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EFFICIENT AND ACCURATE ALGORITHM FOR THE FULL
MODAL GREEN’S KERNEL OF THE SCALAR WAVE EQUATION
IN HELIOSEISMOLOGY™

HELENE BARUCQ', FLORIAN FAUCHER!, DAMIEN FOURNIERS, LAURENT GIZONS,
AND HA PHAMT

Abstract.

In this work, we provide an algorithm to compute efficiently and accurately the full outgoing
modal Green’s kernel for the scalar wave equation in local helioseismology under spherical symmetry.
Due to the high computational cost of a full Green’s function, current helioseismic studies only use
its values at a single depth. However, a more realistic modelisation of the helioseismic products
(cross-covariance and power spectrum) requires the full Green’s kernel. In the classical approach,
the Dirac source is discretized and one simulation gives the Green’s function on a line. Here, we
propose a two-step algorithm which, with two simulations, provides the full kernel on the domain.
Moreover, our method is more accurate as the singularity of the solution due to the Dirac source is
described exactly. In addition, it is coupled with the exact Dirichlet-to-Neumann boundary condition,
providing optimal accuracy in approximating the outgoing Green’s kernel, which we demonstrate in
our experiments. In addition, we show that high-frequency approximations of the nonlocal radiation
boundary conditions can represent accurately the helioseismic products.

Key words. modal Green’s kernel, helioseismology, radiation boundary conditions, helioseismic
observables, Whittaker’s functions, hybridizable discontinuous Galerkin

AMS subject classifications. 34B27, 33C15, 65N80, 85-04, 85-08, 35J10, 35105, 35A08

1. Introduction. In this work, we propose an efficient algorithm to compute
accurately the full outgoing modal Green’s kernel for the scalar wave equation in local
helioseismology under spherical symmetry. The outgoing Green’s kernel, denoted by
G(x,y), is the key ingredient in obtaining simulated observables which are then used in
data analysis in time-distance helioseismology, cf. section 5. At the angular frequency
w, G is a solution to, [5, 8],

(1.1) -V <1vg(x, y)) - oy G(x,y) = 6(x—y),

p(x) p(x) ¢2(x)

where the background of the Sun is characterized by the density p and the sound speed
c. Here, § is the Dirac function and o denotes the complex frequency that contains a
model of attenuation. In other applications, (1.1) is also called the Bergmann’s equa-
tion ([9]) for inhomogeneous acoustic media, cf. [24, Section II.A]. In helioseismology,
it is obtained from the equation for the wave displacement & without background flow
and rotation, cf., e.g., [23],

(1.2) — 1V (p02V . E) — 02¢ + gravity terms = s.
p

By taking the divergence on both side of (1.2), considering the scalar quantity pc?V £
as unknown, and if we neglect gravity and the gradient of o, we obtain the scalar
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2 H. BARUCQ, F. FAUCHER, D. FOURNIER, L. GIZON, AND H. PHAM

operator in (1.1), cf. [17, Section 2]. Due to the omission of the gravity (necessary
for the reduction to a scalar problem), equation (1.1) does not take into account
buoyancy, and cannot be used to model internal and surface gravity waves. However,
it still allows for a good description of acoustic modes and simulates correctly the
observed solar data, cf. [17].

Similarly to [8, 7, 1], we work with the conjugated equation obtained by a Liouville
change of unknowns, since the latter offers a natural setting to define the unique
physical (also called “outgoing” or “radiation”) kernel G, solution to, [8],

2
(1.3) (—A - w + q(x)> G(x,y) = d(x—y), withq :=p/2Ap71/2,
The Liouville transform is also discussed in [25, Eq. (2.9)]. In [24, 25], the difference is
that the density and the sound speed are considered constant outside of the domain, so
this is equivalent to a compact perturbation of the Helmholtz operator. In our case,
we have a long-range perturbation and the density is assumed to be exponentially
decaying outside of domain, following the solar Atmo model, [5]. From G, the physical
Green’s kernel for the original problem (1.1) is defined by

(1.4) G(x,y) = p'2(x)p"?(y) G(x, y).

Assuming that the physical parameters only depend on the Sun’s radius, one can de-
compose G into the spherical harmonic basis, and compute instead the modal Green’s
kernel Gy(r, s) for each spherical mode ¢, with r = |x| the (scaled) radius and s the
source position. It is a fundamental solution of, [8],

(1.5) ( @ — m + q(r) + M) Gy = 6(r—s).

S dr? c2(r) r2

Current results in local helioseismology assume that the Sun has a “surface” that
is well defined, and work with numerical simulations which are obtained from the solu-
tion of the wave equation at the surface of the Sun only, i.e., G¢(r, s = 1) using scaled
variables. However, the Sun is a plasma and the observed oscillations represent an
average over all depths weighted by the level of transparency (opacity). Therefore, the
accurate computations of helioseismic products require the full Green’s function. In
addition, it is also required to interpret the multi-height HMI (Helioseismic and Mag-
netic Imager) data [26] and to image the solar interior using helioseismic holography,
[29].

Numerically, the current approach to evaluate the Green’s function is to directly
discretize (1.5) using, e.g., a finite element or a finite difference method, cf. [17, 5, 11].
Since each resolution only gives the value for a fixed source, it is expensive to obtain
the “complete” Green’s kernel which requires an arbitrarily high number of sources.
Additionally, unlike in applications such as seismology or inverse scattering in which
one is mostly interested in the far-field or the backscattered data obtained away from
the source, in helioseismology, values at the same height of the source are particularly
important. The presence of the Dirac however reduces the numerical accuracy of the
response in the region around the source. To overcome this problem, one usually
refines the mesh around the source, leading to additional computational cost, cf.
[11, 16, 5]. With solar background, it is particularly expensive, since this extra-
refinement comes in addition to the one needed to capture the profile of the model
parameters. In our work, our algorithm provides, with only two simulations, the
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COMPUTATION OF GREEN’S KERNEL IN HELIOSEISMOLOGY 3

full Green’s function, for each spherical mode ¢ and frequency w, without any extra-

refinement.

The procedure we propose is based on a formula for Green’s kernel in ODE the-
ory and comprises of two steps. One first obtains solutions of two boundary value
problems: one regular solution in a neighborhood of the origin and an outgoing one in
an exterior neighborhood. They are then ‘assembled’ by a Heaviside function to give
the global modal Green’s kernel. The importance here is that while these solutions
are regular, the singularity of the Green’s kernel is captured ezactly by the Heaviside
function. In addition, working with regular solutions removes the need to refine the
mesh around the source position. Namely, with only two problems, one instantly
obtains the value of the modal Green’s kernel on a rectangular region away from the
origin, and thus of the 3D Green’s kernel on a product of two punctured spheres.

Other novelties of our work are in the numerical implementation and computation
of the outgoing Green’s kernel, with the following three aspects.

1. The algorithm is implemented with Hybridizable Discontinuous Galerkin (HDG)
discretization, [13, 20, 6], which, with unknowns being the numerical trace (bound-
ary values), reduces the computational effort compared to other scheme.

2. We compute synthetic helioseismic products (power spectrum) using two atmo-
spheric models: S+Atmo ([12, 5]) and S+Val-C ([28]), and compare several forma-
tion heights. Here, our work is the first to use the exact Dirichlet-to-Neumann
(DtN) coefficient for the radiation condition.

3. We investigate the efficiency of approximate radiation boundary conditions (RBC)
on synthetic helioseismic products using the complete solar background. Until now,
these comparisons were only carried out in terms of solutions in the atmosphere
(e.g., [8]). With the exact DtN coefficient as reference, our investigation provides an
efficient choice of approximate RBC (Zg_gr_y,, see section 5), which is independent
of the mode ¢. This is particularly useful for discretization schemes in 3D since,
being independent of ¢, it does not contain tangential differential operators.

The article is organized as follows. In section 2, we formulate the problem with
the appropriate boundary conditions, and state, in Proposition 2.4, the main result
to construct the Green’s function. We provide in section 3 the computational steps
and validate our implementation comparing with analytical solutions to illustrate the
efficiency of our approach. The helioseismic products are defined in section 4 and
computed in section 5, illustrating the necessity of using the full Green’s kernel.

2. Formulation of the solar Green’s functions. In this section, we provide
the dimensionless modal equation with the appropriate boundary conditions, and
give the two-step strategy for the efficient computation of the Green’s kernel via
Proposition 2.4.

2.1. Problem with dimensionless coefficients. We consider the 3D coordi-
nate system with the center of the Sun placed at the origin, and denote by x the
position in this system. Our first task is to derive the adimensional version of the
problem: with R denoting the radius of the Sun, (Rg ~ 695.5 x 10° m), we introduce
the scaled coordinates,

X

2.1 = —
(2.1) x = 2

such that Vyx = RpVx.

We introduce the scaled radius r = R/Rg, which is dimensionless, where R = |x|.
The associated density function p, the dimensionless inverse scale height o and
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the scaled velocity ¢ are defined by

(2.2) s o) = p(Ror),  a(r) = — 0P RL@'

Since 0, = Ro0r, we have that a = a/R. Here, ¢ is expressed in s~!, so that the
quantity o/c is dimensionless.

The main equation for the original problem is given by (1.1) and we have, for a
generic right-hand side f,

2

1_ . e .

We recall that w > 0 is the angular frequency, and ~ the attenuation. We first write
the field 1t and the right-hand side f in terms of the scaled radius:

(2.4) u(x) = W(Rox), (%) = j(Rox).

. . . . . 2
They satisfy the equation, using (2.1) and multiplying by RZ,

I
—h<

, with o%(x, w) = w® + 2iwy(x,w).

2
(2.5) —v(;Vu) —%u:Réf.
The conjugated problem introduces the change of unknown, [8, 1],
(2.6) u(x) = p(x) "V u(x).
The dimensionless potential q for the conjugated problem is
(2.7) a(x) = p(x)"/? Axp(x) 712,

The conjugated equation with dimensionless coefficients writes as

2
(2.8) —Axu—%u—kqu:g, with g:p1/2R%f.

2.2. Solar modal Green’s function. Similarly to [8], we work with the con-
jugated problem, given by (2.8) in three dimensions after adimensionalization. Then,
using spherical symmetry, we decompose the solution into one-dimensional modal ones
defined on [0, rmax), With rmax > 1. Note that in the adimensionalized version, the
position 7 = 1 corresponds with the Sun’s “surface” (at Rg). In terms of bound-
ary conditions, a Neumann-like one holds at 0, cf. subsection 2.3, while a radiation
boundary condition is imposed at rmax, [5, 8].

We have denoted by G the Green’s function of the original problem (cf. (1.1)),
and that of the conjugated problem by G, which satisfies,

(2.9) (—AX - ‘Z—(’") T q(r)> G(x,8) = 6(x —s),
with

(2.10) q(r) = + +
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COMPUTATION OF GREEN’S KERNEL IN HELIOSEISMOLOGY 5

Remark 2.1. In helioseismolgy, one usually writes the zero-th order term as
o2 2 2
(2.11) @ 9= Tc ,

where w, is called the local cut-off frequency:

212 W) = e = @ (S0 ¢ X 4 S,

4 2 r

This is the same expression as in [16, Eq. (11) and Figure 3], where it is shown
that, despite the simplification of the wave equation (ignoring buoyancy), the cut-off
frequency is consistent with solar applications, in particular its value at the beginning
of the atmosphere is around 5.2 mHz. The sign of w? — w? determines the local
behaviour of the solution and waves with frequencies w > w, propagate into the
atmosphere, cf. [16]. A

As mentionned in the introduction, the Green’s functions are related by

(2.13) G(x,y) = p'2(x) p"*(y) G(x,y).

For more details on the transformation, we refer to [8, 1] and [7, Appendix A].

ASSUMPTION 2.2. The sound speed ¢ and attenuation coefficient v are bounded
functions, which are constant outside of a compact set with ¢o, and v, denoting their
respective values on the exterior domain. In another word, we have,

(2.14) Supp (¢ — ¢s0) 5 compact and Supp (7 — Yeo) S compact.

ASSUMPTION 2.3. We assume that the background density p is such that o =
—p'/p satisfies, for constants a >0 and € > 0,

(2.15b) and o' (r) = O(1 + T)—(l-i-e)’ r— 00.

Let us note that these assumptions are not particularly restrictive and, in par-
ticular, the solar velocity and density models S+Atmo ([12]) or S+Val-C ([28]) satisfy
them. Under Assumption 2.3, the potential q has a finite limiting value denoted by
0o, Such that

2
(2.16) m q = qoo = aj’@,

r—00

and, as r tends to 0,

(2.17) lim 72 (— ) | q(r)) = 0.

r50 2(r)

Under Assumptions 2.2 and 2.3, we can apply the result of [2, Theorem 6.2]
to obtain the physical Green’s kernel. To state the proposition, we introduce the
potential QQ, such that,

Qe(r) a(r) (e+1) o%(r) o&2(r) o(r) ofr) LE+1)
(2.18) I cz(r)Jrq(T)Jr r2 77c2(1")+ 4 + 2 + r + rz
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6 H. BARUCQ, F. FAUCHER, D. FOURNIER, L. GIZON, AND H. PHAM

and the operator L,

d? Qe(r) d? a?(r)

& 00+ 1)
dr? 2 dr? () '

(2.19) Le == — +a(r) + =

Furthermore, we denote by Y;" the m-th spherical harmonic of order ¢, by P, the
Legendre polynomial of degree ¢, H is the Heaviside function and the Wronskian is
denoted W(s) := W{t(s),1(s)}. Following [8, 7], with y/* using the argument branch
[0,27), we also introduce the conjugate wavenumber k defined by

0'2 (0%

2
2.20 k =4/ — —==.
PROPOSITION 2.4 (Green’s kernel expansion). Under Assumptions 2.2 and 2.3,
the outgoing Green’s function can be written as an expansion in spherical harmonic
basis with, using ~ for the complex conjugation,

0o 4
G(x, Z Z VXL Y)Y ()Y (%), X,y not on the z-axis
(2.21) = om=t
(20 + 1) Go(|x|, |y) Pe (- ¥
M'X”ZO (x|, 1 ¥) Pe (% -9)

Here, G'(r,s) = G, is independent of m and is the unique distributional solution to
(2.22) Lg Gg = 5(7‘ - 8) ,
satisfying the boundary condition,

(2.23) lim r~ D Gy(r) = 1,

r—0

at r =0, and the asymptotic relation at infinity,
(2.24) Gy = 99 (1 + o(1)) asr — oo.

In (2.24), the phase function is defined for some ro > 0 as,

(2.25) /,/ ——ds—kr—ﬂlogr—i—k 20(1).

Furthermore, if 1/34 and )¢ are two homogeneous solutions to Lyw = 0 on (0,s) and
(s,00) respectively, with 1y satisfying the boundary condition (2.23) at r =0, and
the condition (2.24) as r — 0o, we have

—H(s = 1) () §(s) = B — ) 9(r) (s)

(2.26) Go(r,s) = W)

Remark 2.5. The kernel for the original equation is

(227) 06x.¥) = Ty 2o 2 + DG YD Pl ).
£=0
(228) where  Ge(x|. | ¥1) = p'/2(ixl)p Ay Gi(lx] | 1)



217

218
219

223
224
225
226

228
229
230
231
232

233
234

236
237

238

239

240

COMPUTATION OF GREEN’S KERNEL IN HELIOSEISMOLOGY 7

2.3. Boundary conditions.

2.3.1. Boundary condition at zero. Using the Frobenius theory, e.g. [14,
Theorem 4 p.165], the indicial equation at r = 0 for (2.19) is,

(2.29) - A+ A+ rhi%T2 <—‘;((:)) + q(r)> +{f+1) =0.

Under (2.17), this simplifies to
(2.30) M XN —L+1) =0 = A=—0 or A=/(+1.

The regular solution at » = 0 is given by the exponent A = ¢ + 1, which explains
the boundary condition (2.23). Under (2.17), for operator (2.19) (or generally other
regular singular ODE with indicial roots of opposite signs), (2.23) can be replaced by
the boundary condition

(2.31) lim rd<GM)) =0,

r—0 dr T

which also selects the regular solution at » = 0. This can be seen as follows.

A generic solution in the neighborhood of zero is a linear combination of a function
that decays in 7**! and one that blows up in r—*; in particular, cf. [14, Theorem 4
p.165],

(2.32) w(r) = a (r4 h(r) + c¢ (logr) pttt g(r)) + bttt g(r) , r>0,

for some linear combination of constants a, b. Here, ¢, is a fixed constant (depending
on ¢) and functions g(r) and h(r) are C! up to r = 0 with

(2.33) g(0) #0, h(0)#0.

The presence of the log term is due to the integral difference of the two indicial
exponents, i.e. ({+1)— (—¢) € N. We have

(2.34) r (%)l =a((-t- Dr=th(r) + crfg(r) + fc(log r)rzg(r)) + blrtg(r)
+a (r_eh’(r) + c(log r)r“lg’(r)) +brf g (r).
= i (M) = (e e + ) L >0
(2.35) , .
lim r<“’§f)> ~a <cg(0) + K(0) — hi%gf)> , (=0.

It follows immediately that, for w of the form (2.32) and for all £ € N,

li
lim T(w(r)) < 00 - a=0;
r—0 r

(2.36)

r—0

i
and a=0 <= Ilim r(w(r)) =0.
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Remark 2.6. One can also consider a condition such that lim, o r%(w/r)" = 0,
which also selects the regular family, i.e. forces a = 0. The reasoning for ¢ > 0 is the
same as above, due to the extra factor in r. For £ = 0, we have

7 (E)/ =a(=h(r) +crg(r)) +a (rh'(r) + c(logr)r*g'(r)) + br?g'(r);
(2.37) " o
= Th_r}% r? <?) = —ah(0).

In using h(0) # 0, cf. (2.33), we also obtain, for £ =0,

w I
lim 2 (£) =0 = a=o.
r—0 r

In addition to being ¢-independent, the condition (2.31) is more natural and is
simpler to implement in a discretization scheme, in the sense that it will lead to a
Dirichlet-type boundary condition.

2.3.2. Outgoing boundary condition. For the numerical discretization on a
finite domain, we need to replace the outgoing condition (2.24) by one on an ar-
tificial boundary. In particular in the case of the solar atmosphere with p and ¢
extended according to the Atmo model on (ryax,00) (i-e., ¢ becomes constant and
p exponentially decaying in the atmosphere), we have an explicit expression for the
Dirichlet-to-Neumann (DtN) coefficient, cf. [8, Section 4.1],

W', (—2ikr)
. o py1/2
2. Z; = 21k =
(2.38) pen(r) 1 W 1 (—2ikr)
—solts

where W is the Whittaker’s special function, cf. [8, 7], and k is defined by (2.20) (Whit-
taker’s functions are also discussed in [24] when considering exponential variation in
density). The outgoing condition (2.24) is then replaced by

(2.39) OnGy = Zhn G .

Remark 2.7. Under more general assumptions of extensions, one does not have an
explicit description of the DtN. However, if the extension still maintains the structure
of the potential, as described in Assumptions 2.2 and 2.3,and since we work mode by
mode, we can use the nonlocal radiation boundary condition and its high-frequency
approximations, cf. subsection 5.3. A

3. Numerical calculation of the Green’s function. For the computation
of the modal Green’s function that solves (2.22), we consider the generic problem
associated with a right-hand side g. By using the unknown v = G/r and omitting the
index ¢ for clarity, we thus consider, on the interval [0, rpyayx], the numerical calculation
of the solution to

i u’(r))/ + Q(r)u(r) = rg(r), r € (0, Pmax) ;
lim (ru/(r)) = 0; U (Tmax) = (— L4 Z.(Tmax)> U("max) -

r—0 Tmax

We recall, from (2.18),

(3.1)

(32) = — + + + + .
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If the coefficient Z{) (2.38) is used in the impedance condition at 7yax, then we have
the exact outgoing solution (modulo the numerical discretization error). We will also
investigate the effectiveness of approximate RBC coefficients, listed in (5.3) and (5.4).

3.1. First-order formulation for HDG discretization. In Proposition 2.4,
the Green’s function is constructed using the formula (2.26), which relies on the Wron-
skian, hence on the derivative of the solution to (3.1). This motivates the numerical
implementation of the first-order formulation for the problem (3.1), where we intro-
duce the new variables w and v such that,

(3.3) wi=ru vi=ru, first-order variables.
With this choice of variables, the problem (3.1) is written as

— r(rv(r))/ + Q(r)yw(r) = r2g(r), r € (0, "max) ;
(3.4) rw'(r) — w(r) = ro(r), r € (0, rmax);

ll_r)l’(l) ’U(?”) =0, U(Tmax) = (* L + Zo(rmax)) w(rmax)-

Tmax

Here, the radiation condition in terms of (w,v) is obtained by multiplying both sides
of u' = (—ﬁ + Zo)u by Tmax, and replacing v and v’ by w and v. Note that
by solving the first-order problem, both w and v (i.e., v and u') are obtained with
the same accuracy while if we were to implement the second-order problem (3.1), the
derivative of u (needed for the Wronskian in (2.26)) would be retrieved with one order
less accuracy than wu.

For the implementation, we use the Hybridizable Discontinuous Galerkin (HDG,
[4, 13, 20]) discretization method which, we believe, is the most appropriate. In other
discretization methods such as finite elements or finite differences, the discretization
leads to a linear system whose size is the number of degrees of freedom for all unknowns
(here, w and v). On the other hand, with the HDG method, the global linear system
is only composed of the degrees of freedom of the numerical trace for one variable
(w), that is, those that are on the faces of the cells that constitute the discretized
domain. Then, the volume solutions (for w and v) are constructed locally via small
(hence numerically cheap) linear systems.

The HDG method is specifically designed for first-order problems as it allows
to maintain a small linear system compared to other discretizations, as observed by,
e.g., [13, 22, 10, 15]. The implementation follows two levels with first the global
system for the numerical trace and then local systems for the volume solution. For
our problem (3.4), these are detailed in our extended report, [6, Section 6].

3.2. Computation of the Green’s function: Approach 1. The first, and
most natural, approach for the computation of the Green’s function Gy is to solve
numerically (2.22), that is, with a Dirac distribution as a right-hand side. Using the
HDG first-order system, it amounts to Algorithm 3.1.

Algorithm 3.1 Computational steps for the evaluation of the Green’s function using
Approach 1 that discretizes directly the problem with a Dirac right-hand side.

for each source position s do
Generate a mesh which is refined around the source position.
Find (v, w) that solves (3.4) using g(r) := o(r — s).
Save the Green’s function at the position s: Gy(r, s) 1= w(r).
end for
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10 H. BARUCQ, F. FAUCHER, D. FOURNIER, L. GIZON, AND H. PHAM

Here, for each resolution of the problem (3.4), i.e., for a fixed value of sy €
(0,7max), one obtains the value of the Green’s kernel Gy(r, so) only on the vertical
segment [0, rmax] X So, and its symmetric reflection across the diagonal r = sq, see
Figure 1(a). This means that to precisely evaluate the Green’s function (i.e., using
several sources), one needs to solve many problems. One can take advantage of the
multiple right-hand sides features of direct solver such as Mumps ([3]) to calculate at
the same time several solutions and obtain the value of Gy on several vertical line
segments (and hence their symmetric reflexion). This, however, requires the use of
the same domain discretization for all of the right-hand sides, which is not appropriate
with the discretization of a Dirac function, as we illustrate in subsection 3.4.

3.3. Computation of the Green’s function: Approach 2. In the second
approach, we make use of the formula (2.26) for the evaluation of the Green’s function.
Consider 0 < r, < 1 < rmax, we construct the two solutions, ¥ on [0, 73], and 1[) on
[Fas "max], With each solving a boundary value problem, and we assemble the Green’s
function using (2.26). We detail the computational steps in Algorithm 3.2.

Algorithm 3.2 Computational steps for the evaluation of the Green’s function using
Approach 2 that uses Proposition 2.4. The complete Green’s function is obtained
from the solution of two boundary value problems.

Step la. Find (v, w) that solves

—r(rv) + Qw = 0, on (0,7p);
(3.5) rw —w =ro, on (0,74);
v(0) =0, w(ry) =1.

Set ¢ := w and ¢ = v + w/r.
Step 1b. Find (v, w) that solves

—r(rv) + Quw =0, on (Ta, Tmax)
(36) rw' —w = rv, on (raa'rmax);
w (ra) - 1a 'U(Tmax) - (_THLX + Z.) U)(Tmax) .

Set ¢ := w and ¢/ := v + w/r.
Step 2. Using W(s) = ¢(s)¢/(s) — ¢(s)(s), assemble the Green’s function,

(3.7) Gt ) = =D ~ B = ) S )

Using this approach, from the solution of two boundary value problems, the
Green’s function Gy(r, s) is obtained on the domain [rq, rp] X [rq, 7p], as we illustrate
in Figure 1. Approach 2 offers the following advantages compared to Approach 1.

— The Green’s function is obtained for all pairs (r,s) with r,s € [rq, ] from the
solutions of two problems, while with Approach 1, one problem only gives the
Green’s function at a fixed s.

— The functions ¢ and 1 are regular on their corresponding domain of computation.
They correspond to boundary value problems and they do not have a singular
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Tmax Tmax
@« 0
S0
0 0 L |
0 S0 Tmax 0 Tmax
T T
(a) Approach 1: the solution of one problem (b) Approach 2: from the solutions of two
for a Dirac in sg only gives Gy (r, s = sg) and boundary value problems, Gy(r,s) is ob-
Gy(r = so, s). tained for any position between r, and ry.

Fic. 1. Domain of definition (orange) of the modal Green’s kernel for Approach 1 and 2,
respectively given by Algorithms 3.1 and 3.2.

source. Because of this, one does not need to refine the mesh around the singularities
of the source as in Approach 1, cf. subsection 3.4 and Remark 5.1.

Remark 3.1. The outgoing solution ¢ is a continuous solution on [e,00) for ar-
bitrarily small ¢ > 0, however it contains a singularity term that behaves like a
constant x r—¢ as r — 0 for £ > 0. Therefore, the Dirichlet condition (3.6) cannot be
extended to r, = 0 for £ > 0. This means r, is positive but can be arbitrarily small,
cf. (3.13) for its numerical value in the experiment. A

3.4. Numerical validation with the analytical solutions. To validate our
numerical code based upon the HDG discretization (see [6, Section 6]), we compare
the numerical and the analytical solutions, obtained by considering the first-order
problem (3.4) with,

(3.8) constant ¢ and « for @ in (3.2) (i.e., o' =0),
. a right-hand side g = §(r — s), and the exact DtoN condition Z%,y.

3.4.1. Analytical solution. Under (3.8), the exact solution wyer to (3.4) is
given by (the details of which are given in our extended report [6, Section 7])

—H(s =) 9(r) ¥(s) — H(r — ) $(r) $(s)
WHY(s), ¥ (s)}

where ) and ¢ are given in terms of the Whittaker’s function W and of the regular
Whittaker’s (or Buchholtz) function M,

(3.10) V= Miz%,zﬂ/z(%k?") ) b= ng%,eﬂ/z(_mkr) :

(3.9) Wret(r, 8) =

9

We note that ¢ and 1/; can be chosen as constant multiples of the solutions of the
boundary value problems. The Wronskian of ¢ and ¢ defined in (3.10) is given
explicitly by ([6, Section 7)),

(20 + 2)

T (—1)!
L(1+¢+ i) ’

(3.11) W{i(s), ¥(s)} = 2ik

where T is the (complex-valued) Gamma function.
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3.4.2. Numerical experiments. We choose constant parameters that are rep-
resentative of the solar atmosphere. They are extracted from the Atmo model and are
scaled such that,

(3.12) ¢=6.86x10°/Ry, =9.87 x 107 5s7; o = 6663.62.

The (scaled) radius varies from 0 to 1.05 and we consider a fixed source at s = 1.
The comparison between the two approaches and the analytical solution is pictured
in Figure 2, for a frequency of 6 mHz, with and without attenuation. Due to the fast
oscillations of the solutions, we zoom in an interval around the source location. In
Approach 2, we take the parameters

(3.13) re = 10725 Ty = Tmax = 1.05,

which give the interval of computation for ¢ and 1, see (3.5) and (3.6).

H . ov. '-.'.

H El

W 2 -
--- Approach 1 with a cell of

size 1076 at the source

1078
= ; ‘ ] > B
1| =——Analytic [ S N I
£ I P Approach 1
g :| - - - Approach 2 | B
E b
Q
~

0.98 T 1 1.02

a) Real part at 6 mHz for £ = 0 without attenuation (y = 0) and zoom near the source
Y
position (r = 1).

1073 1074

.
1 —— Analytic || £ 2
o R IR Approach 1 g
80_5 - - - - Approach 2 || C%’ 0
El £
& ; S
0 A 1 E-2 :
! | ! ! : !

098 r 1 1.02 098 r 1 1.02

(b) Real and imaginary parts at 6 mHz for £ = 0 with attenuation v/(27) = 10~* Hz.

Fic. 2. Comparison of the solutions w to the first-order conjugated problem (3.4) under (3.8)
and (3.12) at 6 mHz for mode £ = 0 without and with attenuation for a source located at s = 1. The
discretization uses a homogeneous mesh with elements of size 10~* and polynomials of order 6.

We observe that, away from the source location, the two approaches cannot be
distinguished visually from the analytical solution. However, in the Approach 1,
which discretizes the Dirac source function on the right-hand side, the singularity
remains, leading to drastic inaccuracy, not only at the exact source location, but in
the whole cell where it is contained, as highlighted in Figure 2(a), and here we need to
divide the size of the cell by 100 to obtain an accurate solution. While the singularity
is only in the real part when there is no attenuation (y = 0), the inaccuracy also
appears in the imaginary part in the general case v # 0. This observation highlights
a major difficulty of the naive discretization approach: the discretization of the source
needs to be carefully addressed. This is even more important as, in helioseismology,
one is mostly interested by the value of the solution at the source location (namely,
G(1,1)). In order to overcome the issue, one needs to refine around the source
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position, as advocated in [11, 16, 5]. This can however be cumbersome when several
sources must be taken into account, as the mesh should be updated for every source,
or be over-refined everywhere. On the other hand, Approach 2 provides the accurate
solution at the source position, without any need for refinement. Note also that, while
r, must be different of 0 in Approach 2, here, an arbitrarily small value (10~2%) works
well.

In Table 1, we give the relative errors between the approaches for different fre-
quencies and modes

'LU.HL2

| wret]| 2

(3.14) gw — eref -

where w, is the computed solution using Approach 1 or 2. The error is computed
on the whole interval (from 0 to Tmax). It confirms the accuracy of the numerical
solutions, with a relative error smaller than 0.1%. However, Approach 1 suffers from
the inaccuracy near the source position, that leads to high error if the cell is not
sufficiently refined.

TABLE 1
Relative error (3.14) between the analytical solution and the computations using Approach 1
or 2. The original mesh uses cells of size 10~*. The refined mesh is obtained by reducing the size
of the cell (of the original mesh) that contains the source by 100. The error is multiplied by 100 to
give the result in percent.

3 mHz Approach 1 Approach 1 Approach 2
(original mesh) | (refined mesh) (original mesh)

(=0 ,v=0 3.2 x 10'% 2.4 x 1072% 6.9 x 103%
¢=100,v=0 3.1 x10'% 1.8 x 1072% 6.6 x 103%

(=0 ,y=10"1 2.1 x 10°% 1.8 x 1074% 5.5 x 107°%

¢ =100,v=10"% 2.1 x 10*% 1.8 x 107%% 5.5 x 107°%

10 mHz Approach 1 Approach 1 Approach 2
(original mesh) | (refined mesh) (original mesh)

(=0 ,v=0 1.1 x 10'% 2.1 x 102% 9.9 x 102%

¢ =100,v=0 1.1 x 10™% 9.4 x1073% 9.4x1073%

(=0 ,v=10""* 5.8 x 10'% 6.3 x 103% 8.3 % 103%
¢=100,v=10"% 5.9 x 10'% 6.3 x 1073% 8.3 x1073%

4. Observables and data analysis in local helioseismology.

4.1. Measured Observations and helioseismic products. In helioseismol-
ogy, the measured data are time series representing line-of-sight Doppler velocities
®ops(T, ;) at spatial points # on the CCD (charge-coupled device) camera and at
times t;. Here, a spatial point is represented either by a two-dimensional vector T, or
by its polar and azimuthal spherical angles (0, ¢). These observables can come from
interferometers on-board of satellites such as the Michelson Doppler Imager (MDI) or
the Helioseismic and Magnetic Imager (HMI), or from ground-based telescopes such as
the Global Oscillation Network Group (GONG). Upon performing a discrete Fourier
transform, the time-series data can be turned into frequency observations ®qps(f,w).
In practice, the signals can be filtered depending on the purpose of investigation, but
we do not consider filtering in this paper.

Since the solar oscillations are driven by turbulent convection, the signals are
realizations of random processes and analyzed by statistical methods. As the sources
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have zero mean, the expectation value of the observable E[®(f,w)] = 0, which means
that the data cannot be directly interpreted on the observed signal. Instead, time-
distance helioseismology is based on the temporal cross-covariance C(f1,Ta,1), between
any two points, for a given &,

1 [T/2
(4.1) C(fq,T2,t) = —/ O(f1,8) P(r2,t+ 5)ds,

T J 1)
where T is the observation time. In the frequency domain, the definition of the cross-
covariance is given by a multiplication,

(4.2) C(#1,T2,w) = O(f1,w) O(f2,w).

The main quantities of interest in helioseismology are given below.

1. The power spectrum P represents the strength of the signal as a function of har-
monic degrees and frequency. It is obtained from the harmonic spherical decom-
position of the signal

(43) PYM(w) = E[|3]'w)?],  with ®(w) = /0 W/O " (F,w) VI di

2. The expectation value of the cross-covariance is used to represent the time-distance
diagram, which visualizes how waves propagating through the solar interior are
observed at the surface as a function of time and distance. It is given by

(44) C(f‘l,f'g,t) = E[C(f‘hfg,t)}, C(f‘hf‘g,w) = E[C(f‘l,f‘g,w)] .

4.2. Synthetic signals. The synthetic signals are created from solutions ¢ of
the scalar wave equation (2.5) with a stochastic source s on the right-hand side, i.e.

(4.5) o(r,w) = /g(r,s,w)ﬁ(s,w) ds.

As the height (relative to the solar surface) variable plays a special role, we will often
separate the vertical and horizontal variables and write r = (r,1). We also denote by
M(s,s’,w) the source covariance matrix

(4.6) M(s,s’,w) = Els(s,w) s(s’,w)].

This is a distribution in R3 x R? depending on the parameter w. Below, we write <, >
to denote the distribution pairing.

ASSUMPTION 4.1. We suppose that the observed signal is coming from the ob-
servation height rons such that the synthetic signal ® is given by the trace of ¢ at
T = Tobs;

(4.7 O(r,w) = @(Tobs, I, w).

Using Proposition 2.4 and Remark 2.5, it can be written in spherical harmonic ex-
pansion and in terms of the modal Green’s function Gy,

00 4 o
(4.8) eEw) =Y Y 8 MY?(?)Y?(@) s(s,w) ds,

Tobs S
=0 m——2¢ obs
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with its spherical harmonic projection,

(4.9) O (w) = Myg@(s) 5(s,w) ds.

R3 Tobs S

In the above expressions, s = (s,8) and ds = s* ds ds.

4.3. Synthetic helioseismic products. Using the notation 9t in (4.6), we
substitute expression (4.9) into the definition of the power spectrum (4.3), to obtain

gé (robsa S; U.)) g@(Tobs; 8/; UJ)

, Y?<s>Y?<9>> :

(4.10) P (w) = <§m(s,s’,w) ,

Tobs S Tobs S

To simplify the computation of the helioseismic observables, we consider the fol-
lowing assumption on the source, (cf. the Section 8 of our extended report [6]) for
more details.

ASSUMPTION 4.2. The source s is a random process with zero mean and covari-
ance M,

(4.11) M(r,r’,w) = H(w) M(r) §(r —1r').

This form implies that the sources are spatially uncorrelated. Here, 11 is a function
that is linked to the time correlation of the sources, and M(s) is a distribution in the
variable s.

By the notation (4.11), we mean a distribution whose action is defined as, for a smooth
compactly supported function u(s;s’) = u(s,$; s’,s’) € C(R? x R3),

(4.12) (M(s,s";w) ,u(s,s) ) = Hw) /S2 (M(s), s*u(s,8; s,8))ds.

Remark 4.3. Assumption 4.2 is routinely employed in helioseismology, even if a
more accurate description is possible, for example by replacing the delta function in
(4.11) by a Gaussian with a given correlation length [18]. This is not a limitation for
our approach. Specifically, we could work with the general formula (4.10). See also
further discussion at the end of the subsection. A

Under Assumption 4.2, using the orthonormality of the spherical harmonics, the ex-
pression of the power spectrum (4.10) simplifies to

(4.13) Prw) = 29 Ms) L 216 (rom, si0)]?)

r

obs

Convenient source. In order to simplify this expression, it is possible to find a
convenient form of the function M such that the power spectrum directly relates to
the Green’s function for a source and receiver located at the observation height.

ASSUMPTION 4.4. M is given by the following distribution Meq,

(4.14) (Meg(s), u(s)) = /Ooo p(s)’yc;()s)sz u(s)ds,  weCe((0,00)).
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Under Assumption 4.4, the power spectrum has the simplified form,

II
(4.15) P,fq(w) = Qw(:;z) Im[gg(robs,robs,w)] .

For derivation, see Appendix A. This relation between the power spectrum and the
imaginary part of the Green’s function is classic in geophysics under the hypothesis of
energy equipartition (the energy current is identical in all directions, see, e.g., [27]).
It has been used in helioseismology in [17] and reproduces the main features of the
observed power spectrum. Morevoer, under this hypothesis, travel-time sensitivity
kernels were computed in order to infer the meridional flow in the Sun, [19].

Single-depth assumptions. Another assumption used in helioseismology is that
the sources are coming from a single depth denoted 7y, [18]. In this case, we use the
following assumption.

ASSUMPTION 4.5. The radial dependency M, that we denote Myq is given by
(4.16) Ma(s) = 0(s — Terc)-
The expression of the power spectrum from (4.13) simplifies to,

I 2
(417) ’Pfd(w) = % |g2(robsarsrcaw)|2'

obs

As in the case of energy equipartition, the power spectrum is related to the Green’s
function at the observation height but the second point is now at the source location.

As the power spectrum is independant of m, the expectation value of the cross-
covariance corresponds to the Legendre transform of the power spectrum [6, Section 8]

Lo
m 0+ 1

(4.18) Co(Br,Bo,w) = > %Pf(w)P@(cosafl‘fz) with e = eq, sd.
=0

The synthetic time-distance diagram is obtained from the inverse Fourier transform
of the synthetic Cq(F1, 2, w) with

Ni/2—1
(4.19) Co(T1,T2,t5) = ha Z Co(t1,To,w) e '“H:  with e = eq,sd.
k=—N;/2

In order to compute the power spectrum, one only needs the Green’s function for

a source location at rops and a receiver at rops or g depending on the assumption

on the source. However, we made two major simplifications to obtain these formulae:

1. the observation height 7. is a single height that is the same everywhere on the
CCD. A more realistic assumption would require to integrate over depth depending
on the opacity of the solar surface.

2. the sources are coming from a single depth 74 (Assumption 4.5) or the energy
is equipartitioned (Assumption 4.4). These are simplifying assumptions as the
sources should come from a range of depths and the energy distribution in the Sun
is complex.
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Relaxing these two hypotheses, the full Green’s kernel is required in order to compute
the power spectrum or the expectation value of the cross-covariance [6, Section 8].
In particular, one would need to evaluate a quantity such as

(4.20) //f(r, $)Ge(r, ', w)Ge(s, ', w)drds,

for a given function f, e.g., [6, Eq. (8.59)] in order to compute a power spectrum.
Due to the fast oscillations of the Green’s function, evaluating this integral accu-
rately requires several thousand sources and receivers per frequency and mode, see
Remark 5.1.

Even without relaxing the two previous hypotheses, the observation height is
dependent on the instrument used for the observations and the source height is not
known. It is thus interesting to have the full Green’s kernel in order to vary the two
parameters rops and rg.. without any additional computational cost. Computing the
expectation value of the cross-covariance requires summing over the harmonic degrees
and thus computing the Green’s function for all ¢. If one wants to compute the time-
distance diagram, many frequencies should be computed in order to make the inverse
Fourier transform. An efficient algorithm to compute Gy(r,s) is thus primordial in
order to interpret helioseismic measurements.

5. Numerical experiments of helioseismic observables. In this section, we
perform numerical experiments using inhomogeneous medium parameters that follow
the solar profiles, using our numerical setup with the HDG method, validated above!
We use the Green’s functions computed with Approach 2 to obtain the synthetic helio-
seismic quantities as defined in section 4. It allows us to compare with observational
data, to evaluate the performance of the boundary conditions and to illustrate the
importance of the full Green’s functions to generate synthetic data.

5.1. Solar Green’s kernels for models S+Atmo and S+Val-C. The propa-
gation of the scalar waves is governed by the medium wave speed ¢ and the inverse
density scale height «, together with its derivative «’. In the interior of the Sun, these
are extracted from the model S of [12]. In the atmosphere, we consider two models:
Atmo, where the velocity is smoothly extended to a constant and the density follows
an exponential decay ([16, 17]); and the model Val-C of [28]. At the end of the model
Val-C, we can further extend the model following the Atmo principles, to define the
Val-C+Atmo model. The representations of the coefficients ¢ and « are given in Fig-
ure 3 for two solar profiles, S+Atmo and S+Val-C. The atmospheric profiles given by
the model Val-C contains a drastic increase of both parameters ¢ and «, while these
quantities are constant in the Atmo model.

The interval for the computations ends as soon as the wave speed is constant and
the density exponentially decaying (i.e., « is constant), such that

r € [0, 1.0008], interval for S+Atmo, up to 550km above the surface.

5.1
(5-1) r € [0, 1.00365], interval for S+Val-C, up to 2.5Mm above the surface.

The attenuation is kept fixed to the value /27 = 20 pHz and the scaling function II

LOur code, hawen, is written in Fortran90, and combines mpi and OpenMp parallelism, it is available
at https://ffaucher.gitlab.io/hawen-website/. It is linked with the library Arb, [21] for the efficient
computation of the special functions (i.e., the Whittaker’s functions for the DtN coefficient).
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-10° -10*
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(a) Wave speed profile (ms™1). (b) profile for o = —p'/p.

FiG. 3. Profiles of the solar parameters, the model S is used for the interior and is combined
with the atmospheric models Atmo or Val-C.

is given by [17, Eq. (85)],

lw| — wo

2 —1
. with 2% =33 mHz and —* = 0.6 mHz.
w1 2 2

(5.2) T(w) = (1 + (

We compare the modal Green’s kernels for the two solar models, S+Atmo and S+Val-C
in Figure 4 with Z%,\ as boundary conditions (see subsection 5.3). Here, we use
Approach 2 which gives access to the complete Green’s kernel G (of the conjugated
problem) from two simulations. Then, G (for the original problem) is obtained after
multiplying by the density, according to (2.13). We see that, for the two choices
of models, the wavelength reduces when the waves are getting closer to the surface.
Between the models S+Atmo and S+Val-C, there is a difference in amplitude and the
patterns of the waves are also different. These are even more pronounced when we
zoom near the surface (right of Figure 4), which is the area that is used to compute
the following power spectrum.

Remark 5.1 (Computational cost of Approach 1). While Approach 2 gives the
Green’s function from two simulations, Approach 1 requires as many simulations as
the number of sources, which must be at least a few thousand to later approximate the
integral in (4.20). The multiple right-hand sides feature of direct solvers, such as MuMPs
[3], allows to mitigate the computational cost of having thousand of sources, however,
as highlighted in Figure 2, one must also refine the mesh near the sources to obtain
accurate solutions, consequently increasing the number of degrees of freedom. This
need for an extra refinement was also emphasized in [17] in order to obtain accurate
helioseismic observables. This is in particular crucial for Peq, (4.15) that relies on
Ge(r,r). We illustrate the two approaches in Figure 5, where we have 4000 sources and
we need to use cells of size 107 near the sources to ensure the accuracy of Approach 1.
In our experiments, we consequently observe an increase in the computational time
by a factor from 15 (for 4000 sources) to 30 (for 10000 sources) with Approach 1.
Moreover, Approach 1 requires a large amount of memory to store the solutions for all
sources while Approach 2 only requires the two simulations (this is not to be neglected
when considering the number of frequencies and modes one needs to compute). A

5.2. Computational experiments of power spectrum. Using the computa-
tional Approach 2, we obtain the full Green’s functions and instantly have access to
the power spectrum of subsection 4.2, associated with any heights for the source and
the receiver. In our computations, we use frequencies from 1 to 12 mHz and modes
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(a) G¢(r,s), model S+Atmo.
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(¢) Ge(r, s), model S+Val-C. (d) Ge(r,s), model S+Val-C.

FiG. 4. Imaginary part of the Solar modal Green’s functions at 7 mHz for mode £ = 100 for the
models S+Atmo (top) and S+Val-C (bottom). The solution to the original problem and the conjugated
one, respectively Gy and Gy, are related by (2.13).

6 | - Approach 1 |
. —_— Approach 2
1:4 N Approach 1 refined
~
)
E2
0.8 0.85 T 0.9 0.95 1

Fic. 5. Comparison of the Green’s function for model S+Atmo at frequency 7 mHz and mode
£ =100. While Approach 2 depends on two simulations, Approach 1 needs one simulation for each
of the 4000 sources. In Approach 1 with the refined mesh, the cell at the positions of the sources is
of size 1077.

from ¢ = 0 to 1000, with a constant attenuation v/(27) = 20 pHz. Note that, con-
trary to the existing literature, our computation uses the exact Dirichlet-to-Neumann
map condition ngtN given in (2.38). In solar applications, the source depth rg,. corre-
sponds to the location where the waves are excited and is generally considered to be
a bit below the surface (usually a few hundreds kilometers). The observation height
depends on the instrument and is usually located slighly above the surface (up to 500
km). It might appear as a small interval as 1 Mm represents approximately 1 x 1073
in the scaled axis, nonetheless, we shall see that it leads to drastic differences.
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5.2.1. Influence of the source assumption and its height. We compare
the power spectra of subsection 4.2: Pq under the hypotheses of energy equipartition
and Psq for the single depth source. While the source position, rg., is allowed to
vary for Pyq, it is fixed at the observation height for Peq, cf. (4.15) and (4.17). In
Figure 6, the receiver is fixed at the surface (rops = 1) and, for Psq, we provide the
power spectrum for different source positions, indicated relative to the solar surface.
The computations use the model S+Atmo, with the exact DtN for boundary condition.
For visualization, the spectra are represented on a logarithmic scale.

10-10
-6
10 10 10
= =
E E
> -13 &
9 10 9
g g . 107°
S |
] ]
S S
10716 107'2
200 500 800 200 500 800 200 500 800
14 4 4
(a) Psa for a source at (b) Psq for a source at (¢) Peq, the source is at the surface.

—1Mm of the surface. —340km of the surface.

F1G. 6. Power spectra Peq and Psq, (4.15) and (4.17), for a receiver positioned at the surface,
using the model S+Atmo with ZéDtN for RBC. For Pgq, the different formation source heights are
gwen relative to the solar surface R .

To highlight the differences, we picture a line of the spectra, for a fixed mode
¢ =200, in Figures 7 and 8. We show the results for different source heights using the
original or normalized spectra. We see that there is a strong difference in amplitudes
depending on the formulation, in part due to the different scaling in (4.15) and (4.17).
Comparing between the different source heights for Pyq, we can visually note the
differences in the shape of the ridges in Figure 6. This is further confirmed by the
section at mode ¢ = 200 in Figures 7 and 8. At low frequencies, not all of the
peaks appear, for instance the ones between 4 and 5 mHz in Figure 8. If the sources
of excitation are too deep then some modes are not excited leading to the absence
of ridge in the power spectrum. At high frequencies, the spectra are very different
depending on the assumption on the source covariance: here, both the amplitude and
the phase are affected, cf. Figure 8.

5.2.2. Influence of the formation height. We represent the power spectra
Psa (4.17) for two solar models with a constant source height in Figure 9. We vary
the position of the receiver, rqps, which corresponds to the observation height and can
be different depending on the instrument. We show the normalized section at mode
¢ =200 in Figure 10.

We observe strong differences in both amplitude and phase depending on the
positions of the observation height. While the two models, S+Atmo and S+Val-C
corresponds well at low frequency, see Figure 10, the high-frequency profiles are totally
different, with sharp or smooth peaks. In addition, we observe lines of reduced power
with S+Val-C in the complete spectrum of Figure 9.

5.3. Efficiency of the radiation boundary conditions (RBC). Contrary
to previous work, we analyze the performance of the RBCs in the context of helioseis-
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107

——— Pgq, source at -1Mm

——— Pgq, source at -340km

——— Pqdq, source at -170km ||

power-spectrum

| | | |
4 . 6.5 7 7.5 8

frequency (mHz) frequency (mHz)

Fig. 7. Comparison of the line of the power spectrum Pgsq, (4.17), at a fired mode £ = 200, for
different source heights, given relative to the solar surface. The receiver is positioned at the solar
surface and the computations use model S+Atmo with ZZDtN for RBC. We separate the low and high
frequencies, which are visualized on different scales.

g S Peq
é —— Psa, source at -1Mm
i Psd, source at -340km
.
[
2
5
Q
5.5 6 6.5 7 7.5 8
frequency (mHz) frequency (mHz)

Fic. 8. Comparison of the line of the power spectra at a fized mode £ = 200, for different source
heights, given relative to the solar surface. The receiver is positioned at the solar surface and the
computations use model S+Atmo with Zg)tN for RBC. The low and high frequencies are independently
normalized.

mic products, and using the exact DtN as the reference solution. We have in mind
discretization in dimensions higher than one, where it is necessary to select a RBC
that does not depend on the mode ¢, i.e., one that does not contain a tangential
differential operator. We first recall the nonlocal RBC from [5, §],

o?(r 1/2
(53 L) = 1 (G = at) = L)

r2

Different high-frequency approximations of wanlocal have been given in [5, 8] and we

investigate the performance of (in the notation of [8]):

o 1 1/2
ZSAI—O =ik <1 - Took2> ) ZS—HF—O = ik,
. i 1 1 .
(5‘4) Ly yp 1, = 1k — ﬂ@aoov Zygpc-1 = — + ik;
o o [(Ll+1) as a?
VA =i— —_ | ——= <.
awpr = 1T 51, ( 2 e T

The exponent ¢ indicates that the condition depends on the mode. Note that, while
we provide comparisons for helioseismic quantities below, the performance of the
conditions is evaluated analytically in our extended report, [6, Section 5].
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1071
510 ;;
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g 51 My 777
10716
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E
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Fia. 9. Power spectrum Psq, (4.17), at different formation heights on a logarithmic scale. It
uses the solar model S+Atmo on top and S+Val-C at the bottom. FEach spectrum corresponds to a
position of a receiver and a source, which are indicated in parenthesis and given relative to the solar
surface Rg, i.e., the source is fivred at 695 km below the surface.

g B S+Val-C | |
2 S+Atmo
i)
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o
o
12}
&
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9
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5.5 6 6.5 7 7.5 8
frequency (mHz) frequency (mHz)

Fic. 10. Comparison of the line of the power spectrum, (4.17), at a fized mode £ = 200, for a
receiver and a source at respectively 340 km and —695 km of the solar surface. The low and high
frequencies are independently normalized.

5.3.1. Radiation boundary conditions for the power spectrum. We use
the solar model S+Atmo, where the reference solution is given by the solution using the
exact Dirichlet-to-Neumann map condition ZfStN. We compute the power spectrum
Peq of (4.15) for rops = 1, with different boundary conditions, and evaluate the
performance with the relative error

Pz @) = P @]
_ i

eq,ZfstN (UJ) ” ’

(5.5) ez, (w, 0)
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where the index Z, indicates the choice of condition with Z%, giving the reference
one. The relative errors are shown in Figure 11.

1071
~N
T
&
& 1074
=]
)
=
o'
[}
&
10~7
0 250 5%0 750 0 250 5%0 750 0 250 5%0 750
(a) &, (b) P, © B

nonlocal

1071

frequency (mHz)

10~7
0 250 590 750 0 250 5%0 750 0

(e) ez (f) <% (8) ez

S-HF-0 S-HF-1a

F1G. 11. Relative error (5.5) for the power spectrum associated with the model S+Atmo depending
on the choice of radiation boundary condition.

We see that the nonlocal boundary condition provides the most accurate results,
and that the maximum error is on a line that corresponds to the cut-off frequency, in
particular for high-degree modes. On the other hand, Z§_yz_; gives the worst results,
while all other conditions give very similar errors, with a slight advantage towards
Zgp:o and Zg ye_4,- We further provide the means of the relative errors:

mean( ezﬁonlowl ) =1x107°, mean( egfiﬂh ) =453 x 1071,
mean(ey ) =926x10"%, mean(ey ) =9.28x107%,
mean(e, ) =0910x107°, mean(ez ) = 9.10x107°.

5.3.2. Radiation boundary conditions for time-distance diagram. We
compute the time-distance diagram using the exact Z]%tN and compare with two high-
frequency approximations of the nonlocal RBC coefficient: Zg_yp_;, and Z§_yz_,. The
first approximation is obtained with an expansion in k~! while the latter in terms
of 071, cf. [8]. In addition, Z§_4_, depends on ¢ but not Zg_yp_,,, meaning that the
latter is much more convenient to implement in 3D. Figure 12 shows the time-distance
diagram for Cey£(6,t) where § = £ -T5 is the angle between the two observation points
t1 and £y, We first compute Csypt (6, w) using (4.18) with a frequency h,, = 5 nHz and
then apply the inverse Fourier transform using (4.19) with N; = 215, We show the
section at 8 = 30° for the different RBC, together with the difference with respect to
the reference (using Z%,y) solution.
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(a) Time-distance diagram with the DtN (b) Line at § = 30° (top) and difference between the
boundary condition. boundary conditions (bottom).

Fic. 12. Time-distance diagram representing the expectation value of the cross-covariance as
a function of separation distance and time: two-dimensional diagram and the section for 6 = 30°,
indicated by the red dashed lines on the left panel.

We see that in Figure 12(a), the time-distance diagram shows different skips
corresponding to waves going directly from r; to r's, or being reflected at the surface
once or several times. We can visually observe the difference in the solutions between
Z%.n and Z§_ye_,, which differ in phase and amplitude. The condition Zg_y_s, gives
the best result (that is, the closest to Z¥%,y) and we have between 2 to 3 orders of
magnitude difference in the accuracy. Thus, working with the wavenumber k leads to
an improved performance compared to using o/¢q..

6. Conclusion. In this work, we have proposed a two-step algorithm to com-
pute efficiently and accurately the full outgoing modal Green’s kernel for the scalar
wave equation in local helioseismology under spherical symmetry. The full Green’s
kernel enables the computations of more realistic synthetic observables with varying
observation heights, leading to drastic differences. It gives a convenient framework to
study the origin of sources of excitation in the Sun. With its low cost, the algorithm
not only opens up new applications that are based on better synthetic representations
of the observations (e.g., with integrated quantities), but also has direct implications
in inverse problems for the determination of the solar interior. Finally, our compari-
son of RBC also paves the way towards three-dimensional discretizations, by singling
out the condition Zg y_;, for its independence of the harmonic mode, and its high
accuracy in approximating the outgoing solution.

Appendix A. Power spectrum under Assumptions 4.2 and 4.4.
Here, we show that the power spectrum takes the form given in (4.15), under
Assumptions 4.2 and 4.4. To find this relation, let us write

(A1) Ly Go(ry,r) =6(r1 — 1), Lo Gy(ra,r) =0(rg — 7).
We then multiply the first equation by Gy(ra,r), the second one by Gy(ri,r) and
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integrate to obtain
(A.2) / (E Golri, 1) Go(ra, ) —LeGo(ra, ) Golrr, r))dr = Gy(ra,m1)—Coelra, ™).
0

Canceling out the identical terms leads to

(A3a)  Glre,r1) — Ge(ra,r1) = 4iw /000 ;((Z)) Gy(r1,7)Ge(re,r)dr

oo 42 d?
(A.3Db) +/ (—erGz(n,r) Go(ra,m) + Ge(r1,7) erGe(Tz,T)> dr.
0

Integrating by part twice, the second line of the equation is equal to zero and thus

(A4) Im[Gy(re,m)] = 2w /000 32((:)) Go(r1,7)Ge(re,r)dr.

Using (2.28) to come back to the Green’s function of the original problem, we obtain
* ) e,

A5 I =2 —_— dr.

(A.5) m([Gy(ra,71)] w/o )20 Ge(r1,7)Ge(r2,7)dr

Identifying this expression with (4.10), we see that the choice of this distribution in
(4.14) leads to the simplified expression for the power spectrum (4.15).
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