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Arnold’s proposal (end of 80’s): study Lefschetz thimbles
and vanishing cycles as lagrangian submanifolds

I
Picard-Lefschetz theory ⇢ Lefschetz’s: study topolgy of

complex manifolds iteratively via holomorphic map

f : X ! P1
, f �1(pt) ⇢ X

I
Recall, Arnold’s proposal that there exists natural

symplectization of Morse theory has led via his fixed points

conjecture!Floer homology, quantum cohomology etc.

I
Arnold proposed to put also the Picard-Lefschetz theory into

symplectic setting, namely vanishing cycles and Lefschetz

thimbles should be lagrangian submanifolds and the

monodromy diffeomorphisms should be symplectomorphisms.



Stokes data of quantum cohomology (Ceccotti-Vafa’93,
Dubrovin’94)

I
(FM “1st structure connection” ) r ∂

∂z
= ∂

∂z + z�2A+ z�1B -

connection with pole of order 2 at 0 on trivial vector bundle

H⇤(X )⇥A1 ! A1

I
where A = (c1(T ⇤X ) ⇤q •) is the quantum multiplication by

canonical class and B | Hk (X ) =
1
2 (k � d),d = dimCX is the

grading operator

I
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Stokes data, upper-triangular matrix
I ∂

∂w � (U + 1
w V ) where U = diag (u1, . . . , un) and V t = �V ,

w = z�1
has irregular singularity at • and its monodromy is

given by Stokes data

I
Stokes rays Rij = {Re(w(ui � uj )) = 0,w 6= 0}, or

w = ir(ūi � ūj ), r > 0, ui 6= uj
I Pr :j� p � e < arg(w) < j + e,

Pl :j� e < arg(w) < j + p + e,

I
where jis such that {argw = j} \ Rij = ∆

I
Fix a formal asymptotic solution at

•:Y
formal

= (C0 + C1/w + . . .) exp(�wU)
I

There exists unique analytic solutions Yr/l (w) on Pr /Pl
having the asymptotic development Y

formal

I
Then Yl = YrS on j� e < arg(w) < j + e

I Yr = YlS� on j + p � e < arg(w) < j + p + e
I S� = S t

, Sij 6= 0 only if Rij ⇢ Pl , Sii = 1

I
After reodering of ui , S is an upper-traingular matrix, with

natural braid group action



Upper-triangular matrix of exceptional collection in derived
categories

I
It was noticed by several people (Cecotti-Vafa,Zaslow...) at

around 93 that the Stokes matrices obtained in such way, say,

for X = Pn�1
coincides(!) with the upper-triangular matrix of

the bilinear form

c(E ,F ) = Â
k
(�1)kExtk(E ,F )

in the basis given by particular orthogonal collection of

exceptional objects in the derived category DbCoh(Pn�1) (on

the same variety X )

I Ej = O(j � 1), j = 1, . . . , n Sij =

✓
n

j � i

◆
j � i



Upper-triangular matrix of exceptional collection (cont’d)

I
Also after applying the braid group, the matrix Ss

coincides

(!) with the matrix of the bilinear form c for the collection of

exceptional E s
1 , . . . ,E s

n where the action of braid group on

exceptional collections was previously described in the theory

of exceptional collections in the 80s.It was believed that similar

coincidence should hold for other Fano manifolds



Laplace transform, integral solutions

I
The Laplace transform

˜r ∂
∂z

= �z ∂
∂z + A ∂

∂z + B has regular

singularities at • and at z = ui

I
The solutions to r ∂

∂z
Y = 0 are given by exponential integrals

(Givental’93)

I yn = z (1�n)/2 R
gz,q

exp

� 1
z f (x)

�
’ dxi

xi
,

f (x) = x1 + . . . + xn�1 +
q

x1 ...xn�1

I yi =
⇣
uq ∂

∂q

⌘n�i
yn, Y = Âi yipi

where p0
, . . . pn�1

is the

standard basis in H⇤(Pn�1)

I
And gz,q are the standard relative cycles Re(f /u)! �• in

(C⇤)n�1
(Lefschetz thimbles)

I
Solutions to

˜r ∂
∂z

˜Yare similarly given by the fiber integrals over

the corresponding vanishing cycles



monodromy, upper-triangular matrix for the regular
connection

I
Stokes data of r ∂

∂z
, or monodromy of integrals over Lefschetz

thimbles, can be computed by Picard-Lefschetz theory

I
The Stokes matrix S coincides with upper half of the

intersection pairing matrix on the vanishing cycles

I
Arnold ,Varchenko, Gusein-Zade, page 37:



Arnold’s earlier proposal for symplectic Picard-Lefschetz
theory

I
As a student of Arnold during the MSU years, I’ve heard

several times starting from 1990 this Arnold’s proposal for

symplectic Picard-Lefschetz theory

I
From the above calculation via Picard-Lefschetz theory which I

did in 1996 we see that we get the natural correspondence

Lefschetz thimbles  !exceptional objects such that the

pairing c coincides (!) with the upper half of the intersection

pairing on Lefschetz thimbles

I
I realized that the coincidence of the two upper-tringular

matrices together with the braid group actions could be

explained using the setting of Arnold proposal for the

Lefschetz thimbles to be Lagrangian manifolds, if one assumes

an extension of the Homological Mirror Symmetry for Fano

manifolds, in this Arnold’s setting



Arnold’s symplectic Picard-Lefshetz and HMS

I
The only problem was that the pairing on thimbles was

symmetric or antisymmetric and one only needs the upper-half

of this matrix.

I
I rushed to my PhD adviser Maxim Kontsevich with this idea

and he proposed next day to modify the pairing on Lefshetz

thimbles via a small twist of the plane, say, in clockwise order.

I
From this the extension of homological mirror symmetry

conjecture for Fano manifollds was born, together with other

developments involving “Fukaya-Seidel” category, application

of matrix factorization categories to mirror symmetry etc...
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