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Decentralized partial-consensus control of nonholonomic vehicles over

networks with interconnection delays

Mohamed Maghenem Antonio Lorı́a Emmanuel Nuño Elena Panteley

Abstract— We present a partial-consensus controller for a
network of nonholonomic mobile robots in the presence of time-
varying communication delays. The control problem that we
address is that of having a group of vehicles converging to a
relatively common non-specified Cartesian position value, but
each having an imposed desired orientation. The vehicles are
assumed to communicate over a network with a connected,
undirected graph topology. The proposed decentralized control
law is smooth time-varying, of the δ−Persistently-Exciting class
[1]. We establish uniform global asymptotic stability for the
closed-loop system.

I. INTRODUCTION

In decentralized, or distributed, solutions to consensus

problems, the control input for each node depends only on

local information provided from a given set of nodes in

the network called neighbors. The structure of information

exchange between the neighbors is specified using a com-

munication graph [2]. The most important challenges when

proposing decentralized solutions for consensus problems

rises, first, when considering a constrained communication

between the neighbors. The later includes unidirectional

flow of information [3], [4], unreliable communication with

respect to time [5], [6], and delayed communication [7], [8],

to name only few. The second important challenge is related

to the individual dynamics of the nodes. That is, the node’s

dynamics can be linear [9], nonlinear [10], identical for all

the network or heterogeneous [11], [12].

An example of strongly nonlinear network is that of

nonholonomic mobile robots. Indeed, the nonholonomic re-

striction, in this case, prevents the applicability of smooth

autonomous controllers to solve consensus problems [13].

As a consequence, different decentralized solutions for con-

sensus problems in networks of nonholonomic mobile robots

are proposed in the literature. In [14], full consensus, that

is, in terms of both position and orientation is solved using

discontinuous and time-invariant controllers. In [15] and

[16], the consensus problem is solved using smooth time-

varying control laws that lead the agents to a given formation

using only their orientation. The result in [16], is extended in
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[17] in the presence of smooth time-varying communication

delays while considering a complete dynamical model of the

vehicles. The same problem is addressed in [18] using time-

varying controllers while assuming a constant time delay

affecting the flow of information between the agents. In

[19] the same problem is solved in the presence of bounded

disturbances with unknown dynamics in all the input chan-

nels. Most of the works proposing smooth time-varying

controllers for nonholonomic vehicles, however, employ a

simplified first order model that considers exclusively the

kinematics and, to the best of our knowledge, none of them

guarantee uniform convergence of the consensus errors, let

alone uniform asymptotic stability of the consensus set.

In this paper we present a partial-consensus controller

for a network of nonholonomic mobile robots and we es-

tablish uniform global asymptotic stability for the closed-

loop system. In particular, it is established that the positions

converge towards a specified geometric pattern around an

a priori unknown center, while the orientations of each

vehicle converge to a specified reference. It is assumed that

the vehicles communicate over a network having a connected

and undirected topology graph. In addition, it is assumed

that the transfer of information between agents is affected

by time-varying delays which are only bounded and not

necessarily differentiable. Such time delays appear naturally,

e.g., when the systems communicate over wireless networks

or the Internet [7].

In contrast to related literature, the vehicle’s model that

we consider includes both the vehicle’s kinematics and

dynamics. Our controller is smooth time-varying, of the

δ−Persistently-Exciting class —[1], [20], [21], and extends

the one proposed in [22] to the case where time-varying com-

munication delays are present. Another significant contribu-

tion of this paper is to establish uniform global asymptotic

stability.

The rest of the paper is organized as follows. In the next

section we describe the networked systems’ model and we

formulate the problem at hand. Our main result is presented

in Section III and some simulation results are provided in

Section IV. Concluding remarks are presented in Section V.

II. PROBLEM FORMULATION

Let us consider a swarm of N autonomous vehicles

modeled as force-controlled unicycles, that is,

ẋi = vi cos(θi) (1a)

ẏi = vi sin(θi) (1b)

θ̇i = ωi, i ≤ N (1c)



v̇i = uvi (2a)

ω̇i = uωi, (2b)

where xi and yi denote the Cartesian coordinates of a fixed

point on the vehicle relative to a fixed frame, θi denotes

its orientation with respect to the X-axis, and vi and ωi

denote the forward and angular velocities, respectively, and

(uvi, uωi) correspond to the control inputs. That is, it is

considered that the vehicles are force-controlled. This model

corresponds, in particular, to differential-drive robots, in

which case, there exists a direct relation between the wheels’

input torques and (uvi, uωi). Other force-controlled models

include dynamics equations in Lagrangian form [23], but

since the latter is usually fully-actuated, it may be assumed

that a preliminary feedback linearizing controller is applied

to obtain (2). Indeed, for the ith robot, it is assumed that uvi
and uωi may be defined as functions of own state variables

and time, as well as on the coordinates of its neighbors. It

is furthermore assumed that the interconnections with the

latter form a connected, undirected, and static graph whose

connectivity is defined by the Laplacian matrix L := [ℓij ] ∈
R

N×N , where

ℓij =

{ ∑

j∈Ni

aij i = j

−aij i 6= j
(3)

and aij ≥ 0; aij > 0 if the ith and jth vehicles commu-

nicate with each other and aij = 0 otherwise. Since the

graph is undirected, aij = aji, so L is symmetric and, by

construction, L1N = 0, where 1N ∈ R
N . Also, L has a

single zero-eigenvalue and the rest of the spectrum of L is

positive. Thus, rank(L) = N − 1.

For such a network of N vehicles we address the following

consensus-formation control problem. Let (xc, yc) ∈ R
2

denote the Cartesian coordinates of an a prioiri unknown

center in the plane and, for each robot, let (δxi
, δyi

) be given.

Then, we define partial consensus as the goal of rendering

the set

Spc :=
⋃

i≤N

{

vi = 0, ωi = 0, θi = θdi,

[xi − δxi
] = xc, [yi − δyi

] = yc

}

uniformly globally asymptotically stable.

Partial consensus, as defined above, comprises the property

that the robots stabilize in formation around an unknown

Cartesian point. That is the property that

lim
t→∞

xi(t) := xc + δxi, lim
t→∞

yi(t) := yc + δyi, (4)

lim
t→∞

θi(t) := θdi, ∀ i ≤ N (5)

which means, only, non-uniform convergence.

We solve the partial consensus problem as one of stabi-

lization. To that end, we first introduce a dynamical model of

the interconnected vehicles that is more suitable for control.

Consider the error coordinates

zi :=

[

xi − δxi

yi − δyi

]

, z :=
[

z⊤1 · · · z⊤N
]⊤

(6)

and, to compact the notation, let us introduce as well the vec-

tors θ = [θ1 · · · θN ]⊤ ∈ R
N ; v = [v1 · · · vN ]⊤ ∈ R

N ; ω =
[ω1 · · ·ωN ]⊤ ∈ R

N , Φ(θ) = blockdiag[φ(θi)] ∈ R
2N×N ,

with φ(θi) = [cos(θi) sin(θi)]
⊤, and the control inputs

uv = [uv1 · · ·uvN ]⊤ ∈ R
N and uω = [uω1 · · ·uωN ]⊤ ∈ R

N .

In terms of these variables the dynamics of the overall open-

loop system is

ż = Φ(θ)v (7a)

v̇ = uv (7b)

θ̇ = ω (7c)

ω̇ = uω. (7d)

The first two equations determine the translational dy-

namics while the second pair defines the angular motion,

so partial consensus is reached if the equilibrium point

{(z, θ, v, ω)} = {(1N ⊗ zc, θd, 0, 0)},

where 1N = [1 · · · 1]⊤ and zc := [xc yc]
⊤ corresponds to

the (non-a priori defined) center of the formation pattern,

is uniformly globally asymptotically stable.

Now, the condition z = 1N ⊗ zc may be characterized

in terms of the relative position errors between each vehicle

and its neighbors. For this purpose, we introduce the errors

ei = φ(θi)
⊤

∑

j∈Ni

aij(zi − zj), (8)

si = φ(θi)
⊥⊤

∑

j∈Ni

aij(zi − zj) (9)

φ(θi)
⊥ = [sin(θi) − cos(θi)]

⊤ or, in compact form,

e =Φ(θ)⊤Lz, s = Φ(θ)⊥⊤Lz, (10)

where L := L ⊗ I2, Φ(θ)⊥ = diag[φ(θi)
⊥] ∈ R

2N×N ,

e := [e⊤1 · · · e⊤N ]⊤, and s := [s⊤1 · · · s⊤N ]⊤. Note that since the

matrix
[

Φ(θ) Φ(θ)⊥
]

is non singular and the communication

graph is connected, we have

Lz = 0 ⇔ (e, s) = (0, 0) (11)

or, equivalently, (e, s) = (0, 0) if and only if z = 1N ⊗ zc.

Therefore, the partial consensus objective is reached if and

only if the equilibrium {(v, e, s, ω, θ)} = {(0, 0, 0, 0, θd)}
is rendered uniformly globally asymptotically stable. We

establish this next, via a decentralized controller.

III. MAIN RESULTS

In [22], the following δ-persistently-exciting controller

was proposed to solve the partial-consensus problem in the

absence of delays:

uv = −Kdtv −Kpte, (12)

uω = −Kdθω −Kpθ θ̃ − p(t)κ(s, e), (13)

where Kdt, Kpt, Kdθ, and Kpθ are diagonal positive definite

matrices, θ̃ := θ − θd, for each i ≤ N , e := [e1, · · · eN ]⊤

and s := [s1, · · · sN ]⊤ are the measured errors,

κ(s, e) =
1

2
[s21 + e21, · · · , s

2
N + e2N ]⊤, (14)



and p is constructed as a function with persistently exciting

first derivative that is, such that there exist Tp and µp > 0
such that

∫ t+Tp

t

|ṗ(τ)|dτ ≥ µp ∀ t ≥ 0. (15)

Persistency of excitation is a well-known property mostly

used in adaptive control and system identification; it is used

to ensure that the parameter estimation errors converge to

zero [24]. Here, the control mechanism that overcomes the

structural obstruction imposed by the nonholonomic nature

of the unicycle is a property called δ-persistency of excitation

[25] and it is used in the control action to overcome the

difficulties due to the nonholonomy —cf. [1]. Thus, the term

p(t)κ(s, e) is an essential component of the control law (13),

which works in a similar fashion as persistency of excitation

does in adaptive control. More precisely, the control action

relies on the term p(t)κ(s, e) being δ-persistently-exciting,

that is, on the existence, for any δ > 0, of Tδ and µδ > 0
such that
∣

∣

∣

∣

[

e

s

]∣

∣

∣

∣

≥ δ =⇒

∫ t+Tδ

t

|κ(e, s)p(τ)|dτ ≥ µδ ∀ t ≥ 0.

(16)

In view of (14), the property (16) may be interpreted as

p(t)κ(s, e) being persistently exciting “as long as” the error

(e, s) is away from zero, that is, while consensus has not

been reached. It is important to notice, however, that (e, s)
in the integrand above are elements of RN×R

N ; the integral

above is not evaluated along the system’s trajectories.

In this paper, we employ the following certainty-

equivalence controller that stabilizes the system in the pres-

ence of time-varying bounded measurement delay (bounded-

ness of the variation of the delay is not needed):

uv = −Kdtv −Kpted, (17)

uω = −Kdθω −Kpθ θ̃ − p(t)κ(sd, ed), (18)

where ed := [ed1, · · · edN ]⊤ and sd := [sd1, · · · sdN ]⊤

denote the measured errors affected by bounded delays t 7→
Tij(t), that is,

edi =φ(θi)
⊤

∑

j∈Ni

aij(zi(t)− zj(t− Tij(t))), (19)

sdi =φ(θi)
⊥⊤

∑

j∈Ni

aij(zi(t)− zj(t− Tij(t))). (20)

Proposition 1 (Main result) Consider the system (7) in

closed loop with the controller (17)–(18) with Kdt, Kpt,

Kdθ, and Kpθ diagonal positive definite. Assume that there

exists bp > 0 such that

max
{

|p|∞, |ṗ|∞, |p̈|∞, |p
(3)|∞

}

≤ bp (21)

where, |ϕ|∞ := supt≥0 |ϕ(t)| and, moreover, ṗ(t) is per-

sistently exciting with excitation parameters (Tp, µp). If, in

addition, there exists T ∗ > 0 such that Tij(t) ∈ [0, T ∗] for

all i, j ≤ N , t ≥ 0 and the matrices Kdt and Kpt satisfy

1−
(

1 +N2ā2
)

T ∗λmax(KptK
−1
dt ) ≥ 0, (22)

where ā := max{aij}, then {(e, s, v, θ̃, ω)} =
{(0, 0, 0, 0, 0)} is uniformly globally asymptotically

stable. �

Sketch of proof. Firstly, we write the error-dynamics equa-

tions. For e and s, these are obtained by differentiating on

both sides of the the two equations in (10) and using (7a)

and

Φ̇(θ) = −Φ(θ)⊥ω̄, Φ̇(θ)⊥ = Φ(θ)ω̄, (23)

where ω̄ := diag[ωi] ∈ R
N×N , to obtain

ė = −ω̄s+Φ(θ)⊤LΦ(θ)v (24)

ṡ = ω̄e+Φ(θ)⊥⊤LΦ(θ)v. (25)

Then, by direct substitution of (17) and (18) in (7b) and

(7d) respectively, we obtain

v̇ = −Kdtv −Kpted (26)
˙̃
θ = ω (27a)

ω̇ = −Kdθω −Kpθ θ̃ − p(t)κ(sd, ed). (27b)

For further development, it is useful to stress that, after

(19) and (20), ed and sd may be expressed in function of e

and s as

ed = e+Φ(θ)⊤A(żt), (28a)

sd = s+Φ(θ)⊥⊤A(żt) (28b)

where żt is short notation for żt(∆) := ż(t+∆), with ∆ ∈
[−T ∗, 0] and

A(żt) :=







A1(żt)
...

AN (żt)






, Ai(żt) =

∑

j∈Ni

aij

∫ t

t−Tji(t)

żj(τ)dτ.

(29)

Furthermore, κ(ed, sd) in (27b) may be expressed as

κ(ed, sd) = κ(e, s) + κd(e, s, θ, żt) (30)

where

κd =
1

2







A⊤
1 A1 + 2e1φ

⊤
1 A1 + 2s1φ

⊥⊤
1 A1

...

A⊤
NAN + 2eNφ

⊤
NAN + 2sNφ

⊥⊤
N AN






. (31)

That is, in the absence of delays, i.e., with A⊤
i (żt) = 0, we

recover the error-dynamics equations from [26].

Next, for the purpose of analysis, let

eθ := θ̃ + q(t)κ(s, e), eω := ω + q̇(t)κ(s, e) (32)

where q : R≥0 → R
N×N is a differentiable function defined

dynamically as

q̈ +Kdθ q̇ +Kpθq = p(t)IN (33)

and, in turn, Kdθ and Kpθ are diagonal positive definite

matrices. We stress that, after (21) there exists bq > 0 such

that

max
{

|q|∞, |q̇|∞, |q̈|∞, |q
(3)|∞

}

≤ bq (34)



and, since q̇ is solution to

q(3) +Kdθ q̈ +Kpθ q̇ = ṗ(t)IN

and ṗ is persistently exciting by assumption, so is q̇ —[24].

In the new equivalent coordinates (32), the closed-loop

dynamics equations become

Ẋt =





−Kdt −Kpt 0
0 0 q̇κ̄− ēω
0 −q̇κ̄+ ēω 0



Xt

+





0
Φ⊤L
Φ⊥⊤L



Φv −





KptΦ
⊤

0
0



A(żt) (35a)

Ẋr =

[

0 IN
−Kpθ −Kdθ

]

Xr

+

[

q

q̇

]

[

ēΦ⊤+ s̄Φ⊥⊤
]

LΦv −

[

0
p

]

κd (35b)

where κ̄ :=diag[s2i +e
2
i ], ēω :=diag[eωi

], Xt := [v⊤ e⊤ s⊤]⊤

and Xr := [e⊤θ e
⊤
ω ]

⊤.

The rest of the proof consists in establishing uniform

global asymptotic stability of the origin for (35). This may be

accomplished by arguing as in the proof of the generalized

Matrosov’s theorem [25]. First, we need to establish uniform

global stability (namely, that the solutions are uniformly

globally bounded and the origin is uniformly Lyapunov

stable). This, in turn, may be accomplished in two sepa-

rate steps, for (35a) and (35b). For the former, we use a

Lyapunov-Krasovskiı̆ functional that is reminiscent of the

strict Lyapunov function proposed in [26] for the system

(24)–(27) subject to (ed, sd) = (e, s), that is, without delays.

Let

V (v, z, żt) = v⊤K−1
pt v + z⊤Lz +

∫ 0

−T∗

∫ t

t+θ

|ż(τ)|2dτdθ.

(36)

After [22, Lemma 1], we have

λ2(L)z
⊤Lz ≤ |e|2 + |s|2 ≤ λN (L)z⊤Lz, (37)

so, in view of the inequality

∫ 0

−T∗

∫ t

t+θ

|ż(τ)|2dτdθ ≤ T ∗

∫ t

t−T∗

|ż(τ)|
2
dτ,

it follows, according to [27], that the functional V is positive

definite and radially unbounded with respect to Xt. Further-

more, the time-derivative of V along the trajectories of (35a)

yields

V̇ ≤ − v⊤K−1
pt Kdtv − Y (żt) (38)

Y (żt) :=
1

2ā2NT ∗

N
∑

j=1

N
∑

i=1

a2ij

∣

∣

∣

∣

∣

∫ t

t−Tij

żi(τ)dτ

∣

∣

∣

∣

∣

2

which is negative semidefinite. This establishes uniform

global stability for (35a) and, integrating on both sides of

V̇ ≤ −v⊤K−1
pt Kdtv, we also conclude that v and Y (zt),

consequently also κd, tend to zero asymptotically. Note,

moreover, that (35a) is input-to-state stable with respect

to the converging input (v, κd), so uniform global stability

follows.

To establish uniform convergence, according to [25], we

need to find a series of functions Vi and ψi such that V̇i ≤
ψi(t,Xt, Xr) and having the properties that each ψi ≤ 0 on

the set where ψj = 0 for all j ≤ i and the only point at

which ψi(t,Xt, Xr) ≡ 0, ∀ i, is the origin. This property is

verified as follows.

Let the first function V1, correspond to V (v, z, żt) defined

in (36). Then, ψ1 := −v⊤K−1
pt Kdtv − Y (żt). Now, let

V2(e, v) := e⊤v; its total derivative,

V̇2 = v⊤Φ⊤LΦv + s⊤q̇κ̄v − e⊤Kdtv − e⊤Kpte− v⊤ēωs,

satisfies V̇2 = −e⊤Kpte =: ψ2 ≤ 0 on the set {ψ1 = 0}.

Then, we introduce

V3(eθ, eω) = c2
[

e⊤ω eω + e⊤θ Kpθeθ
]

+ e⊤θ eω. (39)

Note that Y (żt) = 0 implies that κd = 0 hence, the total

derivative of V3, restricted to the set {Y (żt) = 0}, satisfies

V̇3 ≤−

[

c2

4
e⊤ωKdθeω +

1

4
e⊤θ Kpθeθ

]

+
c2

2

∣

∣ēΦ⊤LΦv
∣

∣

2
+
c2

2

∣

∣s̄Φ⊥⊤LΦv
∣

∣

2
, (40)

That is,

V̇3 ≤ −
1

4

[

c2e
⊤
ωKdθeω + e⊤θ Kpθeθ

]

≤ 0

on the set {ψ1 = 0} ∩ {ψ2 = 0}, so we define ψ3 :=
− 1

4

[

c2e
⊤
ωKdθeω + e⊤θ Kpθeθ

]

and we carry on.

Let V41(t, e, s) := e⊤q̇(t)s; its total derivative yields

V̇41 =− e⊤q̈s− v⊤Φ⊤LΦq̇s− s⊤κ̄q̇2s+ e⊤q̇2κ̄e

− e⊤q̇Φ⊥⊤LΦv + s⊤ēω q̇s− e⊤q̇ēωe (41)

and on the set {ψ1 = 0} ∩ {ψ2 = 0} ∩ {ψ3 = 0}, which is

equivalent to {v = 0, Y (żt) = 0, e = 0, eθ = 0, eω = 0}
satisfies V̇41 = −s⊤κ̄q̇2s ≤ 0.

Next, we introduce the function

V42(t, s, e) := κ(s, e)⊤Υ(t)κ(s, e)

Υ(t) := 1 + 2b2qTIN −
2

T

∫ t+T

t

∫ m

t

q̇(τ)2dτ dm,

which has the following properties. First, |Υ(t)| ≤ 1+2b2qT
∗.

Second,

Υ̇ ≤ −
2

T

∫ t+T

t

q̇(τ)2dτ ≤ −
2µ

T
IN . (42)

The last inequality follows from the property that q̇ is

persistently exciting.

On the other hand,

V̇42 =− κ⊤
2

T

∫ t+T

t

q̇(s)2dsκ+ κ⊤q̇(t)2κ

+ 2κ⊤Υ
[

ēΦ⊤LΦv + s̄Φ⊥⊤LΦv
]

and, by virtue of the fact that

κ⊤q̇(t)2κ ≤ s⊤q̇(t)2κ̄s+ b2qλN (L)V 2
∣

∣K−1
pt

∣

∣ e⊤Kpte,





Fig. 5. Evolution of the relative positions zi.

V. CONCLUSIONS

A fairly simple decentralized controller for partial consen-

sus of nonholonomic mobile robots in the presence of non

smooth time-varying communication delays was presented.

The controller is of the proportional-plus-derivative type and

relies on δ-persistency of excitation to overcome the effects

of nonholonomy.

This controller applies in the common scenario in which

a group of robots, equiped with global positioning sensors,

establish a bidirectional communication over a wireless net-

work. The communication, however, may be affected by

diffent time-varying delays. Our main result, however, does

not account for possible obstacles and it does not apply if

some states are not measurable. Current research is being

carried in this direction.
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