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Abstract

Autonomous vehicles (AV) offer new avenues for transportation applications and call for a
new understanding of traffic dynamics when both regular cars and AV coexist. Many works
looked at this question with a microscopic approach where both the AVs and the regular cars
are modelled as ODEs. Here, present a second order model describing the interaction between a
macroscopic traffic flow described by PDEs and autonomous vehicles (AV) described by ODEs.
This model is inspired by recent development on moving bottlenecks for scalar conservation
laws and is intrinsically multiscale. We give an analysis of this model and we show the existence
of weak solutions with bounded variations.
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Introduction

Traffic flows have been a natural subject of many mathematical studies for roughly as long as
cars exist. This can be explained by the tremendous interest of understanding traffic dynamics,
both from a theoretical and practical point of view. The interest of having a continuous macro-
model compared to a micromodel comes from the curse of dimensionality and the unbearable
computational weight when it comes to costly applications such as control design with a large
number of cars. Many celebrated macromodels were derived in the last decades, as for instance the
historical LWR, [17, 20]. But traffic flow modeling has come to a new rise with the development of
second order models. Among the most celebrated one can cite the Paye-Whitham model [19, 24]
and the ARZ [2] model (see also its generalizations GARZ [9] and CGARZ [10]). As they consist
of hyperbolic equations, the most natural framework to consider is entropic BV solutions. Since
then, there have been hundreds of studies of these models that are relatively well understood. The
advent of AVs in the last few years changed the story. It calls for a deep understanding of the inter-
action between AV and traffic flows, as AVs are soon to be a reality that cannot be ignored. This
question comes with a first modelling difficulty: how to look at the interaction between something
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intrinsically microscopic with something intrinsically macroscopic? While some studies exist on the
effect of AV on traffic flows (see for instance [5] or [14]), an answer compatible with a macroscopic
theory was given only recently in [6, 7] (see also [11]) motivated by the following observation: when
a particular vehicle is in a traffic flow it has only two possibilities: it can either follow the flow or
go slower and in this case it has a local effect on the flow. Therefore understanding the interaction
between AVs and traffic flow is very much linked to understanding the effect of a moving bottle-
neck. While several works looked at the moving bottleneck problem in macromodels [12, 18] it is
only recently that some studies looked directly at the effect of a moving bottleneck whose dynamic
is given either by the flow or by the limiting speed that it imposes. In [6, 7, 8], Delle Monache
and Goatin derived a flux condition that couples a moving bottleneck with a traffic flow model
by a LWR equation. The resulting system consists of a PDE representing the bulk traffic coupled
with an ODE representing the moving bottleneck where the state of the ODE acts on the PDE
through the flux condition and the state of the PDE is involved in the ODE. In [ 1] the authors
illustrated that this framework could adapt to the interaction of the AV and a first order model
traffic flow. This system was proved to have BV solutions (coherent in some sense with the reality)
[15] and then to be well-posed [16]. Its application to the control of traffic flow was later studied
in [11]. Two things are worth to be noted: first, even though this model does not differentiate
between lanes, it is intrinsically multilane since a moving bottleneck only reduces the flow but do
not stop it. This means that the model takes into account the fact that the particles of the flow
can get around the bottleneck, for instance by overtaking. Second, and this is one of the most
surprising features of this class of model: the flux constraint can be in contradiction with the usual
entropy condition. This means that entropic solutions are not the right framework anymore. Even
though this may come as a surprise, it can easily be understood in practice: a single car can have
a macroscopic effect on the system, for instance if a particular car decides to stop in the middle
of the traffic flow it will create a wave with a low density of car propagating in front of it, and a
wave with a large density of cars propagating behind it. This is a nonentropic shock. This also
means that many of the classical tools that were developed for hyperbolic equations are useless
here. Consequently analysing this system raised new and non-incremental difficulties.

Unfortunately first order models cannot grasp important physical phenomena as stop and go
waves. Besides being interesting in themselves, stop and go waves (or jam) are paramount as they
are at the origin of high fuel consumptions (and therefore CO2 emissions) in congested traffic.
They occur because the uniform flow steady-state becomes unstable when the traffic is congested
enough. Both theoretical and experimental studies suggests In recent years AVs have been seen
as a new disruptive way of controlling traffic flow to dampen stop-and go waves with the hope
of reducing by up to 40% the fuel consumption and CO2 emission in congested flows [22, 13]. Tt
is therefore important to come up with a richer model capturing stop and go waves in order to
understand the interaction between traffic flows and AVs. In this paper we propose a second-order
ODE/PDE model consisting of a GARZ system coupled to a ” Delle Monache Goatin-like” condition
generalized and adapted to a second order model. Just like for the first order model, the correct
solutions are not entropic anymore, leading to potential nonclassical shocks and the impossibility
to apply the classical entropic theory. The main difficulties consist in dealing with the new family
of wave (so-called second family [23]) arising from the second order model. In particular, trying
to apply directly the strategy of the first-order model would fail as, even in the entropic parts
of the solution, the density of cars can both discontinuously increase or decrease because of this
new family of wavefronts. It is worth noting that in [23] the authors already looked at a similar
second order model based on ARZ equations and managed to define and characterize precisely
the Riemann problem and dealt with the numerical analysis. However, there did not address the
question of existence of solutions outside of the framework of the Riemann problem. The second



order model we propose here can be seen as a generalization of their model and the analysis we
carry could be directly applied to their model as well. Finally, another difficulty consists in defining
the right notion of two dimensional weak-solution when the solution can be non entropic at the
moving constraint. Concerning this last problem, one can mention the remarkable paper [1] where
the authors consider a second-order model with a flux condition at a fixed boundary and where the
same type of question appears. This paper is organized as follows: in Section 1, we describe the
GARZ model coupled with a moving constraint, the different families of solutions, the properties
of the model and the wave-front tracking approximation. In Section 2 we discuss the definition of
a weak solution for this ODE/PDE system and we state the main result, namely the existence of a
solution to the Cauchy Problem. Finally in Section 3, we prove this result in three parts: we first
prove the convergence of the wave-front tracking approximation to a well defined BV state and an
absolutely continuous function for the location of the moving bottleneck; then we show that this
BV function is indeed a weak solution of the PDE; finally we show that the location of the moving
bottleneck is a solution of the ODE.

1 GARZ model with a moving constraint

1.1 A strongly coupled PDE-ODE
This paper deals with the following strongly coupled PDE-ODE

Oip+ 02 (pV(p,w)) = 0, (

B (pw) + O (pw V(p, w)) = (

p (t,y(0) (V(p(t, y(t)), wt, ( ) —4(t) < Fa(i(t)), (L.1c

§(t) = min (Vy, V(p(t, y(t ) ) w(t,y(t)+))) (

p(0,-) = po(-) and y(0) = (
The PDE (1.1a)-(1.1b), introduced in [9], models the evolution of vehicular traffic and the ODE
(1.1d) represents the trajectory of a slow moving vehicle. The ODE influences the PDE through
the moving constraint on the flux (1.1d).

The function p € [0, pymaz] is the traffic density, w € [Wmin, Wmax] is & particular feature of each
driver and V (p, w) is the speed of cars. The function Fy () is defined by

Fa(y) = a max F(p,w, ),

(p,w) E(Oaﬂmax) X (wmin 7wmax)

with a € (0,1) the reduction rate of the road capacity and where

F,(y) represents the maximum flux that can be achieved at the position of the slow moving
vehicle.
Our goal is to prove the existence of solution of (1.1). To that end, we impose the following
requirements on the velocity V' (p, w) and the associated flow rate function f(p,w) = pV(p,w):

Al (p,w) = V(p,w) is C? ([0, prmaz] X [Wmins Wmax))-

A2. V(p,w) = 0 for any (p,w) € [0, pmaz] X [Wmin, Wmax), vehicles never drive backwards on the
road.

A3. V(0,w) = w for any w € [Wmin, Wmax], W is each driver’s speed on an empty road.

GARZdescription
P .

{eq:RPM}

{eq:RPMa}
{eq:RPMb}
{eq:RPMc}
{eq:RPMd}
{eq:RPMe}

{ass:A1}

{ass:A2}

{ass:A3}



A4 6827?(;), w) < 0 for any (p,w) € [0, pmaz] X [Wmin, Wmax|. In particular, %—‘;(p, w) < 0.

A5. g—x(p, w) > 0, more a driver will be fast on a empty road more he will be fast on a stuffed
road.

A6. V(pmax, w) = 0, at maximal density pmax, the speed of each driver is zero.

A7. Vi < Wpin, the maximum speed of the slow moving vehicle is slower than the minimum speed
of each driver.

Throughout the paper we will use the following notations. Let w € [Wpin, Wmax|, p(w,¥y) and
p(w,y) with p(w,y) < p(w,y) denote the two solutions of the equation

Fo(9) + Vop = pV(p,w) (1.3)

and p*(w) is the solution of Vyp = pV(p,w). Since f(-,w) is stricly concave, p(w,y), plw,y)
and p*(w) are well-defined. In the following to simplify the notations we will denote p(w) and
p(w) instead of p(w,y) and p(w,y). We denote by p.(w) the maximum point of F'(p,w,y) Thus,

%ﬁ’)’w) = V4. Moreover, V(p(w),w) is denoted by v(w) and V(p(w),w) is denoted by o(w).
We notice that p(w) < p.(w) < p(w) < p(w)*. The function o((p;, w), (pr,w)) = W

represents the Rankine-Hugoniot speed of the 1-wave ((p;, w), (pr, w)). In the sequel, we denote
by BV the class of functions of bounded variation, see [4, Definition 1.7.1].

Finally, for any BV function f, f(z) will always refer to the right limit, meaning that f(x)
stands for f(z+) = limy_,5, y>a f(y). The left limit will be denoted f(z—), given by f(z—) =
hmy%x, y<x f(y)

1.2 The GARZ model

[TL: This is valid away from the vacuum. Check what happens at the vacuum for the Cauchy
problem. We need probably an extension of the flux at 0 ( see [1])]
A priori OK because the flux is even defined in 0 in our case (otherwise extending it by 0 since
V(0,w) = w that is uniformally bounded). To myself: check whether there is any problem in 2.2.
We recall some basic properties associated to the PDE (1.1a)-(1.1b). Away from the vacuum,
the characteristic speeds of the GARZ model are A\ (p, w) = V(p,w) + p%—‘p/(p, w) and Ag(p,w) =
V(p, w). The first one is genuinely non linear and the second one is linearly degenerate. From A.4,
A1(p,w) < A2(p,w) for every p > 0. We list the waves that we will use for solving the Riemann
problem associated to (1.1a) and (1.1b).

e First family wave (1-wave): a wave connecting a left state (p;, w;) with a right state (p,, w..)
such that w; = w,..

e Second family wave (2-wave): a wave connecting a left state (p;, w;) with a right state (p,, w.)
such that V (p;, w;) =V (pr, wy).

o Vacuum wave (V-wave): a wave connecting a left state (p;,w;) with a right state (pr,w,)
such that p; = p, = 0 and w; < w,. Moreover, the speed of a V-wave s verifies w; < s < w,
5 =Wy

From A5. there exists an application R : {(v,w)\0 < v < w, Whyin < W < Wmax} — [0, Pmax] such
that
p = R(v,w) with V(p,w) = v. (1.4)

{ass:A4}

{ass:A5}

{ass:A6}

{ass:A7}

{eq:defrhoshocks

{ssec:GARZ}

{def:R}



In the following we will continuously extend this function by R(k,w) = 0 if k > w. We consider a
Riemann problem associated to (1.1a) and (1.1b) with two states U := (p;, w;) and U, = (py, wy).

o If wy < w, and p, < R(V(pi,w;),w,) then U; is connected to U,,, := (0,w;) by a l-wave,
Unp, is connected to Uy, := (0,V(U,)) by a V-wave and U,,, is connected to U, by a 2-wave.

e Otherwise, U; is connected to Uy, := (R(V (pr, w,),w;),w;) € [0, prmaz] X [Wmin, Wmaz] by
a l-wave and U, is connected to U, by a 2-wave. Note that in the special case where
pr = R(V(p,wy), w,), then U; is directly connected to U, by a 2-wave.

From now on, RS denotes the classical Riemann solver for the system of conservation laws in
(1.1a)-(1.1b). Moreover, RS,((p',w'), (p",w")(})), RSw((pr,wi), (pr,w:)(+)) denotes respectively
the p and w components of the classical solution RS((pi, wy), (pr, wr)(+)).

1.3 The constrained Riemann Problem

We consider the constrained Riemann problem for system (1.1) with initial data

o iz < 0, _Jw iz < 0, _
p(O,x)—{ or ifz > 0, and w(O,z)—{ w, ifx > 0 and y(0) =0. (1.5)

for all states (pg,wi), (pr,wr) € {(v,W)\0 < v < W, Wpin < W < Wmax}. Fix (pr,wy), (pr,w,) €
{(v,w)\0 < v < W, Wnin < W < Wpax}. The constramed Riemann solver RS® for (1.1) is defined
as follows.

LIEF(RS((pr, wi), (pry wr) (Vo)) > Fa () + VoRS o ((p1, wi), (pr; wr)(Va)), then

. [ RS (o), (plwn),wn) (@) i @< y(t),
RS ((”“w”’(”’“’w”“x/“‘{RS((pl( Dewn), (o)) (0ft) i > 9d.  (16)
y(t):Vbt.

i I f(RS((pr wr), (prs wr) (Vi) < Fa() + VaRS (o1, wr), (pr, wr)(Vp)) and
Vo < V(RS((pr, wi), (pr,wr)(V3))), then

RS ((pu, wi), (pry wr)) (/) = RS (o1, wr), (pr, wr)) (/1) (1.7)
y(t) = Vbt. ’

it IV, =2 V(RS (o1, wy), (pr, wr)(Vp))), then

RS (o1, wr), (prywr)) (/1) = RS (o1, wr), (prywr)) (2/1) (1.8)
y(t) = V(RS ((pr, wr), (pr, wr ) (Vy)))2- '

Note that in the first case, the traffic is influenced by the slow vehicle which travels with its own
velocity. In the second case, the slow vehicle doesn’t influence the traffic flow. The third case refers
to a situation in which the traffic is so heavy that the slow vehicle has to adapt its speed.

Remark 1. The function F,, is taken at w = w; in the Riemann solver to avoid the slow vehicle
trajectory to interact with a 2-wave or a V-wave in front.

{sec:MC}

{eq:RD}

{eq:RSM1}

{eq:RSM2}

{eq:RSM3}



1.4 Wave-Front Tracking Approximate Solution and TV type functional ( y
sec:wft
The initial data pg and wg are approximated by piecewise constant functions denoted by

py and w{ using an appropriate sampling (see [15, Section 2.2]). Solving the associated con-
strained Riemann problem for (1.1a)-(1.1b) with initial data ((pf,w), yo), the solution, denoted
by ((p™, w™),y™), can be prolonged until a first time ¢; is reached, when two wave-fronts interact.
Note that the slow moving vehicle trajectory y™(-) is regarded as a wavefront with speed given by
(1.6), (1.7) or (1.8) depending on the value of (w™, p™) around yo. We recall that, in the wave-front
tracking method, the centered rarefaction waves are replaced by piecewise constant rarefaction
fans. Thus, p"(t1,-) and w™(t1,-) are still piecewise constant functions, the corresponding Rie-
mann problems with initial data ((p™(¢1, ), w™(t1,)),y™(t1)) can again be approximately solved
within the class of piecewise constant functions and so on. Thus, y™(-) is the solution of

{70 = min 5,600 0O (1.9)

y(0) = yo, z € R. {ea3}

where the couple (p™(t),w"(t)) is an approximate solution of (1.1a)-(1.1b).

2 The Cauchy Problem with Moving Constraints

{sec:CMC}
In this section, we consider the Cauchy problem for the model (1.1) with initial data (pg, wg) :

R — [0, pmax] X [Wmin, Wmax] and yo € IR. Before stating the main result, we introduce the
definition of solution to the constrained Cauchy problem (1.1).
{def :weak-solutil
Definition 1. The couple

((pyw),y) € c° ([0, +OO[§ Llloc(]R§ [Ovpmax} X [wminvwmaXD X Wllocl ([Od—oo);]R)
is a solution to (1.1) Z'f

i. the function (p,w) is a weak solution of (1.1a)-(1.1b), i.e for all o € C1(R* R) ; {def :weak-soluti

/R+/ [Orp +V (p, w )c‘)zw]( >dx dt+/ Po (130> ©(0,2) =0 (2.1)

[TL: See [1, Section 2.3]: an extension of the flux has to be done at 0. Moreover, in which
variable we will write the Cauchy problem. In our proof we use (p,w) and (v,w)]

ii. The function p is an entropy admissible solution of (1.1a)-(1.1b), i.e for every k € [0, V (0, Wmax)|,
for all o € CHR? Ry), it holds {def :weak-soluti

/R /ek (@), w(t, )00 + Qu(o(t, 2), w(t, 2))ucpda dt

/ Er(vo, wo)p(0, z) dx (2.2) {eq:def-weak-ii}
[ ROy, wit y @)l y(t) - '>[ i B N PR VR
R+ 7y ’ ay 7y y Fa(y(t)) R(k,w) QO )y = Y
where v,w = (V(p,w),w) and
0ifv<k
_ 2. -
Er(v,w) {1 B ggz:twug, ifo >k, (2.3) {def-entropyi}
0ifv<k
Qk(v,w) = vy 24 def-ent 2
(0, w) {k_fg(é,uzw P (24) {dot-entropy2)



The entropy pairs (Ek, Qk) are taken from [1]. Here the term of the third line of (2.2)
compensate for the potential non-classical shocks that would occur at y(t). Note that all other
non-classical shocks are prohibited with this condition. Besides, the second term of (2.2) also
ensures that any solution maximize the fluz when non-classical shock occurs, i.e. condition
(1.1c) becomes an equality. This is similar to the result of [1, Section 3].

[TL: See [1, Section 2.3]: we may use the entropy pairs defined in [1, (2.13a) and (2.13b)].
Note that p~(w —v) = R(v,w) and p~ (w — k) = R(v,k) in our case. We also have to
add a compensation term of the form [1, (3.7)] and use the change of variable X = x — y(t).
Its role is to ensure that at y(t), the only admissible stationary discontinuities are the shocks
corresponding to admissible fluzes (1.1d) and the non-classical shock corresponding to the

fluz Fo(y)).]
iii. For a.et € Ry, §(t) = min (Vy, V(p(t,y(t)), w(t,y(t)))) or for everyt € R,

y(t) = yo + / min (Vi, V(plt, y(£)+), w(t, y(t)+)) ds. (2.5)

. the constraint in (1.1c) is verified, in the sense that for a.e. t € RT

i et 2) (Ve @), wit, z)) = 9(t) = Fa(9) < 0; (2.6)

We can now state the main result of the paper:

Theorem 1. We assume that Vi, < wmin. Let yo € R and (pg,wy) € BV(R; [0, pmax] X

{def :weak-soluti

{def :weak-soluti

{eq:weak-solutio:

{thm: cauchy-prob

[Wmnin, Wmax]). Then the Cauchy problem (1.1) admits a solution ((p,w),y) € LR, BV (R; [0, prmax] ¥

[Winins Wimax))) X WEL([0,400); R) in the sense of Definition 1.

loc

We construct a sequence of approximate solutions ((p™,w"),y™)nen of (1.1) using a wave-
front tracking algorithm, and we will prove its convergence. We deduce that the limit (p,w)
satisfies Definition 1 i.ii. and iv. from the convergence of (p",w™). We study the behavior
of (p™,V(p",w™)) around the point (¢,y™(t)) in order to prove that the limit (p,w,y) verifies
Definition 1 iii..

3 Proof of Theorem 1

Let ((p™,w™),y™) be an approximate solution of (1.1) constructed by the wave-front tracking
method described in Section 1.4. For a function f € C°(R., BV(R)) we will sometimes drop the
notation in time and denote f(x) instead of f(¢,x) to lighten the statements. The same will be
done for continuous function and we will denote y™ instead of y™(¢) and y instead of y(¢) when
there is no ambiguity.

3.1 Convergence of the wave-front tracking approximate solution

Lemma 3.1. Let ((po,wo),y0) € BV(IR; [0, pmax) X [Wmin, Wmax]) X R and ((p",w™),y") be a
wave-front approzimate solution of (1.1). Then, there exists C > 0 such that, for anyt € Ry,

TV (w™(t, ) + TV (V(p"(¢t,-),w"(t,-)) < C. (3.1)

{sec:proof}

{lem:TVn}

{lem:TVine}



To prove Lemma 3.1, we introduce the TV type functional I'(-) defined in (3.4). T'(-) may
vary only at times ¢ when two waves interact or a wave hits the slow vehicle trajectory. After a
meticulous analysis of wave interactions, we will show that I'(¢) < I'(0) which gives bounds on the
total variation of w™(¢,-) and V(p™(t,-), w™(t,")).

Lemma 3.2. w+— V(p(w),w) and w — V(p(w),w) are continuously differentiable functions.

Proof. Since (p,w) — V(p,w) is C? ([0, prmaz] X [Wimin, Wmax)), it is enough to prove that w + p(w)
and w — p(w) are continuously differentiable functions. Since o € (0,1) and (p w) — Vip,w)

is C? ([Oapmaw] X [wmin;wmax])> we have /S(w> < pc(w < p( ) and ( ’LU) (y) + Vyw —
f(paw) € 02 ([Oapmaw] X [wminawmax])' Moreover, ‘/b - Fi(p( ) ) < 0and % - 7(16( ) ) > 0.
Thus, applying implicit function Theorem, we deduce that w — p(w) and w — p( ) are at least

continuously differentiable. O

We introduce the two positive constant C; and C defined by

Cy= sup —V(p(w),w) >0, (3.2)
r WE [Wmin,Wmax) dw
d

C; = sup d—V(ﬁ(w),w) > 0. (3.3)
we[wmixnwma‘x] w

Using Lemma 3.2, C; < 0o and Cj; < co. Let C := 2(C; + C;). For a.e. t > 0, we define the TV
type functional

I(t) =TV(w"(t,) + TV(V(p"(t,-);w"(t, ) + () + CTV (w" (-, y" (), [t, +00)),  (3.4)
where + is given by

w (" (1) =) = w (¢, y" (1),

(t) = —2[o(w™(t,y(t)—)) — o(w"(t, y(t))], if o "(t, v ")) =
otherwise.

The term ~ is added to control the behavior of TV (p,w) when a l-wave interacts with slow
vehicle trajectory creating or canceling a non classical shock as in [7]. We introduce the term
TV (w"(-,y™(+)), [t, +00)) to deal with the cases where a 2-wave or a V-wave interact with the slow
vehicle trajectory creating or canceling a non classical shock.

Lemma 3.3. Let ((po,wo),y0) € BV((IR; [0, pmax] X [Wmin, Wmax]) X R and ((p™,w™),y™) be a
wave-front approximate solution of (1.1). Then, there exists C > 0 such that, for anyt € Ry,

I'(t) <T(0) (3.5)
The proof of Lemma 3.3 is postponed in Appendix A.

Lemma 3.4. The total variation t — TV (w"(t)) is constant. That is to say, TV (w"(t)) =
TV (wh).

Proof. Considering a Riemann problem at time ¢ associated to (1.1a) and (1.1b) with two states
U := (pi,w;) and U, = (pr, wy):

o If w; < w, and p, < R(w;,w,) then U; is connected to U,,, := (0,w;) by a 1-wave, Uy, is
connected to Uy, := (0,V(U,)) by a V-wave and U,,, is connected to U, by a 2-wave. In
this case, TV (w(t)) — TV(w(t ) =w, —V(U,)+ V({U,) —w —w, +w, =0.

{diff}

{constantecheck}

{constantehat}

{def:gamma}

{lem:interactionl

{var}



e Otherwise, U; is connected to U, := (R(V (pr, wy), w;), w;) € [0, pmaz] X [Wimin, Wmaz] by & 1-
wave and U,, is connected to U,. by a 2-wave. In this case, we have immediately TV (w(t")) —
TV(w(t™)) =0.

Moreover, a non classical shock is a wave ((p(w;),w;), (p(w;),w;)).Thus, the variation of w is not
modified. We conclude that the total variation t — TV (w(t)) is constant. O

Lemma 3.5. For everyt € R,
TV (w™ (" (), [t, +00)) < TV (wg)

Proof. The quantity w™(-,y™(:)) is modified only when the slow vehicle trajectory interacts with
a V-wave or a 2-wave. From Lemma 3.4, an interaction between two waves or a wave and the
slow vehicle trajectory does not modify the total variation of w. We claim that the slow vehicle
trajectory never interacts with a second family wave and a vacuum wave from the left (in other
words, the slow vehicle never catches a 2-wave or a V-wave).

e We assume that a second family wave ((p;, w;), (pr, w,)) interacts with the slow vehicle tra-
jectory from the right (i.e. it is catched by the slow vehicle). The speed of the second family
wave is V(p,w;) = V(pr,w,) and the speed of the slow vehicle is min(Vy, V(p;, w;)). We
have min(Vy, V(pi, w;)) < V(pr,w;). Thus, the speed of the slow vehicle is slower than the
speed of a second family wave, whence the contradiction.

e We assume that a vacuum wave ((0,w;), (0,w,)) interacts with the slow vehicle trajectory
from the right. The speed of the vacuum wave s verifying w; < s < w, and the maximum
speed of the slow vehicle is V;. Since, V;, < wpi, the speed of the slow vehicle is slower than
the speed of a vacuum wave, whence the contradiction.

Thus, the slow vehicle trajectory interacts at most once with a given V-wave or 2-wave. We
conclude that TV (w"(-,y™(+)), [0, +o0)) < TV (w (-), (—o0,y°]). More precisely, for every t € RY,
there exists x € (—o0,yo) such that

TV (w" (9" (), [t +00)) < TV (wg (), (=00, 2]) < TV (wy)

Proof of Lemma 3.1. From Lemma 3.3, we have

TV (w"(t,-)) + TV (v(p"(t,-), w"(t,-)))
STV(wg) + TV (0(ph, wy)) +7(0) =v(8) + CTV (w" (-, 4™ (-)), [0,2)),
< TV<wg) + TV(’U(p6L7 wg)) + 2Wmax + CTV(wn<'> yn())v [07 t))

Since (wj,vy) € BV((IR; [0, pmax] X [Wmin, Wmax]) and from Lemma 3.5, there exists C' > 0 such
that
TV(w"(t,-)) + TV(V(p", w")(t,-)) < C.

We are now ready to prove the convergence of the sequence of approximate solutions ((p™, w™), y™).

Lemma 3.6. Let ((p™,w™),y™) be an approximate solution of (1.1) constructed by the wave-
front tracking method described in Section 1.4. Then, up to a subsequence, we have the following
convergences

(p" w") = (p,w), in Llloc(]RJr X IR; [0, pmax] X [Wmin, Wmax]), (3.6a)
y" () = ul), in L (Ry; R), (3.6b)
g () = 9(), in Lige(Ri;R), (3.6¢)

{bobo}

{po}

convergence
g

convergence-w
g
convergence-—
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for some (p,w) € CO(Ry; L (R; [0, prmax) X [Winin, Wmax))) and y € W, (Ry;R) with Lipschitz
constant Vi,. Moreover, there exists C > 0 such that TV (p(t,-)) < C and TV (w(t,-)) < C for all
t>0.

Proof. Let (p1,p2) € [0, pmax] such that p; = R(V(p1,w1),w;) and ps = R(V (p2, ws), ws) where
R € C*([0, Wmax] X [Wmin, Wmax]) is defined in (1.4). Then there exists C' > 0 such that

[p1 = p2| S C([V(pr, w1) = V(p2, w2)| + w1 — wel). (3.7)
From (3.7), we deduce that
TV (p"(t,-)) S C(TV(p"(t,-), w" (t,-)) + TV (w"(t, ). (3.8)
From (3.1) and (3.8), there exists C' > 0 (independent of n) such that, for every t > 0,
TV(w™(t,-)) < Cand TV (p"(t,-)) < C. (3.9

Combining (3.9) with the finite wave speed propagation, we show that
/ lp" (t,x) — p"(s,z)|dx < L|t — s| for all ¢t,s >0,
R

and
/ |w™(t,z) — w"(s,z)|de < Lt —s| for all £,s >0,
R

for some L independent of n. Helly’s Theorem, see [3, Theorem 2.4], implies the existence of (p, w) €
o (R+; L' (R; [0, pmax] X [Wmin, wmax])) and a subsequence of (p™,w"),,, which for simplicity we
denote again by (p™,w™),. This implies that (3.6a) holds and there exists C' > 0 such that
TV (p(t,-)) < C and TV (w(t,-)) < C for all t > 0.

Fix T > 0. From (1.9), we deduce that

0<g"(t) <V (3.10)

for a.e. t > 0 and n € IN'\ {0}. Using Ascoli Theorem [21, Theorem 7.25], there exists a function
y € C°([0,T];R) and a subsequence of (y"),, which for simplicity we denote again by (y,)n,
such that y™ converges to y uniformly in C° ([0, T];R). By the arbitrariness of 7', (3.6b) holds.
Moreover y is a Lipschitz continuous function with Vj, as a Lipschitz constant.

To prove that §"(-) — y(-) in L{ . (R4;R), we show that TV (§";[0,T]) is uniformly bounded

for any T > 0. Since [|§"( 1 (0,7) < Vb, it is sufficient to estimate the positive variation of §" over
[0,T], denoted by PV (y™;[0,T7]). More precisely, we have

TV (5" [0,T]) < 2PV (5" 0, T]) + 19" || o (3.11)

Since y" satisfies (1.9), the speed of the slow vehicle cannot increase by interactions with a second
family waves. Thus, from [15], the speed of the slow vehicle is increased only by interactions with
rarefaction waves coming from the right of the slow vehicle trajectory. Since all rarefaction shocks
start at ¢t = 0, we have PV (y";[0,T]) < TV (py). From (3.11), we deduce that

TV (y™;[0,T)) <207V (po) + Vs,

whence (3.6¢) by arbitrariness of 7. O
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3.2 The limit (p,w,y) satisfies Definition 1 i.ii. and iv.

[TL: To prove Definition 1 i. and ii. we need to use the convergence of ((p™,w™),y™). To prove
Definition 1 iv., we need to use Definition 1 i. and ii..AH: It seems to me that we only need point
i. for point iv.?]

Let us start by proving points i. of Definition 1. As (p™,w™) € L}, (R4 x R) is a weak solution
of (1.1a)-(1.1b), it satisfies Definition 1. This implies that for any test function ¢ € C2°(IR? R),

/R+/ O + V(" w") O] ( )d:c dt + /Rpggo(o,x) (Jg) dz = 0. (3.12)

Using the convergence proved in the previous section, and Lemma 3.6 we know that (p™, w™) —
(p,w) in LY, (R4 x R; [0, pmax] X [Wmin, Wmax]) and therefore we can pass to the limit in (3.12)

loc

and get point i. of Definition 1.
For point ii. of Definition 1 similarly as one can define v™ = v(p", w™) and therefore v — v in

Li, (R xR; [O V (0, Wmax)] X [Wmin, Wmax)). Noting that (p™, w™) satisfies for any k € [0, V(wmax)]
and ¢ € C.(R* Ry),

/ / Ep (V" (t, ), w™(t,x))0pp + Qr (0™ (¢, x), w" (t, x))Oppdx dt
R, /R

+/ Er (v, wy) (0, z)dx dt
R

k—gn 1 +
+ [ R@™w™ (" — " vo_
/m( W= E G R

oty (1))dt = CTV (v™(t, ), w™(t,-))27",
(3.13)

where C is a constant independent of (v™, w™). This term on the right-hand side a consequence of
the rarefaction shocks of the approximated solution obtained by the wave front tracking algorithm.
Since the total variations of v™(t, ) and w™(¢,-) are uniformly bounded in n (see (3.9)) we can pass
to the limit in the right-hand side. We can also pass to the limit in the terms of the two first lines
but we cannot a priori pass to the limit directly using a dominated convergence since we do not
have the convergence of (v"(t,y™(¢)), w"(t,y™(t)) to (v(t,y(¢)), w(t,y(t)). Let us set

k—git) 1 +
Fo(y™(t))  R(k,w")

B (1), ") = [ (3.14)

Note that since point iii. of Definition 1 holds for (p™,w™) = (R(v"™,w™),w"), then for almost
every t € Ry either g"(¢) = v™(t,y"(t)) or "™ (t) = V;. Since {§™(t) < V4} is measurable, we have

. R(u™,w") (v = g™ )h(g" (), w" (8, y" (£))p(t, y" (1)) dt

(3.15)
= /R R, w")(v" — g™ )h(Vo, h(y" (), w" (£, y" (£))) o (t, y" (2))dt.

With this transformation in mind, we can proceed as in [1] and observe that for any v™,w™ such
that (R(v™,w™),w™) is a weak solution of (1.1a)—(1.1b) (i.e. satisfying point i) of Definition 1)
one has
Fp(R(v", w")) + O (R(v", w =
O (R(V"™, w™)w™) 4+ O (R(v™, w ) " ”) =0, (3.16)
Fp(R(v",w")j(w")) + Oz (R(v",

{weak-i-pr}

{eq:to-conv}

{eq:transform}



in a distributional sense for any borel function j on [Wmin, Wmax]. Hence, since (R(v™, w™),w™) is
a weak solution of (1.1a)—(1.1b) (i.e. satisfying point i) of Definition 1) we claim that

R(u"(t,y"™(8), w™ (£, y"™ () (0" (&, 4" () = g™V h(Vo, w™ (8, y (1)) o (t, y" (£))dt

R

= [ R Vel () )

+ R(0", w")h(Ve, w") [0ep(t, y" (1) + Oup(t, y™ ()5" ()] £ (x — " (t))dadL,
(3.17) {eq:comp20}

for any £ € C°(R) such that £(0) =1
Indeed, one can check that, thanks to (3.16) with j : w — h(V,, w), one has

/R / ) Yo (Vi w™)o(t ™ ()€ (2 — 5™ (8))
R, w0 h(Vi, w) [Bup(t, 5™ (6) + Ducolt, 57 ()37 (1)) £ — (1)) dadl

:/R R(0"(,y" (1)), w" (£, y" ()" (&, y" () h(V, w™)p(t, y" () di

/< n(1) w")o" h(Ve, w™))p(t y" (£))8 (2 — y" (t))dadt
/ at(1x<y"(t)R(v",w")h(‘fb,w"))(p(t’yn(t))g(x . y"(t))d:rdt
/< R(v", w")h(Vy, w™)p(t, y" (8))€ (z — y" (t))y" (t)dwdt

J
/R y™(t)
= [ RO ) ) € OIS oty )
o e CRE W bV ) 4 B CRG  (Ve )] 0,7 (1) 37 (1))
= [ RO DR 0 O)i 0
w0 et ) oy ()

= [ ROM )0 6 ODO 6y () 5T )l )i

/R / ) (Vi w5 (0)€ (& — " (1))d" (¢ dardt
: (3.18)

where, with a slight abuse of notation, the integrals in the computations refer in fact to a distri-
bution product on D'((0,7) x R) and D((0,T) x R). We can now use a dominated convergence
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and obtain that

nli}r_‘r_loo /]R+ /x<yn(t) R(v"’ w")(U" _ yn)h(Vb,wn)(pa’ y"(t))f/(x _ y"(t))
+ R(U"’ w")h(%a w") [at@(f,, y"(t)) + a$<,0(t, y"(t))y"(t)] f(x _ y"(t))dxdt
- /]R /< o ) = DRV w)elt y(1))E (@ —y(1))

+ R(v, w)h(Ve, w) [Bro(t,y(0)) + Dot y (D)0 €@ — y(t) dodt.

Moreover, since (p,w) also satisfies point i) of Definition 1, we get, together with (3.16) and
(3.17)~(3.19),

(3.19)

R ol ’ (3.20)
= R(v, w)(v = §)h(Ve, w(t, y(t)))e(t, y(t))dt.
This implies that
[ [ entotta) it e)oe + Qulvlta),w(t.0)oupde di
R; /R
Jr/ Ex(vo, wo)p(0, z)dx dt (3.21)
R

+ [ Rl = Vi (e )l y(0)de > 0.
Ry

which in particular implies that nonclassical shocks for (R(v,w),w) can only occur in y(t) (see [1]
for more details).

In Section 3.3 we will show that point i. and (3.21) are enough to show point iii. of Definition 1
for (R(v,w),w). Thus we assume from now on that point iii. of Definition 1 holds for (R(v,w),w).
Then, since {y(t) < V;} is measurable

R(v,w)(v = 9)h(V, w(t, y(t))e(t, y(t))dt = / R(v,w)(v = 9)h(y(t), w(t, y(t)))e(t, y(t))dt,

R, Ry
(3.22)

and given the definition of h, we obtain

/ / Ex(v(t, 2), w(t, 2))Dhp + Qu(v(t, 2), w(t, ))Duipd dt
R: JR

+/R£k(vo,wo)<p(0,w)dﬂc di (3.23)

L [ B S
# [ B =i [ - ] st >0

We now show that (p,y) satisfies Definition iv.. Let (tg,29) € Ry x R, we denote
p(to, To+) = oA p(to, ),

p(t0ax07) = lim p(to,l’),

T—x0,r<To

(3.24)
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which exists given that p € C°([0,T], L},.(R, [0, pmax])). We define similarly w(to,zo+) and
w(to, zp—) and the analogous quantities for (p™,w™). The idea will be to recover Definition iv. by
using point i. of Definition 1 with appropriate test functions. Let ¢» € C°((0,T) x R, R). As ¢
has compact support in its space variable, there exists @ € R such that for any (¢,z) € supp(v),
x > a. This implies that there exists €9 > 0 for any x < a + 2¢¢ and any t € (0,7T), ¢¥(t,z) = 0.
We now set ¢ € (0,69). We define ¢1 . € CH((0,T),Ry) such that ¢y = 1 on [2¢,T — 2¢].
This function ¢; . is an approximation of the constant function equal to 1. Similarly we define
e € CH((0,T) x (—o0,y™(t))) such that

Oifz<a

lifz € (a+e,y™(t) — 2)

O 1ifx e (y(t) — 26, 97(t) —¢)
Oifz > y"(t) —e.

Pre = (3.25)

Therefore ¢ . is an approximation of a stair function equal to 1 before y™(t) and 0 after. Setting
the test function ¢ = ¢¢5 _ and applying Definition i., one has

7 n yn
/ / P {@1/@2,5 + 1/)7(lxe(y"(t)—Q&y"(t)—E))
R; /R €

1 1 (3.26)
V000004 V(0" (2 ) Laetrt-zearo-o)| () do it =0,
where we used that ¢ (¢,z) = 0 for t =0 or x € (—o0,a + 2¢). This gives
23 n s n 3 1
|| oo+ viraumogo () o a
fe TR (3.27)

= / / P [V(p , W ) -y ]7/}(71x€(y"(t)—2a,y"(t)—a)) ( n> dzx di.
R, /R € w

As p™, w™, y are all Llloc functions and 1 is C'°° with compact support we can use Dominated
Convergence Theorem and let € — 0

y" (1) 1
L] rew v o () doa
Ry J—o0 w
1

= [ 2 O s O e 0D = O 0 (g oy )
(3.28)

The same can be done with (p,w,y) instead of (p",w™,y") by defining ¢ . just as ¢, but with
y(t) instead of y™ and one has

y(t) .
/R+ /_Oo p 0 + V(p, w)0z1] (w) dx dt
1

(3.29)
= [ oteu ) Vot 09,160,900 ) = 5OL 6090 (1))

As (p",w™, y") satisfies Definition iv. and v only takes values in R, one has, taking the first
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component of (3.28)

/ / " O+ V(" w™) D] de dt
R+ (3.30)

< / Fol§™)(t, 5" (1)) dt.

Note that, from Lemma 3.6, y" — ¢ € L}, .(0,T,R) and there exists C' > 0 independent of n such
that
TV(w™) < C (3.31)

which implies that Therefore one can use dominated convergence and get

n——+00

(t)
lim /]R / "0 + V(p™, w0 d dt = /R /y P[0 + V(p,w)0] da dt

(3.32)
Jim [ U Rty 1) dt = / P () dt.
Using (3.29) and (3.30) this means that
T
/ p(t,y(6)=) [V (p(t, y(t) =), wit, y(t)—)) — §()] (t, y(t)dw dt
R (3.33)
< [ Bttt y(o)ds d.
0
One can do exactly similarly to get
T
/ p(t,y()+) [V (p(t, y(t)+), wt, y(t)+)) — 9] ¢ (¢, y(t))dx dt
(3.34)

/ Faf y(t))dz dt.

As ¢ was an arbitrary function with compact support in (0,7) x R one has exactly (2.6) and
(p,w,y) satisfies Definition iv..

3.3 The limit (p,y) satisfies Definition iii.
We begin with some preliminary Lemmas.

Lemma 3.7. Let t € R, \{0} being fived and (x1,x2) € R? with x1 < x2, suppose that no V-wave
occurs in (x1,x2) and that there exists ¢ > 0 (independent of n) such that V(p"(x1),w™(x1)) +
c < V(p"(z2—),w™(z2—)). Suppose in addition that there is no non-classical shock occurring in
(x1,22). Then there exists § > 0 such that, for n large enough,

|22 — 21| = BtV (p" (w2—), w" (22—)) — V(p" (21), w" (21)))] (3.35)
where B is a constant independent of t, x1 and xs.

This lemma gives a minimal distance of travel between two states of a wave-front tracking solu-
tion with different velocity when no V-waves and no non-classical shock occurs. First, a shock can
only increase the velocity and a 2-wave cannot change it. Since by assumption no V-wave occur
n (x1,x2), we deduce that the only possible waves to increase the velocity are rarefaction shocks
and this imply a minimal distance. This lemma will be the basic tool for all the following analysis.
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Proof. |TL: The proof is false. From Lemma [15, Lemma 2.2], we have |zo — z1| > 8't|p"(z1) —
P (22—) — pmax2~"T1|. Thus, based on Amaury’s proof we have K, pmax2~ " ! which is a problem.
To get around this problem we have to use that V(p™(z1), w™(z1)) + ¢ < V(p"(z2—), w™(z2—)).
The proof below is false too because we don’t know that p"(zx) > p"(zk+1—) + ¢ JAH to TL: I
think you told me this had been corrected, do you confirm?

To prove this lemma, we first prove that if 21 < 29 and V(p™(z1), w™(z1))+c < V(p"(x2—), w™(x2—))
for any n, there is a minimal amplitude of variation of p™ through rarefactions shocks. Then we
conclude using Lemma 3.8. Obviously 2-waves cannot change the velocity so the only waves that
can occur to change the velocity are shocks and rarefaction shocks. As there is a finite number
of discontinuities we can define K,, € N and z1 =: 20 < 21 < ... < 2x,-1 < 2K, ‘= %2 such that
there are only rarefaction shocks between (zj, zx+1) for any k € {0, ..., K, — 1}. In other words zj
are the points where a shock or a 2-wave occurs, and this implies that w™(z;) = w™(zp+1—)
for any k € {0,...,K, —1}. Note that when a shock occurs in z, w"(zz—) = w"(z;) and
p"(zk—) < p™(zx) which implies that V(p"(zp—), w™(zk—)) > V(p"(2k), w"(2x)), as V is strictly
decreasing. So shocks have only a negative influence when trying to reach V(p™(zo—), w™(z2—))
from V(p"(x1),w™(x1)). As 2-waves do not change the velocity, for any k € {1, ..., K, — 1},

V(p"(zk=), 0" (21 =) = V(p" (2k), w" (2k)). (3.36)

Besides, as V (-, w) is C1([0, pmax]) With w € [Wiin, Wmax] and w™(2x) = w™(zx+1—) there exists a
constant ¢y > 0 independent of n, p™ or w™, such that

0 < V(p"(zh41=),w" (zr1—)) = V(" (21), w" (21)) < co(p" (zh41—) — p" (21))- (3.37)
Now, we use the following lemma

Lemma 3.8. Lett € R.\{0} and (z1,22) € R? with 71 < xa, suppose that w™ is constant between
(x1,22) and there exists ¢ > 0 (independent of n) such that p"(x1) = p™(x2—) + ¢. Suppose in
addition that there is no non-classical shock occurring in (x1,x2). Then there exists 5/ > 0 such
that

|2 — 1| > B't]p" (21) — p" (22-)) (3.38)
where 3" is a constant independent of t, x1 and xs.

The proof of this Lemma fosters directly [15, Lemma 1] by observing that on (z1,x2), p™ is a
wave-front tracking solution of a LWR model with flux f given by f(p,v(p)) = pV(p,w), as w is

constant, there is no V-wave or 2-wave and for n large enough p™(x1) — p™(22) — pmax2 "1 >
p"(z1)—p" (z2) -
5 .

Using that w(zy) = w(zk4+1—) and applying (3.37) becomes :
BV (p" (zry1=), w™ (ze41-)) = V(o™ (2k), w" (2x))) < colzrsr — 2] (3.39)

Thus overall, using (3.36) and (3.37),

Kn—1

BV (p" (w2—), W™ (x2—)) = V(o™ (z1),w™(21))) S €0 Y |2h41 — 26| = colza — 21|, (3.40)
k=0

and setting 8 = /¢y > 0 ends the proof of Lemma 3.7. O

We now introduce a Lemma that gives the maximal amplitude of the variation of the velocity
through a rarefaction shock
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Lemma 3.9. Let (p™,w") be a solution constructed by a wave-front tracking algorithm. Suppose
that a rarefaction shocks occur in x1 € R, then there exists a constant Cy independent of x1, n,
P, w™ and depending only on V' such that

V(" 1)) = V(" (1), g -)) < s (3.41)

Proof. The proof is straightforward : if there is a rarefaction shock only p™ is discontinuous through
the shock and by definition (p"(x1) — p"(x1—)) < Pmax/2". Then the result holds with Cy :=

MAX(p w)E€[0, pmax] X [Wmin,Wmax] (|8PV|) O

We are now ready to prove that the limit (p,y) satisfies Definition iii.. First, as (p™,w™) are
approximate solutions of the problem (1.1) and from Lemma 3.6, we can define Ay a negligible
space such that for any ¢ € R\ N,

o lim (p"(t,z),w"(t,z)) = (p(t,x),w(t, x)) for almost every = € R.

n—-+oo

e s — y(s) is a differentiable function at time s = ¢,

o Jlim y*(t)=y(),

o " =min(Vy, V(p" (¢, y"(t)), w" (¢, y"(¢t)))) for any n € N.

More precisely, it suffices to show that

i min(Vy, V(" (67 (0), 0" (4,97 (1) = min(Vi, V(p(t () wlty®). (342)
We define in the following p* := lim,_, )+ p(t, ), p~ := lim,_,, )~ p(t, ), and similarly w* :=

lim, )+ w(t,r) and w™ := lim, 4~ w(t, ). Recall that p*(w) is the density such that
Vo =V (p"(w),w). (3.43)

As V, < V(0,w) for any w € [Wmin, Wmax] by assumption, and V is a decreasing function with
V(pmax, w) = 0, (3.43) defines p*(w) uniquely.

It would be very tempting to proceed as was done in [15] to treat the LWR model, which can
be seen as a simplified scalar version of this GARZ model, and separate the proof in the cases

i (p+,p—) € (p*, pmax), as no nonclassical shock can occur when p > p*.

it (pg,p—) €10,p*], as V(p,w) =V, when p < p* and thus the minimum of (3.42) is dominated
by V.

il py < p* < p-orp_ <p* <py.

However, as it is, this is doomed to failure as, p* depends on w which can be discontinuous as well
and thus p*(w;) would not have the same value as p*(w_). Besides, approximating p and w by
a wave-front tracking algorithm would give some (p™,w™) and it could be that even if (p™, w") is
close to (p, w) for some x, it could be instantaneously be brought away by a 2-wave, trying to show
that p™ and w™ are everywhere close to p and w is vain.

To deal with this problem we observe a fact from the conservation equations: since (p, w) satisfy
point i. of Definition 1, then almost everywhere in time only two cases can occur w_ = w4 or
V(ps,ws) =V (p—,w_) provided that py # 0 or p_ # 0. In other words, there exists a negligible
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space N' C R such that for any ¢ € Ry \ N the velocity V(p(t,-), w(t,-)) and the parameter w(t, -)
cannot be discontinuous in y(¢) at the same time unless p_ = p; = 0. This is shown in Appendix
B. In the particular case p— = p4 = 0, min(V;, V(p4,w4)) = V4 and it is easy to show that g =V},
for n sufficiently large, hence the results hold. In the following we will suppose without loss of
generality that py # 0 or p_ # 0 and N is contained in N. Thus, for any ¢ € R\ N,

o Vip(t,y(t), w(t,yt)) = V(p(t y(t)—), wit,y(t)—)) or w(t,y(t)) = w(t,y(t)—) almost every-

where
In spirit, the first case where w_ = w, is similar to the case of the simplified LWR model treated
in [15], as the GARZ model would reduce to the LWR model is if w was constant on R. A new

difficulty would arise as the 2-waves and V-waves can induce more complicated behaviors. We will
come back to that in Subsection 3.3.2.

The second case, however, is specific to GARZ model and is a new feature. Thus, overall there are
two new difficulties : dealing with the influence of the 2-waves and V-waves in the first case and
treating this second case. We will start by a lemma that can be applied in these two cases, and
then deal with the two cases separately.

Lemma 3.10. Lett € Ry \N ande > 0. Let (py,p—) € ([0, pmaz))? and (wy,w_) € ([w_,w;])?.
There exists 6 > 0 such that, for n € N large enough, if x € (min(y™,y) — 6, min(y™,y)) two cases
can occur:

V(0" (1), 0" (2)) € Bo(V (o)), o1
or V(p"(t,z),w"(t,x)) € [Vp — 2e,+00) and V(p_,w_) € [V, — &, +00). )
And if x € (max(y",y), max(y",y) + 0),
V(pn(t,l‘),wn(t,l‘)) € Bg(V(,O_A,_,w.|_)), (3 45)
or V(p"(t,z),w"(t,x)) € [V, — 2e,+00) and V(ps,wy) € [V — &, +00). ’

where By(a) stands for the ball centered in a of radius .

In other words, this lemma shows that in a short range before min(y”, y) and after max(y™, y),
the approximated velocity V(p™,w"™) is everywhere close to V(p,w) or is also close to be larger
than V; if V(p,w) is. Note that this is not obvious as the convergence in BV of (p™, w™) gives
only information almost everywhere and this is precisely all our problem : we need to obtain some
convergence in a particular location y(t). An illustration of Lemma 3.10 is given in Figure 1. We
now prove this lemma.

Proof of Lemma 3.10. Let us assume without loss of generality that < min(y",y) (the other
case is similar by symmetry). From Lemma 3.6, for every e > 0, there exists g > 0 such that
TV (p(t,-), w(t, ) |min(ym,y)—50,min(y",y)) < sy7 With M the Lipschitz constant of V' € C?([0, pmax] ¥
[Wimin, Wmax])- This implies that, for any € (min(y™,y) — do, min(y™,y)),

(p(t,z), w(t, ) € Bejan((p—,w-)). (3.46)
We now treat the two cases V(p_,w_) <V, —e and V(p_,w_) >V, — ¢ separately.

Step 1: if V(p_,w_) <V}, —e. We now proceed by contradiction. Suppose by contradiction
that for any 6 > 0 and for any ng > 0 there exists ny > ng and = € (min(y™,y) — 6, min(y™, y))
such that V(p™ (z),w™ (z)) € R\ Bs(V(p—,w-)). Then by selecting § = dp/n we can construct a
sequence (Z,)nen such that

V(p"(@n), w" (zn)) € R\ Be(V(p—, w-)) (3.47)
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V(p,w)
Vip—,w_)+e—

Vip—,w-)

Vip—,w_)—e€—

V(ps+,wy) + €7
Vip+,w+) 1

Vips wy) =€

Y (t) = do Y™ (t)

=0 y"(t) w()

T
y(t) + 8 y(t) + &

Vip—,w_) < Vi —e and V(ps,wy) <

Vi, — €
V(p,w)
V(ps,wi) 1
Vip—,w-) +
Vp— 2 - i e
I I [ I
T T L T
Y () =00 y"(t) — 0 y" (1) w(t)  y(t)+dy(t)+do
V(p,,’u),) > Vp — € and V(p+7w+) >
Vi, — €

Vip,w)
Vip—,w_)+e€—

Vip—,w-)

Vi -

Vi — 2¢€

V(ps,wi) + e~

Vi, wy) T
Vipy,wy)—e— e
| | | | | |
T T T T T T
yr(t) =0 y"(t) =0 y"(t) y(t)  y(t)+dyt)+do
Vip—,w-) 2 Vp — € and V(py,wy) <
Vi, — €

Figure 1: Tllustration of Lemma 3.10; let t € Ry \N, e > 0, (py,p_) €

(-, w4 ])? with 47 () <
[y(t),y(t) + &] belongs to the area surro

y(t). The approximate speed V(p t
the dotted lines (...) and p(t,-) over [ (t) —

30, y(t) + do] belongs to the shaded zone.

with

Then as we know that (p”, w™) —

Besides, from (3.46), (p,

T, € (min(y",y) —

Zm < y(t)

m——+oo

0, min(y",y)) and

"), wn (¢

lim 2, = y(t) and hrf (", w")(zm) =

([0, pmaz])? and (w+,w_) €

) over [y () — &,y" (£)| U

(3.48)

(p,w) in BV, we can build a sequence (zm)men such that

(p,w)(zm). (349)

w)(2m) € Beja((p—,w-)). As 2z, — y(t), we can use a diagonal argument



1

1) and (22) and ny > ng large enough such that for any n > ny,

to construct two sequences : (z
. 1_ 2 _
zh < x, < 22 < min(y",y),
(anwn)(zrlﬁ‘) € Baeam(p—, w-) and (pnvw")(zi—) € Baeam(p—, w-)
V(pnawn)(zrlz+) € 835/4(V(p77w7)) and V(pn7wn)(zr21_) € 836/4(V(p77w7))'

(3.50)

Note that we used the Lipschitz continuity of V' for this last point. (3.47) and (3.50) imply that
V(p™, w™) has to reach Bs./4(V(p—,w_)) from z,, to z and from z, to z2. As n can be chosen
large enough we suppose in addition that

Bt

|2, — min(y",y)| < e

5 (3.51)

the first point 2 such that V(p"(z—), w"(z—)) reaches Bs./4(V(p—,w_))
see Figure 2). In other words,

We denote g € [z}, z,
from V(p"™ (), w™ (2,

V(pn(xo_)7wn(x0_)) S 835/4(‘/([),7’[1),)), (3 52)
V(pn(x)vwn(x)) €ER \ 836/4(V(p77w7))7 Vo € [x(]axn)v .
V(p",w")
Vip_,w )+e4+ ——— == —F — = — — — — — —
Vip_,w ) =3 4- — — — — = L — — — — — — — — —
+
V(p,,w,) ]
V(p,,w,) - % - - - - V- - - - - = = = =
Vip_w)—e—+ — — — — — — — — — — — — — — —
:711 IIO -Tln ZIZ minéy",y) v

Figure 2: Illustration of V(p", w") if Vi&'?Idél{:fgt?o}l% ~&and V(p™(xn), w™(xyn)) > V(p—,w_)+e
with 2} < 2o <z, < 22 < min(y",y) [ P

Step 2: there cannot be any V-waves between xg and x,. Assume that a V-wave occurs between
x, and xg, this implies that for some 1 € [zg, 2], p"(x1—) = p™(x1) = 0. As there is a finite
number of discontinuities, we can assume that x; is the smallest © € [xg,z,] where a V-wave
occurs. Thus V(p"(x1-)),w™(x1—)) = w™(21—) > Wmin > Vb. From (3.52) and the fact that
V(p—,w_) <V, — ¢, this implies that

V(p"(21-)), w" (21-)) 2 V(p" (w0-)), w" (w0—)) + /4, (3.53)
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and thus z¢ < x1. Therefore the wave occuring in z( is not a V-wave, and it is not a 2-wave either
as the velocity is discontinuous in xy from (3.52). As z, < min(y™,y(t)) there cannot be any
nonclassical shock. Hence, so the wave in x( is a rarefaction shock or a shock. A shock can only
increase the density p™ and therefore decrease the velocity V', and a rarefaction shock can increase
V at most by Copmax/2" from Lemma 3.9. This implies that, for n € N, Cppmax/2" < /24 and
large enough,

V(" (wo=)sw™ (@0=)) + 57 > V(" (w0), 0" (w0)) (3.54)

Thus, from (3.53) and (3.54), we deduce that
V(" (@1-)), w(21-)) > V(o™ (w0), w" (o)) + 52/24. (3.55)

By definition there is no V-wave and no non-classical shock between xy and z; and x; > x¢. This
implies that we can use Lemma 3.7 and thus we have

mon . 5§¥<pn<x1>,w”<m>> = V(" (@0), w"(z0))| (3.56)

The inequalities (3.51), (3.56) and 2} < o < 1 < min(y™,y) lead to a contradiction. Thus there
is no V-wave between xg and x,,.
Assumption (3.47) implies that

V(p"(n),

or V(" (), (3.57)

Step 1.2: (3.57) doesn’t hold. Assume that V(p"(z,),w"(z,)) = V(p—,w_) +¢e. Since z, <
min(y",y), there is no nonclassical shock in z,,. Moreover, as we just showed, there is no V-wave
in x,. Thus, from Lemma 3.9, for n large enough, we have

V(p"(xp=),w™(xn—=)) =V (p"(zn), w"(xn)) — 5,

(3.58)
>V(p_,w_)+e— 5.

As there is no V-waves occuring in [xg, z,], this means, using (3.52), (3.54) and (3.58) that we can
apply Lemma 3.7 between xg and z,, similarly as previously and for n € N large enough,

|z — o] = BV (p" (20 =), w" (xn—)) = V(p" (z0), w" (x0))|
> Bte

(3.59)

=z 6 °
The inequalities (3.51), (3.59) and z} < 2o < z,, < min(y", y) lead to a contradiction. Therefore
from (3.57)
V(" ) w0 (20)) < V(pyw_) —e. (3.60)

We will now show that this implies that there is no V-waves between z,, and 22 either, and then we
will get the final contradiction still using Lemma 3.7. Assume that there is a V-wave between z,,
and z2. This implies that there exists 23 € [z, 22] such that p"(z3—) = p"(z3) = 0. Without loss
of generality, as previously we can assume that x3 is the smallest = € [z, 22] such that a V-wave
appears. Since Vj < Wmin, we know that

V(p"(x3—),w" (x3—)) = w(xz—) > V. (3.61)
Moreover, using that V(p_,w_) < V;, — e and (3.60), we deduce that

V(p"™(xn), w" (x,)) < V(p_,w_) —e < Vs — 2e. (3.62)
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Therefore, x3 > x,. By definition there is no V-wave occurring between z, and z3 and since
x3 < min(y™,y), no nonclassical shock either. Thus we can use Lemma 3.7 with (3.61) and (3.62)
to prove that

|z — x,| > 20te (3.63)

which gives again a contradiction with (3.51) and 2} < x, < x3 < min(y"™,y). So no V-wave occurs
between x,, and 22. Then exactly as before we can use Lemma 3.7 with (3.50) and (3.60) to show

that ’
|22 — x| > %, (3.64)

which is in contradiction with (3.51) and z} < z, < 22 < min(y",y). So overall both cases of
(3.57) give a contradiction and this gives the result.

If V(p—,w_) > V,, —e. We proceed again by contradiction. Suppose by contradiction that for
any 6 > 0 and for any ng > 0 there exists ny > np and z € (min(y™,y) — J§, min(y",y)) such
that V(p"(z), w™ (z)) € R\ [V, — 2¢,+00). Then by selecting § = do/n we can again construct a
sequence (T, )nen such that

V(p"(xn), w™(z,)) € R\ [V, — 2e, +00) (3.65)
with
&, € (min(y",y) — &, min(y", y)) and ngrfoo xn = y(t). (3.66)

As previously we can build (z1) and (22) and n; > ng large enough such that for any n > ny,
- 1_ 2 _
wIee o0 = 10 2 =)
(o7 ™) (22+) € Baeyans (pw_) and (o7, w™)(2 =) € Baeyana (o),
V(p",w")(zp+) € Baeya(V(p—,w-)) and V(p",w")(2;~) € Baeya(V(p—,w-)),

(3.67)

with M the Lipschitz constant of V' € C?((0, pmax) X (Wmin, Wmax))- As previously V(p™, w™) has
to reach Bs./4(V(p—,w-)) from x, to z} and from z,, to 22. And we suppose again that n € N is
large enough such that

12 _ Bt
|z, — 25| < 125 (3.68)
Using (3.65) and (3.67), there exists xg € (z,, 22] such that

V(pn(x0)7wn<x0)> zVp— 35/25

3.69
V(p"(z—),w™(x—)) < Vi — 3e/2, Vx € (2p, o] (3.69)
Note that there cannot be a V-wave in xg as V(p" (zo—), w"(zo—)) < V, from (3.69). The wave in
T( is not a 2-wave either as the velocity V is discontinuous in this point and is not a nonclassical
shock either as 22 < min(y™,y). Thus, from Lemma 3.9 and for n € N large enough we have

9

V(p" (wo=), w"(z0=)) 2 V(p" (20), w"(20)) — 57 (3.70)

We will show now that there cannot be any V-waves between z,, and zg. Assume by con-
tradiction that a V-wave occurs between x,, and xg, this implies that for some x1 € (xy,,xo],
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V(p"(x1—),w"(x1—)) > Vb, which is in contradiction with (3.69), thus no V-wave occurs between
xo and x,,. Therefore, using (3.65), (3.69) and (3.70), we can apply Lemma 3.7 and for n € N large
enough,

115te
— 4n 2 3 371
7o — 7l > T (371)
which is in contradiction with (3.68) and z} < z,, < 2o < min(y",y) which ends the result. O

Now we will consider the two cases V(p(t,y(t)),w(t,y(t))) = V(p(t,y(t)—),w(t,y(t)—)) or
w(t,y(t)) = w(t,y(t)—) almost everywhere, starting by the second case V(p4,wy) = V(p—,w_).
3.3.1 Case V(py,wy)=V(p_,w_).

Lemma 3.11. Lett € RL \ N and ¢ > 0. Assume that V(p_,w_) = V(p4,wy), then for n € N
large enough and x € (min(y" (£), y(t)), max(y"(t), y(¢)),

o if Vipi,wy) < Vi —e/2, then
V(p"(t,x),w"(t,2)) € B:(V(p+,w4)), (3.72)
o and if V(ps,wy) > Vi — /2, then
V(p"(t,z), w"(t, 7)) € [Vi — 22, +00). (3.73)

Proof of Lemma 5.11. Let t € Ry \ N and ¢ > 0.

If V(py,wy) <V, —e/2 Suppose by contradiction that for any ng > 0 there exists n > ng such
that there exists =, € (min(y”,y), max(y™,y)) such that

V(p" (xn), w" (xn)) € R\ Be(V(p, wy)). (3.74)

As ng can be chosen large enough, we suppose that

ly" — y| < min (tﬁzs? min (p*(w))) , (3.75)
4 WE [Wmin,Wmax)

which is possible as minyefu,,;, wmay] (P*(w)) > 0. We will obtain the contradiction by using that
(p"(zn), w"(x,)) has to connect to the left part of the solution in (min(y™,y) — 6, min(y™,y)) and
to the right part of the solution in (max(y",y), max(y",y) + ¢), and then using the information
we have on those two parts of the solution from Lemma 3.10. Let first look at what happens
for (p",w™) at min(y",y) : Since by assumption V(p_,w_) = V(py,wy) < Vp — §, we have
V(p—,w_) < Vy— g. Applying Lemma 3.10 with € = &, for ng large enough,

V(p" (min(y",y) =), w" (min(y", y)=)) € Beys(V(p—, w-)) = Bess(V(p, wy))- (3.76)
As V(py,ws) +¢€/6 <V, this means that
p"(min(y", y)—) > p" (w" (min(y", y)—)) = p(w" (min(y", y)-)). (3.77)

Thus there cannot be any nonclassical shock or V-wave at min(y™,y) and therefore there can only
be a 2-wave, a rarefaction shock or a shock, which implies, together with (3.76), that

: n n . n n . n n . n C max
V(" (miny” ), w™ min(y”, ) < Vo min(y", )-), " (miny” ) ) + S2ms
- (3.78)
< V(p+7w+)+6 02:ax,
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where Cj given by Lemma 3.9 is the maximal amplitude of the velocity through of a rarefaction
shock. As n can be chosen large enough, we assume that

% < % (3.79)
Thus, from (3.78),
V(p" (min(y", y). w" (min(y", ) < Vpsw) + 3. (3.80)
Similarly on the right-hand side, one gets
V(p" (max(y",y) =), 0" (max(y", y) =) > V(py,wi) = . (3.81)

Now we know to which admissible values (p™(zy,), w™(z,)) has to connect on the left and on the
right and we will obtain a contradiction. We can now proceed exactly similarly as in the proof of
Lemma 3.10. From (3.74) and (3.76), there exists x1 € [min(y™,y), z,] such that

V(p"(z1=), w"(21-)) € Beys(V(p, wy))

V(p"(x),w"(x)) € R\ Beys(V(ps,ws)), Yo € [x1, 2], (3.82)

We will now show that no V-wave can occur between 1 and x,, by contradiction. Assume there
exists xo € [21,x,] such that p"(x2—) = p™(x2) = 0. As there is a finite number of discontinuities,
we can assume that xs is the smallest x € [z1, x,,] where a V-wave occurs. Therefore

V(p"(x2—),w"™ (x2—)) = w™(z2—) = Wmin > Vo > V(p4,wi) + <. (3.83)

N ™

which implies, together with (3.82), V(p™(z2—), w™(z2—)) > V(p"(x1—),w"(x1—)). Thus, zo # 21
and no V-wave can occur in [z1,23). The wave occurring in 1 is not a 2-wave either as the velocity
is discontinuous in x; by construction. Moreover, a non-classical shock cannot occur at x; since
there cannot be a non-classical shock at min(y", y) as seen in (3.77) and z; € [min(y", y), x,] with
2, < min(y™,y). Thus, the wave in z; is either a rarefaction wave or a shock. From Lemma 3.9
and (3.79), for n large enough,

V(p"(z1=), w(21=)) + = = V(p" (21), w" (21)) (3.84)

| ™

Thus, we can apply Lemma 3.7 with (3.82), (3.83) and (3.84). Thus,

lwe — 21| = BV (p" (w2—), w" (22=)) = V(p" (21), w" (21))]
S Bt (3.85)
= 6 °
which is in contradiction with (3.75) and min(y",y) < 21 < 2 < max(y™,y). So there is no
V-waves between z; and z,,. From (3.74)

V(p"(n), w"(zn)) 2V
or V(p"(xn), w" (xn)) <V

(p4,wi) +¢

(p4+,wi) — €. (386)

The exact same proof as in the proof of Lemma 3.10 Step 2 can be done to show that (3.86) doesn’t
hold, which gives the contradiction and ends the proof of Lemma 3.11 in the case V(p*,wt) <
Vi —e/2.
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If V(pt,wh) >V, —e/2. There are two possible situations : if there is no nonclassical shock at
min(y™,y) and at max(y™,y), then the proof is exactly the same as the previous case and for any

r € (min(y", y), max(y",y)),
V(p"(x),w"(z)) € Be(V(py,wy)) C [Vp — 2¢, +00). (3.87)

If there is a nonclassical shock occurring at min(y™, y) or at max(y™,y). Suppose by contradiction
that for any ng > 0 there exists n > ng such that there exists z,, € (min(y"™,y), max(y™,y)) such
that

V(p"(xn), w" (x,)) € R\ [V, — 2¢, +00). (3.88)

Suppose that the nonclassical shock occurs in min(y™,y). It means that min(y",y) = y" and
thus no shock occurs on the right at max(y™,y) = y so a similar proof as previously can be done.
Roughly speaking, from Lemma 3.10 with ¢ = £ we have V(p"(y),w"(y)) > V;, — 5. Since there
is no nonclassical shock at y then only a rarefaction shock or a V-wave can increase V. If a V-
wave occur at y then V(p"(y—),w"(y—)) > V,. As n can be chosen large enough, we assume
that % < £. Thus, from Lemma 3.9 for n large enough, V(p"(y—),w"(y—)) > Vo — 3. As
previously, we show that only shocks, rarefactions and 2-waves are allowed over [z,,y]. Thus, we

have
ly —xn| = BV (p"(y—),w"(y—)) = V(p" (zn), w" (zn))]

= e (3.89)
= 3 b

which leads to a contradiction using (3.75) with y™ < z,, < y. Suppose now a non-classical shock
appears on the right at max(y™,y), this implies that max(y",y) = y™ and that, from the definition
of p and (1.3),

p" (max(y",y)—) = p(w" (max(y",y)—)),

V(o (max(y”,9) ), w" (mas (")) > Vi (390
Therefore, using this together with (3.88), there exists x5 € (x,, max(y™,y)] such that
V(" a5),u (25) > Vi o)
V(p"(x),w"(x)) < Vi, VY € [Tp,x5).
Note that in fact z5 < max(y",y) as
V(p"(x5—),w" (25=)) < Vo < V(p"(max(y",y)—), w" (max(y",y))). (3.92)
Now, we can fix ng large enough such that
ly" —y| < CPe. (3.93)

We show once again that there cannot be any V-wave between z, and x5 as if there existed
Zg € [z, xs5] such that a V-wave occurs, then, as V(p™(zs—), w™(z6—)) = V(0,w"(x6—)) > V}
this implies that x5 # x6, hence x5 > xg, but V(p™(z6), w™(zs)) = V(0,w"(x6)) > V4 and this
would be in contradiction with (3.91). Therefore there is no V-wave between x,, and x5 and no
nonclassical shocks either (as x5 < y™). This implies that

C max
V(P (5—), wh (w5—)) 2 V(o (w5), w" (25) — 202 (394)
where Cy is given by Lemma 3.9. Thus there exists n large enough such that
€
V(p"(z5—), 0™ (25-)) = V(p" (wn), w"(20)) 2 3, (3.95)
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and we can apply Lemma 3.7 to get

t
|25 — 20| > % (3.96)

which is in contradiction with (3.93). Hence, for any x € (min(y™, y), max(y™,y)),
V(p" (@), w"(z)) € [Vp — 2¢,+00). (3.97)
This ends the proof of Lemma 3.11. O

We can now prove the result (i.e. (3.42)) in the case V(p_,w_) = V(p4,w). Let € > 0, from
Lemma 3.10 with € = £/2 and Lemma 3.11, and using the fact that V(p_,w_) = V(py,wy), there
exists ng > 0 such that for any n > ng and any x € (min(y"(¢), y(¢)) — 6, max(y"(¢),y(t)) + 0) \
[,y O, Vipy,wy) < Vi— 5

V(p"(2), w"(x)) € Be(V(pt, wy)), (3.98)

and if Vi(py,wy) =2V, — 5,

V(p" (@), w"(x)) = Vb —e. (3.99)

As this is true for any x € (min(y™(¢),y(t)) — §, max(y™(¢),y(t)) + ) \ {y(¢), y™(¢)}, this is true at
the right limit of y™(¢), namely 3" (¢)" and hence this implies that

min(Vi, V(pssws))—e < min(V (o™ (" () 4), w" (5" (1)), Vi) < min(Vs, V(py, wy))+e. (3.100)

As ¢ > 0 was chosen arbitrarily (even though ng depends on ¢), this gives directly

i min(Vi, V(" (57 (6), " (57" (2))) = min(V (py ), Vi), (3.101)
which is the result we aim to show. We now move on to the next subsection and the case w_ = w.

3.3.2 Case w_ = w4

In spirit, this case is similar to the case treated in [15] with the LWR model as we can now
divide the situation in three cases :

i (p—vp-i-) € [O,ﬁ)*(UJ)]?, where w = Wy = wW—
ii (p—vp-‘r) € (p*(w)apmaxF
iii p— = p*(w) > py or py = p*(w) > p—.

However, the possibility of 2-waves and V-waves complicate a lot this analysis and, in particular,
we cannot try to confine p™ and w™ close to the set [p_, p4] x {w} as the 2-waves make it doomed to
failure : (p™, w™) could be much outside this set and become instantaneously close using a 2-wave.
Instead, the idea will be to confine V(p™, w™) and thus neutralise the 2-waves. In this aim, we
show the following lemma

Lemma 3.12. Let t € Ry \ N and € > 0. Assume that w_ = w4, and let w denote this value,
then for n € N large enough : if x € (min(y",y), max(y™,y))

o if (p—.p+) €[0,p*(w)]?, then

V(p",w"™) € [V —e,+0) (3.102)
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o if (p—,p+) € (p* (), prmac)?, then

V(pna wn) € [V(max(p_, p+)7 w) -5 V(min(p_, p+)7 U)) + E} (3103)

o if p_ = p*(w) > py or py = p*(w) > p—, then

V(p",w") € [V(max(p_, pi),w) — &, V(min(p_, py),w) + €] U[Vy — £, 4+00)  (3.104)

The proof is very similar to the proof of Lemmas 3.10 and 3.11 and will be given in the
Appendix C. As expected this lemma shows how we can confine V(p™, w™) to the set of speed
generated by [p—, p+] X {w}. In two cases this confinement in imperfect as V(p™,w™) could also
lie in [V}, 4+00). This is due to the presence of nonclassical shock and the fact that the solution is
not entropic. However, this will not be a problem in the following. Indeed, what we aim to show
overall is formally the following min(V (p" (y™ (t)+), w™ (y"™(t)+)), V») = min(V (p4, w4 ), V4) so any
value above Vj, will be canceled by the min operator. We can now prove the result in each of the
three cases listed above :

o If (p—,py) € [0, p*(w)]?, then using Lemmas 3.10 and 3.12, for any € > 0 there exists § > 0
and n; > 0 such that for any n > ny and any « € (min(y™(¢),y(¢)) — §, max(y™(t), y(t)) +

o)\ {y" (1), y(t)}
V(p"(x), w"(x)) € Be(V(p—, w)) UB(V(py,w)) U [Vp — &, +00), (3.105)

where w = wy = w_. But as (p_,py) € [0, p*(w)]?, then both V(p_,w) and V(p,w) are
above V,. This implies that

V(p"(z),w"(x)) € [V — &, +00), (3.106)
hence
Vi — e <min(Vy, V(p" (y" (1)), w" (y" (1)) < Vb (3.107)
Since V, = min(V4, V(p4,w)), as pt < p*(w), and as € was chosen arbitrarily we have using
(3.107)
nEIJIrloo min(V (p" (y" (¢)+), w" (y" (¢)+)), Vo) = min(V (p4, w), V3), (3.108)

which is the result we aimed for.

o If (p_,p1) € (p*(w), pmax)® We can now proceed as in [15], provided that we look at 1-waves
and find a way to ignore 2-waves. Let us first exclude a simple case : if y™(¢) > y(t) for an
infinite set of index, then extracting a subsequence we can assume that y™(¢) > y(¢) for any
n = ny. Since (p—, p+) € (p* (W), pmax)?, this implies that V (py,w) <V, and V(p_,w) < V.
If V(ps,w) < Vp — e then from Lemma 3.10 we have, for any = € (y™(t),y"(t) + 9),

V(p"(2),w"(x)) € Be(V(ps, w))- (3.109)

IfV,—e < V(py,w) <V, then (3.109) holds or V(p™(z),w™(z)) € [V, — 2¢,00). Thus,
(3.108) holds and the result is shown. Thus, we can assume from now on that y™(t) < y(t)
on an infinite set of index, and extracting a subsequence we can assume that y"(t) < y(t) for
any n > ni. We claim that
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Vip—,w) > V(ps, w). (3.110)

To prove it, we argue by contradiction similarly to the proof of Lemma 3.10. Roughly
speaking, we assume that V(p_,w) < V(p4,w) then for e small enough V(p_,w) + 13¢/6 <
V(ps,w) and V(py,w) + € < V4. Therefore, from Lemmas 3.10 and 3.12, that there is no
non-classical shock and V-wave in (min(y™(¢), y(t)) — d, max(y™(¢), y(t)) + 0) and we have to
connect o7 (£, min(y" (£), y(t))—) € [V(p_,w) — 2, V(p_,w) +¢] to p"(t, max(y" (£), y(t)) +) €
[V(ps,w)—e,V(ps,w)+e]. This leads to a contradiction using that y™(¢) — y(t) as n tends
to oo and V(p4,w) —e = V(p_,w) +¢ > ¢.

Let us define the triangle 7y by
To 2= {(5,2) € [t 1) % (Wanae (5 — 1) + 5" (0) = 8,0 (s W) (s — ) +y(t) + )}, (3.111)
and where t¢ is the closing point of the triangle defined by

y(t) —y"(t) +26
ty = . 3.112
f Wmax — apf(pmaxa wmax) ( )

Let us also define t,» > ¢ the time at which y"(s) gets out of the triangle, i.e.

(Svyn(s)) € 767 Vs € [tvty")a
(tyn,y" (tyn)) ¢ To-

Obviously t,» < t;. Using the triangle 7o we will start from a point £"(t) after y™(t),
where for any @ € (€7(t), y(t) + 6(t)), V(0" (t,2), " (t, 7)) € Bo(V(py,ws)) and propagate
to delimit a region (s,z) where V(p"(t,z),w"(t,x)) € Be(V(p+,w4)). Then we will show
that there exists a time ¢, > t above which y™(s) is in this region. This implies that after
this time, V(p" (¢, y™(t)), w" (t,y™(t))) € Bc(V(p+,w+)). Finally, we will show that this time
t, goes to t when n goes to +oo which will imply that for any s > ¢ and for n large enough
V(p"(s,y™(s)),w™(s,y"(s))) € Bc(V(p+,wy)) and letting n goes to infinity will give the
result (we will come back to this last point). This is summarized rigorously in the following
lemma :

(3.113)

Lemma 3.13. Let t € Ry \ N and ¢ > 0. Assume that (p—,p+) € (p* (W), pmax] with
p— # py, that € is small enough such that min(p_, py) — e > p*(w), and that y™ < y(t) for
any n = ni. Let 6 > 0 be given by Lemma 3.10. Then for any n > ni1, there exists ten >t
and a piecewise linear function £ such that

(s,€"(s)) € To, Vs € [t,ten), (3.114)
and for any (s,x) € {[t,ten) x Rlz > £"(s)} NTo
V(p"(s,z),w"(s,z)) € Bo(V(p4+,w4)). (3.115)

Besides, if we denote tyn the time at which y™(-) exits the triangle, there exists ¢ > 0 inde-
pendent of n such that min(tyn,ten) —t > ¢ and there exists t,, > 0 such that {(t,) = y"(tn)

and lim t, =t.
n—-+o0o

We will show this lemma right after, but first we show that we indeed get the expected result
(i.e. (3.108)) with this lemma. If p_ = py then, from Lemma 3.10 and Lemma 3.12, for e
sufficiently small

V(ps,w) — = < min(Ve, V(" (4" (£)), w™ (5" (£)))) < min(Vh, V(ps, w) + ).
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Therefore, as € was chosen arbitrarily, (3.108) holds. Assuming that p_ # py. Let s € (¢, t+c)
where c is given in Lemma 3.13, there exists ny > nj such that for any n > ns, t,, < s. Hence

V(p"(s,9"(s)), w" (5,4"(s))) € Be(V(p, wy))- (3.116)
Besides, as (p™, w™, y") satisfies (1.9) we have
y*(s) —y"(t) = / min(V,, V(p" (1, 4" (7)), w"™ (1, 4™ (7)))dT. (3.117)
¢
This implies with (3.116) that

y"(s) —y" (1)

min(Vp, V(p4,wy)) —e < - < min(Vp, V(p4,wy)) + e (3.118)
Using the convergence of y™ to y we have
—y(t
min(Vp, V(p1,wy)) —e < y(s) =y®) < min(V,, V(py,ws)) + ¢, (3.119)

s—t

and from the definition of Ny, y is differentiable in ¢, thus, using the fact that € > 0 can be
arbitrarily small.
g = min(Vi, V(ps,ws)), (3.120)

which ends the result in the case where (p—, p1) € (p*(w), pmaz)?-

Proof of Lemma 3.13. This lemma is the analogous of Lemma 3.6 in [15] and the proof will
be similar, with two differences : other types of waves than 1-waves can appear, and an
interaction between two waves can result in several output wavefronts. To neutralize these
effects we will consider V(p",w™) instead of p™ and w™ and this will allow us to ignore
the 2-waves and follow the wavefronts of 1-waves when tracing the wavefront forward. The
structure of the proof is illustrated in Figure 3.

Let t € R\ N. Since (p_,py) € (p*(w), pmax] With p_ # py and (3.110) holds, for £ > 0
small enough V(p4,w) < V(p_,w) < V,—e. Then, from the definition of Ty given in (3.111),
for any (s,x) € Tp, we claim that

V(p”(s,x), wn(&l‘)) € [V(p+,w) -6 V(p,7w) + 6]7 (3'121)

Indeed, at s = ¢ this is true from Lemma 3.10 and Lemma 3.12 as « € (y"™(¢t) — 6, y(t) + 9),
and for s € (t,ty) so no wave can reach the triangle 7y from outside given its definition.
Thus, observing all the possible interactions described by Section 1.2, the set of accessible
velocities at time s is included in the set of accessible velocities at time ¢, which gives (3.121).
Note that, (3.121) implies that, for any (s,z) € T, V(p"(s,z),w"(s,2)) < V,. Thus, a
non-classical shock and a V-wave cannot appear in 7y. Let us now denote by N(¢,n) the
number of discontinuity points of the speed V (p"(t,-), w"(t,-)) on [y"(t) — 6, y(t) + J] and x7
these discontinuity points. From Lemma 3.10 and Lemma 3.12 and p_ # p4, there exists
Jo € {1,...; N(t,n)} such that 27 € [y"(t),y(t)] satisfies
V(o (1., —), 0™ (1, -)) € R\ Bo(V (s w))

3.122
V(" (t), 0" (127 € BalV (piow). V) > jo such that a7 < y(t) 48, o)
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L viprs,a),wm(s,2)) € B.(Vips,w)).

: X . . " k
Figure 3: (p_, py) € (0" (), pmax] With p_ # p with y"(t) < y(t), n >ny F0

Note that, since p_ # p,, for € small enough, B.(V(p_,w)) N Be(V (py,w)) = 0,
V(pn(tax?)vwn(tvx?)) € BS(V(p+,w+))' (3123)

This comes directly from Lemma 3.10 and the fact that (p™, w™) is piecewise constant. Note
that there cannot be a V-wave at z; from (3.123) and the fact that V(py,wy)+e < V. We
construct now the piecewise constant function £" that we are going to track forward in time:
let {"(t) = 27 and

E(s) =0 (p"(t, 2% =), R(V (p"(t, z] ), w" (¢, 2],)), w" (t, 2}, =) , for s € [t,s1],  (3.124)
where the term at the right of (3.124) is the speed of the l1-wave created at z”} and s; is
defined as the minimum between the time when £” exits the triangle 7y and the time when it
interacts or attains another wavefront. Note that actually this cannot be a V-wave or a non-
classical shock as otherwise there would exists (s, z) in 7g such that V(p" (s, x), w"(s,z)) >V,
and this contradicts with (3.121). Assuming that £ interacts with another wavefront at si,
in that case, £ can only interact with a 2-wave or a shock, or a rarefaction shock. Therefore,
there is exactly one 1-wave generated by this interaction. So, we define, for any € [s1, s3],

£(s) = o (p"(51,€"(51) =), RV (p" (51,€" (1)), w" (51,€" (1)), w" (51, €™ (51)-))) ,  (3.125)

where the term at the right of (3.125) is the speed of the 1-wave generated by the interaction
and sg is the minimum between the time when £” exits the triangle 7y and the time when it
interacts with another wavefront with a discontinuous velocity. We then define ss,...,s; and
so on. As £ sees only shocks and rarefaction shocks, the rest of the proof is similar to [15,
Appendix A]. Let t¢n (resp. tyn) be the time when £"(-) (resp. y™(-)) exits the triangle 7.
From (3.123) and by construction of £"(-), for any (s,z) € {[t,ten) x R|lz = £™(t)} N To

V(p" (s, 2),w" (s, 7)) € B-(V(py, wy)). (3.126)
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Thus, together with (3.121), for any s € (0,t¢n)

E(8) < MAXy€ i ] T (F BV (0=, 0) + £,9),9), RV (p,w) +,9),9)),
(3.127) {deriveexn}

minwe[wm;n,wmax] apf(R(V(p+ - &, U)), w)) < én(s)’

and for any s € (0,t,»)
Vips,w) —e <y"(s) < V(p—,w) +¢ (3.128) {deriveeyn}

Using (3.111), (3.127) and (3.128), there exists ¢ > 0 (independent of n) such that min(tyn,ten) >
t + c. From (3.127) and (3.128), for every s € (t,t + ¢),

yn(s) - gn(s) = V(ﬂ—: ’U)o) +e— U(f(R(V(p—7 wO) +e, wO)a wO)a f(R(V(p-i-a wO) +e, ’U)o), ’U)o)),

(3.129) {diffynxin}
with wo = argmax e, w0 (BV (p—, w) +&,w), w), f(R(V(p4,w) +¢&,w),w)). There-
fore, for every s € (¢,t+ ¢),

§"(s) — €"(s) > 0. (3.130) {diffynxin2}

Using (3.130), lim, 0o y™(¢) = y(t) and y™(¢) < £"(t) < y(t), y™ () interacts with £"(-) at
time ¢, € (t,t +¢) and ¢, — 0 as n — oc. O

If p_
"t

y"(1)
y"(t)

p*(w) > py or pp = p*(w) > p_. As previously let us first exclude a simple case : if
y(t) for an infinite set of index, then extracting a subsequence we can assume that
y(t) for any n > ny. From Lemma 3.10 we have, for any = € (y™(¢),y"(t) + ),

V(p”(a:%w”(m)) € BE(V</)+7 w+))7
or V(p"(z),w™(x)) € [V, — 2¢,4+00) and V (p4,w4) € [V — &, +00).

\YAVAY

(3.131)

This implies that

min(Vy, V(p4, w4 )) — 26 < min(Vy, V(p" (£, 4" (1)), w" (¢, " (t)))) < min(Vy, V (o4, wy)) +e.
As £ > 0 was chosen arbitrarily provided n is large enough, this implies that (3452

Jm min(Vs, V(o™ (¢,5"(6), w" (8, 3" (2)))) = min(Ve, V(ps, wy)), (3.133)
and ends the results. So we can assume from now on that y™(¢) < y(¢) on an infinite set of

index, and extracting a subsequence we can assume that y™(t) < y(t) for any n > ny;. We
will now use the following Lemma to eliminate one more case

Lemma 3.14. Let t € Ry \ N, and suppose that p_ > p*(w) = py or py > p*(w) = p_ for
any n = ny. Then the only possible case is py > p*(w) = p—. {contrarapide}
This Lemma is proven in Appendix D. We have the following Lemma for the remaining case

Lemma 3.15. Lett € R\ N and e > 0. Assume that p. > p*(w) > p_, € is small enough
such that V(ps,wy) —e < Vi and y™(t) < y(t) for anyn = ny. Let & > 0 be given by Lemma
3.10. Then for any n = nq, there exists ten >t and a piecewise constant function ™ such
that

(s,€(5)) € To, Vs € [t,ten), (3.134)
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and for any (s,x) € {[t,ten) X Rl > £"(s)} N To
V(p"(s,z),w"(s,z)) € Be(V(p+,w4)). (3.135)

Besides, if we denote tyn the time at which y™(-) exits the triangle, there exists ¢ > 0 inde-
pendent of n such that min(tyn,ten) —t > ¢ and there exists t, > 0 such that £(t,) = y™(t,)

and lim t, =t.
n——+00

This proof is analogous to the proof of Lemma 3.13 and will be given in the Appendix E.

[TL: ends the proof] done in Appendix for Lemma 3.15, to be done here for the main proof.

A  Proof of Lemma 3.3

Since I'(+) may vary only at times ¢ when two waves interact or a wave hits the slow vehicle
trajectory, we will consider different types of interactions separately. It is not restrictive to assume
that at any interaction time ¢ = t either two waves interact or a wave hits the slow vehicle trajectory
(and not multiple interactions). We describe wave interactions by the type of the involved waves,
see Section 1. To simplify the notations, a i-wave interacting with a j-wave from the left is
represented by i-j with ¢, 5 € {1,2,V}. If a i-wave interacts with a j-wave producing a k-wave and
a wave of a [-family, we write i-j/ k-I. Here the symbol “/” divides the waves before and after the
interaction. Let us start with some basic results

Lemma A.1. The interactions V-V, V-2, 2-V and 2-2 cannot occur.
Proof. We argue by contradiction.

i We assume V-wave ((0,w;), (0, wy,)) interacts with the V-wave ((0,ws,), (0,w,)). By defini-
tion of vacuum waves, we have w; < w,, < w,. Thus, the speed of the V-wave ((0, w;), (0, w,,))
is slower than the speed of the V-wave ((0,w,,), (0,w,)), whence the contradiction.

ii We assume V-wave ((0,w;), (0, w,,)) interacts with the 2-wave ((0,w.,), (pr, w,)). We have
w; < Wy, = V(0,wy,) = V(py, w,). Thus, the speed of the V-wave ((0,w;), (0, w,,)) is slower
than the speed of the 2-wave ((0,wy,), (pr, wy)), whence the contradiction.

iii We assume 2-wave ((p;,wi), (0, wy,)) interacts with the V-wave ((0,wy,), (0,w,)). We have
V(pi,wi) = V(0,wn) = Wy < wy. Thus, the speed of the 2-wave ((p;, wy), (0, w,,)) is slower
than the speed of the V-wave ((0, w,,), (0,w,)), whence the contradiction.

iv. We assume 2-wave ((p;, w;), (pm,wp)) interacts with the 2-wave ((pm,wm), (pr, wy)). We
have V(pi,w;) = V(pm,Wm) and V(pm, wm) = V(pr,w,). Thus, the speed of the 2-wave
((p1, wr), (Pm, wm)) is equal to the speed of the 2-wave ((pm,wm), (pr,w,)). We conclude
that no interaction occurs, whence the contradiction.

O

For the classical collision between two waves (away from the slow vehicle trajectory), we have
the following result:

Lemma A.2. Assume that the wave ((pr, wy), (Pm, wm)) interacts with the wave ((pm, W), (Pr, Wy))
at the point (t,z) witht > 0 and v € R. Then I'(t+) < T'(t—). The possible interactions are: 2-
1/1-2, 2-1/1-V-2, 2-1/V-2, 1-1/1, V-1/V-2, V-1/1-2.
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Next, we introduce the following notations:

e F'V—wave: a wave denoting the slow vehicle trajectory without discontinuity in (p™, w™).
The notation is to indicate a fictitious wave.

e NF—wave: a wave denoting the slow vehicle trajectory with discontinuity in (p™,w™). The
notation is to indicate a non fictitious wave. A N F-wave is decomposed into three different
waves:

— NC—wave: a wave ((p;,w;), (pr,w,)) denoting the slow vehicle trajectory verifying
w; = w,., pp = p(w;) and p,. = p(w;). The notation is to indicate a non classical shock.
— 1C—wave: A 1C—wave is decomposed into two waves:

*x 1Ca—wave: a wave ((p;, w;), (pr, w,)) denoting the slow vehicle trajectory verifying
wy = w, and o((pr, wy), (pr, wy)) = Vi with p; € [0, p(w;)] and p, € [p(wy), Pmax)-

*x 1Cb—wave: a wave((pr,w;), (pr, w,)) denoting the slow vehicle trajectory verifying
w; = wy, pp =0 and p, > p*(wy).

The notation 1C is to indicate a first family classical shock

— 2C'—wave: awave((p;, w;), (pr, w;)) denoting the slow vehicle trajectory verifying V(p;, w;) =

V(pr,w,) and p; = p*(w;) and p, = p*(w,). The notation is to indicate a second family
classical shock.

A.1 Interactions with a F'V—wave.

Lemma A.3, Lemma A.4, Lemma A.5 and Lemma A.6 deal with interactions between a i-
wave with ¢ € {1,2,V} and a FV—wave. Since min(V;, V(p,w)) < V(p,w) and V, < wWpin, the
interactions F'V-2 and FV-V can not occur. We only consider the interactions FV-1, 1-F'V 2-FV
and V-FV.

Lemma A.3. Assume that the the F'V —wave interacts with the first family wave ((pr, wr), (pr, wy))
at the point (t,x) with t > 0 and © € R. We have the following cases:

i No wave is produced, F'V-1/1-FV. Then AT'(t) = 0.
it The interaction is FV-1/NC-1. Then AT'(t) < 0.
Proof. In this situation p,V(p;, w;) < Fo(y) + Vopr and w; = w,.. We have two different cases.

i In this case, the first family wave hits the slow vehicle trajectory and no new wave is created.
It means that p,.V (p,, w,) < Fa(y) + Vipr. Thus, we have:

AT(t) = 0.

ii In this case, the first family wave ((p(w;), w;), (pr, w;)) hits the slow vehicle trajectory produc-
ing a NC—wave ((p(w;),wr), (p(w;),wy)) and a first family wave ((p(wy), w), (pr,wy)), with
positive speed. It means that p,.V(pr, w,) > Fo(9) + Vopr and v(w;) < V(pr, w,) < 0(wy).
We have

ATV (w) =0,
ATV (v) = [V(pr,wy) = 0(wi)| + [0(wi) = 0(w)| = [V (pr, wy) — 0(wy)]
= 2|V (pr, w,) — 0(wy)],
ATV (w(-,y()), [t,+0)) = 0.
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Since y(t+) — v(t7) = —2[6(w;) — d(w;)| and 2|V (py,w,) — 0(wy)| < 2|o(w;) — 0(wy)], we
conclude that
AL(t) = 2|V (pr, wy) — 0(wi)| = 2[0(wy) — (wi)| < 0.

Lemma A.4. Assume that the first family wave ((pr, wi), (pr,w,)) interacts with the FV —wave
at the point (t,x) with t > 0 and © € R. We have the following cases:

i No wave is produced, 1-FV /FV-1. Then AT'(t) = 0.
it The interaction is 1-FV /1-NC. Then AT'(t) <0,
Proof. In this situation p,.V (p,, w,) < Fo(9) + Vipr and w; = w,. We have two different cases.

i In this case, the first family wave hits the slow vehicle trajectory and no new wave is created.
It means that p;V(pr, w;) < Fo(9) + Vppr. Thus, we have

AT(t) = 0.

ii In this case, the first family wave hits the slow vehicle trajectory producing a first family wave
((pr,wr), (p(wy),w;)) and a NC—wave ((p(wy),wy), (p(wy), w;)). It means that p;V (p;, w;) >
Fo () + Vpr and we have (p,, w,.) = (p(w;), w;) and d(w;) < V(pr, w;) < 0(w;). We have

ATV (w) =0,
ATV (v) = [5(wy) — o(wi)| + [o(wi) — V (o, wi)| = [V (o1, wi) — 5(wr)|
= 2|V (p1, wi) — d(wy)l,
ATV (w(- y(+)), [t, +00)) = 0.
Since y(t7) — y(t7) = —2[0(wi) — v(w)| and 2|V (pr, wi) — o(wi)| < 2/0(wy) — o(wy)], we

conclude that
AL(t) = 2|V (pr, wi) — 0(wi)| — 2|0 (wi) — 9(wi)] < 0.

Lemma A.5. Assume that the second family wave ((p1,wy), (pr, wy)) interacts with the FV —wave
at the point (t,x) with t > 0 and x € R. We have the following cases:

i No wave is produced, 2-FV /FV -2. Then ATL'(t) = —Clw; — w,|.
it The interaction is 2-FV /1-NC-1-2. Then ATL'(t) = —Clw; — w,|.

Proof. i In this case, the second family wave hits the slow vehicle trajectory and no new wave
is created. It means that p;V (o, w;) < Fo(9) + Vipr. Thus, we have:

AT(t) = —Clw; — w,|.

ii In this case, the second family wave hits the slow vehicle trajectory producing a first family
wave ((p1,wr), (p(wy),wr)), a NFV—wave ((p(w;),wr), (p(wp),wr)), a first family wave with
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positive speed ((p(w;),w;), (p1,w;)) and a second family wave ((p;, w;), (pr, w;,)). It means
that o,V (pr, w;) > Fo(9) + Vopi. We have

ATV (w) = |w, —wy| — |w, —wy| =0,
ATV (v) = |V (pr, wr) — V(pi,wi)| + |V (o1, wi) — 0(wy)| + |0(wy) — o(w;)]
+ [0(wi) =V (pi, wi)| = [V (pr,wi) = V(pr, wr)]
= 2|t (w;) — v(wy)|.
Since y(t1T) —y(t™) = =2|0(w;) — v(wy)| and TV (w(-,y(+)), [t, +00)) = —|w; — w,|, we con-

clude that
AT(t) = —Clw; — we|.

O

Lemma A.6. Assume that the V-wave ((0,wy), (0,w,)) with w; < w, interacts with the FV —wave
at the point (t,x) witht > 0 and x € R. We have a unique case: no wave is produced, V-FV /FV -
V. Then AT'(t) = —=Clw; — wy|.

Proof. The vacuum wave hits the slow vehicle trajectory and no new wave is created. It means
that o,V (pr,w;) = 0 < Fo(y) + Vopr- Thus, we have immediately:

AT (t) = =Clw; — wy|.

A.2 Interactions with a NC—wave.

Lemma A.7, Lemma A.8, Lemma A.9 deal with interactions between a i-wave with ¢ € {1,2,V'}
and a NC-wave. Since 0 # p(w) < p(w), min(Vs, V(p,w)) < V(p,w) and Vi, < wpmin, the interac-
tions NC-2, NC-V and V-NC can not occur. We only consider the interactions NC-1, 1-NC and
2-NC.

Lemma A.7. Assume that the first family wave ((p;, w;), (p(w;), w;)) interacts with the NC-wave
((p(wr),wy), (p(wr),wy)) at the point (t,x) with t > 0 and x € R. The only interaction is 1-
NC/FV-1. Then AT(t) =0

Proof. We have RS((p1, wr), (p(wy),w;))(Vy) = (p1,wr) and p; € (0,p(w;)). The only possible
interaction is 1-NC/FV-1. Since V(p;, w;) > ©(w;), we have:

ATV(’LU) =0,
ATV (v) = [o(wi) = V(pr,wi)| = [0(wr) — 0(wr)| — [0(wr) — V(pr, wi)]
= =2[0(w;) — (wy),
ATV(U}(, y())a [ta +OO)) = 07
Y(tT) —(t7) = 2[0(wy) — (wy)].

We conclude that
AT'(t) = 0.

Lemma A.8. Assume that the a NC-wave ((p(wy),wr), (p(wr), w;)) from the left interacts with
the first family wave ((p(wy),w;), (pr,wy)) at the point (t,x) with t > 0 and x € R. The only
interaction is NC-1/1-FV. Then AT'(t) = 0.
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Proof. We have RS ((pr, wy), (p(wy), w)) (V) = (pr,w;) and p, € (p(w;), pmax]- The only possible
interaction is NC-1/1-FV. Since V (p,, w,) := V(pr,w;) < 0(w;), we have:

ATV (w) =0,
ATV (v) = [V(pr,wr) = 0(wi)| = [V (pr, wr) — 5(wi)| — [0(wi) — O(wi)]|
= —2[0(wi) — o(wi)l,
ATV (w(-y(-)), [t, +o0)) =0,
Y(tF) = () = 2[0(w;) — o(wy)|-
We conclude that
AT'(t) = 0.

{¥7}
Lemma A.9. Assume that the second family wave ((pi, wy), (p(w,), w,)) interacts with the NC' —wave
((p(wy), wy), (p(wy),wy)) at the point (t,x) with t > 0 and x € R. We have the following cases:

i No wave is produced, 2-NC /1-FV -2, 2-NC /FV-1-2 or 2-NC /FV -1-V-2. Then AT'(t) =
0.

it The interaction are 2-NC /1-NC-1-2 and 2-NC /1-NC-1-V -2. Then AT'(t) < 0.
Proof. Since V(p;, w;) = V(p(wy),w,) < V(p(w,),w,), we have p; > R(9(w,),w;). Thus,

(R(ﬁ(wr)7wl>7wl) it o(wy) < V(pC(wl)7wl)v
RS((pbwl), (p(wr)vw?”))(‘/b) = (pla wl) if V(pc(wl)’wl) < @(wr),
(pe(wr), wi) it o(wr) < V(pe(wr), wr) < 0(wr).

(A.1)  {popo}
i 0(wy) < o(wy) < 0(wy) < 0(wy): from (A.1) and using o(w,) < V(pc(wy), wy),

RS (o1, wr), (p(wr), wr)) (Vi) = (R(0(wy), wi), wr).

Since v(w,) < 9(wy), plw;) < R(9(w,.),w;). Thus, no wave is produced and the only inter-
action is 2-NC'/1-FV-2; The second family wave hits the NC-wave producing a first family
wave ((p1, wr), (pr,wr)) and a second family wave ((R(0(w,),w;),w;), (p(wy),w,)). Since
V(pi, w) = 0(wy) and V(R(9(w,),w;), w;) = 0(w,) we have

ATV (w) =0,
ATV (v) = [o(w,) = d(w,)| = |o(w,) = d(w,)| =0,
ATV (w(-,y()), [t, +00)) = —Clw; — w,], (A.2) {dede}
() —y(t7) = 2/0(w,) — 0(w,)]

We conclude that

Using o(w,) < 0(w,) < 0(wy), [0(w,) —0(w,)| < |9(w,) — 0(w;)|. From Lemma 3.2, we
conclude that
[o(wr) = o(w,)| < Cplwr = wyl.

Since C := 2(C; + C;), we obtain
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it o(wy) < o(wy) < O(wy) < 0(wy): from (A.1) and using V(pe(w;), wy) < 0(wy),

RS (1, wr), (p(wr), wr)) (V) = (pr, wr)-

Since o(w;) < O(w,), we have p; < p(w;). Thus, no waves is produced and the possible
interactions are 2-NC/FV-1-2 and 2-NC/FV-1-V-2;

e Case 2-NC/FV-1-2: (A.2) holds and we conclude that
AL(t) = 2[0(wr) — o(wy)| = Clwp — w,|.

Using 9(w;) < 0(w,) < 9(wy), |9(w,) — 0(w,)| < |0(wy) — 0(wy)|. From Lemma 3.2, we
conclude that
|[0(wr) = 0(w)| < Cplwr — wy .
Since C' := 2(Cj + C}), we obtain
AT(t) < 0.

e Case 2-NC/FV-1-V-2: The second family wave hits the NC-wave producing a first
family wave ((p;, wy), (0,w;)), a vacuum wave ((0,w;), (0,9(w,))) and a second family
wave ((0,0(wy)), (p(w,),w,)). From Section 1, since a vacuum occurs then o(w,) =
V(pt, V(pi,w)) < V(0,w;) = w; and w; < 9(w,). Thus, we have

ATV (w) = |w, — 0(w,)| + |0(w,) — wi| — |w, —w;| =0,
ATV (v) = [o(w,) — wi| + |wr — O(w,)| — [0(w;) — d(w,)| = 0.

Thus, (A.2) holds and we conclude that

AT(t) = 2|0(wy) — v(w,)| — Clw; — wyl.
Using o(w;) < 0(w,) < 0(w,), [0(w,) — o(w,)| < |0(w,) — 0(w;)|. From Lemma 3.2, we
conclude that
|0(wy) — 0(wy)| < Cslwy — wy.
Since C := 2(C; + C}), we obtain
AT'(t) < 0.
ili Case 0(w,) < 0(w;) < 9(w,) < o(w;): from (A.1)

(R(0(wr), wr),wr) i 0(wr) < V(pe(wr), wr)
(pe(wi), wr) it o(wr) 2 V(pe(wr), wi) 2 0(wr) = 0(wy)

Since 0(w;) < 9(wy,) < 0(w;) we have R(0(w,), w;) € (p(wr), p(wy)). Thus, RS((p1, wi), (p(wr), wr))(Vp) €
(p(wy), p(wy)). The only interaction is 2-NC'/1-NC-1-2; the second famlly wave hits the NC-
wave producing a first family wave ((p;, wy), (p(w;), w;)), a NC-wave ((p(w;), w;), (p(wi), wy)),
a first family wave ((p(w;), w;), (R(9(w,),w;),w;)) and a second family wave ((R(9(w,.), w;), w;), (p(w,), w;)).
Since V(p;, w;) = 0(w,) and V(R(0(w,), w;), w;) = 9(w,) we have

)

RS((pr, wr), (p(wy), w,))(Vy) = {

¢

ATV (w =0,
ATV (v) = [o(wr) = o(wi)| + [(wi) = O(wi)| + [o(wr) = o(wr)| = |0(wy) = D(w,)],
ATV (w ( y()), [t, +00)) = =Clwr —wr,
V(@A) = () = —2[o(wi) — 0(wi)| + 2[0(wr) — B(w,)].

(A.3) {bibi}
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wy), we get ATV (v) = 2|0(w;) —0(w,)| and y(tH)—~(t7) =
r)|. We conclude that

Since 0(w,) < 0(w;) < ©
—2[o(wp) = o(wr)| + 2[0(wr)

/\@
S/-\
\/‘\‘

AT(t) = 2|0(w,) — 0(wy)| — Clw; — w,|.
From Lemma 3.2, we get
[0(wy) — 0(wy)| < Cplw; — wy.

Since C :=2(C; + C}), we obtain
AT'(t) < 0.

iv Case 0(w;) < 0(w,) < 0(w;) < 0(w,): from (A.1)

. , W if  o(w, Vpe(wy),w
RS((pl7wl)7 (p(wr)7wr))(%) = { Ezlc(wll)),wl) if 73%“’3 z Vggcgwg,wg < f}(wl) < {)(wr)

Since O(w;) < v(w,) < 0(w;), we have p; € (p(w;), p(w;)). Thus, RS((pr, wr), (p(w), w,)) (V) €
(p(wy), p(wy)). Thus, the possible interactions are 2-NC/1-NC-1-2 and 2-NC /1-NC-1-V-2;
)

e Case 2-NC/1-NC-1-2: from (A.3) and using 0(w;) < 9(w,) < 0(w;) < 0(w,
ATV (v) = 2[o(wi) — D(w,)| and y(£*) = y(t7) = 2[0(wi) — o(wy)| — 2[d(wi)
We conclude that

we get

AT(t) = 2|0(wy) — 0(wy)| — Clw; — wy|.

From Lemma 3.2, we get

e Case 2-NC/1-NC-1-V-2: the second family wave hits the NC-wave producing a first
family wave ((pr, wi), (p(wy),w;)), a NC-wave ((p(wy),w;), (p(wy),w;)), a first family
wave ((p(w),wy), (0,w;)) a vacuum wave ((0,wy), (0,9(w,))) and a second family wave
((0,v(wy)), (p(wy),wy,)). From Section 1, since a vacuum occurs then o(w,) = V(p;, w;) <
V(0,w;) = w; and w; < 9(w,). Thus, we have

ATV (w) = |w, — 0(w,)| + [0(w,) — wy| — |wr —w;| =0
ATV (v) = |[o(w,) —wi] + |wp — 0(wi)| + [0(wr) — 0(wp)| + [0(wi) — 0(w,)| — [0(wy) — 0(w,)]
= [o(wr) = o(wy)| + |0(wi) — 0(wi)| + [0(wr) — d(wr)| — [0(wr) — D(wy)].

Thus, (A.3) holds and similarly to the case 2-NC/1-NC-1-V-2 above we have AT'(t) <
0.

v Case o(w;) < O(wy) < 9(w,) < O(wy): we have R(0(w,),w;) € (p(wy),p(w;)) and p; €

(p(a), pla)). Thus, RS((pr, wr), (3(wn), w,)) (V) € (3(awr), plar)). The only possible inter-
action is 2-NC/1-NC-1-2. From (A.3) and using 9(w;) < 9(w,) < 9(w,) < 0(w;), we get
ATV (v) = 2v(wy) — (w,)| + 2|9(w;) — 6(w,)| and (¢ F ) = =20(wy) — o(w,)| —
2|0(w;) — 0(w,.)|. We conclude that

—
=

AT(t) = —Clw; — w,| < 0.
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vi Case 0(w,) < 0(w;) < o(w;) < 0(w,): from (A.1)
RS ((pr, wr), (p(wr), wr)) (Vi) = (pe(wi), wr) € (p(wr), plwr)).
Thus, the possible interactions are 2-NC'/1-NC-1-2 and 2-NC /1-NC-1-V-2;

o Case 2-NC/1-NC-1-2: From (A.3) and using 9(w,) < 0(w;) < v(w;) < 0(w,), we get
ATV (v) =0and y(tT) —~v(t7) = 2|o(w;) — 0(w,)| 4 2|0(w;) — O(w,.)|. We conclude that

AL(t) = 2[0(wr) — o(wy)| + 2[0(wi) — d(wr)| = Clwy — wy|.
From Lemma 3.2, we get
[0(wi) = o(wy)| + |0(wi) = (wr)| < (Cp + Cp)|wr — wr.
Since C := 2(C;, + C;), we obtain

AT(t) < 0.

e Case2-NC/1-NC-1-V-2: From Section 1, since a vacuum occurs then 9 (w,) = V(p;, w;) <

V(0,w;) = w; and w; < 9(w,). Thus, we have

ATV (w) = |w, — 0(w,)| + |0(w,) — wi| — Jw, —wy| =0
ATV (v) = [6(wy) = o(wi)| + [0(wr) = d(wi)| + |0(wr) = 0(wr)| = [0(wr) — B(w,)].

So, (A.3) holds and similarly to the case 2-NC/1-NC-1-2 above, we conclude that

AT(t) < 0.

A.3 Interactions with a 1C—wave.

Lemma A.10, Lemma A.11 and Lemma A.12 deal with interactions between a i-wave with

i €4{1,2,V} and a 1Ca—wave. Since p*(w) > 0 and min(V4, V(p,w)) < V(p,w), the interactions
1Ca-V and 1Ca-2 can not occur. We only consider the interactions 1-1Ca, 1Ca-1, 2-1C'a and
V-1Ca.

Lemma A.10. o Assume that the first family wave ((pr, wy), (pm,w:)) interacts with the 1Ca-

wave (pm,wy), (pr,wy)) from the left at the point (t,x) with t > 0 and v € R. The possible
interactions are 1-1Ca/FV -1 and 1-1Ca/1-FV. Then ATL'(t) = 0.

{10}

o Assume that the 1Ca-wave ((pr, wr), (pm,wy)) interacts with the first family wave (pm, wy), (pr, wr))

from the left at the point (t,x) with t > 0 and x € R. The possible interactions are 1Ca-
1/FV-1 and 1Ca-1/1-FV. Then AT'(t) = 0.

Proof. e Since the first family wave interacts with the slow vehicle trajectory coming from the

left, we have p; € (0, p,-). Thus,

RS (o wn) prow) ) = { {000 L €0y (A4

{popo7}

Using that p,, € [0, p(w;)] and p, € [p(wy), p*(wr)], we conclude that RS, ((p1, wr), (pr, wr)) (V) €

[0, p(wy)]U[p(wy), p* (wr)]; no waves is produced and the possible interactions are 1-1Ca/FV-1
and 1-1Ca/1-FV. From Lemma A.2, AT'(¢) = 0.
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e Since the first family interacts with the slow vehicle trajectory coming from the right, we
have p, € (p1, pmax)- Thus,

RS (o) o)) = { (P00 o€ (peim) (A5) {popors)

Using that p; € [0, p(w;)] and p, € [p(w;), p*(w;)], we conclude that RS, ((pi, wi), (pr, w1))(Va) €
[0, p(wy)]U[p(wy), p* (w;)]; no waves is produced and the possible interactions are 1Ca-1/FV-1
and 1Ca-1/1-FV. From Lemma A.2, AT'(¢) = 0.

{YuR}
Lemma A.11. Assume that the second family wave ((pr, wi), (Pm, wm)) interacts with the 1Ca—wave
((pmsWm), (pr,wy)) at the point (t,z) with t > 0 and © € R. We have the following cases:

i No wave is produced, 2-1Ca/1-FV -2, 2-1Ca/FV-1-2 or 2-1Ca/FV-1-V-2. Then AL'(t) =
—Clw; — wy|.

it The interaction are 2-1Ca/1-NC-1-2 and 2-1Ca/1-NC-1-V-2. Then AT'(t) = —C|w;—w,|.

Proof. We have V(1) = V(pyes ), s = w0, a0 0((pras ). (prs,)) = Vi Moreover, py, €
[0, p(wy)] and p, € [p(w;), p*(wy)]. Since V (pr, wi) = V(pm,wm) > V(pr, wr) = V(R(V (pr, w;), wr), wy),
we have p; < R(V(pr,w,),w;), w;). Thus,

RS((pr, wr), (pr, wy)) (Vo) = { Eg&;ﬁl,)wl),wl) g Z?Pi ;r%((/‘)}’(i(,‘l/u(?«p)r,,zzg))’gl‘/l), (A.6) {popo2}

i Case v(w;) < v(w) < V(pr,wr) < V(pm,wn): in this case, 0 < p; < R(V(pr, w,),w;) <
plwy) then Vi, < a(pr, R(V(pr, wy),wy)). Thus, we have RS((p1, wi), (pr, w:)) (V) = (p1, wi)
and p; € [0, p(w;)]. So, no wave is produced and the possible interactions are 2-1Ca/FV-1-2
and 2-1Ca/FV-1-V-2. From Lemma A.2, AT'(t) = —C|w; — w,|.

ii Case v(w;) < V(pr,w,) < 0(w;) < V(pm,wm): in this case p; < p(w;) < R(V(pr, wr),w;) <
p(wi). Thus, Vy < o(pr, R(pr,wi)) and then RS((pi, wi), (pr, wr)) (Vo) = (p1, wi) with p €
[0, p(w;)]. So, no wave is produced and the only possible interaction is 2-1Ca/FV-1-2. From
Lemma A.2, AT(t) = —Clw; — wy|.

iti V(pr,w,) < 0(wy) < 0(w;) < V(pm,wn): in this case p; < plwy) < plw;) < R(V (pr, wy), wy).
From (A.6), RS,((p1,wr), (pr,wr))(Vs) € [0, p(w;)] U [p(wi), pmax). No wave is produced
and the possible interactions are 2-1Ca/FV-1-2 and 2-1Ca/1-FV-2. From Lemma A.2,
AT(t) = —Clw; — we|.

iv V(pr,wr) < V(pm, W) < 0(wp) < 0(wp): in this case p(w;) < plwy) < pr < RV (pr, wr), wy).
No wave is produced and the possible interactions are 2-1Ca/FV-1-2 and 2-1Ca/1-FV-2.
From Lemma A.2; AT'(t) = —Clw; — w,|.

¥ V(prs107) < 5(w1) < V(pyns ) < 5(awr): i this case puwn) < i < pwn) < RV oy, wy), ).
Thus, o(p;, R(pr, w;)) < V3 and then, from (A.6), RS((pi, wr), (pr, wr)) (Vi) = (R(pr, wy), w;)
with R(pr,w;) € [p(wi), pmax]. No wave is produced and the only possible interaction is
2-1Ca/1-FV-2. From Lemma A.2, AT'(t) = —C|w; — w,|.
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in this case p(w;) < p < R(V (pr, wr),w;) < plwy).

vi 0(wy) < V(pr, wr) < V{(pm,wm) < 0(wy):
) € (p(wy), p(w;)). The only possible interaction is 2-

From (A.6), RS((p1, wr), (pr, wr)) (Vs
1Ca/1-NC-1-2. We have

ATV (w) =0,
ATV (v) = [0(wi) = V(pr, wr)| + [0(wr) — D (wy)]
+Ho(wr) = V(pms wm)| — [V (pm, wm) = V(pr, wr)],
ATV(( y(), [t, +00)) = =Clwr —wil,
V() = () = —2[o(wr) — o(wr)]-
Since 9(w;) < V(pr, wr) < V(pm,wm) < plwy), ATV (v) = 2|v(w;) — 0(w;)|. We conclude

that
AT (t) = —Clw, — wy|.

{yvi}
Lemma A.12. Assume that the vacuum family wave ((0,w;), (0, w,.)) interacts with the 1Ca—wave
((0,w.), (pr,wy)) at the point (t,x) with t > 0 and © € R. The possible interactions are V-
1Ca/1Ca-2. Then AT'(t) = —Clw; — wy|.

Proof. By definition of vacuum waves, w; < w, and by definition of 1Ca-wave, p, = p*(w,).
The only possible interaction is V-1Ca/1Ca-2. Since V(p*(w,),w,) = V(p*(w;),w;), we have
immediately that AT'(¢t) = —C|w; — wy|.

O

Lemma A.13, Lemma A.14, Lemma A.15 deal with interactions between a i-wave with i €
{1,2,V} and a 1Cb—wave. Since min(V;, V(p,w)) < V(p,w) and Vi, < wpipn, the interactions
1Cb-2 and 1CbH-V can not occur. We only consider the interactions 1Cb-1, 1-1Cb, 2-1Cb and

V-1Cb.
{Yb1}

Lemma A.13. o Assume that the first family wave ((pr, w), (0,w;)) interacts with the 1Cb-
wave (0,w;), (pr,w;)) from the left at the point (t,x) with t > 0 and x € R. The possible
interactions are 1-1Cb/FV -1 and 1-1Cb/1-FV. Then AT'(t) = 0.

o Assume that the 1Cb-wave ((0,w;), (pm,w;)) interacts with the first family wave (pp,, wy), (pr, wr))
from the left at the point (t,z) with t > 0 and x € R. The possible interactions are 1Cb-
1/FV-1 and 1Cb-1/1-FV. Then AT(t) = 0.

Proof. e We have p € (0,p,). Thus, using that p, > p*(wr), RS((pr,w)(pr,wn)(Ve) =
(pr, wy). Thus, no wave is produced and the only possible interaction is 1-1Cb/1-FV. From
Lemma A.2, AT'(t) = 0.

e We have Ow) it ()
o if pr < p*(wy
RS((0, w0, (e ) () = { (0000 3 0r S0t (A7) (popens)
We conclude that RS,((pr, wr), (pr, w1))(Vs) € [0, plwy)] U [p(wr), p*(wp)]; no waves is pro-
duced and the possible interactions are 1Cb-1/FV 1 and 1Cb-1/1Cb From Lemma A.2,
AT(t)=0
{YWRb}

Lemma A.14. Assume that the second family wave ((pr, wy), (Pm,wm)) interacts with the 1Cb—wave
((0,w..), (pr,wy)) at the point (t,z) with t > 0 and x € R. No wave is produced, the only possible
interaction is 2-1Cb/1-FV-2. Then AT'(t) = —Clw; — wy|.
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Proof. Since the speed of the first family ((p;, wi), (R(V (pr, wy),wy), w;)) is slower than the speed

Vi, we have RS ((p1, wy), (pr, wr)) (Vo) = (R(V (pr, wr), wr), wy). Besides, using that V(R(V (pr, wy),w;), w;) =

V(pr,w,) and p, > p*(wy), R(V(pr,w,),w;) > p*(w;). Thus, no wave is produced, the only pos-
sible interaction is 2-1Cb/1-FV-2. Then, from Lemma A.2, AT'(t) = —Cl|w; — w,|

Lemma A.15. Assume that the vacuum family wave ((0,w;), (0,w,)) interacts with the 1Cb—wave
((0,w..), (pr,wy)) at the point (t,x) with t > 0 and © € R. The possible interactions are V-
1Cb/1Cb-2C. Then AT'(t) = —Clw; — wy|.

Proof. Since w; < w, and p, > p*(w,) we have V(p,,w,) < V(p*(w,),w,.) = V(p*(w;),w;) < wy
Thus, the only possible interaction is V-1Cb/1-2C. Then, from Lemma A.2, AT'(t) = —Clw; —
wy|. O

A.4 Interactions with a 2C —wave.

Using Lemma A.1, min(V4, V(p,w)) < V(p,w) and V}, < wmin, the interactions 1-2C, V-2C,
2C-V, 2C-2 and 2-2C can not occur. Thus, Lemma A.16 deals with only the interaction 2C-1.

Lemma A.16. Assume that the a 2C-wave ((pr, wy), (pm,wy)) interacts with the first family wave
((pm, wr), (prywy)) at the point (t,x) with t > 0 and x € R. The two possible interactions are
90-1/1-FV-2 and 2C-1/1-2C. Then AL(t) = 0.

Proof. We have p; > p*(w;) and p,, = p*(w,.).

o if p,, > p, (that is to say the first family is a shock) then RS((pi, wy), (pr, wr)) (Vo) = (pr, wi).
Thus, the only possible interaction is 2C-1/1-2C and no wave is produced. Then, from
Lemma A.2, AT(t) = —C|w; — w,|.

o if p,, < p, the first family wave ((pm,wr), (pr, wy)) is a rarefaction. Thus, p, > p(w,) and
R(V(pr,w,),w;) = p(w;). Besides,

R(V(pr,wr),wy),w;) if Vi < V(pp,wy)
RS ) s (ors wr) ) (V) = ( ’ ’ ’ : ’
((ov, i), (prs wr)) (Va) { (pr,wy) it V= Vipe, wy)
Thus, no wave is produced. From Lemma A.2, AT'(¢) = —Clw; — w.|.

O

{YVib}

{Y9d}

B Proofthat V(p(t,y(t)+), w(t, y(t)+)) = V(p(t,y(t)—), w(t,y(t)-))

or w(t,y(t)+) = w(t,y(t)—) almost everywhere.

In this appendix we prove the following claim : there exists A/ a space of zero measure such
that for any ¢ € Ry \ NV,

Vip(t,y(t)+), w(t, y(t)+)) = V(p(t, y(t)—), w(t,y(t)—)) or w(t, y(t)+) = w(t,y(t)=).  (B.1)

The argument we use is very similar to the one generally used to derive the Rankine-Hugoniot
condition, except that we would like it to be true along the curve y(¢) instead of along a shock
curve. Let ¢ be a continuous function on R, and differentiable on R, \ Ny, where Aj is a set of
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zero measure and £ € L(R,). As (p, w) is a solution to the weak equation (1.1), we have for any
test function ¢ € C°(R4 x R),

“+o0
/ / Or(t D)p(t, ) + plt, 1)V (p(t, 2), w(t, 2))D,(t, x)dtdz = 0,
o R (B.2)

+oo
/ / O (t, z)p(t, x)w(t, ) + p(t, z)w(t, )V (p(t,x), w(t, )0 ¢(t, x)dtdz = 0.
0 R
Let € > 0, as C>° (R, xR) can be seen as C2°(R,; C2°(R)), it is therefore dense in C° (R ; L*(R)).

We can therefore construct an approximation of 1jg(;)—c ¢(¢)+<](#)d(t) where d € C°(Ry) and 1x
stands for the characteristic function of X, in the following way : define

On(t, z) = d(t) /j nx(n(y — (§(t) —€))) —nx(n(y — (§(t) +¢)))dy (B.3)
where x € C2°(R) such that supp(y) C (—1,1) and
/X(x)dx =1. (B.4)
R

Defined this way ¢, € C°(R; x R) and therefore using the first equation of (B.2) we have

+oo . T
/ / plt, xynd(t) (—E(1)) ( / nx' (n(y — () — £))) — nx'(n(y — (E(t) + s)))dy)
0 R oo

+p(t,2)d'(s) (/_w nx(n(y — (§(t) —€))) — nx(n(y — (£(t) + 6)))dy>

ol )V (5,2 (2 o — 60 =) ~mxdn(e = () e =0,
B.5

Thus integrating the first terms and using a change of variable in terms of the middle line,

“+oo .
/0 / (t, 2)nd(t) (—E(1)) [x(n(z — () — ))) — x(n(z — () +€)))]
T nd(s)p(t, )V (plt, ), wlt, 2)) [x(nlz — (€(t) — ) — x(n(z — (1) +€)))] dedz (B.6)
<[ / () (s ( /- x(y<5<t>e>>x<y<s<t>+s>>dy) dtdi =0,

Now, this is true for any € > 0 so we can choose € = 1/n, and we get

n

oo : 1 1
[ [otomar-€o) [xnte - €0 - 2) = xtnlo €0+ 1)

nd(5)p(0,2)V (0,0, w0(t.2)) | xOn(e — (€6) ~ 1)) = x(ale = (600 + 1)) avda

[T ot ([ (60— 1)~ xto - €0+ D) et =

' (B.7)
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Dividing the first integral and performing again a change of variables in each of the divided parts,
we have

400 T . T .
/ [ [ ot %+ (€)= oD@ = [ ol + (60) + D)€ x(w)de

+ [ et 2+ (60 = DIVt E+ (60 = 1) wlt, S + (€)= D)o
= [, 4 60+ VoLt S+ 0+ Twle, 4 (60 + 1)(adda]

R
[T ot ([ xtw= @0 - 1)~ xt- (€0 + )y ) draa 0.

oo n

(B.8)

We will now justify that we can use a dominated convergence theorem in each of the integrals to
conclude. Note first that as supp(x) C (—1,1), we have for the last integral

| =0 1)~ xly= €0+ 1)y = 0 for n € (—o0, ~1+(0) = TU+E(0)+ 1 +o0),

Lo n

(B.9)

thus this function is compactly supported and, as (p, w) is bounded and d’ € C° (R, ), we have by
dominated convergence

(oo} nT
in_ [ [0t ([ x- @0 1) - xo- €0+ Dyay) ada =0, 310
n—+o0 Jq R o n n

Now, observe that as supp(x) C (—1,1), the integration bounds of the first four integrals in x in
(B.8) can be limited to (—1,1). Besides for any « € (=1,1), z/n—1/n < 0 and  + 1/n > 0, thus,
as ¢ — (p(t,x),w(t,x)) is a BV function with a left and right limit that exists for any = € R, we
have for any = € (—1,1)

tim_p(t, &+ (6(0) % 1)) =plt, £(1)+) and

{RHO1}

{RH1im01}

n—-+oo n
(T (€0 £ Vot S+ (60) % 1))l S+ (600 £ 1) =plt, EOE)V ({1, E1)), wlt, £0))).

(B.11)

Therefore, as (p(t, ), w(t,z)) and &(t) are uniformally bounded function, and d € C°(R, ), we
can apply the dominated convergence theorem and using also (B.10) we have

+oo .
/0 a(e) (40l Ve = 1oV (0, w)) (& IEG T ) dt =0, (B.12)

where [f]¢T denotes lim, ,, f — lim, o f. As this is true for any d € C>®(R,), then the
function in the integrand is equal to 0 almost everywhere which implies that for almost every

te Ry, £(1)[p(t, )}Eggf = [(pV (p, w))(t, )]gggf . Doing similarly for the second equation of (B.2),

there exists a space N of zero measure such that for all t € Ry \ N

EDle(t, )™ = LoV (o, ) (kg

. t t (B.13)
E)lpt yw(t, NS0T = [(pwV (o, w))(t. EDT.
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Using the second equation in the first one and using that [fg]%"T = [f]%Tg(a+) + f(a—)[g]°T, we
finally get that for any t € A/

Vp(t, §(t)+), w(t, §(t)+)) = V(p(t, £(1) =), w(t,£(t)—)) or w(t, £(t)+) = w(t, &(t)—).  (B.14)

Now, as y is continuous, differentiable up to a zero measure space and 3y’ € R, we can take £ =y
and this ends the proof of the claim.

C Proof of Lemma 3.12
D Proof of Lemma 3.14

Proof. Suppose by contradiction that p_ > p*(w) > p4. Since p_ > p*(w), for £ small enough,
we have V(p_,w) — 4e < V. From Lemma 3.10, for any z € (min(y™,y) — J, min(y",y)),
V(p"(t,x),w"(t,x)) € Be(p_,w)). In particular, V(p™(¢t, min(y",y)—),w™ (¢, min(y",y)—)) <
Vo — 3e. In min(y”,y), we cannot have a V-wave or a non-classical shock since V(p_,w) < V.
Thus, only shocks and rarefaction waves are allowed at min(y”,y). Using Lemma 3.9, for n large

enough,

: n n : n 88
V(p"(t, min(y", y)+), w" (¢, min(y", y)+)) < V4 — 3 (D.1)

From p*(w) > p4 and Lemma 3.10, for any x € (max(y™, y)—0, max(y™,y)), V(p"(t,x),w"™(t,x)) €
[Vb — 2¢, +00). In particular, V(p"(¢t, max(y™,y)—), w™ (¢, max(y™, y)—)) > V4 — 2¢. In max(y",y),
a l-wave, a 2-wave and and V-wave are allowed. Note that the speeds involved on the left and
right limit of a V-wave (resp. of a non classical shock) is greater than V4. Thus, to decrease the
speed from V;, — 2¢, the only possible way is to use a rarefaction wave. Therefore, from Lemma
3.9, for n large enough,
Te
V(o™ (t, max(y", y) =), w" (t, max(y", y)=)) > Vo — = (D.2)

To go from Vj, — %5 to Vj, — % in V(p",w™), there are only shocks and rarefaction waves. From
Lemma 3.9, (D.1) and (D.2), for n large enough,

ly(t) —y" ()] = [V (p"(max(y",y)—),w" (max(y",y)—)) — V(p" (min(y", y)+), w" (min(y", y)+))|
>t€

T.

The convergence of y™ to y and the arbitrariness of ¢ leads to a contradiction which conclude the
proof.

O

E Proof of Lemma 3.15

Proof. This proof is similar to the proof of Lemma 3.13. The main difference with Lemma 3.13 is
that p_ <V, which means that there could be some interaction with the slow vehicle that results
in a non-classical shock. Let ¢ € R\ N. Once again, given the definition of 7y, a wavefront inside
the triangle cannot interact with wavefronts out of the triangle. Let us denote by N(¢,n) the
number of discontinuity points of the speed V' (p",w") on [y"(t) — d,y(t) + ] and 27 these points.
As V(p+,w) +e <V, < V(p~,w), from Lemma 3.10 and 3.12 , there exists jo and j; such that
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zj, € [y (1), y(t)] and zj, € [y (), y(t)] and

V(p"(t,f, =), w" (t, 2, —)) € R\ Be(V(py, w))

V(p"(t, z}), w"(t, 2})) € B(V(p+,w)), Vi = E1)
V(p"(t, % —),w" (t, x5 —)) € [Vy — 2¢, +00),

V(p"(t,2F),w" (t,27)) € [V(p4,w) — &, Vb), Vijo <J <1

Note that a priori z;, could be equal to x;, and x;, might not be unique. Now, we define similarly
as previously the trajectories £ and &7 by

5 0) = a3, o)
56’ = U(pn(t, x?o *)’ R(V(pn(t, x?o)’ w"” (ta x?o))’ w(tv x;'LO *))) on [Oa SO]a

where the right-hand side is the speed of the 1-wave propagating from the discontinuity in z;,

(note that it cannot be a 2-wave since z;, is a discontinuity point of the velocity), and where s is

the minimum between the time where £, exit the triangle or interact with another wavefront. We

also set

n(0) =, (E.3)
=0t =), R(V(p"(t,27),w" (t, 2},)), w(t, 2}, —))) on [0,s1],

where s; is the minimum between the time where &;, exits the triangle or interact with another

wavefront. Given that &;, does not interact with another wavefront before sq and ;, before s, we

have that

V(pn(57x)’wn(57x)) € Be(v(p-‘r?w)) for any (va) €Ton {51(5) < 17}

V(o (5, 2), " (5,2)) € [V(psw) — &, V3) for any (5,2) € TN {6o(s) Sz < &1(s)}. )

Assume that £;, interact with another wavefront at time s;, then there are only three possibilities:
a 2-wave, a shock, a rarefaction shock or a non-classical shock if &;,(so) = y™(t). If there is a 2-
wave, a shock or a rarefaction shock there is again only one 1-wave generated by this interaction. If
&;, interact with y"(t) at s1, then, as V(p(s1)+, w(s1)) <V}, from (E.4) the only possible case (see
Lemmas A.3, A4, A.7 and A.8) is that the interaction give rise to a 1-wave and a FV-wave, which
is a wave denoting the slow vehicle trajectory without discontinuity in (p™,w™). Note that y™(t)
can only come from the left as z;, > y™(t) by definition. This implies that there is again only one 1-
wave generated by this interaction. The same holds for &;,(so) as V(p(&;,(s0)+), w(&,(50))) < V.
Therefore we can follow this 1-wave and set

Eo(s) = o (p" (50,0 (s0) =), RV (p" (50, &5 (s0)), w" (50, € (51))), w" (50, &' (50) ),

(E.5)
for any s € [so, S0,2],

where s 2 is the minimum between the time when & exits the triangle and the time when &
interact with another wavefront. Similarly we set

51(5) = O’(p"(sl,f?@l)—), R(V(p"(sl,f?(sl)),w”(sl,gf(sl)))7w”(sl,gf(sl)—)),

E.6
for any s € [s1, $1.2], (E6)

where the right-hand side is the speed of the 1-wave generated by the interaction and where
51,2 is the minimum between the time when &; exits the triangle and the time when &; interacts
with another wavefront. Again the only interactions are 2-waves, shocks, rarefaction shocks, or
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interactions with y™(¢) that leads to a single 1-wave. We can then proceed similarly and define sg
and sy ; for £ > 2 until the times t¢, and t¢, where { and &; respectively exit the triangle. Note
that with this procedure, if £ and &; interact together at a time s, they merge and are identical
for any time larger than s. Note also that y™ can only interact at most once with &1, since y”
propagates with a speed larger than &;. Indeed, for s > t such that (s,y™(s)) € Ty, from Lemma
3.10 and 3.12,

min(Vs — 25,V (p*,w) — ) < 5"(s) < Vi, (E7)

and, by construction, just like in the proof of Lemma 3.13

&(s) < max  o(f(R(V(p—,w)+e,9),y), fF(RV(p+,w) +£,1),y). (E.8)

ye [w'nLin ;wmax]

Therefore there exists a constant d > 0 depending on ¢ but independent of n such that
§"(t) = &i(s) = d. (E.9)

Let us denote t,~» the time at which y" exits the triangle. Exactly as in the proof of Lemma 3.13
there exists ¢ independent of n such that min(te,,t,n)) = t + c. Besides, from (E.9), if n is large
enough,
y" —y()
d

and therefore there exists ¢, < w such that &7 (t,) = y™(t,) and for any s € [t,,t + ¢
y"(s) > &7 (s). Finally, from (E.10), , lirf t, = 0. Therefore Lemma 3.15 holds with £ =&,. O
— 400

<e (E.10)
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