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Decentralized partial-consensus control of nonholonomic vehicles over
networks with interconnection delays

Mohamed Maghenem  Antonio Loria

Abstract— We present a partial-consensus controller for a
network of nonholonomic mobile robots in the presence of time-
varying communication delays. The control problem that we
address is that of having a group of vehicles converging to a
relatively common non-specified Cartesian position value, but
each having an imposed desired orientation. The vehicles are
assumed to communicate over a network with a connected,
undirected graph topology. The proposed decentralized control
law is smooth time-varying, of the § —Persistently-Exciting class
[1]. We establish uniform global asymptotic stability for the
closed-loop system.

I. INTRODUCTION

In decentralized, or distributed, solutions to consensus
problems, the control input for each node depends only on
local information provided from a given set of nodes in
the network called neighbors. The structure of information
exchange between the neighbors is specified using a com-
munication graph [2]. The most important challenges when
proposing decentralized solutions for consensus problems
rises, first, when considering a constrained communication
between the neighbors. The later includes unidirectional
flow of information [3], [4], unreliable communication with
respect to time [5], [6], and delayed communication [7], [8],
to name only few. The second important challenge is related
to the individual dynamics of the nodes. That is, the node’s
dynamics can be linear [9], nonlinear [10], identical for all
the network or heterogeneous [11], [12].

An example of strongly nonlinear network is that of
nonholonomic mobile robots. Indeed, the nonholonomic re-
striction, in this case, prevents the applicability of smooth
autonomous controllers to solve consensus problems [13].
As a consequence, different decentralized solutions for con-
sensus problems in networks of nonholonomic mobile robots
are proposed in the literature. In [14], full consensus, that
is, in terms of both position and orientation is solved using
discontinuous and time-invariant controllers. In [15] and
[16], the consensus problem is solved using smooth time-
varying control laws that lead the agents to a given formation
using only their orientation. The result in [16], is extended in

M. Maghenem is with the University of California at Santa Cruz.
E-mail: mmaghene@ucsc.edu. E. Nuifio is with the Dept. of Computer
Science CUCEI, at University of Guadalajara, Guadalajara, Mexico. E-
mails: emmanuel.nuno@cucei.udg.mx. A. Lorfa and E. Panteley are with
LSS-CentraleSupelec, CNRS, 3 Rue Joliot Curie, 91192, France. E-mails:
loria(panteley) @Iss.supelec.fr. E. Panteley is also with ITMO University,
Kronverkskiy av. 49, Saint Petersburg, 197101, Russia.

This article was supported by the Government of Russian Federation
(grant 08-08), by ECOS-Nord contract M14MO02, by the ANR, under con-
tract no. ANR-18-CE40-0010, by the Mexican CONACyT Basic Scientific
Research grant, no. CB-282807, and by CEFIPRA (grant number 6001-A).

Emmanuel Nufio  Elena Panteley

[17] in the presence of smooth time-varying communication
delays while considering a complete dynamical model of the
vehicles. The same problem is addressed in [18] using time-
varying controllers while assuming a constant time delay
affecting the flow of information between the agents. In
[19] the same problem is solved in the presence of bounded
disturbances with unknown dynamics in all the input chan-
nels. Most of the works proposing smooth time-varying
controllers for nonholonomic vehicles, however, employ a
simplified first order model that considers exclusively the
kinematics and, to the best of our knowledge, none of them
guarantee uniform convergence of the consensus errors, let
alone uniform asymptotic stability of the consensus set.

In this paper we present a partial-consensus controller
for a network of nonholonomic mobile robots and we es-
tablish uniform global asymptotic stability for the closed-
loop system. In particular, it is established that the positions
converge towards a specified geometric pattern around an
a priori unknown center, while the orientations of each
vehicle converge to a specified reference. It is assumed that
the vehicles communicate over a network having a connected
and undirected topology graph. In addition, it is assumed
that the transfer of information between agents is affected
by time-varying delays which are only bounded and not
necessarily differentiable. Such time delays appear naturally,
e.g., when the systems communicate over wireless networks
or the Internet [7].

In contrast to related literature, the vehicle’s model that
we consider includes both the vehicle’s kinematics and
dynamics. Our controller is smooth time-varying, of the
d—Persistently-Exciting class —[1], [20], [21], and extends
the one proposed in [22] to the case where time-varying com-
munication delays are present. Another significant contribu-
tion of this paper is to establish uniform global asymptotic
stability.

The rest of the paper is organized as follows. In the next
section we describe the networked systems’ model and we
formulate the problem at hand. Our main result is presented
in Section III and some simulation results are provided in
Section IV. Concluding remarks are presented in Section V.

II. PROBLEM FORMULATION

Let us consider a swarm of N autonomous vehicles
modeled as force-controlled unicycles, that is,

&; = w;cos(b;) (1a)
0, = w;, i< N (1¢)



(2a)
(2b)

Vi = Uy

Wi = Uwi,

where z; and y; denote the Cartesian coordinates of a fixed
point on the vehicle relative to a fixed frame, 6; denotes
its orientation with respect to the X-axis, and v; and w;
denote the forward and angular velocities, respectively, and
(yi, uw;) correspond to the control inputs. That is, it is
considered that the vehicles are force-controlled. This model
corresponds, in particular, to differential-drive robots, in
which case, there exists a direct relation between the wheels’
input torques and (uy;, uw;). Other force-controlled models
include dynamics equations in Lagrangian form [23], but
since the latter is usually fully-actuated, it may be assumed
that a preliminary feedback linearizing controller is applied
to obtain (2). Indeed, for the ith robot, it is assumed that u,;
and u,,; may be defined as functions of own state variables
and time, as well as on the coordinates of its neighbors. It
is furthermore assumed that the interconnections with the
latter form a connected, undirected, and static graph whose
connectivity is defined by the Laplacian matrix L := [(;;] €
RV*N  where
2, aij i=]
—a;; 1 F]

and a;; > 0; a;; > 0 if the ith and jth vehicles commu-
nicate with each other and a;; = 0 otherwise. Since the
graph is undirected, a;; = a;;, so L is symmetric and, by
construction, L1y = 0, where 15 € RY. Also, L has a
single zero-eigenvalue and the rest of the spectrum of L is
positive. Thus, rank(L) = N — 1.

For such a network of IV vehicles we address the following
consensus-formation control problem. Let (z.,y.) € R?
denote the Cartesian coordinates of an a prioiri unknown
center in the plane and, for each robot, let (d,,, d,,) be given.
Then, we define partial consensus as the goal of rendering
the set

Spc = U { v; =0, w; =0, 0; =0y,
=y [xl - 6361} = T, [yi - 6%] = QC}

uniformly globally asymptotically stable.

Partial consensus, as defined above, comprises the property
that the robots stabilize in formation around an unknown
Cartesian point. That is the property that

Qi 2 (t) = we 4 0ps, i yi(8) = ye + 0yis (4)
lim 6;(t) :==04, Vi<N 5)
t—o00
which means, only, non-uniform convergence.
We solve the partial consensus problem as one of stabi-
lization. To that end, we first introduce a dynamical model of

the interconnected vehicles that is more suitable for control.
Consider the error coordinates

X; — (51; T T
z = “, zi= |z -2 (6)
- 7 28]

and, to compact the notation, let us introduce as well the vec-
tors 0 = [0;---On]T €RN; 0 = [v---on]T € RN w =
[wi---wn]T € RY, ®(¢) = blockdiag[¢(6;)] € REV*N,
with ¢(0;) = [cos(#;) sin(#;)]T, and the control inputs
Uy = [tUy1 - Upy] T € RN and uy = [upy - - uun] " € RY.
In terms of these variables the dynamics of the overall open-
loop system is

;o= ®(O)w (7a)
Vo= u, (7b)
06 = w (7¢)
W= uy. (7d)

The first two equations determine the translational dy-
namics while the second pair defines the angular motion,
so partial consensus is reached if the equilibrium point

{(z,0,v,w)} = {(1n ® 2,04,0,0)},

where 1y = [1--- 1] and 2, := [z. y.]" corresponds to
the (non-a priori defined) center of the formation pattern,
is uniformly globally asymptotically stable.

Now, the condition z = 15 ® z. may be characterized
in terms of the relative position errors between each vehicle
and its neighbors. For this purpose, we introduce the errors

ei = ¢(0;)" Z aij(zi — 25), ®)
JEN;
sio= o0 T Y ai(zi— z) ©)
JEN;

#(0;)* = [sin(6;) — cos(6;)]" or, in compact form,

e=0(0)" Lz, s=®(0) "Lz, (10)
where £ = L ® I, ®(0)+ = diag[¢(0;)*] € R2VXN,
e:=lef ---eN]T,and s :=[s] ---s\]". Note that since the

matrix [®(f) ®(#)~] is non singular and the communication
graph is connected, we have

Lz=0 & (e,s)=1(0,0) (11)

or, equivalently, (e,s) = (0,0) if and only if z = 15 ® z..
Therefore, the partial consensus objective is reached if and
only if the equilibrium {(v,e,s,w,0)} = {(0,0,0,0,0,)}
is rendered uniformly globally asymptotically stable. We
establish this next, via a decentralized controller.

III. MAIN RESULTS

In [22], the following J-persistently-exciting controller
was proposed to solve the partial-consensus problem in the
absence of delays:

Uy, = —Kgv— Kpye,
—Kaow — Kpel — p(t)s(s, e),

(12)
13)

Uy =

where K dt; Ky, Kqp, and K, are diagonal positive definite
matrices, 6 := 0 — 04, for each i < N, e := [e1, ---en]"
and s := [sq, ---sy| ' are the measured errors,
[ (14)

1
K(S,€):§[S§+€%, ) S?V_Fe?\f



and p is constructed as a function with persistently exciting
first derivative that is, such that there exist 7, and p, > 0
such that

t+T,
/ |p(T)|dT > p, VE>0.
¢

Persistency of excitation is a well-known property mostly
used in adaptive control and system identification; it is used
to ensure that the parameter estimation errors converge to
zero [24]. Here, the control mechanism that overcomes the
structural obstruction imposed by the nonholonomic nature
of the unicycle is a property called J-persistency of excitation
[25] and it is used in the control action to overcome the
difficulties due to the nonholonomy —cf. [1]. Thus, the term
p(t)k(s,e) is an essential component of the control law (13),
which works in a similar fashion as persistency of excitation
does in adaptive control. More precisely, the control action
relies on the term p(t)k(s, e) being J-persistently-exciting,
that is, on the existence, for any d > 0, of T and ps > 0

such that

e t+Ts

[s} > = / |k(e, s)p(T)|dr > pus Vit >0.

t (16)

In view of (14), the property (16) may be interpreted as
p(t)k(s, e) being persistently exciting “as long as” the error
(e, s) is away from zero, that is, while consensus has not
been reached. It is important to notice, however, that (e, )
in the integrand above are elements of R x R™; the integral
above is not evaluated along the system’s trajectories.

In this paper, we employ the following certainty-
equivalence controller that stabilizes the system in the pres-
ence of time-varying bounded measurement delay (bounded-
ness of the variation of the delay is not needed):

5)

Uy = —Kgv— Kpeq, A7)
U, = —Kgow— Kpot —p(t)k(sa,eq), (18)
where €q = [Gdl, e 6dN]T and Sq = [Sdla s SdN]T

denote the measured errors affected by bounded delays t +—
Tij (t), that is,

edi :¢(9i)T Z aij(zi(t) — Zj(t — Tij(t)))v (19)
JEN;
sai =00 Y aij(at) = % (t = Ty(1).  (20)
JEN;

Proposition 1 (Main result) Consider the system (7) in
closed loop with the controller (17)—-(18) with Ky, K,
Kgp, and K¢ diagonal positive definite. Assume that there
exists b, > 0 such that

max { [ploc, [Plocs [Plocs [PV } <5, @D

where, |@|e = sup,sq|¢(t)| and, moreover, p(t) is per-
sistently exciting with excitation parameters (7}, f1,). If, in
addition, there exists 7 > 0 such that T;;(t) € [0, T*] for
all 4, j < N, t > 0 and the matrices Ky, and K, satisfy

(22)

1— (14 N262) T Ao (Kt K ;') > 0,

where @ := max{a;}, then {(e,s,v,0,w)} =
{(0,0,0,0,0)} is uniformly globally asymptotically
stable. O

Sketch of proof. Firstly, we write the error-dynamics equa-
tions. For e and s, these are obtained by differentiating on
both sides of the the two equations in (10) and using (7a)
and

b(0) = —(0)'w, DO =d0O)w,  (23)

where @ := diagw;] € RV*Y | to obtain
¢ = —ws+3(0)" LB (24)
5 = we+®O)tTLD()v. (25)

Then, by direct substitution of (17) and (18) in (7b) and
(7d) respectively, we obtain

v = —Kav— Kpeq (26)
0 = w (27a)
w = —Kdgw - Kpga - p(t)li(sd, ed). (27b)

For further development, it is useful to stress that, after
(19) and (20), eq and s4 may be expressed in function of e
and s as

ea = e+®(0) A(%),

) (28a)
sa = s+®O)FTA(%)

(28b)

where Z; is short notation for z;(A) := 2(t + A), with A €
[-T% 0] and

Aiq(2) ;
A(%) == . Ai(B) = Z aij/ Zi(T)dr.
An (%) JEN; t—T;;(t)
(29)
Furthermore, x(eq, sq4) in (27b) may be expressed as
k(ed, sq) = k(e, s) + kale, s,0, ;) (30)
where
AIA1 + 261(;5?./41 + 281(;51J‘TA1
Kqg= — : (31)

ANAN + 2end AN + 25 o An

That is, in the absence of delays, i.e., with A (Z;) = 0, we
recover the error-dynamics equations from [26].
Next, for the purpose of analysis, let

o =0+ q(t)r(s,e), en:i=w+q(t)s(s,e)  (32)

RNXN

where ¢ : R>g — is a differentiable function defined

dynamically as

G+ Kaod + Kpoq = p(t)In (33)

and, in turn, K49 and K, are diagonal positive definite
matrices. We stress that, after (21) there exists b, > 0 such
that

e {[alocs dlocs dloos [0 P } < By (34



and, since ¢ is solution to
¢® + Kapl+ Kpod = p(t)Ix

and p is persistently exciting by assumption, so is ¢ —[24].
In the new equivalent coordinates (32), the closed-loop
dynamics equations become

. _Kdt —Apt 0
X,;=| 0 0 GF — e, | X,

0 —Gi+eé, 0

0 Kp®"
+leTL|Dv—| 0 |AGZ) (35
LT L 0
: 0 In
X, = X,
R i)

- m [e@ "+ 50""] LDV — B] kg (35b)

:=diag[e,,,], X¢ == [vT el sT]T

where & ':diag[sz—i-ez}, €w viels
and X, :=[e, e]]".

The rest of the proof consists in establishing uniform
global asymptotic stability of the origin for (35). This may be
accomplished by arguing as in the proof of the generalized
Matrosov’s theorem [25]. First, we need to establish uniform
global stability (namely, that the solutions are uniformly
globally bounded and the origin is uniformly Lyapunov
stable). This, in turn, may be accomplished in two sepa-
rate steps, for (35a) and (35b). For the former, we use a
Lyapunov-Krasovskii functional that is reminiscent of the
strict Lyapunov function proposed in [26] for the system
(24)—(27) subject to (eq4, sq4) = (e, s), that is, without delays.
Let

V(v,2,%)=v' K, ot erzTEqu/ / (7)|?drdo.
T+ Jt+6
(36)
After [22, Lemma 1], we have
Ao(L)z" Lz < le* 4 |s)? < An(L)z" Lz, 37

S0, in view of the inequality

[

it follows, according to [27], that the functional V is positive
definite and radially unbounded with respect to X;. Further-
more, the time-derivative of V' along the trajectories of (35a)
yields

t
) [2drdo <T*/ 212 dr,
t—T*

V< — UTKfletv —Y (%)

QNT* Zza” / T A

j=11:=1 ij

(38)
2

Y(Zt

which is negative semidefinite. This establishes uniform
global stability for (35a) and, integrating on both sides of
V< —’UTK K v, we also conclude that v and Y (zt),
consequently also k4, tend to zero asymptotically. Note,

moreover, that (35a) is input-to-state stable with respect
to the converging input (v, K4), so uniform global stability
follows.

To establish uniform convergence, according to [25], we
need to find a series of functions V; and ); such that VL <
;(t, X4, X,-) and having the properties that each ¢; < 0 on
the set where v; = 0 for all j < ¢ and the only point at
which v;(t, X, X,.) = 0, V4, is the origin. This property is
verified as follows.

Let the first function V4, correspond to V' (v, z, 2;) defined
in (36). Then, ¢y = —v'K,;'Kqv — Y(%). Now, let
Va(e,v) := e wv; its total derivative,

Vo=0v'®" LPv+ ST(jF;’U — e Kgyv— eTKpte —v'e,s,

satisfies Vy = feTKpte =: 19 < 0 on the set {11 = 0}.
Then, we introduce

(39)

Note that Y(2;) = 0 implies that k4 = 0 hence, the total
derivative of V3, restricted to the set {Y (%;) = 0}, satisfies

Va(ep, ew) = C2 [ezew + e(;ergeg} +ep €o-

) c 1
Vs < — feIKdgew + ie;—Kpgeg

+ ZleeTLov]’ + Z[sotTLoul’,  @0)

That is,
. 1
Vs < ~1 I:CQ€IKd9€w + e;—Kpgeg] <0

on the set {11 = 0} N {42 = 0}, so we define ¢35 :=
1

—1 [c2e), Kagew + € Kppeq] and we carry on.

Let Vi (t, e, s) := e ¢(t)s; its total derivative yields

v DT LDGs —
— e §gdt T LPv+ s e,gs — e gege 41)

and on the set {¢); = 0} N {¢p2 = 0} N {¢»3 = 0}, which is

equivalent to {v = O Y(zt) =0,e=0, e =0, e, =0}

Vit =—e'js— sTRGs + e ¢*Re

satisfies VZH —sRg%s < 0.
Next, we introduce the function
Via(t,s,e) = k(s e) T(t)r(
4T
T(t) = 1+202TIy — = / / V2dr dm,

which has the following properties.

Second,
T
T<7f/

The last inequality follows from the property that ¢ is
persistently exciting.
On the other hand,

V42 — K */

+2r"T [e<1>T,c<1>v + 501 T LOV]

2 ik
Y(t)] < 142027
)2dr < 7—IN (42)

)Vdsk + k4(t)%k

and, by virtue of the fact that

kTGt k < sTq(t)*Rs + b2>\N L)V?|K 1| e' Kpe,



we conclude that, defining Vj := Vi + Via,

200 9
<
Vi T |
on the set {t); = 0} N {12 = 0} N {13 = 0}. Thus, we see
that

(43)

m {Tu":}?'- < 0} = {(87 5,0, €y, 89) = (0101 0,0, 0)}
i<4

so the result follows.

IV. A NUMERICAL EXAMPLE

In this section we illustrate our main result via numerical
simulations. The example that we present concerns four
identical robots that are required to achieve consensus in
their Cartesian coordinates and form a rhomboid shape. This
is achieved by choosing the offsets (.. d,;) as in showed in
Table I below. The table also contains the initial conditions
of the robots. The desired values or the orientation angles
(in [rad]) were set to 03 = [-1 1 0 —0.5] .

TABLE |
INITIAL CONDITIONS, RELATIVE DESIRED POSITIONS AND DESIRED
ORIENTATIONS.

i (0) | wi(0) 6:(0) Gx; | Oy, i
[ 5 4 | /x| 2| 0 0
2| 4 5 /37 | o | 2 | —n/2
3l 2 5 (43)x | 2 | 0| —=
4| 7 3 0 0| -2 | w2

The robots are interconnected in a closed undirected cycle
as illustrated in Fig. 1, where the Laplacian matrix is also
given. The control gains have been set to: K4 = 604

2 -1 0 -1
-1 2 -1 0
0 -1 2 -1
-1 0 -1 2

L:

Fig. 1.

Interconnection Graph and Laplacian matrix

Kp = 301y; Kgg = 3014; and Kpg = 1014. The persis-
tently exciting function p(t) is set to a rich signal of four
frequencies, (as many as robots in the network):

.
p(t) = —§+27r sin(0.5xt)+7 sin(2t) 43 sin(3t) 47 sin(t).

For simplicity, the time-varying delay is the same for all
the interconnections and is depicted in Fig. 2, its bound has
been taken as T = 0.37. These delays follow a normal
Gaussian distribution with a mean of 0.3 and a variance of
0.0003.

In Fig. 3 are depicted the paths in the plane described by
the robots. The initial positions are marked by ‘*’ and the
final orientations are represented by arrows. In Figs. 4 and

0.35
0.33
0.31
0.29
0.27
0.25

time ]

"ol ﬂhmujfﬁ mﬂ J FL

0.26 .
10.5 10.6

time delay p = 0.3, ¢ = 0.0003

10.7 10.3
time |[s|

10.9 11

Fig. 2. Time delay in the network interconnection.

5 are depicted the robots’ relative positions, z;, and their
orientations. It can be observed that the robots reach the
desired formation with an a priori unknown center at z. ~
(1.68, —0.6) and, as required, all robots point at it.

6 T T T T T T
~———Robot 1
——Robot 2
4r ———Robot 3 7
———Robot 4
= 2r s
=
w
~ ol )
- L3
E
5-2r 7
4t ]
'B ' 'l L ' Il L I
-5 -3 1 1 3 5 7
L [m]s 1€ [1r4]
Fig. 3. Trajectories and formation of the network of mobile robots
¥ : : :
A,
o .
g )
=z
@ - ———Robot 1|
E — Robot 2| |
i ———Robot 3
g — Robot 4|
5 60 1 y J s 1
0 5 10 15 20 25 30

time [s]

Fig. 4. Orientation of each mobile robot in the network.



— T T T
=
W I, == 1.G8 ]
8 12 16 20
time [s]
=Sk -
w \ -
o 2 \\T_‘ B == -0.60
-1k —— E
E a4 .
= 7 L L L L
0 4 8 12 16 20

time [s]

Fig. 5. Evolution of the relative positions z;.

V. CONCLUSIONS

A fairly simple decentralized controller for partial consen-
sus of nonholonomic mobile robots in the presence of non
smooth time-varying communication delays was presented.
The controller is of the proportional-plus-derivative type and
relies on d-persistency of excitation to overcome the effects
of nonholonomy.

This controller applies in the common scenario in which
a group of robots, equiped with global positioning sensors,
establish a bidirectional communication over a wireless net-
work. The communication, however, may be affected by
diffent time-varying delays. Our main result, however, does
not account for possible obstacles and it does not apply if
some states are not measurable. Current research is being
carried in this direction.
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