =1 for P € P.

The following theorem can be proved via the matroid intersection theorem [EdmT70] and
Observation 2.3

Theorem 2.5 ([BL95],[BS19]). Let x € SEP(K,,) and P be a collection of disjoint subsets of
E, such that x(P) =1 for P € P. Then x can be written as a convex combination of P-rainbow

v-trees of K,, for any v € V,,.

Grotchel and Padberg [GP85] observed that v-trees of a connected graph G = (V, E) satisty
the basis axioms of a matroid. For z € SEP(K,) we have z € v-TREE(K,,) by Observation
Also, P defines a partition matroid where each base intersect each part of P exactly once.
Therefore, vector z is in the convex hull of incidence vector of common basis of the partition

matroid defined by P and the matroid whose basis are the v-trees of K.

2.2.2 The O-join Polytope

Let G = (V, E) be a graph and O C V where |O| is even. An O-join of G is a subgraph J of G
where a vertex v € V has odd degree in J if and only if v € O. Let O-JOIN(G) be the convex
hull of incidence vectors of O-joins of G. Edmonds and Johnson [EJ73] showed the following
description for the O-JOIN(G).

O-JOIN(G) = {2z € [0,1)F : 2(6(U) \ A) — 2(A) > 1 — | A| (2.2)
for U CV,ACH(U),|UNO|+ |A| odd}.

Observation 2.6. If x € SEP(K,,), then § € O-JOIN(K,,) for any O CV,, with |O| odd.

Proof. Let z = %. For U C V,, we have 2(§(U)) > 1. Moreover, for e € E,, we have z, < % since
Al

ze < 1. Therefore, for A C §(U) we have z(A) < ‘7 This implies z(6(U)) —2z(A) > 1—|A|. O

The following observation shows that a convex combination of O-joins in a graph has the
property that for each vertex u € O, exactly one edge incident to u belongs to an O-join that we
obtain from

Observation 2.7. Let G = (V, E) be a graph, and let O CV be a subset of vertices such that
|O| is even. Let z € O-JOIN(G), and z(6(u)) < 1 for allu € V. Then z can be written as convex
combination of O-joins of G denoted by {1, T} such that for u € O we have |J N(u)| =1 for
JeJ.
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Proof. By [EJ73] since z € O-JOIN(G) it can be written as a convex combination of O-joins of G
denoted by {¢, J}. Let u be a vertex in O. We have z(d(u)) < 1. On the other hand, for every
J € J we have [J N d(u)| > 1. Therefore, |J N6(u)| = 1. O

2.2.3 Proof of Theorem Polyhedral Analysis of Christofides

Now, we are ready to prove Theorem

Theorem 1.1 (Polyhedral proof of Christofides algorithm |Chr76, [Wol80]). If = € SEP(K,,),
then 32 € TSP(K,).

Proof. Let x € SEP(K,,), then by Observation x € v-TREE(K,,) for some v € V,,. Hence, we
can find v-trees T and convex multipliers A for 7 such that z < > .7 Arx”. For each T € T,
let Or be the set of odd degree vertices of T'. Notice that § € Op-JOIN(K,) for all T € T.
This implies that § can be written as a convex combination of Or-joins J T of K,, with convex
multipliers 6 = {6} ;c sv. Notice that for T € T and J € J7, multigraph T + J is a tour of K.
Hence, Y rer A1 > jeqsr 0ux* 7 € TSP(K,). Therefore, 32 € TSP(K,) polyhedron. O

3 Matching Patterns: Gluing Tours Over Critical Cuts

Let = be a 6-cyclic point and G, = (V;,, E;) be the support of z. In this section, we present an
approach for gluing tours over critical cuts of G. One property of the tours we construct, which
is crucial to enable this gluing procedure, is that every tour contains at least one copy of each
1-edge. This allows us to assume that x belongs to a subclass of f-cyclic points in which (i) G,
is cubic, (ii) Wy, the 1-edges of G, form a perfect matching, and (iii) H,, the fractional edges of
G, form a 2-factor. We can make this assumption, because we can contract a path of 1-edges to
a single 1-edge; the tour of the new cubic graph yields a tour for the original subcubic graph.
We work under this assumption throughout this section and in Section

For a vertex u € V, denote by e, the unique l-edge in G, that is incident on u. Let
d(u) = {ew, fu, gu} where f, and g, are the two fractional edges incident on v and zy, = 6 and
zg, = 1 — 6. In each tour of G, a multiset of edges from d(u) belongs to the tour. We call this
multiset the pattern around u. Denote by P, the set of possible patterns around a vertex u in a

tour of G, that contain at least one copy of the 1-edge e, and in which u has degree either two

or four (see Figure [3.1).
P, = {{26u}a {em fu}a {euygu}, {261“ 2fu}a {2€u7 2gu}7 {261“ fus gu}a {6u7 2fu, gu}a {eua fu, qu}}'

In every tour we construct, the pattern around each vertex u € V will be some pattern from P,.
There are other multisets of §(u) that can be valid patterns around w in a tour. For example,

the pattern { fu, g,} could be the pattern around w in some tour. However, in our construction
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this pattern will never be the pattern around u as we always include at least one copy of e, in a

tour. Formally, we write dp(u) = p if the pattern around u in the tour F is p € P,,.

e e e L e

{2e4} {ew fu}  {ew, gu} {2eu;2fu} {264,290} {eu,2fusgu} {2€u; fu, gu} {€u, fu,29u}

Figure 3.1: The different patterns in P,,. The red solid edges are in the tour and black dashed
edges are not used in the handpicked tour.

Definition 5. A tour F of G, = (V,, E;) is a handpicked tour of G, if for all uw € V,,, the
pattern around u in F belongs to Py, (i.e., if p(u) € Py, for all u € V).

If .7 is a set of tours and ¢ = {¢r}recs is a set of convex multipliers, then we use ¢(p) =
Y rez s (u)=p @F to denote the pattern frequency of p € P, in the convex combination {6, F}.
Notice that qb( ) € [0,1]. Moreover, if .# is a set of handpicked tour of G, then for all u € V,,,
we have ZpEIP’u ¢(p) = 1. For each u € V,,, we define the pattern profile of vertex u in the convex
combination {¢, %} to be the eight values {¢(p)} for all p € P,.

Another key parameter of a convex combination is the frequency of doubled edges. For the
convex combination {¢, %}, define ¢o(e) = ZFE?:x5:2 ¢p for all e € E,. The pattern profile of
a vertex u turns out to be directly related to the occurence of doubled edges from §(u). This
dependence is formalized in the next observation, which states that for a convex combination of
handpicked tours, if the parameters ¢o(e) are fixed for e € §(u), then the pattern profile for each

vertex u depends only on the pattern frequency of the pattern {2e,}.

Observation 3.1. Let y and q be vectors in Rgf). Suppose y can be written as a convex
combination of tours of G, denoted by {¢, F} such that for all e € E,, we have ¢a(€) = ge.
Then for each vertex u € Vy, and for each pattern p € P, the frequency of pattern p, ¢(p), in

this convex combination is uniquely determined by the frequency of pattern {2e,}.

Proof. Suppose ¢({2e,}) = (, for some ¢, € [0,1]. Then for each u € V,,, the following identities

hold with respect to the convex combination {¢, .7 }.

Z ¢(p) = Qe for e € {euafuagu}a

pGIPu:Xf;:Q

> ) = ve — 20 for e € {eu, fu, gu},

pEP,:xE=1

> blp) =

PEPy

¢({2¢u}) = Cu
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Since the above system of eight equations has eight variables (i.e., the variables are ¢(p) for

p € Py), it has a unique solution. Therefore, ¢(p) is a function of ¢, for all p € P,,. O

We apply Observation to control the pattern profile of a pseudovertex u by constructing
tours in which the pattern frequency of {2e,} can be set arbitrarily. This enables us to prove
Theorem with an inductive (gluing) approach. For such an approach to work, we need to

prove a stronger statement. Let a be a constant in (0, 1] that we will fix later.

Proposition 3.2. Define y € Rgg as follows: y. = % — %0 foree W, and y. = %xe foree H,.
Then y can be written as a conver combination of handpicked tours of G, denoted by {¢, F}

such that
(i) p2(e) = % - %9, foree W,, and

(ii) Pa(e) = %‘% for alle € H,.

Observe that Proposition implies Theorem As mentioned previously, it is in fact
stronger; we construct tours for the base cases (f-cyclic points whose support graphs have no
critical cuts) and the additional properties in Proposition enable us to “glue” these tours
together over the critical cuts of G,. Hence, our induction is on the number of critical cuts in G,.

Observation gives sufficient conditions under which we can glue tours of GY and Gg

together over the critical cut to obtain tours for G, that preserve key properties.

Observation 3.3. Let U C V), be a critical cut of G. Suppose U can be written as a convex
combination of handpicked tours of GY denoted by {#V, FU} with the following properties. (And
suppose the same holds for zU, Gg {qﬁU, ﬁU}, respectively.)

(i) The pattern profiles of vertices vy and vy are the same in their respective convex combina-

tions.

(ii) For every tour F € FY, F\ §(vg) induces a connected multigraph on U.

Then x can be written as a combination of handpicked tour of G, denoted by {¢, F} such that

(a) ¢2(e) = ¢5 (¢) for e € B(GY),

(b) ¢a2(e) = (ﬁg(e) fore € E(GY), and
(¢) |Z| <|FY|+|ZY.
Proof. First, we prove the following simple claim.

Claim 1. Consider a graph G = (V, E) and nonempty U C V such that U is a 3-edge-cut in
G = (V,E). Let Fy be a tour in GY and let Fg be a tour in GU such that xFv = i for
e € 6(U). Moreover, assume that Fyy \ 6(vyr) induces a connected multigraph on U. Then the
multiset of edges F defined as x¥ = xIv for e € E(GY) and xF' = Xfﬁ foree E(Gﬁ) is a tour
of G.
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Proof. 1t is clear that F' induces an Eulerian spanning multigraph on GG, but we need to ensure
that F' is connected. For example, the tour induced on F3 \ 6(vy) might not be connected.
However, since the subgraph of Fyy induced on the vertex set U is connected, the tour F' is

connected: each vertex in U is connected to some vertex in U. O

We observe that if the pattern profiles of vy and vz with respect to the convex combinations
{¢V, ZU} and {gbﬁ, F U}, respectively, are the same, then we can always find two tours Fyy € .%
and Fg € ZFU such that the pattern around vz in Fy is the same as the pattern around vy
in 7. We can apply Claim 1| to obtain a new tour F', to which we assign convex multiplier
o = min{gbgU,gbgﬁ} and add to set .%. Then we subtract ¢p from each of these convex
multipliers, remove tours with convex multipliers zero from .#Y and .#Y, and repeat. Observe
the total number of tours in .% is at most |ZU| + |.ZU].

We need to show that each tour F' € .% is handpicked. This follows from the fact that the
pattern around each vertex in U in F' is the same as the pattern around it in Fy;. Moreover,
each edge e € E; N§(U) is doubled in a tour F' of G iff it is doubled in both Fy; and in F.
For e € E(GY) \ §(U), edge e is doubled iff it is doubled in Fy;. Analogously, each vertex in U
has the same pattern in F as it has in F}7, and each edge e € E (GY)\ 6(U) is doubled iff it is
doubled in F;. Thus, properties (a) and (b) hold for the convex combination {¢, .7 }. O

In the base case (where graphs G, = (V,,, E;) have no critical cuts), each tour in the convex
combination that we construct consists of a connector plus a parity correction (as we will describe
in Section . For each u € V,,, the previously introduced (and yet to be fixed) parameter « is a
lower bound on the fraction of connectors in this convex combination in which u has degree two.
Let the parameter 7, denote the (exact) fraction of connectors in which vertex u has degree one.
(Note that n, can be different for every vertex.) In our construction of a convex combination of
tours {¢, . Z } for the base case, it will be the case that the frequency of pattern {2e,} will be
equal to 2. Thus, controlling the value of 7, allows us to control ¢({2e,}). A key technical tool
is that when we construct a convex combination of tours {¢,.%#} for graph G, with no critical
cuts (i.e., a base case graph), we can always ensure that for one arbitrarily chosen vertex v,
the value of 7, (and hence ¢({2¢e,})) can be chosen arbitrarily. This allows us to ensure that
the pattern frequency of {2e,_}) equals the pattern frequency of {2e,,}) in the given convex
combination for GU (i.e., Condition (i) in Observation when GY is a base case.

Lemma 3.4. Suppose G, contains no critical cuts. Fix any vertexv € V' and fix constant ¢ with
0< (< %. Define y € Rgg as follows: ye = % — %0 fore e Wy and y. = %l’e foree Hy,.
Then y can be written as a conver combination of handpicked tours of G, denoted by {¢, F}

with the following properties.
(i) ¢a(e) = 3 — %9, fore e Wy,

(ii) ¢2(e) = %3 for all e € Hy,
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(iii) 6({2e0}) = ¢, and
(v) F\ ép(v) induces a connected multigraph on V \ v for each F € .F .

Notice that Lemma implies Proposition for f-cyclic points whose support graphs have
no critical cuts. We prove Lemma in the next section. In the remainder of this section, we
show how Lemma [3.4] implies Proposition

Proof of Proposition[3.9. Suppose G, contains ¢ critical cuts. We prove the statement by induc-
tion on ¢. In fact we show that the running time of our algorithm is polynomial in n and ¢t. To
this end, we show that the convex combination in our construction contains at most btn? trees,
where b and d are constants. Notice that ¢ itself is a polynomial bounded by n.

If ¢t = 0, then G, does not contain a critical cut, then apply Lemma Otherwise, find
the minimal critical cut U of G,. By Observations and graph GY does not contain any
critical cuts and Gg contains at most ¢ — 1 critical cuts.

Define yU as follows: yeﬁ = % — %9 for e € W r and yeﬁ = g for e € H . We apply
the induction hypothesis on Gg to write yU as convex combination of handpicked tours of Gg
denoted by {¢U,.ZU} such that (i) ¢J (e) = 1—foreec W 7, and (ii) ¢2(e) = @ for all
e € H . By induction |FY| < b(t — 1)(|U| + 1)4.

Let ¢* = ¢V ({ey, }). Define y¥ = 32 for e € Wou and y! = % for e € H,v. Applying
Lemma to #-cyclic point 2V with ¢ = ¢* we can write yV as convex combination of handpicked
tours of GY denoted by {¢V, FV} such that (i) ¢5 (e) = 2 — % for e € W,u, (i) ¢¥ () = @
for all e € H,u, (iii) ¢V ({2e,}) = ¢*, and (iv) F \ 6 (vg) induces a connected multigraph on U
for each F' € .FY. Moreover |#Y| < b(|U| + 1)<,

Now we apply Observation [3.3] to write y as the desired convex combination. This convex
combination contains at most [ ZV| + |ZV| < b(|U| + 1) + b(t — 1)(|T| + 1)%. Note that for
d > 2 this number is at most btn?, as |U| + |U| =n , |[U| > 3, and |U| > 3. O

4 Finding Tours in the Base Case: Proof of Lemma 3.4

In this section we present the proof of Lemma We fix G, = (V,,, E,) to be the support graph
of a #-cyclic point z. In the base case, G, contains no critical cuts. (The lemmas in this section
will be applied to this base case, but some hold even when G, is not a base case.) Moreover, we
remind the reader that we assume the support of G is cubic. (See discussion in the beginning of
Section [3])

A key tool we will use is that the 1-edges of G, can be partitioned into five induced matchings
in G,. A set M C W, is an induced matching of G, if M is a vertex induced subgraph of G,
and M is a matching. For each induced matching M, we find a set of connectors T of GG, where
for each 1-edge e in M, both endpoints of e have degree two in every T' € 7. Thus, when G, has

no critical cuts, a 1-edge e in M does not belong to any odd cuts in T" that are tight cuts in G .
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For each 1-edge e in M, we can therefore reduce usage of e in the parity correction from % to

1-6. 0
=5 ~; each l-edge saves 3

stated in Lemma with a = %
The induced matchings require some additional properties that we need for technical reasons

exactly % of the times. This yields the saving of 1% on the 1-edges as

as we will see later. Recall that for a vertex u in G, we denote by e,, the unique 1-edge incident
on u. Let Na(u) denote the two vertices that are the other endpoints of the fractional-edges
incident on w. In other words, suppose d(u) = {ey, fu, .} and suppose that w; and wy are the
other endpoints of f, and g,, respectively. Then No(u) = {w1,ws}. The proof of Lemma is
deferred to Section 4.5

Lemma 4.1. Suppose G, has no critical cuts. Let v be a vertez in V,, and let No(v) = {wy,wa}.
The set of 1-edges in G, Wy, can be partitioned into five induced matchings {M, ..., Ms} such
that for i € [5], the following properties hold.

(Z) |M1 m {61}7611)1)611)2}‘ S ]-
(i) For U CV,, such that |6(U)| =3, [6(U) N M;| < 1.
(111) For U CV,, such that |6(U)| =2, [0(U) N M| is even.

For the rest of this section, let v be a fixed vertex in V,,, Na(v) = {w;, w2} and let
{Mi,..., My} denote the partition of W, into induced matchings with the additional prop-
erties enumerated in Lemma [£.1] These properties will be used to ensure that we can save on
the edges in W, when augmenting connectors of G, (with parity correctors) into tours. While
Lemma [4.1] implies that h = 5, we will use h throughout this section, since if Lemma [4.1] could
be proved with, say, four matchings, it would allow a larger value of oo = % and hence directly
yield a better bound in the statement of Lemma [3.4

The proof of Lemma consists of two main parts. First we show there is a convex
combination of connectors of G, that satisfy certain properties. Second, we show that for each
connector, we can find parity correctors such that the union of a connector and a parity corrector

is a tour.

4.1 Constructing Connectors

Now we will show how to construct connectors for G,. We will apply this when G, is a base
case (i.e., G, has no critical cuts), but Definition [f] and Lemmas and apply even when
this is not the case. Recall that v is fixed vertex in V,, and that Na(v) = {w, wa}.

Definition 6. Suppose M C W, is a subset of 1-edges of G,. Let A be a constant such that
0 < A <6. Suppose x can be written as a convex combination of connectors of G, denoted by
{\, T}. Then we say P(v, M,A) holds for {\, T} if it has the following properties.

1Y e T op()=1 AT = 2oreTior(w)=3 A0 = A and 3 peqs, =2 Ar =1 — 2A.
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2. For each edge st € M, |6r(s)| = |07(t)| =2 for allT € T.
3. T'\ 0r(v) induces a connector on V '\ {v}.

Let us explain why the properties described above are useful in our construction. The first
property allows us to control the fraction of time vertex v has degree one in a connector in the
convex combination {\, 7}, which in turn will allow us to control the fraction of time a tour
has the pattern {2e,} around v. This flexibility is required to perform the gluing procedure; it
allows us to manipulate the convex combination of connectors to have the desired pattern profile
for the pseudovertex (which will be v). The second condition ensures that no 1-edge in M is
part of a tight cut that is crossed an odd number of times in a connector T' € 7. Lastly, the
third property guarantees that we maintain connectivity of the tours after gluing them together
over critical cuts.

We defer the proofs of the next two lemmas to Section [4.3]

Lemma 4.2. Suppose M C W, forms an induced matching in G, and edge e, € M. Then x can
be written as a conver combination of connectors of G, denoted by {\, T} for which P(v,M,0)
holds.

Lemma 4.3. Let A be any constant such that 0 < A < 0. Suppose M C W, forms an induced
matching in Gy, ey, ¢ M and | M N{ew,, ew, }| < 1. Then x can be written as a convex combination
of connectors of G, denoted by {\, T} for which P(v,M,A) holds.

Recall that {Mj, ..., My} is the partition of W, into induced matchings obtained via Lemma
Assume without loss of generality that e, € My. For i = 1, let 71 be a set of connectors of
G, and let {9, T1} be a convex combination for x for which P(v, M, 0) holds (by Lemma [4.2).
For i € {2,...,h}, let T; be a set of connectors of G5 and let {¥,7;} be a convex combination
for z for which P(v, M;, ﬁ) holds (by Lemma . Notice that % < @ since A < (1 —«)6.

We can write x as a convex combination of connectors from .7, by weighting each set 7; by
«. In particular, we have x = 042?:1 > TeT, I7x’. For each T € 7, let or = a - Y7. Then
{0, 7} is a convex combination for x. Observe that since z. = 1 for e € W,, we have W, C T

for T € 7. From Definition [6] and Lemmas [£.2] and we observe the following.

Claim 2. For each T € 7, T \ §(v) induces a connected, spanning subgraph on V' \ {v}.

4.2 Constructing Parity Correctors

For each T € .7, let Or be the set of odd degree vertices of T'. In the second part of the proof

we show that each connected subgraph T' € .7 has a “cheap” convex combination of Op-joins.

Lemma 4.4. Suppose G, has no critical cuts. Let M C W, be a subset of 1-edges of G, such
that each 3-edge cut in G, contains at most one edge from M. Let O C'V be a subset of vertices
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such that |O| is even and for all e = st € M, neither s nor t is in O. Also suppose for any
set U C V such that |6(U)| = 2, both [UNO| and |5(U) N M| are even. Define vector z as
follows: z, = % ifee Wy ande ¢ M, z. = 1779 ife€ M, and z. = % if e € H,. Then vector
z € O-JOIN(Gy).

For each i € [h], define 2! = 152 if e € M; and 2! = Z otherwise. For each T' € T, let
Or C V be the set of odd-degree Vertlces of T. By constructlon we have V(M;) N Or = 0. By
Lemma we have 2* € Op-JOIN(G,). So by Observation we can write z' as a convex
combination of Op-joins of G, denoted by {1, 77} where |JNé(u)| = 1 for u € O and J € Jr.
This implies that z 4 2z can be written as a convex combination of tours of G,. We denote
this set of tours by F; and we let # = {F € F; : i € {1,...,h}}. Now for F' € .% we have
F =T+ J for some T €  and J € Jp. Define ¢p = o - 1[1?. The vector Zi:l a(z + 2%) can
be written as {¢, Z# }.

Claim 3. Every tour in F is handpicked.

Proof. Let F € .%. By construction, FF =T + J, where T' € .7 and J € Jp. Let u € V,, and

d(u) = {eu, fu,sgu}. Notice that Xe” > 1, since e, € T for all T € . Hence, we only need to
show that |0r(u)| < 6. Suppose for contradiction that |§z(u)| > 6. This implies that |07 (u)| = 3
and [07(u)| = 3. However, if |d7(u)| = 3, then u € Op. From Observation if u € Or and
z(0(u)) <1, then |J N d(u)| = 1 which is a contradiction. O

Claim 4. Suppose G, contains no critical cuts. Define vector y € RF* as y, = % — %‘9 for

e € Wy and yo = 3z, for e € Hy. Then {¢, F} is a convex combination for y.

Proof. We need to show that y = Z?:l afx + z%). First, let e be a 1-edge of G, and M; be the

induced matching that contains e. Then, z. =1, 2L = 3 for i € [h] \ {j} and 2= 158, Hence,

h h
3 9 3 ab
i=1 (=1
For a fractional e of G, we have 2! = Z for i € [h], so 2?21 oz + 21) = 3z, O

Now we prove some additional useful properties of the convex combination {¢,.#} for #-cyclic

point x.
Claim 5. For convex combination {¢, F}, we have ¢a(e) = 3 — %9 fore € Wy and ¢a(e) = %

Proof. Notice that ¢ defines a probability distribution on .%. We sample F from .# with the
probabilities defined by ¢. Recall that ¢2(e) = Prle is doubled in F|. Moreover, recall that
F =T+ J where T € . and J € Jr and T is associated with some matching M € {M;,..., My}
(i.e., T € T; for i € [h]}). For e € E;, we have

Pr[e, is doubled in F' | = Prle, € J and ¢, € T| = Prle, € T| - Prle, € J].
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For e € H,, this implies that ¢o(e) = z. - % = (m§)2. Also

Pr[e, is doubled in F | = Prle, € J]
= Prle, € Jle, € M] - Prle, € M|+ Prle, € Jle, ¢ M] - Prle, ¢ M]

1—-0 1

=__". Z (1=
5 a+2( a)

_1_ o

2 2

Claims and 5] yield Lemma, It remains to prove Lemmas and

4.3 Proofs of Lemmas and for Constructing Connectors

In this section, we prove Lemmas and which are necessary in order to write a f-cyclic

point z as a convex combination of connectors with property P described in Definition [6]

Lemma 4.2. Suppose M C W, forms an induced matching in G, and edge e, € M. Then x can
be written as a conver combination of connectors of G, denoted by {\, T} for which P(v,M,0)
holds.

Proof. For each st € M, pair the half-edges incident on s and pair those incident on ¢ to obtain
disjoint subsets of edges P. Decompose x into a convex combination of P-rainbow v-trees T (i.e.,
= rer Arx’) via Theorem This is the desired convex combination since for all T € T,
we have |07 (v)| = 2 and |07 (u)| = 2 for all endpoints u of edges in M. Thus, the first and second
conditions are satisfied. The third condition holds by definition of v-trees. O

Lemma 4.3. Let A be any constant such that 0 < A < 6. Suppose M C W, forms an induced
matching in Gz, e, € M and |[MN{ew,, ew, }| < 1. Then x can be written as a convex combination
of connectors of Gy denoted by {\, T} for which P(v, M,\) holds.

Proof. As in the proof of Lemma for each st € M, pair the half-edges incident on s and pair
those incident on ¢ to obtain a collection of disjoint subsets of edges P. Apply Theorem to
obtain {\, 7} which is a convex combination for xz, where T is a set of P-rainbow v-trees (i.e.,
T= et ArxT). Notice that this convex combination clearly satisfies the second requirement
in Definition [Gl

Now let §(v) = {ey, f, g}, where w; and wo are the other endpoints of f and g, respectively.
Assume zy = 0 and x5 = 1 — 6. Since z = ZTG’T Arx ! and Ze, = 1, we have e, € T for
T € T. In addition, we have |o7(v)| = 2 for all T € T by the definition of v-trees. Hence,

ZTGT:fGT,g¢T )\T =6 and ZTGT:f@éT,gET )\T =If= 1 — 6. Define
Tr={TeT:fecTandg¢T}and Ty={T €T :9€T and f ¢ T},
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where T U7, =T and Ty N T, = 0. We can also assume that there are subsets 7}1 C Ty and
7;1 C 7, such that ZTETJ} Ar = A and ZT@;} Ar = A, since A < 0. Now we consider two cases

1. If ey, ¢ M: For T € 7}1, replace T with T — f. For T € 7;1, replace T' with T' + f.
2. Ifey, € M: For T € 7}1, replace T with T + g. For T € Tgl, replace T with T — g.

Forall T € T\ (’7}1 UT,), keep T as is. Observe that T' € T is still a connector of G,: for
every T' € Ty, T' — f is a spanning tree of G, and for every T' € Ty, T — g is spanning tree of G.
Observe that in the first case, the degree of ey, is preserved for every 7', and in the second case
the degree of e, is preserved for every T'. We want to show that the new convex combination

{A\, T} is the desired convex combination for x. Notice that in the first case,

Z )\TX? = Z /\TX?‘F Z )\TX?JF Z /\TX}"" Z )\TX?

1eT 17} TETAT) 7T T

=0+ (0 —A)+A+0=uzy.

In the second case,

Z ArXg = Z ATy + Z Arxg + Z Arx, + Z ArXG

TeT Tngl TGTf\Tfl TeT TET\T

—A+0+0+(1—0—A) =z,

So x = Y s Arx’. Moreover, notice that for T € T, T'\ 7 (v) still induces a connector
on V' \ {v} since we did not remove any edge in 7'\ §(v) from the v-tree T. Finally, for each
vertex s with e; € M, we have [dr(s)| = 2 for all T € T. To observe this, notice that the
initial convex combination satisfies this property for vertex s (since the convex combination is
obtained via Theorem . In the transformation of the convex combination we only change edges
incident on w; and ws, so if s # wy, we the property clearly still holds after the transformation.
If s € {wy,wy}, then as noted previously, we do not remove or add an edge incident on s if
es € M. O

4.4 Proof of Lemma for Constructing Parity Correctors

We use O-joins as parity correctors for each T' € 7. We now give the complete proof of Lemma
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Proof of Lemmal[{.J Our goal is to show that z belongs to O-JOIN(G,). By definition, z €
[0, 1]=. Now we will show that z satisfies the constraint (2.2)). First, we state three useful claims.

Claim 6. If z(6(U)) > 1 for U C V,,, then z(6(U)\ A) — z(A) > 1 — |A].
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Proof. We have z(§(U) \ A) — z(A) = 2(6(U)) — 22(A). Since z, < 3 for all e € E,, we have
z(0(U)) —22(A) > 1—|A|. O

Claim 7. If 5(U)N M =0, we have z(6(U)) > 1.

Proof. This follows from the fact that for every edge e ¢ M, we have z. = . %
Claim 8. For allU C V,,, |0(U) N Wy| and |6(U)| have same parity.

Proof. This follows from the fact that [0(U) N Hy| is always even since H, is a 2-factor of G,. ¢

We consider the following cases. Case 1: |§(U)NW,| > 3, Case 2: [6(U) N W,| =2, and
Case 3: [0(U)NW,| =1.

Case 1:  If |§(U)NW5| > 4, then 2(6(U)) > 2—26 > 1. Thus we may assume [06(U) NW,| = 3.
If |6(U) > 4, then 2(6(U)) > 3 — 30+ 4 > 1, since 6 < 1. If |§(U)| = 3, then by assumption we
have |§(U) N M| < 1. Thus, z(§(U)) > 1. Thus, Claim [6] applies in each subcase.

Case 2: In this case, if |§(U)| > 4, then 2(6(U)) > (1 — 6) + 6 > 1. By Claim 8] the only
remaining subcase to consider is when [§(U)| = 2.

By assumption, |U N O] is even. Hence, |A| must be odd, which implies that |A| = 1. Let
5(U) = {e,e"}. Since |6(U)| = 2, we have either [6(U) N M| =2 or [§(U) N M| = 0. In both
cases zg = zev. Hence, z(A) = z(6(U) \ A). Therefore, z(6(U) \ A) —2z(A) =0=1— |A].

Case 3: If §(U) N M = 0, then by Claim [7| we have z(6(U)) > 1. Hence, we assume
|0(U) N M| = 1. By Claim |8, we only need to consider the following cases: Case 3i: [06(U)| = 3,
and Case 3ii: |6(U)| > 5.

Case 3i: Notice that z(6(U)) > 2. In this case, 6(U) is either a critical cut, a vertex cut,
or a degenerate tight cut. We assumed that G, has no critical cuts. So U is either a vertex
cut or a degenerate tight cut. We prove in both cases that |U N O] is even. Then we only
need to consider |A| odd. If |A| =1, then 2(6(U) \ A) — 2(4) > g >0=1—|A|. If |4 =3,
then 2(6(U) \ A) — 2(4) > -1+ 4> -2=1- 4]

If U = {u} for some u € V,,, then u ¢ O by assumption. Otherwise, U is a degenerate
tight cut. Let 6(U) = {ew, fv, gv} Where {fy, g} = 6(v) N H, for some v € V,,. Notice that
S(U\{v}) = {ew, e} and e, € M. This implies by assumption that e, € M, which implies
that v ¢ O. Since |(U \ {v}) N O] is even, hence |U N O] is even.

Case 3ii: Since |§(U)| > 5, if there is an edge e € §(U) N H, with z. = 5%, then
2(0(U)>1—-6+3- g =1+ g. Therefore, § < % and for all edges e in 6(U) N H,, we have

[
ZGZQ.
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Let C be the collection of cycles in H,. Since 6 < %, every cycle in C is even length. Clearly,
any cut crosses every cycle C' € C an even number of times. If all the edges in 6(U)NC

have the same x value, then |U NV(C)| is even. We have

ul= >  [V)nUl+ > V(C)NU|. (4.1)

Cec:v(C)CU CeC:V(C)NUAD

By the argument above and the fact that |V (C)| is even for all C' € C, we conclude that
|U| is even. Since G, is a cubic graph, this implies that |§(U)| is even. However, by Claim
we know that |[0(U)| is odd.

This concludes the case analysis and the proof. O

4.5 Proof of Lemma Partitioning 1-edges into Induced Matchings
The goal of this section is to prove the following lemma.

Lemma 4.1. Suppose G, has no critical cuts. Let v be a vertez in V,, and let No(v) = {wy,wa}.
The set of 1-edges in G, Wy, can be partitioned into five induced matchings {M, ..., Ms} such
that for i € [5], the following properties hold.

(1) |M; N {ey, ew,, ew, }| < 1.
(i) For U CV,, such that |6(U)| =3, [6(U) N M;| < 1.
(i1i) For U C'V,, such that |6(U)| =2, |6(U) N M;| is even.

We say 0(U) is a triangular 3-cut if |U| =3 or |V \ U| = 3, and [6(U)| = 3. A bad 3-edge
cut is a proper 3-edge cut that is not triangular. We construct the desired partition of W, into
induced matchings by gluing over the bad cuts of G, and perform induction on the number of
bad 3-edge cuts. We prove Lemma [£.1] using a two-phase induction. Claim [J]is the base case and
Claims [10] and [11] are the first and second inductive steps.

Claim 9. Suppose G, is 3-edge-connected and contains no bad 3-edge cuts. Then Lemma[{.1]
holds.

Proof. In G,, contract every edge in W,. We get a connected 4-regular graph H = (W, H,).
An independent set in H corresponds to a set of edges in W, that forms an induced matching in
G,. We consider two cases. If H is the complete graph on five vertices, then partition the vertex
set into five independent sets, which corresponds to five induced matchings in GG,. Notice that
the condition (i) from Lemma is satisfied since each induced matching contains one edge.
If H is not the complete graph on five vertices, by Brook’s Theorem (see Theorem 8.4 in
[BMOS§]) we can partition the vertices of H into four independent sets where each independent

set corresponds to an induced matching { My, ..., My} in G, and these four induced matchings
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partition W. If |M;N{er, €w,, €w, | < 1 for i € [4], then we are done. Otherwise, assume without
loss of generality that {ey,,ew,} € My. Then let M) = My \ {ew, }. The desired partition is
{My, Ma, M3, M}, {ew, }}. Thus, condition (i) is satisfied.

Now we prove condition (ii). First, consider a vertex u € V and the cut 6(u) in G,. Clearly
|0(u) N M;| < [6(u) N Wy| < 1. For a triangular 3-cut, 6(U) = {e1,e2,e3}, we cannot have
|0(U) N{e1,ea,e3}| > 2, since 6(U) C W, and no pair of edges from §(U) can belong to an

induced matching. Since condition (iii) does not apply, this completes the proof of the claim. ¢
Claim 10. Suppose G, is 3-edge-connected. Then Lemma[{.1] holds.

Proof. Now let us consider a bad cut. In particular, consider graph G, with 3-edge-cut 6(U) =
{e1, ez, e3}, and assume without loss of generality that » € U. Let s1,s2 and s3 be the endpoints
of e1,es and eg that are in U, and t1,t2 and t3 be the other endpoints. Notice that si, s9, s3
(and analogously t1,ts,t3) are distinct vertices since G is 3-edge-connected. Construct graph
G1 = G[(V\U) U {s1, 52,53} + {s152, 5153, 253} and, symmetrically, graph Ga = Gz[U U
{t1,t2,t3}] + {t1ta, tits, tats}. If both G; and G5 have no bad 3-edge cuts, then we can apply
Claim |§| to both G; and Ga. For G, we find induced matchings {M],..., M2} such that
conditions (i) and (ii) hold. Similarly, for Gg, we find induced matchings { M3, ..., M2} such
that (i) and (ii) hold.

Notice that for each edge e € {e1, e, €3}, there is exactly one induced matching in { M7, ..., M2}
and in {M?,..., M52} that contains e;. Without loss of generality, suppose Mi1 and MZ-2 each
contain edge e; for i € [3]. Then let M; = M} U M? for i € [5] and notice that M; is an induced
matching in G,. We conclude by induction on the number of bad cuts in G, since both G; and
G have fewer bad 3-edge cuts than does G,. O

Claim 11. Suppose G is 2-edge-connected. Then Lemma holds.

Proof. We proceed by induction on the number of 2-edge cuts of G,. If G, does not contain any
2-edge cuts then G, is 3-edge-connected, so by Claim [10| the claim follows.

For the induction step, consider 2-edge cut 6(U) = {e1, e2}. Since z is a half-cycle point, note
that ey, es € W,.. Let s; and sy be the endpoints of e; and eo that are in U and let ¢1 and ¢5 be the
other endpoints. (Observe that neither s1s9 nor ¢1te is an edge in G,; otherwise G, would contain
a cut of z-value less than 2.) Consider graphs G1 = G[U]+ s1s2 and Go = G[V \U]+t1t2. The set
of 1-edges of G1 is {W, NE(G1)}U{s1s2}, and the set of 1-edges of Gy is {W, N E(G2)} U{t1t2}.

Without loss of generality, assume r € S. Apply induction on G; to find induced matchings
{M}, ..., M}} where s1s5 € M}, and on G5 to obtain induced matchings { M3, ..., M2} where
tity € ME. Set My = {M{UM?ZU{e1,e2}}\{s152, tata} and set M; = M} UM? fori € {2,...,5}.
Then {Mi, ..., Ms} partition W, into induced matchings and satisfy conditions (i), (ii) and (iii).
O

The proof of Lemma follows from Claim
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5 Construction of Tours for Uniform Points

Recall the definition of %—uniform point from Section In this section we prove Theorem

regarding %—uniform points and then we prove Theorem concerning %—uniform points.

5.1 TSP on %-Uniform Points

We start by the following lemma reducing TSP on %—uniform points to TSP on %—cyclic points.

Lemma 5.1. If for any %—cyclic point x the vector y defined as: y. = % —¢ fore e W, and
Ye = % — 0 fore € Hy and yo =0 for e ¢ E, for constants €,§ > 0 belongs to TSP(K,,), then for
any %—uniform point z we have (3 — § — &)z € TSP(K,,).

Proof. Let z be a %—uniform point, and let G, = (V,,, E,) be its support. Notice that z €
(-JOIN(G.). Hence z can be written as a convex combination of ()-joins of G, denoted by {\, €'}.
Observe that each (-join C € € is in fact a 2-factor of G, since z(6(u)) = 2 and [C N §(u)| < 2
for u € V,,. For C € ¢, we define p° to be such that p{ =1 for e € C and p = § for e € E, \ C
and pg =0 for e € E,, \ E,. Notice that 2° is a %-cyclic point. Define y€ as follows: for e € E,,
let 3¢ = % —eife € Wy, and yC = % —dif e € Hye and y. = 0 otherwise. By assumption, we
have y¢ € TSP(K,,). Therefore,

2= Ay’ € TSP(K,).

cev
Observe that for e € E,
fe=3 (G-t 25 -9)
e 26
:13_ 5.0 2 3
€ €
:(5—5—5)5:(5—*— ) - e
Finally, for e € E,, \ E,, we have z, = 0. O
A consequence of Theorem is that for 2-uniform point « € RP», we have (3 — &)z €

TSP(K,,).
Haddadan, Newman and Ravi [HNR19] used the following theorem in [BIT13] to obtain the

first factor below % for approximating TSP on %—uniform point.

Theorem 5.2 ([BIT13]). Let G = (V, E) be a bridgeless cubic graph. Then G has a 2-factor
that covers all 3-edge cuts and 4-edge cuts of G.

We can combine the ideas in the proof of Theorem 1 of [HNR19] with Theorem to prove
the following.
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Theorem 5.3. Let x be a %—um’form point and Gy = (Vy,, Ey) its support graph. Then %x €

TSP(K,). If G, is Hamiltonian, then %x € TSP(K,,).

Proof. By Theorem G has a 2-factor C that covers all 3-edge cuts and 4-edge cuts of G.

Define vector y! as follows: y! = 1 for e € C and 3! = % fore € E,\Cand y! =0 fore € E,\ E,.

Claim 12. We have y' € TSP(K,,).

Proof. Notice graph G’ = G, /C is a 5-edge-connected graph. We can assume without loss of
generality that G’ is also 5—regula For any vertex r of G’ we have %XE (&) € r-TREE(G'). So
the vector % xP(E) can be written as a convex combination of r-trees of G’ denoted by {\, 7}. For
T € T the multigraph Fr = C+2T is a tour of G, and therefore K,,. Finally, y' = >+ Arx!T.
¢

On the other hand, we can define z where 2z, = % fore € C and z. = 1 for e € E, \ C for
ze =0 for e € E, \ E,. Vector z is a %—Cyclic point, hence we can apply Theorem to obtain
vector y* € TSP(K,) such that y? = 2 fore € C, y2 = 3 — & for e € E, \ C and y2 = 0 for

e € E, \ E,. Notice that gyl + %yQ € TSP(G) and is equal to %a:
If G, is Hamiltonian, we can assume C is the Hamiltonian cycle of G,. Hence x¢ € TSP(K,,).
In this case 117 XC + %(7) -y? € TSP(K,,) and is equal to %x. u

5.2 A Base Case for %-Uniform Points

Due to the fact that we can glue over critical cuts, we observed that TSP on a 6-cyclic point z
is essentially equivalent to the problem with the assumption that G, contains no critical cuts.
Analogously, in the case of a %—uniform point x, Theorem could serve as the base case if we
were able to glue over the proper minimum cuts of G,. However, the difference here is that (1)
the gluing arguments we presented for f-cyclic points can not easily be extended to this case
(due to the increased complexity of the distribution of patterns), and (2) we require an even

number of vertices for our arguments.

Theorem 1.7. Let G = (V, E) be a 4-edge-connected 4-reqular graph G with even number of
vertices and no proper 4-edge cuts. Then the vector (% — 4—12) . (% P& dominates a convex

combination of incidence vectors of tours of G.

Proof. We prove the claim by showing that there is a distribution of tours that satisfies the
properties. It is easy to see that the proof yields a convex combination of tours of G. Since G

does not have a proper 4-edge cut and since it is Eulerian, a proper cut of G has at least 6 edges.

“Replace every vertex v of degree more than 5 with a doubled cycle of length |§(v)| and connect each vertex in
the cycle to a neighbor of v in G'.
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Define y. = % for all e € E. Vector y is in the perfect matching polytope of G and can be
written as a convex combination of perfect matchings of G. Choose a perfect matching M at
random from the distribution defined be the convex multipliers of this convex combination.

Let r € V. Define vector z as follows: z. = 1if 2 € M and z, = % for z € E\ M. Observe
that z € r-TREE(G,) for any v € V: 2(6(U)) > % - [6(U)| > 2if [U| > 2 and |V \ U| > 2 and
z(6(r)) = 2.

Applying Brook’s theorem (similar to the proof of Lemma we can find collection
{M, ..., Mz} of induced matchings of G that partition M. Choose i € [7] uniformly at random.
For each e = st € M;, include the three edges incident on s in one set and the three edges incident
to t in another set. Notice all six edge are distinct since G has no proper 4-edge cuts. Apply
Theorem to decompose z into a convex combination of rainbow r-trees of G with respect
to this partition. Take a random r-tree T' from this convex combination using the distribution
defined by the convex multipliers. Let O be the set of odd degree vertices of T'. Note that for each
e = st € M;, s,t ¢ O by construction. Define vector p to be such that p, = % for e € M\ {M;}
and p, = % otherwise. We have p € O-JOIN(G). Therefore, we can write p as convex combination
of O-joins of G. Choose one of the O-joins at random from the convex combination and label it
J. Note that F' =T + J is a tour of G. For an edge e € M we have

Prle € J|e € M] = Pr[e € Jle € M;|Prle € M;] + Prle € J|le € M \ M;|Prle € M \ M;]
ISR
67T 2 7T 42
If e ¢ M, then we have Prle € J|e ¢ M] = &. Hence,

Prle € J] = Prle € Jle € M]Prle € M]+ Prle € J|e ¢ M]Prle ¢ M|
19 1 1 3 5

"B 1t 1 o

Observe that E[z.] = 1-Pr[e € M]+ % - Prle ¢ M] = 1. Therefore, Prle € T] = Prle ¢ T] = 1.
E[x']=2 PrlecTandec J|+Prlec T and e ¢ J| + Prle ¢ T and e € J]
_, 15,116 15 3 1
ST 2021 2 21 2 21 4 84
Thus, each edge e € E is used to an extent (% - i) . % This concludes the proof. O

6 Concluding Remarks

In this paper, we showed how to improve the multiplicative approximation factor of Christofides
algorithm on the 1-edges of f-cyclic points from 3 to 5 — 19- Approaching Conjecture I from this

angle, we propose the following open problem, Wthh is 1mphed by the four-thirds conjecture.
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Open Problem 1. Let z € RP» be a O-cyclic point. Define vector y as follows: y. = % for

e €Wy, ye = %:Ue foree Hy, and y. =0 for e ¢ E,. Can we showy € TSP(K,,)?
In fact, the bound above is tight: for e > 0, there exists a 2-cyclic point z¢ such that vector

2
y¢ defined as yi = % — ¢ for e € Wye, ye = %xé for e € Hye and yo = 0 for e ¢ Egze. Then

y© ¢ TSP(K,) (See Figure [6.1).

N
’

Figure 6.1: The support of z¢: In the figure above each of the three paths of solid edges contain
[% + 1] vertices. We have z¢ = 1 for solid edge e, z¢ = % for dashed edge e, and z{ = 0 for edge
e not depicted.

This makes the problem above intriguing even when restricted to %—cyclic points. For a

%—cyclic point z where H, is disjoint union of 3-cycles, Boyd and Carr [BC11] achieved this
bound. Notice that this class includes z¢ in Figure [6.1] Interestingly, a construction very similar
to that of Boyd and Sebd [BSI9] implies that for a 3-cyclic point  where H, is a union of

vertex-disjoint 4-cycles, we can go beyond this factor.

Theorem 6.1. Let z € RE" be a %—cyclio point where Hy is a union of vertex-disjoint 4-cycles.
Define vector y as follows: ye = % foree Wy, yo = %l‘e foree H, and ye =0 fore ¢ E,. We
have y € TSP(K,,).

Proof Sketch. In this case, Boyd and Seb6 [BS19] showed that G, has a Hamilton cycle H such
that H C W, and H intersects each 4-cycle of H, at opposite edges.

They also show that x can be written as convex combination of connectors of G, denoted
by {A, T} such that for T € T we have [TNC| =2 and |T N (C N H)| =1 for each 4-cycle
C € H, |[BS19|.

For a T € T define Or be the odd degree vertices of T' and define vector 2! as follows:
ZZ:%fOI"GGWx, zeT:%foreEHwﬂHandzeT:%foreeHx\H. For T € T, we can show
2T € Op-JoIN(G,) by following essentially the same arguments as Boyd and Sebd. This implies
that x* + 27 € TSP(K,). Therefore, p = Y 7 Ar(x’ + 27) € TSP(K,,). In addition, we have
x" € TSP(K,). We conclude that y = 2y + 2p € TSP(K,,). O

Since the proof of Theorem is essentially the same as that in [BS19], it does not seem to
extend to #-cyclic points in which the fractional edges form 4-cycles.

For %—uniform points it would be interesting to find improvements over Christofides for TSP
using the gluing approach. Such an approach might yield improved factors to the one presented in
[KKO20]. For %—uniform points with £ > 5 nothing is known for TSP or 2EC beyond Christofides

3 . .
5-approximation.
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Open Problem 2. Let x € RF" be a %—uniform point. Can we find a constant € > 0 such that
(3 — )z € TSP(K,,)?
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